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PREFACE 
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gue was published in May 1946 as part 2 of Number 5 of Volume 52 of the Bulletin of the 
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The use of a “+?” in Section I of the Catalogue indicated that it was expected subse- 

-urt issues would be added to the library. Consequently no mefftion is made here of such 
‘ons. . 
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Librarian 
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TOPOLOGICAL ‘METHODS IN THE F EORY OF 
, FUNCTIONS OF A COMPLEX VARIABLE 


MARSTON MORSE AND MAURICE HEINS 


1. Introduction. Some indication of the reasons for which the au- 
thors have undertaken the study of topological methods in the theory 
of functions of a compléx variable is appropriate. 

The modern theory of meromorphic functions has distinguished 


itself by the fruitful use of the instruments of modern analysis and | 


in particular by its use of the theories of integration. Its success along 


the latter line has perhaps diverted attention from some of.the more ' 


. finitary aspects of the theory which may be regarded as fundamental. 
In panne the classical use of the ad integral 


; 
= f (s) ds 
l 2riJ o f(s) 
to find the difference between the number of zeros and poles of f(s) 
‘within C is in a sense statistical and ignores important extremal prop- 


_ erties of the boundary values such, for example, as the extremal val- 
_ ues of | f(s)|. In addition, its application requires the existence of 





` r 


f” (s), at least almost everywhere on C; and the nonvanishing off’ - 
on C. As we shall seè there is a topological substitute for this integral E 


under much weaker conditions on f. The needs of the classical theory 
usually require that the curve C be regular or rectifiable. The topo- 
logical analogue makes use of- Jorda curves whose images under f 
are “locally simple.” See §3. 


. The study of analytic functions is ee course , paralleled by the study ) 


of harmonic functions. An example of a type of mathematical phe- 


-_ 


nomena which the Classical theory has failed to reach is given bya 


harmonic.function U(x, y) with infinitely many critical points on a 
Jordan region R. If U(x, y) ia continuous on R, the closure of R, there 
are topological or group theoretic relations between the critical points 
of U on R and the relative minima of U on the boundary of R. These 
relations take the form of isomorphisms, termed “causal” by the.au- 
thors, between an appropriately defined group of relative 1-cycles 


with the U-“heights” 1 of the respective “saddle pouta” of U, and a 





‘ Asad pean by Marta Mone sihid by Maaie en cirea baore ; 


the New York meeting of the Society on Apeil 26; 1946, by invitation of the Com- 
mittee to Select Hour Speakers for Eastern Sectional aaa a 
tors August 3, 1946. 

1The U-height of a cycle is the maximum value of ee ETE, ae 
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group of bounding 0-cycles with the U-heights of the respective rela- 
tive minima of U. 

To turn to another aspect of the theory, it is found that a study 
of harmonic functions on the basis of the topological properties of 
their level lines leads to a classification of the essential boundary 
characteristics and to basic relations between these characteristics 
and the critical points and logarithmic poles of U. The logarithmic 
poles of U are assumed finite in number. This study and the corre- 
sponding study of meromorphic functions is of such a general topo- 
logical nature that the theorems and proofs apply equally well to 
functions of more general type. The so-called “interior transforma- 
tions” f(s) generalize the meromorphic functions and “pseudo-har- 
monic” functions generalize the harmonic functions. These extended - 
functions will presently be defined. The term éntertor is used essen- 
tially in the sense of Stoilow [8].? In the sense of Whyburn [11], 
these transformations are “interior” and “light.” 

In the classical study of meromorphic functions w=f(s) one is usu- 
ally free to make a conformal transformation of the domain of defini- 
tions of f, or of the Riemann image. In the study of the zeros, poles, 
and branch points of interior transformations one can replace con- 
formal transformations by arbitrary homeomorphisms of the domains 
of both s and w. One of the deepest theorems to be reported, Theorem 
' 3.3, was established with the aid of such homeomorphisms after more 
classical methods failed. ` l 

Among the more novel topics which have been studied by the au- 
thors is the deformation or homotopy classes of meromorphic func- 
tions f with prescribed characteristic sets (zeros, poles, and branch 
point antecedents). The domain of definition of f has here been re- 
stricted to the open disc |s| <1, and the number of zeros, poles, and 
branch point antecedents is fixed and finite. The deformations ad- 
mitted are through continuous 1-parameter families of meromorphic 
functions with the same characteristic set. A finite set of numerical 
invariants J; (s=1,---, #) of f under the admitted deformations 
has been obtained. The possession of these invariants is a necessary 
and sufficient condition that two functions f with the same character- 
istic set be in the same deformation class. In general there is a counta- 
bly infinite set of deformation classes. In case there is but one zero and 
no pole, or one pole and no zero in the characteristic set, there is but - 
one deformation class. Up to this point no difference in deformation ~ 
theory between interior transformations and meromorphic functions 
exists. In particular, there isa common topological definition of the 


t Numbers in brackets_refer to the references cited at the end of the paper. 
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invariants (J) which characterize a deformation class. An interior 
transformation f which possessed the same invariants (J) and the 
same characteristic set (æ) as a meromorphic function F can be ad- 
missibly deformed through interior transformations into F. 

Differences between the theory of interior transformations and 
meromorphic functions arise, however, if one considers “model” se- 
quences [f,] of meromorphic functions with a given characteristic set 
with each f, belonging to a different deformation class. For such a 
model sequence [f,] the total set of points won the w-sphere obtained 
as images under the transformations of [f;] for |s| <1. covers each 
point of the wsphere infinitely many times, provided the given char- 
acteristic set contains both zeros and poles. No such theorem holds 
for model sequences of interior transformations. The preceding the- 
orem is one of many derivable from the theory of normal families, and 
the properties of model sequences which we have obtained. It is ob- 
viously related to theorems of the Picard type on an essential singu- 
larity. 

For a more explicit exposition three significant topics have been 
selected. In terms which presently will be defined these topics are: 
(1) pseudo-harmonic functions under boundary conditions A, (2) in- 
terior transformations with locally simple boundary images, (3) de- 
formation classes of interior or meromorphic functions. 


2. Pseudo-harmonic functions under boundary conditions A. Let 
u(x, y) be a function which is harmonic and not identically constant 
in a neighborhood N of a point (xo; Yo). Let the points of N be sub- 
jected to an arbitrary sense-preserving homeomorphism_ T leaving 
(xo, yo) fixed, carrying N into N’, and carrying a point (x, y) on N 
into a point (x’, y’) of N’. Under T set 


(2.1) ulz, y) = U(x’, y). 


The function U(x’, y’) will be termed pseudo-harmonic on N’. Thè 
definition will be extended to the case in which u(x, y) has a loga- 
rithmic pole at (xo, yo). In this case U, as defined by (2.1), will be 
said to have a logarithmic pole at (xo; yo). More generally we admit’ 
functions U(x, y) which are pseudo-harmonic, except at most for 
logarithmic poles, in some neighborhood of each point of a region G 
(open).We suppose U defined and continuous (except for poles on G) 
at every point of G (the closure of G). We shall take G as a finite re- 
_ gion bounded by a set of » Jordan curves 


(B) = (Bı, = Cy B,). 


It follows from the known properties of a nonconstant harmonic 


4 : MARSTON MORSE AND MAURICE HEINS ; [January 


function that the number of level arcs of U which terminate at a 
point (£o, yo) of Gis even. Set U(xo, yo) =c. A point (x, y) will be said 
to be above or below c if U(x, y)>c or U(x, y)<c respectively. The 
. level arcs of U terminating at (xo, yo) divide an appropriately chosen 
neighborhood of (£o yo) into 2m open sectors, alternatingly above 
and below c. If m=1, the point (xo, yo) is ordinary, otherwise critical. 
When m>1, m—1 is called the multiplicity of the critical point 
(xo, yo). Critical points of this type will be called saddle points to dis- 
tinguish them from critical points of U which are relative minima. - 
` The preceding topological characterization of a saddle point of U 
on G can be extended to points on (B) provided appropriate condi- 
tions limit the boundary values of U. Under boundary conditons A 
the function U‘ defined by U on B; has at most a finite number of 
points of relative extremum. We assume that U satisfies condsisons A. 
Let s9=2_+44. be a point on B;. The point sọ may be an extremum 
point of U. If this is not the case, it can be shown that there are at 
most a finite number of level arcs with end points at se, and that these 
level arcs divide an appropriately chosen neighborhood of so (rela- 
tive to G) into a number of sectors, alternatingly above and: below ` 
c= U(x, ye). Let m be the number of these sectors below c. If m=1, 
. (xo, Yo) is termed ordinary relative to U. If m>1, (xo, yo) is termed'a 
critical or saddle point of U relative to G, and m—1 its multiplicity. 
Under boundary conditions A the number of saddle points of U on 
(B) is finite. 
A saddle point of U on (B) relative to G is not necessarily a saddle 
int of —U. For example, the function y?—x? on the domain 
s—1| <1 is ordinary at the point s=0, while x?—y? has a saddle 
‘point of multiplicity 1 on the same domain. 
A basic theorem follows. 


THEOREM 2.1. Under boundary condtitons A on a pseudo-harmonic 
function U 


(2.2) - M-—-S=2-—7r+5-—-m™ 


‘where M =the number of logarithmic poles of U on G, S=the number of 
saddle points of U on G, v=the number of Jordan curves bounding G, 
“seathe number of saddle points of U on (B), m=the number of points 
of relative mansmum of U on (B). 

Saddle points are counted with their multiplicities. 


As might be expected, the proof of this theorem eventually involves 
the Euler characteristic of the sets Uc and its variation with c. 
However when this formal stage in the proof has been reached the 
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major difficulties have all been eet 

In addition to the condition (2.2) one can say that M+m>0, »>0, 
S20, s20. These conditions and the condition (2.2) are the only 
conditions on the integers involved, as one can show by setting up a 
pseudo-harmonic function realizing any set of integers satisfying these 
conditions. , 

If U(x, y) is of class C’ on-a neighborhood of (B), if the boundaries 
are regular, and U, and U, are never both zero on (B), then m is the 
number of points of relative minimum of the boundary functions U' 


at which the gradient vector g of U enters G from (B), and s is the ` 


number of points of relative maximum of the functions U‘ at which 
g enters G from (B). 

Among the cases in which conditions A are not satisfied on a bound- 
ary B,, the case in which U is constant on B, is important. If U has a 
constant relative extremum on B,, the contribution of B; to the term 
s—m in (2.2) is null. This happens in the case of a Gretn’s function. 

In case U is a constant c on B; but not a relative extremum, the 
contribution of B, to the term s—m in (2.2) equals one-half the num- 
ber of arcs at the level ¢ which tend to B; from G on an arbitrarily 
small neighborhood of B,. The proof of the last statement is made on 
the assumption that U is pseudo-harmonic, except for poles, on a re- 
gion which includes G in its interior, and is continuous on (B). 

Theorem 2.1 is the basis of many extensions and applications. For 
an account the reader is referred to the papers cited. Mention will 
be made of the fact that one can admit points of singularity £ of U 
on G in the neighborhood of which 


(2.3) U(x, y) = klog | s — s| + RF(s) 


where & is a real constant and F(s) is analytic near 3, except for a 
pole of the mth order at zo. In Theorem 2.1 such a point counts as if 
it were a set of m+1 logarithmic poles. One can also suppose that U 
has a representation of the type (2.3) near a boundary point s» and 
give a simple rule for the contribution of sẹ to s—m in (2.2). 


` 3. Interior transformations with locally simple boundary images. 
A fundamental new instrument here is the locally simple, sensed, 
closed curve. Such a curve is a topological generalization of the regu- 
lar curve and in many problems where’ regular or rectifiable curves 
are used is more effective and less restrictive. 

The curves admitted are continuous and locally 1-1 images s = (8), 
056 2x, of a sensed circle with an angular parameter 6. For such a 
curve there exists a positive constant e such that any sub-arc of g of 


‘diameter less than e is simple; such a constant e is called a norm of | 
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local simplicity of g. A curve can have infinitely many multiple points 
and still be locally simple. A closed curve which traces a circlen times, 
n540, in one sense is locally simple. 

The angular order p of a regular sensed closed curve gis the num- 
ber of times a tangent to g rotates through 2m as g is traced in its posi- 
tive sense. If g is merely locally simple, p is defined as follows. Let k 
be a chord of g which subtends a simple sub-arc of g. Let the end ` 
points of & trace g in its positive sense remaining distinct and always 
subtending a simple sub-arc of g. The number of times & rotates 
through 2x is independent of the choice of k subject to the above 
conditions and is termed the angular order p of g. 

Let g=a be a point not on g. The classical order g(a) of g with re- 
spect to a is the number of times the vector s(@) —a rotates through 2x 
as g is traced in its positive sense. 

We shall admi continuous deformations of a locally simple closed 
curve through a 1-parameter family of such curves, adding the essen- 
tial condition that the family possess a common norm of local sim- 
plicity. The angular order p of a locally simple sensed curve g is in- 
variant under any admissible deformation of g. This theorem would 
not be true if the deformations admitted were through locally simple 
curves without a common norm of local simplicity. A necessary and 
sufficient condition that two locally simple sensed curves g be ad- 
missibly deformable into each other is that they have the same angu- 
lar order p. In the special case in which the curves are regular this 
theorem was proved earlier by Whitney and Graustein. See Whitney 
[10]. 
A positively sensed circle C traced » times, where 20, will be 
denoted by C*. Let C? denote a figure eight. The angular order of C? 
is p. Thus any locally simple sensed closed curve g can be admissibly 
deformed into one and only one of the models C?. The set of all 
locally simple sensed closed curves with an angular order p form a 
deformation class denoted by c. It is easy to define the product of 
two such classes and prove the following theorem: 


THEOREM 3.1. The deformation classes c of locally simple sensed 
closed curves form a group H with respect to multiplication, ssomorpbhec 
with the addttive group J of integers, with a class c in H corresponding ° 
to that integer pin J which equals the angular order of the curves in c. 


The unit class in H contains the figure eight. 

Unless otherwise specified, the order ¢(0) of g will be denoted by q. 
There exist locally simple sensed curves in which p and q are arbitrary 
integers. An admissible deformation in which no curve intersects the 
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origin s =Q will be called an O-deformation. The pair (p, q) is invariant 
under any O-deformation. Conversely any two locally simple sensed 
closed curves which have the same invariants (p, q) admit an O-de- 
formation into each other. Canonical curves Mi(p, q) with the in- 
variants (p, q) are readily defined. O-deformation classes and their 
products can then be defined. The group Mi of O-deformation classes ¢ 
with respect to multiplication is isomorphic with the additive group 
J; of pairs (p, q) of integers, with a class c in Hı corresponding to that 
pair (p, q) in J which yields'the orders (p, q) of the curves in c. The 
unit class in Hı contains a figure eight neither loop of which encircles 
the origin. 

Interior transformations. Locally simple curves enter naturally into - 
the theory of interior transformations. To define such transformations 
one begins with a definition of an interior transformation in the neigh- 
' borhood of an arbitrary point £s, of the region G of §2. Suppose that 
F(t) is a nonconstant, meromorphic function defined on a neighbor- 
hood N of t=a. One subjects N to a 1-1 continuous sense-preserving ~ 
transformation t=h(s) which maps a neighborhood Mi of a onto N, 
holding a fast. The function 


(3.1) FLAC) | = K) 


thereby defined on Nj is an tntertor transformation w = f(s) from N; into 
the complex wsphere. A transformation w=f(s) from G into the 
w-sphere will be called interior if f is an interior transformation of 
some neighborhood of each point of 'G. 

The possibility that F have a pole at t=a is admitted. In that case 
the function f defined by (3.1) is said to have a pole at s=a. We con- 
sider interior transformations with at most a finite number of poles 
on G. We suppose that f is defined on Gand, with respect to the metric: 
of the w-sphere, is a continuous transformation from G to the w-sphere 
without exception. We do not assume that f is an interior transforma- 
tion of a neighborhood of points on the boundary (B). 

A point s=a of G is termed a branch point antecedent of order m 
of the inverse f~}, if =a is a branch point antecedent of order m 
of F-1. The order of a zero or pole of f at s=a is similarly defined by 
reference to F. 

The basic theorem involves the more novel notion of a partial 
branch element Em appearing as the Riemann image under w=/f(s) of 
a neighborhood, relative to G, of a boundary point go. We begin with 
a model. The continuous Riemann image under the transformation 


(3.2) w — tH = rel 
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of the pairs (r, 0) for which 


OS0S(2m+1)x, OSrsn (ro > 0) 


will be represented by a Riemann surface spread over a neighbor- 
hood of wp in the w-plane and termed a partial branch element Ey 
of order m. The term is extended to include any Riemann element 
spread over a neighborhood of ws in the w-plane obtained by subject- 
ing Ea to a homeomorphism in which we corresponds to itself and 
points which cover the same point w retain this property. 

The transformation f is termed locally 1-1 relative to G at a bound- 
ary point so if there exists a neighborhood N of so relative to G on 
- which the transformation into the w-plane is a homeomorphism. The 
principal hypothesis in the following two theorems is that the 
w-images under f of the boundary curves B; are locally simple, by 
virtue of the transformation w=f(s). The following theorem gives a 
condition under which branch point antecedents are isolated on G. 


THEOREM 3.2. If the images (g) under the interior transformation 
~ waf(s) of the boundaries (B) are locally simple, then f is locally 1-1 
relative to G at all but a finite number of points on.(B), and each excep- 
itonal point on (B) has a neighborhood relative to G whose Riemann 
image under f +s a partial branch element. 


In particular if f is meromorphic the theorem implies that the 
points on G at which f’=0 are finite in number whenever the bound- 
ary images are locally simple. 

The main theorem follows: 


THEOREM 3.3. If the images (g) of the boundaries (B) under the in- 
terior transformation w=f(s) are locally simple and do not intersect the 
potni w=a, then 


(3.3) 2n(a) = 2 — r + u + 2¢(a) — P, 


where n(a)=ihe number of zeros of f(3)—a on G; v=the number of 
boundaries B,, q(a) =the sum of the orders of the images g,, with respect 
to w=a, p=the sum of the angular orders of the images gi, =the sum 
of the orders of the branch elements of f- including the partial branch 
elements. ; 


The preceding theorem holds even if a= ©, provided one sets 
‘ g{o)=0.-One thus has the relation 


3 That is, locally simple in terms of the representation acquired under the trans- 
formation w= f(s). 


. images may intersect themselves and each other. The transformation ~ 


tc 
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r 
| 


(3.4) | In(wo) = 2- rtu pe 
From (3.3) and (3.4) one obtains the ordinary order relation 
(3.5) n(a) —n(@) = g(a). 


A generalization ‘of a esicn of Radó is a particularly simple ap- 
plication of Theorem 3.3. According to Radó there exists no directly 


conformal (1, #) map w=f(s) of G onto itself when m>1and»>1.In ` 
such a map #(a) =m for each point á of G and f(s) can be continued so ` 
‘as to be continuous on (B) and map each boundary curve B; on some 


boundary curve Bj covered m times. It then follows that p in the 
theorem is (2—y)m. Our generalization, which includes Radé6’s theo- 


rem, makes no assumption as to the values of n(a), and'the boundary . 


f is merely interior. 


THEOREM 3.4. Under the hypotheses of the preceding theorem with’ 


n(©)=0 and y>2, it is impossible that p= =(2—p)m unless mol. 
With p= (2—v)m, and #()=0 it follows from (3.3), on setting 


a= 0, that u= (»—2)(1— m). Theorem 3.4 is immediate.. 


4. Deformation classes of meromorphic functions or interior trans- 


formations. We consider sense-preserving interior transformations _ 


w=f(s) from the open disc S= [|s| <1] to the w-sphere. We shall re- 
strict ourselves to the case in which) has a finite set of zeros ` 


. (4.1) o (m ER Gr) l (+ (> 0) 
and poles i l es | 
(4.2) Gg ya) (n> 1) 
with branch point antecedents . o 
z (bi +++, by) (u & 0). 


— 
- 


We shall assume that the zeros, poles, and branch’ points have the ` 


order 1, although the case Of higher ‘orders can be succesefully treated . 


provided the orders do not change during the ‘deformations of f. The- 


(a) = (ao, Sai On, by ada | bs) 
sieaa the characteristic set of f- ` ( 


We shall admit deformations D of f of the form w= F(s, t), defined’ ` 


for z on S and 0S?S1. ‘Here t is the deformation parameter and, 
F(z, 0) mf(s). We require that F map (x, 2) continuously into the w- 


1 


4 
1 


Fa b 


10 MARSTON MORSE ÁND MAURICE HEINS [January 

. sphere and yield an interior transformation of S for each fixed t. We 
shall here report on the case in which the characteristic set is inde- 
pendent of t. Deformations of f in which (æ) is fixed are termed re- 
stricted. In the general theory the sets (æ) are permitted to vary over 
circuits and return to an initial set, or return to the initial set with 
a permutation of the zeros, poles, and branch point antecedents 
among themselves. An account of this general theory is included 
in a paper to be. published by the authors [6]. 

Given an interior transformation f with the characteristic set (a) 
we shall define a set (J) of n numbers J,(f, æ), 4=1,---, , associ- 
ated with the respective pairs (ao, a), such that a necessary and suffi- 
cient condition that two interior transformations f, and fa defined on 
S with the same characteristic set (a) be in the same restricted de- 
formation class is that fı and f, have the same set (J). 

The difference order d[k]. The definition of the invariants (J) in- 
volves an extension of the notions of order and angular order in the 
form of a difference order d(k) defined for a locally simple arc k. These 
arcs are continuous and locally 1-1 images 


w(t) = (À + inlA (0S #5 bh) 


of an interval [0, to], and shall intersect fixed end points w(0) =a and 
w(i) =b only when ¢=0 and to respectively. As previously, a norm 

—¢>0 of local simplicity of k is a constant such that any sub-arc of k 
whose diameter is-less than e is simple. We shall admit deformations 
D of k through a continuous family of arcs joining a to b with a com- 
mon norm of local simplicity; the arcs of the family shall intersect a 
and b only as end points. Normal forms for such arcs under admissible 
deformations are desired, together with numerical invariants charac- 
terizing such normal forms. 

The two cases needed for the definition of the invariants (J) are 
the cases in which a =b (finite) and the case (referred to the w-sphere) 
where a is finite and b= œ, In case a=b and the arc w(t) is regular, 
the difference order d(k) is defined as the algebraic increment in 


(4.3) = arg w'(s) | (OSSh) 


4 


minus the algebraic increment in 


(4.4) ` — arg fw — a] (0 < t< h) 


as t increases from 0 to to, and the argument varies continuously. The 
limiting directions in (4.4) as ¢ tends to 0 or tą are respectively the 


y 
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initial direction in (4.3) and the terminal direction in (4.3) reversed 
in sense. It follows that d(k) is a half-integer. 

In the general case in which & is not regular, d(k) can be readily 
defined oni replacing the tangent vector w’(t) in (4.3) by a short chord 
and appropriately modifying (4. 4). In any case d(k) is a half-integer 
taking on the values 


— 3/2, — 1/2, 1/2,,3/2, - i. & 


A positively sensed circle C through the point a =b has the difference 
order 1/2. Reversing sense of an arc changes the sign of a difference 
order. To obtain a model arc K, with a difference order = (2r +1)/2 
for r> 0 one attaches a small positively sensed circle C, to C within C, 
with Cy tangent to C at some point a; other than a =b; one then traces 
C until a; is reached, then traces Cir times in the positive sense, con- 
tinuing to b on C. Any admissible locally simple arc joining a to itself 
with a difference order d(k) can be admissibly deformed into the 

model arc with the same difference order. The diference order is in- 
variant under admissible deformations. 

The difference order for the- case of a locally simple arc joining 
w=atow= © is separately defined, but the values of such orders are 
integers. All integers are realizable as orders as before, and normal! 
forms are readily obtained. 

The invariants J,. Let f be an interior transformation from S to the | 
w-sphere with the characteristic set 


(a) = (do, G1, °°, Guy biet 5 Da) (n> 1). 


Without loss of generality we can suppose that ay is a zero. (In case 
there are no zeros we can replace f by its reciprocal.) Let 4, be a sim- 
ple curve joining a» to a, on S, and let +$ be the image of k, under f. 
The difference order d(k) will be independent of any continuous de- 
formation of k, through simple arcs joining a» to a, provided k, does 
not at any time intersect other points of (a). To obtain a number | 
which is independent of the choice of k, among simple arcs joining Go 

to a; on S we introduce the function | 


(s — bi), +++, — &) 
Ci(s) = a le = a,). 


Corresponding to a variation of s along A; set 


V(A,) = = | are C Om 


‘The difference 


` 
* 
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2ST S, Ceea 


is our definition of J;. It is independent of the choice of h: among 
simple arcs which join dp to a; on S and do not intersect other points 
of (æ), and is invariant under admissible deformations of f since d(kf) 
is so invariant. 

It is not in general an integer. But if F is any one admissible in- 
terior transformation with the characteristic set (æ) and f is any 
other, then 


IG, «) = J (F, a) + ri (i = 1,---,n) 


where r: ia an integer. This follows from the fact that V(A,) is the 
same for f and F, and that 


d(k,) — dlh} 


is an integer. Each integer r; can be realized by a proper choice of a an 
f with the characteristic set (æ). One is thus led to define a countably 
infinite set of models f corresponding to the countably infinite en- 
semble of sets (J). 
The fundamental theorem here is as follows: 


THEOREM 4.1. A necessary and suficient condition that any two ad- 
missible inlerior transformations fı and fy of S with the same character- 
tsiic set belong to the'same restricted deformation class 1s that they possess 
the same invarsants' (J). If fi and fı are meromorphic, the deformation 
can be made through meromorphic functions. 


. The general proof is in two steps. One first shows that an interior 
transformation f can be admissibly deformed into a meromorphic 
function. Then by an interpolatory process the meromorphic function 
is.admissibly deformed into a canonical model f with the given in- 
variants (J). The Stoilow uniformization theorem enters in the first 
stage of the proof. 

The canonical functions f. With characteristic set (a) sashes bell 
the topological theory discloses a countably infinite ensemble of sets 
Ji, tel, -, n, which are invariants of the restricted deformation 
classes. It Pee to establish the existence of a meromorphic func- 
' tion in each deformation class, that is, a meromorphic function with 
a prescribed characteristic set (œ) and a topologically admissible set ` 
of invariants Jų. 

To that end one sets 


A(s) = (3 — a)(s — a1) - -+ (5 — ay), B(s) = (s — bi) ++ + (8 — By). 
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If the required meromorphic function f existed, one could set 


ra BO 
Te TOT 


thereby defining a residual function ¢() which, except for removable 
singularities, is analytic on S, never zero, and satisfies the relations 


A'(a,) 
B(a;) 


where ¢;=1 or —1 according as a; is a zero or a pole. One also has 
the remarkable relation 











(4.5) Chere Gainen 


= 

(4.6) Jim arg $(s) o Gales) 
is 

where any continuous branch of the argument can be used. 

The necessary properties of the residual function ¢ as enumerated 
are characteristic. Corresponding to a prescribed characteristic set (æ) 
and topologically admissible invariants (J) there exists a function 
(z) which is analytic on S, never zero, and satisfies (4.5) and (4.6). 
Such a function ¢ is the residual function of the function 


poke {foo tras}. (K 0) 





where K is constant. The function f has the prescribed characteristic 
set and invariants (J). 

Covering properties of sequences of meromorphic transformations of 5. 
We consider infinite sequences [f,] of meromorphic transformations | 
of S with the same characteristic set (œ) and with no two functions f» 
in the.same restricted deformation class. Such a sequence’ will be: 
termed a model sequence. We are concerned with the set W of points 
w=f,(s), k=1, 2,---,0n the wsphere given by a model sequerice 
for s on S. When the characteristic set includes both zeros and poles 
the set W covers each point of the wsphere infinitely many times. 
When the characteristic set includes no poles, the set W will cover 
each point of the w-sphere infinitely many times (w= © excepted) 
provided [f,] does not converge uniformly to zero on every compact 
subset of S. . 

These results are a consequence of well known theorems on normal 
' families (see Montel [3]) and of the following preliminary lemma. 
Set (a) =(40, d+ °° a). A model sequence which does not converge 
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r 


continuously to 0 or © on S— (a) (in the sense of Carathéodory [2, 
p. 58]) is not a normal family. 

The covering theorems stated above for model sequences of mero- 
morphic functions do not hold for sequences of interior transforma- 
tions. The above covering theorems can be greatly extended and re- 
fined in the terms familiar in the theory of normal families. The 
following theorem is a consequence of Bloch’s theorem. See Bieber- 
bach [1, p. 230]. 


` THEOREM 4.2. If [fy] is a model sequence of meromorphic transforma- 

tions of S, no subsequence of which converges continuously to 0 on S, 
and +f the characteristic set (a) includes no poles, there then corresponds 
to any postisve constant r, no matter how large, a member fic of the se- 
quence and a circular disc D, of radius r inthe w-plane, such that D, ts 
the one-to-one image under fir) of some subdomain of S. 
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PROBABILITY IN FUNCTION SPACE 


J. L. DOOB 


Introduction. The mathematical theory of probability is now ordi- 
narily formulated in terms of measure theory. The formalization of a 
succession of # trials is in terms of n-dimensional measure; that of a 
sequence of trials is in terms of (denumerably) infinite-dimensional: 
measure; that of a continuous set of trials (a set dependent on a con- 
tinuous time parameter say) is in terms of measure in function space. 
The latter case is the subject of this lecture. 

There still is a residual tendency among mathematicians to deal 
with distribution functions rather than with the chance variables 
which have those distribution functions; in this way probability theo- 
rems are reduced to theorems on monotone functions, convolutions, 
and so on. This preference was once justified by a natural distrust of 
. the mathematical foundations of probability theory, so that any dis- 
cussion of chance variables seemed to be nonmathematical, physics, 
or at best mathematical physics rather than pure mathematics, and 
therefore not rigorous. By now this distrust of chance variables is no- 
longer justified; in practice, although it has almost disappeared when 
finite or denumerably infinite sequences of chance variables are stud- 
ied, its presence is still noticeable in studies of continuous families of 
_chance variables. Thus there is now no hesitancy in evaluating the 
probability that a series whose terms depend on chance will converge, 
but there is still considerable hesitancy in discussing the probability 
that a function whose values depend on chance should have a limiting 
value at œ, be continuous, or be Lebesgue integrable. It is the pur- 
-pose of the present lecture to dispel some inhibitions by summarizing 
the basic knowledge on measure theory in function space, as applied 
to probability. In the course of doing this, some problems still to be 
solved will be discussed. Although the theory is mathematically rigor- 
ous, it cannot yet be considered fully satisfactory. Even mathemati- 
cians, although they-can live on rigor alone, do not invariably enjoy it. - 

The general point of view adopted in analyzing a succession of 
trials, depending on the parameter ¢ (usually representing time), is. 
the following. A set T of values of ? is preassigned, the times when 
events occur, or measurements are made. This set of times may be 
finite or infinite. At each such moment a number x(t) is obtained. 


_ An address delivered at the invitation of the Committee to Select Hour Speakers 
for Annual and Summer Meetings before the-Summer Meeting of the Society on 
August 22, 1946; received by the editors August 23, 1946. 
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` This number depends on chance; the value obtained comes from a 
probability distribution whose distribution function 


(0.1) P{x() < h} 


is preassigned.! The process is fully specified by the complex of all 
possible joint distributions: if h,---, ¢, is any finite subset of T, 
and if — © S$a;<b,S+ œ, the probability 


(0.2) Pia; < x(t) <b, j—=1,--+,n} 


is preassigned. All probabilities are evaluated in terms of these ele- 
mentary probabilities. (For alternative approaches see §4.) 

This nonmathematical set-up is treated mathematically as follows. 
Let Q be the space of all functions x(t), tET, —œ Sx()) S$ +0; Qis 
the set of all possible successions of sample values, that is, the set of 
all possible sample functions. The set of functions of t defined by the 
inequalities 
(0.3) Gi < z(t) < bj, j = 1, cc yh, 


is given as measure (probability) the number assigned in (0.2). In 
other words, a set function is defined on certain sets in function space, 
and probability problems become measure problems. A chance varia- 
ble, that is a function of sample values, becomes a function defined 
on function space. The change in language from probability to meas- 
ure language and vice versa neither increases nor decreases the diffi- 
culty of problems, but on the one hand measure theory i is the precise 
mathematical form of the probability calculus, and on the other hand 
the empirical background of probability theory provides one type of 
external criterion of the interest and importance of a given measure 
problem. In the following, a non-negative completely additive func- 
tion of sets, P{ E}, defined on a Borel field F of sets in a space Q, 
_ with P{Q} defined and P{Q} =1, will be called a probability meas- 
ure. It is usually convenient to complete the measure by defining 
P{E} on any set E, which differs from a set Ey in F by at most a sub- 
set of a set of measure 0 as P{E,} =P{ Ey}. The enlarged field will 
be denoted by F. | 

The set of functions in function space defined by the inequalities 
(0.3) will be called a neighborhood, as will the set of functions defined 
by (0.3) with equality allowed on the right whenever b;= œ and on 
the left whenever a,= — ©. Function space is topologized by the con- 
vention that each neighborhood is a topological neighborhood of any 


1 The notation PÍ } will be used to denote the probability of the event, or meas- | 
ure of the paint set, defined by the braces. 
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one of its points, With a definition, Q pes a bicompact Haus- 
dorff space. 

Let Fe be the Borel field of sets in Aoi space Q generated by 
the neighborhoods' (that i is, Fo 18 the smallest Borel field of Q sets 
which includes the neighborhoods) and let F} be the Borel field gen- 
erated by the open sets; Fy is the field of Borel sets. Then FoC Fs and 
if T is finite or denumerably infinite, Fe= Fy: On the other hand if T 
is the entire ¢ axis, if I is any open interval, and if k is any real num- 
ber, the function space sets 


fun AD S i} = TI {2z < k}, 
tEI E&I 


(0.4) 
{GLB x(t) > i} = >, {2(ġ) >k} 
‘EI I&I 
are respectively closed and open sets in function space, which are in 
Fa but not in Fe.? The two sets are respectively the intersection and 
sum of nondenumerably many sets jn Fo. 

Now suppose that T is finite. Then Q is simply n-dimensional co- 
ordinate space, and a neighborhood is an n-dimensional open rec- , 
tangle with sides parallel to the axes. It has long been known that in 
this case if the non-negative function of my > >, Gx, bi, +--+, Da de- 
fined in (0.2) obeys simple conditions of monotoneity, and so on, 
then this function, considered as a function of Q neighborhoods, can 
be extended to become a probability measure defined on Fo= Fs, the 
field of all the Borel sets of »-space. In this case, then, probability 
problems become problems in measure theory in n-space. Next sup- 
pose that T is denumerably infinite, as required for the study- of se- 
quences of chance variables. In this case Q becomes denumerably 
infinite-dimensional coordinate space. Kolmogoroff proved [7, p. 27 |? 
that if the non-negative set function (0.2) is defined~for every 
finite ¢ set (h,---, ta), and!determines a probability measure in ` 
x(t), -+ , x(t.) n-dimensional coordinate space, and if the set func- 
tions so obtained are mutually compatible, that is, if whenever » 
pairs (a,, b,) are set equal to (— œ, +œ) in (0.2) the (sn —v)-dimen- 
sional set function obtained in the other »—» variables is exactly the 
preassigned set function for those variables, then just as in the finite- ` 
dimensional case, the domain of definition of the set function P {E } in, 
(0.2) can be extended to include all the sets of Fy=F, (and hence 


"In fact it is clear that any set in Fy is obtained by imposing: conditions on 2(i) 
at finitely or denumerably many # values, 
3 Numbers in brackets refer to the bibliography at the end of the paper. 


18 | J. L. DOOB [January 
of Fy=F;), in such a way that P{E} becomes a probability measure. 
In the finite and denumerably infinite-dimensional cases, the meas- 
ure so defined has proved adequate for all the needs of the calculus of 
probabilities. The central limit theorem, laws of large numbers, and 
so on, can always be expressed in terms of the properties of measura- 
ble sets and functions on the coordinate space Q. The situation 
changes, however, if the parameter t has a continuous range. In the 
following, T will be the full real line. The changes necessary if T is a 
line segment or half line will be obvious. The coordinate space Q then 
becomes the space of functions defined on the line. As before, (0.2) 
defines the measure of a certain Q set, that is, of the set of functions 
satisfying the stated inequalities, and Kolmogoroff’s theorem, which 
is independent of dimensionality, states that this measure can be 
extended to become a probability measure defined on all the sets of 
the Borel field Fo. It turns out, however, that this definition of proba- 
bility measure is not entirely suited to the needs of the calculus of 
probabilities. In fact it was noted above that each Fp set is defined 
by restrictions on x(t) for at most countably many ¢ values. On the 
other hand, in many investigations probabilities like that in (0.4) are 
required; that is, probabilities of sets of functions defined by restric- 
tions on x(#) at a continuum of ¢ values. Such sets may not be in Fo 
or even in Fy. For example the sets in (0.4) are never in Fy and in 
general are not in Fo. More precisely, if k < œ, the inner P, measure 
of the first set in (0.4) is always 0 [3, p. 465 ]. Hence this set must have 
measure 0 if it is Pp measurable. This fact implies that if L.U.B. ıc rx(t) 
is Po measurable, it must be + © almost everywhere. Similarly if 
G.L.B.:e7 x(¢) is Po measurable, it must be — © almost everywhere. 
These cases can actually occur. For example let F(x) be any distribu- 
tion function with 0 < F(x) <1 for all x. Suppose that for each value 
of t the chance variable x(¢) has the distribution function F, and that 
for any n values, --, t, the chance variables x(t), - - - , x(t,) are 
mutually independent. In other words, as # varies the family of chance 
variables x(#) consists of mutually independent chance variables with 
the common distribution function F. Then clearly if sı, ss, © - - is any 
denumerable ¢ set, 


Po {LU.B. x(s;) sS a} = 0, 

(0.5) i 
~ Po foL». x(s,) > i = 0 

J 


for k + œ. The seta in (0.4) are included in sets of P, measure 0 (take 


~ 
` 


x r 
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the sequence {s i} in J) and therefore have measure 0. Aside from such 
rather uninteresting cases, however, L.U.B.,eEr¢(t) and G.L.B.:Erx(#) 
are never Po measurable. 

The insufficiency of Pa measure is illustrated by the following ex- 
ample. Suppose that x(t) is intrinsically less than or equal to k. In 
this aimple case, any satisfactory mathematical theory must contain. 
the statement in some form or other that the sample functions x(t) 
are less than or equal to & with probability 1. This is trivial if T is ` 
denumerable, T = {t;} , because then one only need conclude from the 
hypothesis Po fælt) >k} =0 that 


Po {LU.B. z(t) > a} = Po} 2 { x(t,) > x} 


(0.6) <S >> Po{z(t,) >k} = 0. 
3 

This reasoning cannot be used if T is nondenumerable, and it has 
just been seen that the desired result is not even true in that case. The 
situation can be saved, however, by defining a probability measure in 
the space Q of functions less than or equal to k rather than in the 
_ space of all functions, and Kolmogoroff’s extension theorem is ap- 
` plicable to Q, as well as to Q The restriction to Q; is no sacrifice, 
because Q; is the significant space in the problem, but in more com- 
plicated problems it may not be clear what the significant space is. 
That is, the word “significant” must be defined in this context, and 
defined in such a way that P, measure induces a probability measure 
in any significant space. This will be done in the next section. 


1. Extension of Kolmogoroff measure. The problem of the intro- 
duction is simply to extend Po measure by assigning probabilities in 
a natural way to function space sets (0.4). The fact that these sets are 
Borel sets in function space suggests the possibility of extending Po 
measure to F}, the class of all Borel sets. This suggestion will be dis- 
cussed below, in §2. If probabilities have been assigned to the sets 
(0.4), then if {s;} is any denumerable point set in the open interval J, 
PALUB. x(t) S et s PÍLUB. z(s) S r 

EI 
(1.1.1) D 


P {CLB. z(t) > i =P {GLB. x(s;) > a 
tel J 
for all &. It is also clear that as more points s; are inserted on the right 


the probabilities decrease or remain the same, and increase or remain 
_the same respectively, and that an extremal sequence {s;} can be 
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found such that these probabilities are left unchanged by the inser- 
tion of more points. Jt is then natural to define the probabilities on the 
left as these extreme values.: These definitions were in fact proposed 
by Khintchine [6, p. 69] and it appears reasonable to require that 
any extension of Py) measure for the purposes of probability ieee 
- should agree with his definitions on the sets (0.4). 

As noted in the introduction, in probability problems of the eye 
discussed the investigator is commonly interested in probabilities de- 
fined in function space subsets of a given set, for example in subsets 
of the set of continuous functions, of the set of positive functions, of 
the set of finite-valued functions, and so on. It was therefore natural 
that the first systematic method of treating the problems de- 
scribed in the introduction was to define a probability measure in the 
sets of a suitable subspace Q, of function space Q, with Q, chosen so 
that sets of functions, such as the set of continuous functions, which 
are not P, measurable become measurable relative to Q. This is done 
as follows.‘ Define a (Kolmtogoroff) measure Po{£} on the Borel field - 
Fo as described above. The POUNOR OTOH outer measure of any set is 
defined by 
(1.1.2) Po{A} = GLB. PofE} = GLB. P.{G}. 

ACEEKo ACG 
where G is a finite or denumerably infinite neighborhood sum. Let Q, 
be any subset of Q with P,*{0Q,} =1. Define F,/Q, as the field of all 
subsets Eı of Q, of the form 


(1.1.3) Eı = EM, Eo E Feo, 
and define a set function P { E,/Q,} on F,/Q by 
(1.1.4) P| E/0} = Po{ Ey}. 


In order to show that this definition is unique, we must show that Eo 
is determined up to a set of P, measure 0 by (1.1.3). In fact, if. 
EQ = GQ (Eo, GE Fo), it follows that E&i = EG Q, so that 
(E,Gé )Q:=0.5 Then Pe{EGé } =0, since P# {Q} =1, and similarly 
P, { Ed Gi} =0, as was to be shown. The set function is clearly a prob- 
ability measure. 

It is possible, using this relativization method, to drop the consid- 
eration of the total space Qin favor of a subspace Q,, if such a transfer 


4 Cf. [2]. The notation used in the present paper differs from that in [2], and is 
more adapted to a general discussion and to the methodological simplification de- 
ecribed below. 4 

s In the following, the complement of a set G will be denoted by G”. 


t 
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is convenient. the. condition that Qay, have outer measure 1i is the con-. 
dition that the subspace be large enough. This provides a definition 
of “significance” as' desired in the introduction. All probabilities will 
look the same in the subspace as in the full.space, in the sense that, 


` for example, the probability number in (0.2) remains unchanged, but 


is reinterpreted as the probability that the stated inequalities are . 
true for the functions in Qı. The following theorem indicates one ad- 
vantage that may pe gained by the shift from Q toa pe 
chosen fh. l 


THEOREM 1.2.8 intercede with P* fo} =1, such'that - 
in terms of the relativised measure P{E/Q,}, L.U.B.cm(t) and 
G.L.B. crx (t) are measurable functions for every interval I, and in fact 
there ts a denumerable sequence {ty} such that for x(t) EQ and I any 


l open Jiad 


\ 


(1.2.2) 


LU. aC) = LUB. x(t) 


(4.2.1) 
GLB. =) = GLB. (t,). 


In other ean relative to Q, the sets of Paaa in (0.4) can be 
defined using only denumerably many é values, and are therefore Fe 
sets. The t set {#,} will in general depend on the basic Kolmogoroff 
measure, but in the most important cases any denumerable dense set 
will serve. Note that the adjunction of more points to the sequence 
{t;}- cannot affect (1.2.1) and hence the distribution of the ‘chance 
variables is in accordance ‘with Khintchine’s definition given above. ` 

The proof of Theorem 1.2 will be sketched. If J is any open inter- 
val, there is a denumerable ¢ set lt, (D) } in ‘ such a for any Be- 
quence {53} in J, i 


s L.B. S < LUB. sGD), P TAM 


oe ai 2 cL. D), E. 


excluding possibly a set of a x(#) in Q of P, measure 0. (The 


extremal sequences can be taken as those giving extreme values to the 
integrals over Qof arctan L.U.B.;x(s;) and arctan G.L.B:, x(s,) for se- 
quences {s;} i in J.) Let: {i} be any sequence containing all the points ` 
t{I) for all open intervals J with rational end points. Then for each i, 


_ almost all'functions in Q (Po een Baeety. 


-$ [3, Theorem 2.4]. 


y 
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(1.2.3) lim G.L.B. aN S(s lim L.U.B. x(t,). 
ejo |t, t|<6 [ip tl<e 

Define Q; as the set of all functions x(#) satisfying (1.2.3) simultane- 
ously for all # (The set Q, may contain infinite-valued functions.) 
With this definition, Q, satisfies (1.2.1). In order to prove that 
P#*{Q,}=1 we show that if T is any finite or denumerably infinite 
sum of neighborhoods, and if Q:CT, then Pa{T } =1. Let {7;} be the 
-į values involved in the definition of I’, and let I’, be the Q set of func- 
tions x(t) satisfying (1.2.3) for t=71, Ta, - © + ~ Then 


(1.2.4) erCivc Yr. 


But since (1.2.3) is true for ¢=7,, with Po measure 1, for each n, 
P.{Ts} =1. Hence Pa{T} =1, as was to be proved. 

Using this theorem, it is clear that many of the problems involving 
a continuum of conditions on the functions of Q are reducible to prob- 
lems involving denumerably many conditions, relativizing the meas- 
ure so that Po{ E} is replaced by P{E/Q,}. For example the set C 
of continuous functions, which is not measurable relative to Q, be- 
comes measurable relative to Qı; in fact the equality 


(1.2.5) QC = oJI 2 L.U.B. | x(t) — z(t) | < t/n} j 


nm] pæl t} hl <1/r,|t;| <2 


where the set {t,} is that described in Theorem 1.2, shows that the 


.. relative measure of C is the Po measure of the multiplier of Q on the 


right. It is Theorem 1.2 or its equivalent that justifies the dvoidance 
of measurability problems (beyond Po measurability) by considering 
the functions in function space as if they were defined only on some 
appropriate everywhere dense denumerable set. 

This method of attack by means of relative measure, although it 
has proved usable in practice, is rather inelegant. The following equiv- 
alent approach is more elegant. It is desired to have certain sets 
measurable which are not so in Fo. This can be accomplished by ex- 
_ tending the’domain of measurability rather than by relativizing the 
measure. Let Q, be any Q set of outer Po measure 1, and let F, be 
the Borel field generated by Q, and the sets of Fo. If Q; is a Borel Q 
` set, Fo  FiC Fa. For example, if Q is chosen as described in Theorem 
1.2, it is a Borel set, the intersection of denumerably many Borel 
sets of the form 


(1.3.1) L.U.B.2() = L.U.B. c(t), GLB. x(t) = GL.B. x(t). 
1EI EL EI © GI 


Any set in F; can be written in the form 


r 
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(1.3.2) E, = EQ +F, Eo, Fo CFs 
and we define 
(1.3.3) Pi{E,} = Paf Eo}. 


This definition of P, { E, } is unique if Es is determined up to a set 
of Pa measure 0 by (1.3.1); that is, if the equation EQ = GQ, when 
Eo, Go E Fo, implies that Ey and Go differ by at most a set of Pe meas- 
ure 0. This has already been shown in the course of defining relativ- 
ized measure. In particular, the equation Q,=QQ, shows that 
P, Q? =1, and if E€ Fo the equation E,=E,Q,+E,Q/ shows that 
P;{ Eo} =Po{ Eo}. Thus (1.3.3) defines an extension of Pi {E}, ex- 
tending the domain of definition to F,. The extension to F, can be 
made in the usual way, or simply by allowing Eo and Fy be to in Fy 
in (1.3.2). If Qı is chosen so that (1.2.1) is satisfied (for a proper se- 
quence {#;}), all functions in Qı, and hence almost all (P, measure) | 
functions in function space, satisfy (1.2.1). The functions on the left ` 
in (1.2.1) are therefore Pı measurable functions since those on the 
right are even Po measurable. In practice Q is always chosen to have 
this property. Applying P; IE} to (1.3.2) we have Pif E} = P,{ Eo} ; 
thus to any Pı measurable set E corresponds a P, measurable set Ee 
differing from it by at most a set of P, measure 0. This implies that 
if fı is any Pı measurable function, there is a Po measurable function 
fo differing from fı on at most a set of Pı measure 0. 


2. Discussion of solution. The definition of a stochastic process (in - 
the present case, with the parameter ¢ running through the line or 
half line) can now be formulated. A stochastic process is the combina- 
tion of function space Q with a probability measure defined on the 
sets of Fy. The set Q adjoined to the field F, to obtain F, has outer P» 
measure 1, and is chosen to satisfy whatever conditions compatible 
with this are dictated by the needs of the problem at hand. 

This definition is somewhat unfortunate in that it makés the defini- 
tion of probability depend essentially on the rather arbitrary choice 
of the set Qı. For example suppose in (0.2) that the probability is zero 
unless the a;'s are all negative and the b;'s all positive, that is we sup- 
pose that for each ż, x(#)=0 with probability 1. It is easy to prove 
that Q; can be taken as the single function x(#) m0; this.function, con- 
sidered as a set in function space, has outer P, measure 1. If Q, isso | 
chosen, then in terms of the final probabilities (P, measure), x(t) m0 | 
with probability 1, and this is the desired result, since Po measure 
has been defined as it would be for an experiment in which it is certain 
that the observed value at each moment of time is 0. On the other- 
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hand, it is easy to show that Q/ also has outer measure 1, and if this 
set instead of Q is adjoined to F, to get Fi, Qı will have measure 0; 
the probability that x(t) m0 is now zero! A theory which allows this 


‘ choice is hardly satisfactory, unless the choice is shown to be in- 


evitable, when judicious rationalization can be used to make the 
choice even desirable. 

What has been done in the past is to choose Q, to consist of the 
most regular functions possible, as the set of continuous functions, 
or the set continuous except for jumps, and so on. This has usually 
been accomplished by choosing Q to satisfy the conditions of Theo- 
rem 1.2. Suppose for example that Pa measure has the property that 
whenever s,—S, x(s5,)—x(s) for almost all functions of Q. This is true 
in a wide class of cases. Then it is easy to see that any everywhere | 


- dense denumerable set {t;} will serve in Theorem 1.2. Suppose that 


for at Jeast one such set {t} it is possible to prove that the Po meas- 
urable Q set 


(2.1.1) al 2 L.U.B. | (t) — x(t) | < i/n 


aml pel ty|<1/7,| | <s 


has P, measure 1, that is, that almost all functions x(t) in function 


space coincide on {#;} with everywhere continuous functions. Then 
if Q, is chosen as in Theorem 1.2, and if this sequence {¢;} is used, the 
bounds of each x(#) in Qin any open ż interval become the bounds con- 
sidering only the points of {#;} in the interval, so that x(#) must be 
everywhere continuous. That is, in terms of the extended measure, P: 
measure, almost all functions x(t) are everywhere continuous. More- | 
over let {t/ } be any everywhere dense denumerable ¢ set. Then, in 
terms of the P, measure already introduced, almost all functions x(#) 
coincide on the set {#} } with everywhere continuous functions. Hence 
in terms of P, measure, almost all functions coincide on the set {tf } 
with everywhere continuous functions. In fact, as is seen in (2.1.1), 


‘this coincidence is Py measurable. Hence no matter what sequence 


{t,} is used in Theorem 1.2 to define Qı, the end result will be, in 
terms of relativized measure or P, measure, that almost all functions 
x(t) will be everywhere continuous. In probability language this is 


` stated in the form “x(#) is everywhere continuous, with probability 1.” 


Thus, at least if Q, is chosen to satisfy Theorem 1.2, P, measure has 
important properties independent of the set Q, adjoined to Fy to 
get Fı. It is important to note, however, that the set A of nonmeasur- 
able functions in function space always has outer P, measure 1. Hence 
even in this example, if A is adjoined to F, to obtain F, in terms of 
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this Pı measure almost no function x(#) is measurable, much less con- 
tinuous. ) 

The choice of Q, to satisfy conditions dictated by common sense 
and the desire for simplicity has been satisfactory in practice, but 
this is not mathematically satisfactory, since mathematics and com- 
mon sense are not in the same universe of discourse. Moreover more 
complicated examples than those given might make the common 
sense decision somewhat difficult. 

Two ways out of the difficulty are conceivable. One possibility 
would be to accept the fact that any one of the possible Pı measures 
corresponding to a given Po measure is as justified as any other, from . 
a purely mathematical point of view, and that some new principle 
must be introduced if a choice is to be made. For example, from a 
. physical point of view it may be considered desirable to accept only 
the P, measures obtained using an adjoined set Q, which satisfies 
Theorem 1.2. The mathematician might invoke the principle of least 
action to choose Qı so that Theorem 1.2 is satisfied and so that (#,w) 
measurability, as discussed in §3, is obtained, if possible. ` 

A second and more elegant way out would be to define a measure 
on a field of Q sets large enough to fulfill the needs of all problems. 
For example it would be satisfactory if a single Qı, that is, a single 
field F,, would do for all problems, and it might appear that a choice 
of Q,'as in Theorem 1.2 might well suffice. This is not true; no single 
_denumerable set {t;} is large enough, although any everywhere dense 
set suffices for most problems. Kakutani, in conversations with the 
speaker before the war, proposed extending Po measure from Fe to Fs, 
the field of Borel sets of function space. When T, the range of #, is 
a finite or denumerable aggregate, the Borel Q sets have been seen 
above to be a sufficiently large class. The extension to Fs can be done 
as follows. Let G be any open Q set. Kakutani then defines P," {G} by 


(2.2.1) PIG} = L.U.B. Po{ E}, EEHs. 
ACG 


That is, P,“ { G} is the inner P, measure of G. If A is any Q eet, Pa" {A } 
is defined by 


* $ | 
(2.2.2) Pi{A} = GLB. Ps {G} : 


where G is open. It can be proved that P;* {A } has the usual proper- 
ties of an outer measure. The (Carathéodory) measurable sets include 
all Borel sets and the measure, P, measure, is an extension of Po meas- 
ure. It agrees with Khintchine’s definition on sets of the type (0.4). 


$ 
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It would then appear that Kakutani’s extension of Kolmogoroff meas- 
ure has all the desired properties, but this is not quite true, or at least 
it has not been proved. To see what is lacking, the measurability of 
a process will be discussed. 


3. Measurable processes. Let f(t, w) be a function of the two varia- 
bles ¢, w, where ¢ varies on a line or half line, and w varies in an ab- 
stract space. Then for each value of w, f(t, w) is a function of t. Let 
Q, be the aggregate of functions of t obtained in this way. If an w 
measure is defined, it induces a measure in function space, or more 
precisely, in subsets of Q,. Assume that w measure is a probability 
measure, and that f(#,w) is measurable in w for each fixed value of t. 
Then if (fh, ---, 44) is any finite t set, the w measure of the w set 


(3.1.1) {a, < f(t) <b, jf =1,---,n} 


can be identified with the probability, or measure, of the set of func- 
tions in function space defined by the inequalities- (0.3). This ap- 
proach was ‘used to give rigorous meaning to measure in function 
space (or at least to measure in some of the subsets of a subset Q, of 
function space) long before the direct attacks of the preceding section 
were developed. For purposes of the ergodic theorem, harmonic analy- 
sis, and similar work, where some sort of regularity in ¢ was required, 
it was supposed, as a minimum condition, that f was measurable in 
the two variables t, w. That is, a measure in (t, w) space was defined in 
the usual multiplicative way as the direct product of Lebesgue t 
measure and the given w measure, and f was supposed (i, w) measura- - 
ble. Note that the measure of a neighborhood in function space can 
be identified with the w measure of the set (3.1.1) so that this ap- 
proach in terms of a function of ¢ and an auxiliary probability parame- 
ter w actually determines a measure in function space w. More pre- 
cisely, Po probability measure is determined in the Q sets of the field 
Fy (Kolmogoroff’s theorem). In terms of this Pa measure it is easily 
shown that Q; has outer measure 1 [4, Theorem 1], so that a relativ- 
ized measure can be defined on the sets of F,/Q, as explained in §1. 
On the other hand, the given w measure determines a measure on Q9; 
sets by the map w—ax(#)=f(t, w). By definition, these measures are 
identical on neighborhoods (relative to Qı) and therefore the rela- 
tivized Q, measure and mapped Q measures are identical on the sets 
` of Fo/Q:. It is frequently very convenient to discuss a stochastic 
process using an explicit formula x(t) =f(#, w) of this type for the sam- 
ple functions. This has been frequently done in the past with f the 
sum of a series of functions of ¢ with random coefficients. But it must 
be remembered that corresponding to the fact thata given Pe measure 


r 
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in function space, the basic probability measure, may lead to many `, 


quite different extensions, so there may be many functions f(t, w) of 
two variables with quite different measure properties even though 
there are identical probability evaluations for inequalities of the type 
(3.1.1). In fact it will be seen below that each P, measure leads to a 
function f(t, w). Hence, corresponding to the different extensions of 
P, measure in an example already discussed, two functions fi(t, w), 
filt, w) can.be exhibited, with fi(é, w) =0 in #, w, and fa(t, w) P40 in? 
for any w, which agree as far as the probabilities of inequalities of the 
type (3.1.1) are concerned. Using fı one would say that x(#) = 0 with 
probability 1; using fa one would say that x(t) m0 with probability 0; 
yet the basic probabilities are identical. One must watch out for such 
things in using these two variable representations of stochastic proc- 
esses. The representations may contain implications not inherent in 
the basic probabilities. 

Conversely any stochastic process can be put in the form of a two 
variable representation. In fact, denote the variable function x(¢) in 
Q by w, and consider the product space of pairs (t, w). Define the 
numerically valued function x(t, w) as the function of (t, w) which 
takes on the value x(t.) when ¢=!, and w= (s). Note that for each ż, 
x(t, w) is a measurable function of w (Po, Pi, or Pa measurable, depend- 
ing on which field of measurable sets is chosen); in fact x(te, w) has 
the distribution function P{x(to)<k}. The function z(t, w) thus has 
the role of the function f(t, w) above. Note that given a Pı measure, 
the function x(t, w) will have measure properties which may differ 
markedly from those due to another Pı measure extension of the same . 
P, measure. The consequences of this have already been commented 
on in the preceding paragraph. 

The proper definition of measurability of a process is now clear; a 
process is measurable if x(t, w) is a measurable function of (t, w), 
where (t, w) measure is defined as the direct product of Lebesgue 
measure in # and the given w measure. If a process is measurable, 
Fubini’s theorem can be applied, to find that for almost all w (that is, 
with probability 1) x(t, w) is measurable in ¢; in other words almost all 
functions in function space are measurable. The functions x(t), that 
is x(t, w), can then be integrated (in #) if the function values are not 
too large. For example, if? Ef | x (#) | } is a bounded function of $, that 
is if the integral in w of |x(t, w)| is a bounded function of #, the in- 
tegral /tx(t)di= flx(t, w)dé exists in the usual Lebesgue sense for al- 
most all functions w in function space, and is itself a function of w, 
P,, Pi, or Ps measurable as the case may be, according to the Q meas- 
ure ‘used. The indirect definitions of this integral commonly found 


1 The expectation of a chance variable y will be denoted by Z{y}. 


~ 


28 f : J. L. DOOB É (January 


in die Meanie usually as some sort of averaged limit of Riemann 
sums, beg the question of integrability of the individual functions and 


‘ complicate the mathematics. 


Unfortunately three definitions of measurability of a stochastic 
process have been proposed in the preceding paragraph, according as 
: the field of measurable Q sets is taken as Fe, Fi, or Fy. The first possi- 
bility i is easily eliminated. In fact, no process is ever measurable if F, 
is used, for it was just noted that almost all functions x(t) are Le- 
besgue measurable if a process is measurable, whereas it is ‘easily 
shown [2, p. 113] that the 8 set of Lebesgue nonmeasurable functions 

` has outer Po measure 1. This is one more indication of the insufficiency 
of the field Fe. Note that measurability using F, depends on the ad- 
joined set Q; in the sense that a process may be measurable or not 
„depending on the choice of Q. For example if Qı is-the class of non- 
Lebesgue measurable functions, no process`can be measurable’ using 
Qı, according to the argument given above for Fo. We shall accept 
the definition that a process is measurable if x(t, w) is (t, w) measura- 
ble if F, is used, for some choice of Q;.® 

It was shown in the beginning of this section how a function Hl J 
of t and an auxiliary probability parameter w can be used to determine 
a stochastic process. For a full parallelism it must be shown that 
whenever f(t, w) is (t, w) measurable, there is a corresponding meas- 
«rable proces, that is, the following theorem must be proved. 


THEOREM 3.1. [4, Theorem 6]. Let f(t, w) be a function of (t, w), 
where t varies on a line and w varies in any absiraci space in which a 
probability measure is defined, muf }. Suppose that f (d, w) is measura- 
ble in w for each fixed t and also measurable in (t, w). Define a stochastic 
process Py measure, a probability measure in function space, by setting 


Po{a, <'a(#;) <b, 75 1,--- ; n} 
line E TE n}. z 


E ETT A EE TEE 
the stochastic process +s measurable. 


Wote 1. This theorem is not true if the measurability of a stochinatic 
process is defined in terms of Py measure-in function space; an ex- 
tension of Pa measure is definitely needed, even in so regular an ex- 
ample as when f(t, w) m0, s0 that x(t) =0 for each #, with probability 1. 
On the other hand it is not known as yet (see the discussion below) 


This is equivalent to the definition in terms of relativized measure given in [2]. 


(3.1.2) 


Necessary and sufficient conditions on the basic Pe measure that there be a P; ex-’ i 


tension determining-a measurable process have been given in [1] and [2]. 
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whether the extension to P, measure would always be sufficient. 

Note 2. This theorem shows that no new types of measurable process 
would arise if extensions of P, measure were used in the definition of 
measurability of a stochastic process. That is to say, if Po measure is 
regular enough to make x(t, w) (t, w) measurable using any Q measure 
whatever which is an extension of the given Po measure, then x(t, w) 
is P, measurable also, using a properly chosen extended field Fi. In 
' fact if x(t, w) is (t, w) measurable using as Q measure some extension 
of the given P, measure, then, using x(t, w) as the f(t, w) of the theo- 
rem, it follows that there is a Pı measure making x(t, w)(é, w) measur- 
able. 

The proof of this theorem, which will be omitted, consists in finding 
a set Q, to adjoin to Fe, such that, in terms of P, measure, x(t, w) is 
(t, w) measurable. This set Q, can be chosen to satisfy the conditions 
of Theorem 1.2, so that measurability in (t, w) and these desirable 
conditions are always mutually compatible. 

Unfortunately it has never been demonstrated that the Q, gecabed 
in the preceding paragraph can be chosen to be a Borel Q set. Thus 
the proof does not show that if the condition of the theorem is satis- 
fied, x(t, w) will be (t, w) measurable when Q measure is P} measure. 
In order that Kakutani’s approach to these stochastic processes, using 
P, measure, be fully satisfactory, it is necessary that whenever x(é, w) 
is (t, w) measurable using P, measure, it should also be (t, w) measura- 
ble using P, measure. It would be very desirable to have either a proof 
or a counterexample. At present, therefore, Kakutani’s approach 
must be considered incomplete, although very elegant, and quite 
adequate in most problems. In [5] Kakutani exhibited a class of proc- 
esses in which Fy= Fy. 


4. Alternative approach. The whole difficulty of defining a suitable, 
probability measure in function space has been caused by the in- 
sistence on assigning measure (probability) to a neighborhood of func- 
tions, as in (0.2), first and going on from there. This automatically 
limits one to P, measure and its extensions. An approach that would 
avoid all this would be to suppose right from the start that there is a 
probability measure defined on some field F of Q sets, and go on from 
there. The first and most obvious difficulty in this is that one must 
avoid being too general if theorems are to have any significance be- 
yond their statement and proof. This means that F must be fairly 
strictly defined. No specific proposals in this direction have been 
made, unless Kakutani’s proposal is considered in this light. In the 
second place Po measure arises in a natural way because the many 
stochastic processes that are known and interesting are, at present, 
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all defined in terms of what happens at a finite number of # values. 
For example the processes with independent increments are simply 
described by the statement thatift;< ++ -<ta, x(t) —x(h), -> +, x(a) 
—x(#,1) are mutually independent. Moreover besides this simple de- 
scription, it is possible to write down explicitly the most general dis- 
tribution of the chance variables x(t:), - - - , x(é,) for any such proc- 
ess, and in this way describe the measure of the neighborhoods. Thus 
in this and other examples, up to the present at least, the approach 
through neighborhood measures to P, measure and its extensions has 
been the natural one. It is conceivable, however, that new Q measures 
will be developed starting from characteristics of the curves as a 
whole, rather than their characteristics at finite sets of values of the 


argument. 
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UNTVERSITY OF ILLINOIS 


THE NOVEMBER MEETING IN PRINCETON 


The four hundred nineteenth meeting of the American Mathemat- 
cal Society was held at Princeton University on Saturday, November 
2, in connection with the year-long celebration of Princeton’s Bicen- 
tennial. The attendance-was approximately two hundred fifty, includ- 
ing the following two hundred nineteen members of the Society: 


Milton Abramowitz, C. R. Adams, C. B. Allendoerfer, R L. Anderson, T. W. 
Anderson, R. F. Arens, Emil Artin, R. P. Bailey, Joshua Barlaz, A. F. Bartholomay, 
P. T. Bateman, G. E. Bates, E. G. Begle, Richard Bellman, Stefan Bergman, Lip- 
man Bere, J. H. Bigelow, Archie Blake, R. P. Boas, G. L. Bolton, T. A. Botts, A. T. 
Brauer, Paul Brock, A. B. Brown, R. C. Buck, G. E. Bullock, R. S. Burington, 
Hobart Bushey, J. H. 'Bushey, S. S. Cairns, W. B. Campbell, F. L. Celauro, Claude 
Chevalley, K. L. Chung, Alonzo Church, Randolph Church, Edmund Churchill, A. H. 
Clifford, R. F. Clippinger, I. S. Cohen, Richard Courant, V. F. Cowling, D. R 
Crosby, H. B. Curry, J. H. Curtiss, J. F. Daly, M. D. Darkow, D. R. Davis, John 
DeCicco, L. S. Dederick, D. B. DeLury, C. H. Denbow, C. H. Dowker, Y. N. Dowker, 
T. L. Downs, Arnold Dresden, Nelson Dunford, W. D. Duthie, Jacques Dutka, , 
. Churchill Eisenhart, L. P. Eisenhart, Benjamin Epetein, Paul Ẹrdðe, Ky Fan, 
Herbert Federer, J. M. Feld, William Feller, N. J. Fine, W. B. Fite, Edward Fleisher, 
M. M. Flood, R. H. Fox, Hilda Geiringer, Abe Gelbart, J. H. Giese, B. P. Gill, 
H. E. Goheen, V. D. Gokhale, H. H. Goldstine, A. W. Goodman, W. H. Gottschalk, 
E. J. Gumbel, Theodore Hailperin, N. A. Hal, R. W. Hamming, O. G. Harrold, 
K. E. Hazard, L. A. Henkin, Einar Hille, A. P. Hillman, Banesh Hofman, T. R. 
Hollcroft, E. M. Hull, L. C. Hutchinson, J. A. Jenkins, Bjarni Jónson, Aida 
Kalish, Irving Kaplansky, Edward Kasner, M. E. Kellar, D. E. Kibbey, J. R 
Kline, E. R. Kokhin, M. Z. Kraywoblocki, Jack Laderman, J. W. Lasley, Solomon 
Lefschetz, Joseph Lehner, Marguerite Lebr, R. A. Leibler, Howard Levi, Norman 
Levinson, Charles Loewner, E. R. Lorch, A. N. Lowan, N. H. McCoy, A. W. 
McMillan, Brockway McMillan, L. A. MacColl, Saunders MacLane, M. H. Martin, 
W. T. Martin, Imanuel Marx, A. E. Meder,. A. N. Milgram, Don Mittleman, 
Deane Montgomery, Vladimir Morkovin, Richard Morris, Marston Morse, C. A. 
Nelson, David Nelson, E. D. Nering, O. E. Neugebauer, A. V. Newton, P. B. 
Norman, Nilan Norris, Lawrence Norwood, C. O. Oakley, E. R. Ott, J. C. Oxtoby, 
J. S. Oxtoby, L. G. Peck, A. M. Peiser, W. H. Pell, Anna Pell-Wheeler, A. J. Penico, 
B. J. Pettis, C. R. Phelps, R. S. Phillips, Everett Pitcher, F. V. Pohle, Harry Polachek, 
Walter Prenowitz, Hans Rademacher, L. L. Rauch, G. E. Raynor, Mina Rees, F. D. . 
Rigby, John Riordan, E. K. Ritter, H. P. Robertson, M. S. Robertson, J. B. Robin- 
son, R. M. Robinson, S. L. Robinson, P. C. Rosenbloom, Raphael Salem, Pierre 
Samuel, Arthur Sard, S. A. Schaaf, A. T. Schafer, R. D. Schafer, I. J. Schoenberg, 
Pincus Schub, Abraham Schwartz, I. E. Segal, C. E. Shannon, H. N. Shapiro, Max 
Shifman, James Singer, L. L. Smail, V. E. Spencer, N. E. Steenrod, R R. Stoll, 
E. G. Straus, L. M. Straus, M. M. Sullivan, C. C. Torrance, M. M. Torrey, H. I. 
Treiber, C. A. Truesdell, A. W. Tucker, Bryant Tuckerman, J. W. Tukey, H. S. 
Vandiver, H. E. Vansant, Oswald Veblen, D. F. Votaw, G. L. Walker, A. D..Wallace, 
R. M. Walter, J. B. Walton, W. R. Wasow, G. C. Webber, F. J. Weyl, Hermann Weyl, 
A. L. Whiteman, P. M. Whitman, D. V. Widder, A. S. Wightman, S. S. Wills, C. S. 
Williams, Clement Winston, Y. C. Wong, Bertram Yood, J. W. Young, Leo Zippin, 
Antoni Zygmund. Š l ' 
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On Saturday morning there were two sections, one for papers in 
. Algebra and Topology in which Professor N. E. Steenrod presided, 
‘and one for papers in Analysis, Geometry and Applied Mathematics, 
in which Professors Einar Hille and D. V. Widder presided. 

The general session on Saturday afternoon, Professor W. B. Fite 
_ presiding, opened with a welcome by Dr. H. S. Taylor, Dean of the 

‘Graduate School, Princeton University. On behalf of the Society, 
Professor N. H. McCoy presented an expression of appreciation to 
Princeton University and the Committee on Arrangements and con- 
gratulations to Princeton University on its Bicentennial. Professor 
J. H. C. Whitehead of the University of Oxford gave an address on 
Combinatorial homotopy theory. 

Members of the Society were guests of the Institute r Advanced 
Study at tea from 4-6 P.M. 

Under the.auspices of Princeton University, an informal discussion 
of the current state of mathematics throughout the world was held 
at 7:45 P.M., Professor Einar Hille presiding. The speakers and their 
topics were as follows: Professor Harald Cramér, on mathematics in 
the Scandinavian countries and the recent Scandinavian Mathemati- 
.cal Congress; Professor Claude Chevalley on mathematics in France 
during and since the war; Professor Solomon Lefschetz on mathe- 
matics in the U.S.S.R. and, more briefly, in Italy and China; Profes- 
sor H. P. Robertson on mathematics and science in Europe, especially 
in Germany during and since the war; Professor Marston Morse on a 
Mathematical Congress, open to mathematicians of all nations, prob- 
ably to be held i in the U.S.A. in a few years. A discussion period 
followed dùring which Professor Arnold Dresden described a plan 
sponsored by the American Mathematical Society to assist in build- 
ing up the mathematical libraries of Europe and Asia. 

Titles and cross references to the abstracts of the papers read follow 
below. Papers whose abstract numbers are followed by the letter ¢ 
were read by title. Papers numbered 1-9 were presented in the section 
for Algebra and Topology, papers 10-18 in the section for Analysis, 
Geometry and Applied Mathematics, papers 19-49 were presented by 
title. Paper 15 was read by Professor Kasner, and paper 18 by Mr. 
.Harry Polachek. Mr. Roberts was introduced by Professor C. C. Lin. 

1. Nilan Norris: An extension of an equality among averages. (Ab- 
stract 52-11-396.) 

2. E. R. Kolchin: Algebraic matric groups and the Picard-Vesstot 
theory of homogeneous linear ordinary differential equations. rere: 
52-11-349. 
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3. P. M. Whitman: Finite groups with a cyclic group as lattice-homo- 
morph. (Abstract 52-11-355.) 

4. A. T. Brauer: Limits for the characteristic roots of a matrix. II. 
(Abstract 52-11-347.) 

5. R. M. Robinson: Unsymmeirscal approximaiton of irrational 
numbers. (Abstract 52-11-351.) 

6- Everett Pitcher: Cratscal point inequalities for a nondegenerate 
functional. (Abstract 52-11-405.) 

7. R. H. Fox: On a problem of S. Ulam concerning Cartesian prod- 
ucis. (Abstract 52-11-401.) 

8. Ky Fan: On partially ordered additive spouts of continuous func- 
tions. (Abstract 52-11-400.) 

9. C. H. Dowker: An extension of Alexandroff’'s mapping theorem. 
(Abstract 52-11-398.) 

10. R. C. Buck: On some properties of arithmetic density. Prelimi- 
nary report. (Abstract 52-11-361.) 

11. V. F. Cowling: On the Jorm of certain entire functions. (Abstract 
52-11-363.) 

12. M. Z. Krzywoblocki: A local maximum property of the fourth 
coefficient of schlicht functions. (Abstract 52-11-369.) 

13. P. C. Rosenbloom: Entire associative functions. ae 52-11- 
373.) 

14. Walter Prenowitz: Characterisation of the lattice of convex sets 
of a descrspitoe geometry. (Abstract 52-11-391.) 

15. Edward Kasner and John DeCicco: lal of harmonic trans- 
formations. (Abstract 52-9-322.) 

16. S. A. Schaaf: A cylinder cooling problem. esas 52-11-385.) 

17. H. E. Goheen: A bound for the error in computing the Bessel 
functions of the first kind by recurrence. (Abstract 52-11-380.) 

18. Harry Polachek and R. J. Seeger: On the existence of solutions 
for three-shock Prandtl-Meyer configurations in the case of weak reflected 
shocks. (Abstract 52-11-381.) 

19. Warren Ambrose: Direct sum theorem for Haar measures. (Ab- 
stract 52-11-356-2.) 

20. R. F. Arens: Location of spectra in Banach *-algebras. (Abstract 
52-11-357-#.) 

21. Lipman Bers: A property of bounded analytic functions. CAb- 
stract 52-11-358-t.) 

22. Lipman Bers: On rings of analytic functions. (Abstract 52-11- 
359-t.) 

23. H. W. Brinkmann: On the prime divisors of a polynomial with 
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sniegral coeficrents. (Abstract 52-11-348-2.) 

24. J. P. Brown: Cyclic characteristic curves of a system of differen- . 
tral equations. (Abstract 52-9-286-2.) 

25. R. C. Buck: Interpolation series. (Abstract 52-11-360-t.) 

26. Herman Chernoff: A note on the inversion of power series. (Ab- 
stract 52-11-378-t.) 

27. John DeCicco: Constrained motion upon a surface under a pen- 
eralized field of force. (Abstract 52-11-388-i.) 

28. C. L. Dolph: Nonlinear integral cera of the Hammerstein 
type. (Abstract 52-11-3644.) : 
_ 29. S. T. Hu: On extension E EE (Abstract 52-11-402-t.) 

. ` 30. R. C. James: Inner products in normed linear spaces. (Abstract 
52-11-368-t.) 

31. E. R. Kolchin: Extensions of differential fields. III. (Abstract 
52-11-350-?.) 
32. G. W. Mackey: On the domains of closed linear transformations 

tn Hilbert space. Preliminary report. (Abstract 52-11- 370-t.) 

33. Deane Montgomery: A theorem on locally euclidean groups. (Ab- 
stract 52-11-403-4.) 

34. A. P. Morse: Perfect blankets. (Abstract 52- 11- 371-2.) 

35. S. B. Myers: Banach spaces of continuous functions. ame 
52-11-4044.) 

36. Everett Pitcher: Exac homomorphism sequences for a nest of 
three spaces. (Abstract 52-11-406-2.) i 

37. E. L. Post: Recursive unsoloability of a problem of Thue. (Ab- 
stract 52-11-394-2.) 

38. R. C. Roberts: On the lift of a triangular wing at supersonic 
speeds. (Abstract 52-11-382-2.) 

39. H. E. Salzer: An alternative definsiton of reciprocal differences. 
(Abstract 52-11-383-2.) 

40. H. E. Salzer: Tables for facthtating the use of Chebyshev's quad- 
rature formula. (Abstract 52-11-3844.) 

41. Alice T. Schafer: The netghborhood of an undulation point on a 
space curve. (Abstract 52-11-392-2.) 

42. A. R. Schweitzer: Sums and products of ordered dyads in the 
foundations of algebra. V. (Abstract 52-11-352-4.) : 

_ 43, A. R. Schweitzer: Sums and products of ordered dyads in the 
foundations of algebra, VI. (Abstract 52-11-353-t.) 

44. I. E. Segal: The group algebra of a locally compact hee (Ab- 
stract 52-11-375-2.) 

45. Fred Supnick: Cooperative phenomena. I. Structure of the linear 
Ising model. (Abstract 52-11-386-1.) 
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46. Fred ern On the problem of Tağ. Preliminary report. (Ab- 
stract 52-11-407-t.) ; 


47, J. M. Thomas: Eliminanis. ER 52-9- 279-4.) 


48. J. H. M. Melee ee iii Goldbach’s theorem. (Abstract 
52-9-280-#.) - 


ee J. E. Wilkins: The converse of a ikasten of Tchaplygin on difer- 
ential inequalities. (Abstract 52-11-3764.) 
: T.R. HOLLCROFT, , 
z Associate Secretary 


BOOK REVIEW - 


A history of the conic sections and quadric surfaces. By J. L. Coolidge. 
Oxford University Press, 1946. 111214 pp. $6.00. 


Despite the wealth of the literature extant dealing with the conic 
sections, and the large amount of easily accessible material concerning 
the quadric surfaces, the extensive synopsis presented in this study 
by a distinguished geometer must be regarded as an altogether worth- 
while endeavor. The connected account which the author gives of 
these loci, from the discovery of the conics by Menaechmus (pupil 
of Plato and Eudoxus) to the differential properties of quadric sur- 
faces, makes this a book which both amateur and professional 
mathematicians will consult with pleasure and profit. The copious 
quotations from early writers which the book contains are interlarded 
with sprightly observations. Though the animated style employed is 
perhaps unusual in a serious historical study, it undoubtedly stimu- 
lates reader interest. 

The first two chapters are devoted to the work of the Greeks. In 
the twelve hundred years from the time of Pappus to the beginning 
of the sixteenth century, there was apparently a complete loss of in- 
terest in the subject. The third chapter takes up the history with the 
re-awakening of interest evidenced by the work of Werner, Desargues, 
Pascal, and so on, and carries the account down to the great projec- 
tive school, which is the subject of Chapter IV. Chapters V, VI, and 
VII deal with miscellaneous metrical theorems, systems of conics, and 
conics in space, respectively. They are followed by a chapter of six 
pages, concerning mechanical construction of conics, which completes 
the treatment of the conic sections. 

The remaining fifty-five pages of the book are devoted to the quad- 
ric surfaces. The work is divided into four chapters, dealing with the 
‘synthetic, algebraic, higher algebraic, and differential methods. 

The book is concluded with an excellent list of papers and books 
- quoted in the text and an adequate subject index. 

LEONARD M. BLUMENTHAL 


NOTES 


Foundations of algebraic geometry, by André Weil, volume 29 of 
the American Mathematical Society Colloquium Publications, has just 
appeared. Orders may be sent to the Society at 531 West 116th Street, 
New York 27, N. Y., U.S.A. The price is $5.50 with a 25% discount 
to members. i 

The editors of the Bulletin wish to make grateful public acknowl- 
edgment of the services rendered by the following persons who have 
refereed papers: R. P. Agnew, A. A. Albert, Warren Ambrose, R.F. 
Arens, Valentine Bargmann, P. T. Bateman, E. F. Beckenbach, E. T. 
Bell, P. O. Bell, Garrett Birkhoff, G. A. Bliss, R. P. Boas, Salomon 
Bochner, L. M. Blumenthal, Richard Brauer, H. W. Brinkmann, A. B. 
Brown, O. E. Brown, R. C. Buck, Herbert Busemann, Alonzo Church, 
A. H. Clifford, I. S. Cohen, H. S. M. Coxeter; M. M. Day, J. L. 
Doob, Arnold Dresden, Nelson Dunford, Samuel Eilenberg, Paul 
Erdés, William Feller, A. D. Fialkow, R. H. Fox, R. E. Gilman, 
H. H. Goldstine, J. W. Green, Lois W. Griffiths, D. W. Hall, P. R. 
Halmos, O. G. Harrold, R. N. Haskell, G. A. Hedlund, M. H. Heins, 
E. D. Hellinger, T. H. Hildebrandt, Einar Hille, H. K. Hughes, 
Nathan Jacobson, R. L. Jeffery, Mark Kac, J. L. Kelley, B. O. Koop- 
man, O. E. Lancaster, D. H. Lehmer, Joseph Lehner, Norman Levin- 
son, A. N. Lowan, G. W. Mackey, Szolem Mandelbrojt, Morris 
Marden, Walther Mayer, W. E. Milne, Oystein Ore, Gordon Pall, 
B. J. Pettis; Harry Pollard, George Pólya, E. L. Post, Tibor Rado, 
P. V. Reichelderfer, Eric Reissner, C. E. Rickart, J. F. Ritt, M. S. 
Robertson, R. M. Robinson, Hans Samelson, A. C. Schaeffer, Henry 
Scheffé, O. F. G. Schilling, I. J. Schoenberg, I. E. Segal, C. L. Siegel, - 
‘ L. L. Silverman, P. A. Smith, I. S., Sokolnikoff, Alfred Tarski, W. C. 
Taylor, R. M. Thrall, H. S. Wall, A. D. Wallace, J. L. Walsh, W. J. 
Webber, Hermann Weyl, Hassler Whitney, D. V. Widder, J. E. 
Wilkins, Oscar Zariski, Antoni Zygmund. 

The editors of the Transactions wish to acknowledge the services of 
the following persons, not members of the Editorial Board, who have 
been consulted regarding papers accepted for publication in volumes 
59 and 60: C. R. Adams, Warren Ambrose, Reinbold Baer, E. F. 
Beckenbach, P. O. Bel, R. P. Boas, H. F. Bohnenblust, T. A. Botts, 
R. H. Bruck, Herbert Busemann, S. S. Chem, W. Z. Chien, Jobn 
DeCicco, Samuel Eilenberg, Harley Flanders, M. H. Heins, M. R. 
Hestenes, Einar Hille, Bjarni Jónsson, Irving Kaplansky, Harry 
Levy, R. M. Martin, W. T. Martin, C. W. Mendel, Karl Menger, ` 
A. P. Morse, Harry Pollard, Tibor Rado, J. F. Randolph, C. N. 
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Reynolds, C. E. Rickart, A. C. Schaeffer, Gabor Szegő, A. E. Taylor, 
Alexander Weinstein, G. S. Young, J. W. T. Youngs. 

A notice has been received indicating that a new journal to be called 
Simon Stevin is to be published under joint editorship of Dutch and 
Belgian mathematicians. It will replace Christiaan Huygens, Mathe- 
matica B, and Wis- en natuurkundig Tijdschrift. 

Brown University has established a Graduate Division of Applied 
Mathematics in order to bring together students in engineering, phys- 
ics and mathematics and to carry forward research projects common 
to those fields. 

Dr. J. G. Charney has been appointed National Research Fellow. 

Professor W. H. Roever of Washington University Has retired with 
the title emeritus. 

` Professor R. E. Root of the United States Naval kadan hiss re- 
tired with the title emeritus. 

Professor Qswald Veblen of the Institute for Advanced Study has 
been elected to membership in the Royal Danish Academy of Sci- 
ences and the Polish Academy of Sciences. 

Professor Hermann Weyl of the Institute for Advanced Study has 
been elected a corresponding member of the Zürcher Naturforschende 
Gesellschaft and a foreign member of the Royal Swedish Academy of 
Sciences. 

Professor Harald Cramér, Director of the [nautit of Mathemati- 
cal Statistics at the University of Stockholm, has been visiting pro- 
fessor at Princeton University during the fall semester of the 1946- 
1947 academic year. l À 

Dr. E. T. Davies of King’s College, London, has been appointed to 
the chair of mathematics at University College, Southampton. 

. Professor Marcel Riesz of Lunds Universitets Matematiska Insti- 
tution will be visiting lecturer at the University of Chicago for the 
winter and spring quarters. 

Dr. O. H. Schmidt has been appointed librarian of the Danish 
Technical Library, Copenhagen, Denmark. 

Messrs. J. S. Macpherson, W. A.- Donaldson and D. D. McKinnon 
have been appointed assistants in mathematics at the University of 
Glasgow. 

Associate Professor F. T. Adler of the University of Colorado has 
been appointed to an assistant professorship in physics at the Uni- 
versity of Wisconsin. 

Professor L. V. Ahlfors of the University of Zurich has been ap- 
pointed to an associate professorship at Harvard University. 


. National Advisory Commission for Aeronautics, Langley Field, ae | 
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Professor A. A. Albert of the University of Chicago will be a visiting. 


professor at the University of Brazil in 1947.. - 
Professor W. E. Anderson of Miami University has retired. 


Assistant Professor H. C. Ayres of the United States Naval Acad- , 


emy has been promoted to an associate professorship. 


Dr. R. P. Bailey, formerly of Lafayette College, has been appointed 


to an assistant professorship at the United States Naval Academy. 
Assistant Professor N. H. Ball of the United States Naval Academy 
has been promoted. to an associate professorship. 


Assistant Professor R- H. Bardell of the University of Wisconsin in 


Milwaukee has been promoted to an associate professorship. 


Mr. S. U. Benscoter of the Bureau of Aeronautics, Navy Depart- | 


ment, has accepted an appointment as structural engineer with the 


` 


ginia. ` 
Dr. Stefan Bergman has been appointed a ctir at aves Uni- 
` ‘versity. 


Professor Emeritus Felix Bernstein of New York University has 
been appointed lecturer at Triple- ‘Cities College, Syracuse University, 


- Endicott, New York. 
Assistant Professor M. A. Biot of Columbia University has been ` 


appointéd to a professorship at Brown University. 

. Associate Professor A. W. -Boldyreff of the University of Arizona 
has been appointed to an associate professorship at Wittenberg Col- 
lege, Springfield, Ohio. 


Dr. Leonard Bristow of the University: of Illinois has been ap- = 


pointed to an assistant professorship at‘the University of Wyoming: 
_Dr. L. F. Brown has accepted a position as.consulting sound engi- 
neer with Columbia Pictures, Incorporated, Hollywood, California. 


Assistant Professor L. Virginia Carleton of Wesleyan College, Ma- 


con, Georgia, has been appointed to an assistant professorship at 
Centenary College, Shreveport, Louisiana. 


Dr. L. H. Chambers, formerly of Marshall College, has been ap- 


pointed to an associate ProrgeporGMi p: at the United Spates Naval 
Academy. 
Associate Professor Harold Chatland of Montas State University 


‘has been appointed to an associate professorship at Wright Field 


Graduate Center, Ohio State University, Dayton, Ohio. 
Mr. J. O. Chellevold has been appointed to an assistant profeseor- 
ship at Lehigh Univeraity. 


. Dr. W. Z. Chien of California Institute of Technology has been ap- -. 


or x 


40 NOTES [January 


pointed to a professorship in-mechanical engineering at National 
Tsing Hua University, Peiping, China. 

Dr. J. B. Coleman has been appointed to an associate professorship 
at the University of Georgia. 

Mr. G. S. Cook has been appointed to an assistant professorship at 
Colorado School of Mines. . 

Assistant Professor A. E. Currier of the United States Naval Acad- 
emy has been promoted to an associate professorship. 

Dr. G. B. Dantzig has been appointed principal statistician, United 
_ States Army Air Forces. 

Assistant Professor H. R. C. Dieckmann of Occidental College has 
been appointed to an assistant professorship at San Jose State Col- 
lege. 

Professor J. E. Dotterer of Indiana Central College has been ap- 
pointed to a professorship at Manchester College, North Manchester, 
Indiana. 

Dr. J. N. Eastham of Nazareth College has been appointed to an 
assistant professorship at the Cooper Union School of Engineering. 

Associate Professor Churchill Eisenhart of the University of Wis- 
consin is on leave and has been appointed principal mathematician 
in charge of statistical work of the National Bureau of Standards. 

Dr. Paul Erdös of the Institute for Advanced Study has been ap- 
, pointed to a research professorship at Syracuse University. a 

Dr. A. D. Fialkow has been appointed an adjunct professor at 
Brooklyn Polytechnic Institute. 

Mr. Walter Fleming has been appointed lecturer at the University 
of Manitoba. 

Mr. W. W. Gandy has been appointed to an associate professorship 
at Northwestern State College, Natchitoches, Louisiana. 

Miss Mary A. Goins has been appointed to an assistant professor- 
ship at Marshall College. 

Dr. C. C. Grove has been appointed a special lecturer at the Uni- 
versity of Pennsylvania. 4 

Mr. N. D. Griffin of Oklahoma Agricultural and Mechanical Col- 
lege has been promoted to an assistant professorship. 

Mr. F. C. Hall has been appointed to an assistant professorship at 
Manhattan College. 

Assistant Professor J. R. Hammond of the United States Naval 
_ Academy has been promoted to an associate professorship, 

Associate Professor E. E. Haskins of Northeastern University has 
been appointed to an assistant professorship at the Army Air Forces 
Institute of Technology, Wright Field, Dayton, Ohio. 
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Dr. Archie Higdon has been appointed to an associate professorship 
in theoretical and applied mechanics at the Iowa State College of 
Agriculture and Mechanical Arts. 

Mr. J. M. Holme, formerly of Pennsylvania State College, has been 
appointed to an assistant professorship at the United States Naval 
Academy. Ei 

Dr. À. S. Householder has accepted a position as principal physicist 
at the Clinton Laboratories, Monsanto Chemical Company, Knox- 
ville, Tennessee. 

Mr. J. P. Hoyt has been appointed to an assistant professorship at 
. the United States Naval Academy. 

Dr. Waclaw Kozakiewicz of the University of Saskatchewan has 
been promoted to an assistant professorship. 

Associate Professor L. H. McFarlan of the University of Washing- 
ton has been promoted to a professorship. 

Dr. A. E. Marston has been appointed research mathematician at 
the Naval Research Laboratory, Washington, D. C. 

Dr. M. A. Melvin of Columbia University has been promoted to an 
assistant professorship of physics. 

Assistant Professor A. B. Mewborn of the University of Aronne 
has been appointed to an associate professorship at the Postgraduate 
School, United States Naval Academy. 

Mr. J. F. Milos has been appointed to an assistant professorship at 
the United States Naval Academy. 

Assistant Professor Thirza A. Mossman of Kansas State College of 
Agriculture and Applied Science has been promoted to an associate 
professorship. 

Dr. K. L. Palmquist, formerly of Southern Methodist University, - 
has been appointed to an assistant professorship at the United States 
Naval Academy. 

Associate Professor R. S. Pate of the University of South Carolina 
has been appointed to a professorship at Michigan State Normal Col- 
lege, Ypsilanti, Michigan. 

Dr. J. F. Paydon, formerly of Northwestern University, has been 
appointed to an assistant professorship at the United States Naval 
Academy. 

Dr. E. R. Peck has been appointed to an assistant professorship of 


` physics at Northwestern University. 


Dr. Echo D. Pepper has been appointed to an assistant professor- 
ship at the University of Illinois. 

Miss Ellen F. Rasor has been appointed to a professorship of Flora 
MacDonald College, Red Springs, North Carolina. 
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Assistant Professor Adrienne S. Rayl of the Birmingham Center of 
the University of Alabama has been promoted to an associate profes- 
sorship. 

Professor C. A. Reagan of Friends University, Wichita, ‘Kansas, 
has been appointed acting president. 

Mr. J. K. Reckzeh of the University of Kentucky has been ap- 
pointed to an assistant professorship at State Teachers College, Jersey 
City, New Jersey. 

' Associate Professor R: F. Rinehart of Case School of Applied Sci- 
ence has been promoted to a professorship. 

Mr. J. S- Ripandelli has accepted a position as actuarial assistant 
with Miles M. Dawson and Son, Incorporated, New York, New York. 

Dr. V. N. Robinson has been appointed to an assistant professor- 
ship at the United States Naval Academy. 

Dr. S. S. Saslaw, formerly of the University of Miami, has been ap- 
pointed to an assistant professorship at the United States. Naval 
Academy. 

Dr. F. E. Sarterhvaite of, the Aetna Life Insurance Company, 
Hartford, Connecticut, has accepted a position as design engineer at 
the General Electric Company, Fort Wayne, Indiana. 

Associate Professor George Sauté of Rollins College, Winter Park, 
Florida, has been promoted to a professorship. 

Dr. Nathan Schwid has been appointed to an associate professor- 
ship at the University of Wyoming. 

Professor L. W. Sheridan of the College of Mount St. Vincent has . 
been appointed to an assotiate professorship at the College of St. 
Thomas. 

Mr. W. H. Simons has been appointed to a lectureship at the Uni- 
versity of British Columbia. 

Associate Professor M. F. Smiley of Lehigh University has been ap- 
pointed to an associate professorship at Northwestern University. 

- Mr. R. E. Smith at Allegheny College has been appointed to an 
associate professorship at the College of William and Mary. 

Dr. S. R. Smith has been appointed to an assistant professorship 
at the University of Wyoming. 

Assistant Professor S. S. Smith of the Universi of Utah has eee 
promoted to an associate professorship. 

Associate Professor Andrew Sobczyk of Oregon State College os 
been appointed Chief of the Mathematical Research Branch, Watson 
Laboratories, Cambridge, Massachusetts. 

Dr. K. H. Stahl of State Teachers College, California, Pennsyl- 
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vania, has been appointed to an assistant professorship at the Uni- 
versity of Colorado. 

Mr. Palmer Steen has been appointed to an assistant professorship 
at the University of Wyoming. 

Dr. Ruth W. Stokes has been appointed to an assistant professor- 
ship at Syracuse University. 

Dr. Mildred M. Sullivan of Queens College, Flushing, New York, 
has been promoted to an assistant professorship. 

Dr. Ethel Sutherland of East Carolina Teachers College has been 
appointed to an associate professorship at the State Teachers College, 
Farmville, Virginia. j 

Associate Professor P. M. Swingle of the New Mexic College of 
Agriculture and Mechanical Arts has been appointed to a professor- 
ship at the University of Miami. 

Associate Professor A. H. Taub of the University of Washington 
has been promoted to a professorship. 

Dr. E. P. Virene has been appoisted to an assistant professorship 
at the Newark College of Engineering. 

Mr. R. S. Wentworth has been appointed to an assistant professor- 
ship at Lehigh University. 

Professor J. H. Zant of Oklahoma Agricultural and Mechanical 
College has been appointed director of instruction of the Okmulgee 
Branch, newly established to give instruction to veterans. 

The following appointments to'instructorships are announced: Uni- 
versity of Buffalo: Mrs. Joan S. Anderson, Mr. V. N. Behrns, Mrs. 
Jeanne J. Dinwoodie, Mrs. Lorraine W. Farber, Miss Lillian Gough, 
Miss June M. McArtney, Miss Mabel D. Montgomery, Mr. N. H. 
Sampson, Mr. F. C. Warner, Mrs. Ina W. Welmers; University of 
Colorado: Mr. George Barnes, Mr. D. L. Barrick, Mr. F. J. Casey, 
Mr. R. H. Glass, Mr. E. W. Grigs, Mr. P. F. Hultquist, Mr. V. J. 
Moore, Mr. L. W. Rutland, Jr., Mr. M. E. Sperline; Harvard Uni- 
versity: Dr. R. C. James; Houston College: Mr. O. L. Lattimore; 
Iowa State College of Agriculture and Mechanical Arts: Mr. W. G. 
Dyer; Lehigh University: Mr. Leon Benson, Mr. W. Hibbard, Mr. 


H..A. Seebald, Mr. R. H. Spohn, Mr. K. C. Walters, Mr. R. W. -` 


Young; University of Maine: Dr, W. B. Caton, Mr. J. A. Harmon, 
Mr. Leo Lapidus, Mrs. A. D. Mawhinney, Mr. Sutton Monro, Miss 
Letitia Watson; Michigan State College: Miss Evelyn O. Bychinsky, 
Mr. H. A. Hanson, Mr. M. S. Miller, Mr. J. A: Straw; University 
of Michigan: Dr. W. M. Kincaid; Mississippi Southern College: Mr. 
John Jones, fr., Mr. J. T. Lewandowski; University of New Hamp- 
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shire: Mr. A. R. Harvey; Northwestern University: Dr. A. O. Lind- 
strum; Ohio State University: Mr. C. T. West; University of Penn- 
sylvania: Mr. A. G. Makarov; Rutgers University: Dr. M. A. Hy- 
man; Union College: Mr. E. F. Gillette, Mr. H. K. Holt, Mr. F. F. 
Ormsby: United States Naval Academy: Mr. M. V. Gibbons, Mr. 
E. C. Gras, Mr. T. A. Lamke, Mr. Joseph Milkman, Mr. J. W. 
Popow, Mr. R. W. Rector, Mr. J. A. Tierney, Mr. E. C. Watters, 
Mr. J. H. White; Washington University: Miss Theresa M. Renner; 
Wellesley Collese: Miss Kathleen E. Butcher; University of Wiscon- 
sin: Mr. W. N. Smith; University of Wyoming: Miss Rosamond 
Jones. 

The death of Mr. E. Feldheim has been teported. 

Professor Dunham Jackson of the University of Minnesota died 
November 6, 1946, at the age of fifty-eight years. He had been a mem- 
ber of the Society for thirty-five years. 

Dr. Benjamin Rosenbaum died May 29, 1946. He had been a mem- 
ber of the Society for fifteen years. 

Dean Emeritus C. S. Slichter of the University of Wisconsin died 
October 4, 1946, at the age of eighty-two years. He had been a mem- 
ber of the Society for fifty-six years. 

Associate Professor I. D. Stewart of Whitman College, Walla Walla, 
Washington, died on July 21, 1946. 


ABSTRACTS OF PAPERS 


‘SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 


1. A. A. Albert: A structure theory for Jordan algebras. 


This paper gives the first general structure theory for Jordan algebras, dese 
commutative algebras in which the identity (yx) = (xy)x* holds. Using identities 
on right multiplications it is shown that every solvable algebra over a field of charac- 
teristic not two is nilpotent in the sense that there exists an integer $ such that every 
product of k elements is rero. Also an algebra whose quantities are all nilpotent is 
' necessarily solvable. For algebras over a nonmodular field a trace criterion is devel- 
oped yielding a decomposition relative to an idempotent, and it is shown that if N 
is the maximal solvable ideal of A then A—N is a direct sum of simple algebras. 
Finally, it is shown that every simple Jordan algebra is isomorphic toa Jordan algebra 
of linear transformations except for a certain class of algebras of order 27 over the 
center. (Received October 10, 1946.) 


2. R. F. Arens: Representation of rings in which x? =x. 


McCoy and Montgomery, Duke Math. J. vol. 3 (1937), have partially generalized 
the representation of Boolean algebras of Stone, Trans. Amer. Math. Soc. vol. 40 
(1936), by showing that a ring A in which z?= gy and pz=0 is a subdirect sum of the- 
corresponding Galois field. In the present paper, the author follows Stone in making 
this representation sharper and unique, in a certain sense, by considering the locally , 
compact 0-dimensional structure space of A. The case of rings in which x?" =x is also 
considered. (Received November 19, 1946.) 


3. Reinhold Baer: Direct decompostitons. 


In this paper a comprehensive refinement theorem for direct decompositions of 
operator loops is proved; and this theorem is shown to contain as special cases the 
theorems of W. Krull, O. Schmidt, V. Kotinek and A. Kurosh. (Received October 14, 
1946.) j 


4. Reinhold Baer: Endomorphism rings of operator loops. 


If L is an operator loop, and if A is a commutative and associative admissible 
subloop of L, then the set 9 of all the endomorphisms of L which map L into A isa 
ring with respect to the customary operations of addition and multiplications. In this 
note the structure of @ is investigated, mainly under the hypothesis that all the endo- 
morphisms in ô split L. (Received October 7, 1946.) 
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5. Reinhold Baer: Splitting endomorphisms. 


If ¢ is an endomorphism of the operator loop L, then its radical R(t) consists of all 
the elements x in L such that 0 = qts for some integer #=2(xz). The radical is a normal 
and admissible subloop. A complement of the endomorphism ? is an admissible sub- 
loop C such that every coset of L/R(¢) contains one and only one element in C and 
such that C= Cy. The object of this note‘is to find criteria for the existence of comple- 
ments, (Received October 7, 1946.) 


6. Reinhold Baer: The double chain condition in pea e operator 
groups. 

If A is a cyclic abelian operator group, then it is possible that the descending, but 
not the ascending, chain condition is satisfied by the admissible subgroups of A. It is 
therefore desirable to obtain criteria for the validity of the double chain condition in 
a cyclic abelian operator group; and in the present note there are offered several 
criteria of this type. (Received November 16, 1946.) 


7. J. D. Bankier: Extended regular continued fractions. 


An extended regular continued fraction (e.r.cf.) is defined recursively by the rela- 
tions Ya™ en/(¥e1—ber) (wel, 2, 3, +- ), where em t1, en(¥sn1—b,_1) >0 and ba 
is the integer further from Ys of the integers [ya], [ya] +1, providing such an integer 
exists. If ys=J-+1/2, where J is an integer, b,=J-+41, if Ya™2, ba™1, and, if ya=1, 
ba =1. A necessary and sufficient condition that an e.r.cf. terminate is that yẹ be ra-. 
tional. A nonterminating e.r.c.f. converges to the generating value ys. Necessary and 
sufficient conditions that a nonterminating continued fraction be an e.r.cf. are that 
its elements be integers such that d,—1 or 2, if ba=1, eyiml, if bam2, ym —1 
(n=1, 2, 3, +++), and that, corresponding to every positive integer #, there exists an 
integer m such that #<m and ba=1. For a continued fraction terminating with b» 
the additional condition is required that bsa =b, = — e1 = e= 1, An e.r.c.f. is periodic 
if and only if it converges to a quadratic irrational. A method is given for-obtaining 
the e.r.c.f. expansion of a real number directly from the corresponding r.c.f. The con- 
vergents of an e.r.c.f. are shown to be an arrangement of the primary and secondary 
convergents of the corresponding r.c.f. The e.r.c.f. enables one to find solutions for a 
larger class of Pell equations than the r.c.f. (Received November 19, 1946.) 


8. B. A. Bernstein: Weak definitions of field. 


The author obtains from a typical addition-multiplication definition of field two 
weaker definitions. In one of these definitions the distributive law is replaced by a law 
involving only two variables. In the other definition each of the additive laws of the 
type definition is replaced by' a law involving fewer variables, and the distributive 
law is entirely dispensed with. The definitions are postulational, with independence _ 
among the postulates established. (Received October 23, 1946.) 


9. Garrett Birkhoff: Notes on lattices. 


The congruence relations on any abstract algebra A with permutable congruence 
relations form a modular lattice; hence the Kurosch-Ore theorem applies, If A also 
contains a one-element subalgebra, then the unique factorization theorem of Wedder- 
burn-Remak, and all Jordan-Holder-Schreier-Zassenhaus theorems hold. An abstract 
lattice L is isomorphic with the lattice of all subalgebras of a suitable abstract algebra 
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if and only if (i) L is complete, (ii) in L, the meet operation is continuous in the order 
topology, (iii) every element a of L is the jain of elements Ge, no one of which is the 
topological limit of smaller elements. Any complete metric lattice is a topological lat- 
tice. (Received October 25, 1946.) 


10. Garrett Birkhoff: Subdirect representation of certain algebras. © 


Let A be any algebra with finitary operations, which has a finite number of non- 
isomorphic subdirectly irreducible homomorphic images Fi, » + +, Fa. Suppose also 
that each F; is finite. Then A can be represented as a totally disconnected topological 
algebra of continuous functions from a totally disconnected bicompact “space” (of 
homomorphisms) onto the union F of the F;. (Received October 31, 1946.) 


11. R. H. Bruck: An extension theory for Moufang loops. 


For terminology, see the author's recent paper (Trans. Amer. Math. Soc. vol. 60 
(1946) pp. 245-354).. In the present note he treats the following problem: Given a 
Moufang loop M and a group G, to determine all Moufang loops Ehomomorphic to M 
with kernel G contained in the associator of E. In sharp’contrast with many other ex- 
tension problems for loops, there emerges a theory of factor sets closely akin to that 
for groups. If M has finite order m and f is a central Moufang factor set, f*~1 where 
n= 2m) (noi m, as in the group case). The powers f" are nontrivial factor sets ofa 
particularly simple form, and these are thoroughly investigated. When M is abelian, 
each f™ isa group factor set. When Af is a noncommutative group the situation is more 
complex, but a variety of relations is obtained between central group factor sets and 
central Moufang factor sets. (Recetved November 18, 1946.) 


12, R P. Dilworth: Decomposttion of relatively complemented lał- 
laces. 
‘The following theorem is proved: Ewery indecomposable, relatively complemented 
lattice of finite dimensions is simple. (Received October 17, 1946.) 


13. J. S. Frame: Group decomposition by double coset mairsces. 


A formula nc=e/>_ he] pal? is obtained for the degrees m of the common ir- 
reducible components of two isomorphic (but not necessarily distinct) representations 
R*(y) and R‘(y) of a finite group G of order g by transitive groups of permutation 
matrices of degree #* and #! respectively. Matrices Va consisting of 0’s and 1's, and 
such that R*(y) V2 = VaR*-y), correspond to the double cosets Ha = H*yaH'/hg. The 
orders of y—.Hya, H’, and their intersection are respectively A’, A’, and Ag. The 
quantities pt, appear as coefficients in the transforms of Va by the same matrix U 
which reduces the direct sum of R° and Rt. In general pq, = (kkt) Y3/ha and it seems 
that for a suitable reducing transformation U all the pa, will be algebraic integers. ` 
In certain important cases the pa; are integral factors of kt/kæ or zero, and the 
degrees =; are easily found. The irreducible group characters x, for the class C) are 
x mente()-vhepaske) / (kiom), where ko) is the number of the p elements of the class 
Cy which are in the double coset Hg. (Received November 25, 1946.) 


14. Wallace Givens: Parametric solution of linear homogeneous 
Diophantine equations. . 
A system of r linearly independent linear homogeneous equations in # unknowns 

with rational integers as coefficients is considered. Every solution of such a system is 
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proved to be obtainable by giving integral values to the parameters pe (omi,---, 
a—r—l:jml,-+-,m)andh (which may be set equal to one if a>r+1) in the formu- 
las x, =kF;(p,,), where the F; are homogeneous polynomials with integral coefficients 
which are given explicitly in terms of the coefficients of the given equationa. With 
k allowed to be rational instead of integral, this theorem was recently proved by 
L. W. Griffiths (Bull. Amer. Math. Soc. vol. 52 (1946) pp. 734-736). A new proof of 
Mise Griffiths’ result is first given and then the stronger theorem is reduced to the 
special case r=0 where it is equivalent to a theorem due to Hermite. (Received 
November 22, 1946.) ~ 


15. L. K. Hua: Geometries of matrices. IL. Study of snvolutions in 
the geometry of symmetric matrices. 


j ~\ 

In the first part of the paper, the explicit normal forms of involutions and anti- 
involutions and the manifold of fixed paints of all sorts of involutions are determined. 
Secondly, ‘the author enumerates the geometries keeping an involution or an anti- 
involution as absolute. Those obtained from anti-involutions are generalizations of 
non-Euclidean geometries, among which the geometry of the hyperbolic type is 
Siegel’s symplectic geometry. Those obtained from involutions give several new 
types of geometries, one whose real analog is a generaliration of the Möbius geometry 
of circles. The author shows that every symplectic transformation is a product of 
iwo involutions and fowr anti-involutions and that in the space of symmetric matrices 
of order #=2%r, r being odd, are ht most o+-3 pairs of points of which any two pairs 
separate each other harmonically. As a by-product, the author proved also that if 
Si tt t, S, are -rowed symmetric matrices satisfying s= —I, SS; ™ —3,5;, then 
sSo+1. (Received October 23, 1946.) 


16. L. K. Hua: On the automorphisms of the symplectic group over. 
any field. Preliminary report. 

Let ® be any field with characteristic not equal to 2 and containing more than 
three elements. Let F be a 2s-rowed nonsingular skew-symmetric matrix, say 
one with first row 0, J and second row —J, 0. Let T be the group of 2#-rowed sym- 
plectic matrices, that is, the group is constituted by all those elements P satisfying 
PFP! = F, where P’ denotes the transposed matrix of P. In this paper, all automor- 
phisms of the group T are determined. More precisely, all the automorphisms A(X) - 
on T are of the form R-1P-1X*PR, where P runs over all symplectic matrices, e runs 
over all the automorphisms of the field, Risa matrix with first row T, 0 and second row 
0, al, and a runs over a compkte residue system of the factor group ®/d. ® ia con- 
sidered as a multiplicative group and ð is the multiplicative group of all the square 
elements of $. (Received November 20, 1946.) 


17. Ralph Hull: Generators of the rational integral symplectic 
groups. 

Elementary methods are employed to determine a finite set of generating elements 
of the group of 2# by 2# symplectic matrices with rational integral elements. The 
methods may also be applied to the case of symplectic groups over an algebraic num- 
ber field in which there is a division algorithm. (Received October 24, 1946.) 

18. Irving Kaplansky: Semi-simple algebraic algebras. 

Representation theorems for a commutative semi-simple algebraic algebra A over 
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a field F are given, CE Suse BE E eae 
If F is algebraically closed, ‘4 consists of all continuous functions from a compact 
totally disconnected space'to F. In the general case the functions may take values in 
the various subfields of the algebraic closure of F. If Fis complete in a valuation, and 
A is normed and complete, then the elements of A have bounded degrees. Heré A 
can be any algebraic algebra whose radical is the set of all nilpotent elements. This 
_ feueralizes'a theorem announced by Mazur. (Received November 21, 1946.) 


19. B.-E. Meserve: Division sequences by cross-multsplicaison. 

A synthetic method is given for obtaining the division sequences of any two 
polynomials in ane unknown with real coefficients, It is a genéralization of the process 
' of croes multiplication used.by E. J. Routh (Adsaaced rigid dynamics, 6th ed., 1905, p. 
226) to obtain conditions for the stability of a linear dynamical system. Special ap- 
plications of the method give the Sturm sequences of a single polynomial in one un-_ 
known with real coefficients and a:highest common factor of any two such poly- 


` nomials, (Received October 28, 1946.) 


t 
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20. L. J. Paige: A note on finite abelian groups. Sa 

Let [En An B,]'be an ordertd triple of ordered subeeta X,~ (a, ES 

A,=(as,°°° , dy), By= (b, > + + , bg) of an abelian group G of order N. Defining a triple 
tc be admissible if and only if X, A, B, each contain: p distinct elements and 
timb; (6=1, 2, <- - , p), the author proves that dn admissible triple [Xw, Aw, Bw] 
exists if and only if G does not contain a unique element of order 2. For all G there ` 
exist admissible triples [Xw1, Awa, Bw]. (Received October 11, 1946.) 


21. H. J. Ryser: Rational vector spaces. Preliminary report. , | 

Let Va be a rational vector space of dimension # admitting rational inner product 
(a, 8) (Bull. Amer. Math. Soc. Abstract 52- 9-267). Va is called an J-space provided it 
has basis &; & >- * , 3. such that (8, 8) = 8u. If & & - --, $a are # linearly inde- 
"pendent elements of Vi, the’ square free integer part d of the determinant of the 
matrix [(és &)] is an invarjant of the space. If V has inner product (a, 8) and in- 
variant d and Ve inner product (y, 8) and invariant D, then a direct product space 
Va Q Vn of dimension #m is defined in which. (a, Br, 8) acts as inner product. If 
w=2r and m=2s, a necessary and sufficient condition that V. ® Vw be an I-space 
relative to (a, 8)(y, 8) is that the product of Hilbert symbols (d, d).(D, DY, (d, D) | 
= +1 for p= 2 and for each of ‘the odd prime divisors of dR. Similar results hold for 
odd, and both # and m odd. ‘Algebraic number fields are studied as rational vector , 
spaces, and an explicit determination is made of all cyclotomic J-fields, all cyclic 
I-fields of even degree, and all -fields defined by the ¢-periods of the pth roots of 
unity. (Received November 4, 1946.) 


22. R: M. Thrall: On akdir algebras. Preliminary report. 


If an algebra A over a field k possesses indecomposable representations of arbi- 
. trarily high degree it will be called an akdér algebra. Assume k algebraically closed. 
R. Brauer (On the indecomposable representation of algebras, Bull. Amer. Math. Soc. 


X ~ 


Abstract 47-9-334) has given three conditions each sufficient to ensure that A is 


ahdir. These conditions are stated in terms of the Cartan invariants of A, A/N, 
A/N, «++ where N is the radical of A. In the present work a fourth sufficient con- 
didon oi the tame general character is given aad conversely it ln proved that if 
Ni=0 and none of the four sufficient conditions hold, ea a OC EA In the 
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case N?=( the four sufficient conditions can be stated in the following manner. Sup- 
pose that A/N has t simple ideals. Then the Cartan invariants are the elements ofa 
t by ¢ matrix C with integer elements. Set D = C—J. Associate a graph G of 24 vertices 
Py +++, Pit Q, ++, Qs with D by joining P; and Q, if and only if di, 40. The four 
sufficient conditions are then (1) some d,,>1; (2) Gis not a tree; (3) some vertex of G 
is of order greater than 3; (4) some connected subgraph of G has more than one 
vertex of order 3. (Received November 21, 1946.) 


23. Bernard Vinograde. Radicals associated with equivalent semi- 
simple residue systems. 

This paper investigates rings wherein the radical is a homomorphic additive image 
of the semi-simple part and satisfies f(xy) =xf(y)+f(x)9+f(x)f(y), where f is the 


homomorphism. f(xy) affords a trioperational approach. This is an aspect of the dis- 
tribution of residue systems in a semi-primary ring. (Received October 24, 1946.) 


24. Daniel Zelinsky: Nonassoctatiwe valuations. 

An ordered quasigroup G is a quasigroup, written additively, which is linearly 
ordered by a transitive, binary relation>, having the property that x>vy implies 
x+s>y+s and s-+-x>s-+- for all x, y, s of G. A valuation, V, of a (nonassociative) ring 
R is a function on R to an ordered quasigroup with œ adjoined such that for all a, 
bof R, V(a+b) 2min [V(a), V(b) ], V(ab) = Via) + V(6), Via) = œ if and only if a =Q. 
The principal theorem of this paper is the following: If R is an algebra of finite order 
over a field F, if R has a unity quantity and ii V(F) is an archimedean-ordered group, 
then V(R) is an archimedean-ordered abelian group in which V(F) has finite index. 
Examples of nonassoclative ordered loops are obtained by simple loop extensions, 
The existence of a ring with arbitrary prescribed value loop and residue-clase ring 
(without zero divisors) is proved. From these two facts follow examples showing 
that the hypothesis “V(F) is archimedean-ardered” cannot be omitted in the theorem 
above. This is in strong contrast with the associative, noncommutative case. (See 
O. F. G. Schilling, Noncommutative valuations, Bull. Amer. Math. Soc. vol. 51 (1945) 
pp. 297-304.) (Received November 13, 1946.) 


ANALYSIS 


25. H. W. Becker: Generalizations of the Epstein- Fourier series. 


These series are combinations of exponential and Fourier series (Leo F. Epstein, 
Journal of Mathematics and Physics vol. 18 (1939) p. 60, (19)). Where K,=1, 
==rcos 6, y=rsin 6, and “soc” means “sine or cosine,” some generalizations are: 
(1) exp[X-+r soc ( )0-(KX-+Z)] = [soc(Zy+o%* sin Xy)]-[exp(Ze+-6%* cos X¥)], 
the (K.X-+Z) except for change of sign of X being the polynomials of Steffensen 
(Some rocent researches in ths theory of statishics and adwarial science, Cambridge 
Press, 1930, p. 24); (2) exp[e{1+r soc ( )6- K} ]m [soc {eee y sin (4s sin y)} ] 
- [exp {eo 7 cos (e sin y)}], the K® being Bell numbers (Ann. of Math. vol, 39 
(1938) p. 539). Under the substitutions r+rX, X—>X—, Z=0, (1) becomes (3) 
exp[X-!+r soc ( )6-T] = [soc(e* ain y)]- [exp(s* cos y)], where T= XXX- is an um- 
bral transform of Riordan and Kaplanaky (The problem of the rooks ond ils applica- 
isons). It is noteworthy that the right side of (3) is free of X, endowing the left side 
with a kind of invariance. (Received October 1, 1946.) 
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26. R. H. Cameron and W. T. Martin: Fourser-Weener transforms 
of functionals belonging to La over the space C. 


The authors consider the class I4(C) of real or complex-valued functionals F(x) 
which belong to Ly over the space C: [3| F(x)|%dw< œ. They define a Fourier-Wiener 
transform and show that every functional F(x) belonging to J4(C) has a transform 
G(y) which also belongs to I,(C) and which bas F(—-) as its transform. They show 
furthermore that Plancherel’s relation holds: {>| F(x)|dex—/3|G(y)|%dey. In an 
earlier paper (Foxrisr-Wioner transforms of analytic functionals, Duke Math. J. vol. 
12 (1945) pp. 489-507) the authors showed that every functional belonging to a ré- 


stricted class Fæ has a Fourier-Wiener transform which belongs to Ea and which hes 


the properties mentioned above. (The definition given there is modified slightly in 
the present paper to free Plancherel's formula from a factor 24%.) The functionals of 
class Ee are shown to be dense in I4(C); this property enables the authors to obtain 
the desired result. (Received November 6, 1946.) 


27. K. L. Chung and Paul Erdiés: On the lower limit of sums of 
independent random variables. 


The following theorems form a counterpart of the law of iterated logarithms. ' 
Let Xa, +*+- , Xa » - - be independent random variables having the same distribu- 
tion function F(x). Suppose that the absolutely continuous part of F(x) does not van- 
ish identically and that its first moment is zero, the second is one, and the ab- 
solute fifth is finite. Let ¥(s) be nondecreasing and tend to infinity. Then (1) 
Pr(lim inf, ..4¥(#)S,—0) is one or zero according as (2) >= —¥(=)—1 is divergent or 
convergent. If each X, has the same Bernoullian distribution: X,—=q with probability 
p and X,=—-—p with probability g where p>0 and p+g=1, then if (2) is divergent, 
(1) is equal to one. On the other hand, if p is a quadratic irrational, and (2) is con- 
vergent, (1) is equal to zero. The last statement holds in fact for almost all real $. 
The case when p is rational is known to be degenerate. (Received October 31, 1946.) 


28. Paul Civin: Mean values of periodic functions. 


Let f(z) be a complex perlodic function of period 2r for’which the Fourier coeffi- 
cients of order less than m vanish. Inequalities are obtained between the integral 
means of f(x) and transforms of f(x) by means of factor sequences. As a specialization, 

_inequalities are obtained between the means of f(x) and its ath integral. (Received 
October 28, 1946.) 


29. Evelyn Frank: On continued fraction expansions of analytic 
functtons. 


G) A continued fraction expansion yet-oe(s-téa)(1—| vo] *) /ovve(s-+E0) — (5— to) / 71 
+a ti- ||) ormat- s- t/r -e , Yb™fel— En), fiim oal — En) (Ya 
—fi)/(s-+E) (1—Fafs), k=O, 1, + + +, for functions f(s) analytic in R(x) >0, |f()| 31, 
is found directly from Schur’s theory by mapping || <1 on R(s)>0. Here f= Ẹ, 
R(t) <0, oy—1, |-va| 31. This expansion is proved finite by use of the reduction theo- 
rem (cf.Frank, The rea} parts of the seros of a com polynomial, abstract 52-7-232) 
if and only if f(s) = eP(s)/P*(s), | «| =1, P*(s)—P(—s), P*(s) a Hurwitz polynomial, 
P(—Ẹ)=1. If P*(s) is any polynomial, then in the finite continued fraction |x| 
m [Prt /Pi(—§) | = 1, the fs not necessarily equal. (ii) The continued fraction 
[s +E —£)/2]/(E—8)/2 +68 + 8) (8 — E)(80—ya)/[80(s— £) — aata] +(e +4) (8-8) (& 


\ 
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+ ve) (& — v)/[&@ — 2 — &(s H] +E +8 — D(a +) — las E) 
alt+r, Bam (8e—va)/(1— Saya), k=O, 1, ---, converges uniformly 
over every bounded closed domain in R(s)>0 to a function, analytic in R(s)>0, 
F(s) = [8e(s—£)+(8+2)f(5) ]/[5e(s— 8) — (6 +2f(8)], | ëf 51, RÆ <0. (iii) Functions 
F(s) and [}—f(s) ]/[A+f(s)], where f(s) = «P(s)/P*(s), have partial fraction expan- 
eons O{s)-+c—) irs +y)/(3— x), O(s) xeto or a polynomial of degree k, the + 
zeros of the denominator of the function represented, and under certain conditions 
| . the cand f, pure imaginary. (Received October 17, 1946.) 


_ < 30. Evelyn Frank: On methods for the location of the zeros of com- 
plex polynomials, ` 
(1) The zeros of P(s) mm Aes*+Awet+ --- +4,, 4; complex, are located as fol- 
“lows: If |4| >| 4a], form AeP(s)—A,P*(s) maP;(s), P*(s) ms*P(1/s), then P(s) has 
- one more zero in |s| =1 than Py(s); if | Ao| <| An], Pils) A.P(s)—AcP*(s) has as 
many zeros as P(s) in |s] =1. Repeating this process on P,(s), Ps(s),---, after at 
most (#—1) steps one finds the number of reros in |s| =1 (Cohn, Math. Zeit. vol. 
14). Form P(rs) and vary'r successively until, by this process, P.(rs) has a rero s’ 
of modulus 1 (or as close to 1 as desired), then rs’ is a rero of P(s) of modulus r (or 
' as close tor as desired). The exceptional cases | A®| =| 4®,|,»=0,1, - - - , in Paa(8) 
are considered’ The zeros of P(s) are different and'of modulus r if AnÁo™ Asn", 
x=], 2, - -+ , #, and the zeros of P’(rs) lie in |s| =1. (II) Ap alternate method for 
finding the reros of P(s) is obtained by use of the quadratic forms of Hermite. (AID 
_ Schor’s determinant criterion (J. Reine Angew. Math. vol. 148) for all zeros of P(s) 
to lie in |s| =1 is compared with that of the auttior (Bull. Amer. Math. Soc: vol. 52) 
for all zeros to lie in R(s) >0. (Received November 20, 1946.) 


31. A. M. Gleason: A theorem on Banach spaces. Preliminary re- 


r 


The sequence {en} of points in a Banach space.B is called a basis if every element 


x€B has a unique convergent representation x=) a,(x)¢.. A basis is called ‘an 
abeolute basis if the convergence of } (aad, implies the convergence of ) as ,bar for 
any sequence {m}. Under thie definition the ordinary basis of (15 $< ©) is ab- 
solute, but Schauder’s basis for the set of continuous functions is not. Theorem: If 
"B has an absolute basis and B* (the conjugate of B) is separable, then B* has an 
absolute basis. It is well known that the functionals a,(x) form a basis of their closed 


linear manifold; if there is a functional f not in this clm, one can construct.an un- ` 


countable set of points in B* each pair of which are separated by more than #>0, so 
that B* is not separable. This construction is obtained by considering functionals 
e(z) =) ba Gn (2), where f(x) => beta(x). An immediate corollary is the following: 
If B has an absolute basis and B** is separable, then B is reflexive. (Received Novem- 
ber 22, 1946.) i ; i ; 
- 32. O. E: Glenn: A differential equation that plays a part in a'mathe- 
maiscal theory of biological variation. ae 

A sequence of plane curves hi, ky, > - «ie considered, in the form of irregular 
(statistical) truncated spirals of amplitude less than four right angles. Draw k in 
the (y, s) cartesian plane and hy in the (x, y) plane. The cylinders erected upon these 
curves as bases with elements ||x and s, respectively, intersect in a twisted epace-curve 
a. Move ky to the plane (y, 3) and draw h in (x, y) and repeat the construction, giv- 


~ 
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ing a space-curve c, and continue the process, The curves of the community (cj) are 


" permuted among themselves bya known transformation S in polar coordina tes (An- 
nali della R. Scuola Normale Superior di Pisa (2) voh 2 (1933) p. 300), and a function . 


I(r, 0, , dð, 'd4) left invariant by S satisfies the Sua (1) (xp 3/ðr +rg8/29, . 


ta '(dr)ð/3(dr) +-0q'(66)3/8(d6))I=0, pmart itor a+ -+- +h, qma 14pm 
+--+ s, # = 0. Solution for I and reduction,of I = 0 ‘gives (2) — (de)/¢ 
+C, ) (66) /gt+H(Q, $)dé =O, d, n arbitrary, Q =v f(dr)/p—#f (49) /g. Equation (2) is 
K E E rac aa by theorems, to the 
community (4). (Received November 8, 1946.) . T 


33. Casper Gainan Fubini interval Junctions. 


Actunctan Roedd aa a leamaa bode noy 


oriented, satisfy a condition of Fubini if F(R) =/f(Ddy. Assuming that F(R) and f(D) 
satisfy a condition of Fubini, and if E, not necessarily measurable, is the set of points 
for which both f’(x, 7), the bilajeral derivative of f{I), and Fa (x, 7), the strong deriva- 
tive of F(R), exist, then f'(x, y) = Fa (x, y) almost everywhere on E. A similar result 
for the unilateral derivative is proved for Æ measurable, but the theorem then holds 
for the approximate unilateral derivative. It is shown by example that these results 
do not hold for the ordinary derivative, F’(x, y), of F(R). Conditions are established 
under which the existence of f'(x, y) implies the existence almost everywhere of 
F(x, y) and Fé (x, yy. The existence of Fá (x, y) impliés the existence of the ap- 
proximate unilateral derivative and its equality almost everywhere with Ff (x, 7). 


¥ 


A similar result is obtained for the derivative of fH) i a ar aa ca 


(Received November 21, 1946.) 


- 34. M. R. Hestenes. An indirect Nem) proof for he iroblem of 
Bolza in nonparametric form. 


Until recently, sufficiency theorems in the calculus of variations have oe esis 


Hahed by direct methods, Indirect proofs have now been devised by McShane (Trans. | 


Amer. Math. Soc. vol. 52 (1942) pp. 344-379), by Myers (Duke Math. J. vol. 10 
(1943) pp. 73-99) and by the author (Trans. Amer. Math. Soc. vol. 60 (1946) pp. 93- 
118). Sufficient conditions for a strong relative minimum for the nonparametric case 
can be obtained from the results given in these papers by transforming our problem 
to a parametric problem. However the methods used are not applicable directly to the 
nonparametric case without modification. It is the purpose of the present paper to 
show what modifications are necessary in order to establish the corresponding suff- 
ciency theorem for the nonparametric problem without transformation to a paramet- 
ric one. (Received October 29, 1946.) 


35. Dunham Jackson: The boundedness of orthonormal polynomials 
om certain curves of the fourth degres. 


EEE “Gl is Goan east ten el ee ona 
braic curves, a property intimately associated with the convergence of the cor- 
responding developments-in series, various elementary devices and expedients have 
been found useful under one set of circumstances or another. The general problem is 
of such complexity that there is no reason to expect that it can be dealt with by any 


combination of such special devices. On the other hand, even if attention is limited , 


to these pdrticular procedures, any attempt at an exhaustive account of their possi- 


bilities in permutation and combination would be unmanageable. It seem» worthwhile , 
¢ E f 7 
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to continue at least a little further with an analysis of illustrative examples. In this 
epirit the writer discusses certain rational curves of the fourth degree, and also the 
nonrational curve x4-+-7=1, previously studied from a different point of view (Bull. 
Amer. Math. Soc. vol. 43 (1937) pp. 388-393). While further examples could be 
multiplied without limit, it is the writer’s impression that, in a certain qualitative 
sense, an enumeration of the simplest and most striking illustrations of the methods 
referred to is hereby concluded. (Received October 30, 1946.) 


36. Herman Kober: Approximation of non-bounded functions by 
integral functions of finite order. ` 


The introduction deals with a theorem by Carleman; it also mentions a new result 
concerning approximation to bounded functions. The non-bounded functions are re- 
quired to be uniformly continuous of order n, that is, [>>(—1)*Cuf(x+ja)| Se 
(g=0,1,°++,) for — o <g< o, |l 33 = 3(6), or at least to be “uniformly bounded 
of order #.” After discussing basic properties of these classes of functions, the follow- 
ing results are proved: If f(s) is an entire function of exponential type, and if f(x) is 
uniformly bounded of order », then f® (x) is bounded in (— ©, œ), A function f(s), 
uniformly bounded, of order #, is approximated by entire functions of exponential 
type uniformly in — œ <x< if, and only if, it is uniformly continuous of order #. 
If (x-++4)"f(x) (w= 1, or 2, +++) is uniformly continuous of some order, then there are 
entire functions ge(s) of exponential type a such that, uniformly in — œ <x < œ, 
(1+| |=) | f(x) —ga(x)| +0 as a— œ. The results are applied to f(x) =x" (0<r< œ), 
also for approximation by entire functions of order 1/2. They are finally extended 
to the uniform approximation of non-bounded functions, analytic in the half-plane 
and satisfying certain conditions, by entire functions of exponential type. (Received 
October 16, 1946.) i 


37. C. E. Langenhop: Analytic functions of matrices. 


- A number of definitions of analytic functions of matrices have been given. In this © 
paper square matrices are treated as numbers and the definitions of ordinary calculus 
with a few necessary modifications are applied to them, an approach which is essen- 
tially different from those reviewed by MacDuffee (The theory of matrices, Ergebnisse 
der Mathematik and ihrer Grenzegebiete, vol. 2, no. 5, pp. 99-101). Definitions of 
the terms function, derivatrve, and analyticity as applied to matrices are given. 
Second order matrices are extensively treated and necessary and sufficient conditions 
for one matrix to be an analytic function of another, including differential equations 
analogous to the Cauchy-Riemann equations, are derived. These conditions are util- 
ized to solve the matrix differential equation Drf(X) =f(X), and the elements of the 
matrix function f(X) are found in closed form. (Received October 17, 1946.) 


38. J. D. Mancill: Unslateral variations with variable end points. 


The author studies the properties of an arc Eis in order that it minimize an in- 
tegral Zm faF(x, y, x’, y dt in the clase of all admissible curves joining a given curve 
D through the point 1 and a given curve C through the point 2. The entire arc En 
or any part of it may lie along the boundary of the region R of admissible curves. 
A simple derivation of the transversality condition is given which requires weaker 
hypotheses than the usual proof by means of the first variatian and is independent 
of the Euler equations. The transversality condition involves an inequality at an end 


` 
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point which lies on the boundary of R. A set of sufficient conditions is given for each 
of the several cases, which permit the curves D and C to be tangent to a non-extremal’ 
arc Fas. The treatment given for the case when En is an extremal and the curves D 
and C are transversal to En applies to free variations and is much simpler than that 
given by Bliss (Jacobs's criterion when both end points are variable, Math. Ann. vol. 58 
(1904) pp. 70-80). The entire results of the Pe epee eae problem in 
. nonparametric form. (Received October 17, 1946.) 


39. A. D. Michal: An existence and uniqueness ener jor a non- 
linear dsfferenital equaiton in Banach spaces. 


Let Bi aad Bs be Banschspates and let Toca a bea dew Aenea on 
B, BB, to Bı. A global existence and uniqueness theorem is given for the differential 
system in Fréchet differentials &y(x)—=T(y(x), x, y(x)), Y(2.) = ye. Under same natu- 
ral restrictions on T, the solution y(x) is shown’ to have a generalized Taylor's series ` 
expansion in successive Fréchet differentials valid for al} «By This theory is applied 
to “ordinary” linear differential equations in Banach spaces, to the matrizant func- 
‘tional, and to related topics. The situation is also studied in complex Banach spaces. 
eee eae 1946.) 


40. A. D. Michal: Global groups of motions in some infinitely di- 
menstonal Riemannian spaces. 

The author shows, by furnishing examples, that there exist global continuous 
groups of motions in some infinitely dimensional Riemannian spaces with a variable 
(infinitely dimensional) Riemannian curvature. (Recetved October 24, 1946.) 


41. A. D. Michal: The solutsons of systems of linear differential 
equations as entire analyisc functionals of the coefficient functions. 

The results of a previous paper (Bull, Amer: Math. Soc. Abstract 53-1-39) are 
used to obtain theorems qn the subject matter of the title. These investigations have 
important applications to the approximate solution of systems of linear differential 
equations with variable coefficients and stem from the generalized Taylor’s series 
apne for the solutions. (Received October'24, ieee 


42. A. D. Michal, R. C. ae and Max Wyman: Topological 
abelian groups with ordered norms. 


A study is made of the minimal normed linear spaces that contain such groupe. 
A theory of differentials of functions is given. The theory is related to Fréchet differ- 
entials in normed linear spaces and to Mı differentials in topological abelian groups. 
(Recetved October 24, 1946.) i 


43. W. D. Munro: Orthogonal irtgonomeiric sums with auxthary 
The author considers the construction of a system of trigonometric sums, ortho- 
normal over a period interval and subject to certain auriliary conditions of the form 
U(f) = 0, the U;(/) being linear, homogeneous functionals, Conditions for convergence 
of a series of such sums at an arbitrary point are obtained, and an analogue of a theo- 


_ 
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ee ee ney eect ees (Received 
“October 21, 1946.) 


44, M. O. Reade: On areolar monogenic functions. 


In this paper, results similar to those derived by Haskell (Bull. Amer. Math. Soc. 
vol. 52 (1946) pp. 332-337) are obtained. Some of the results are extensions of 
Haskell’s results, and some pertain to areolar monogenic polynomials of certain 
form. Thie paper will appear in the Bulletin. (Received November 26, 1946.) 


45. P. C. Rosenbloom: Studtes on the heat equation. 


New results on the uniqueness and representation of solutions of the heat equation 
are obtained, extending and sharpening results of Tykhonov, Widder, and Pollard. 
It is shown that methods which have been used in the theory of harmonic functions 
can be applied to the study of the heat equation. Thus, theorems analogous to the 
Fatou theorem and the Phrgmon: Liodelol theorem are obtained. (Received Novem- 
ber 21, 1946.) 


46. Robert Schatten: An E of the bound for ceritain func- 
ttonals. l | : 

The present notation is that of Bull. Math. Soc. Abstract 51-9-162. The bound on 
Bi Qb of an invariant under equivalence functional §(D 7 f, Qg.) of expres- 
sions which seh a condition EEA e S + Dan? @k,) T ISEL Dg) | 

+ 80k be expreseed in of expressions of f @g of rank 1 as 
sup [BU Sold jell for fEBs, EB; il-lell=1 In particular if the S, and Ts 
denote linear transformations on @: and ®; respectively, then for any crosanonm a, 
>: QT, represents a linear transformation from %, @.®: into Bı Qah, with a 
bound equal tosup a(9>* Sf 9Tæ)/llf]] llel]. (Received November 20, 1946.) 


47. I. J. Schoenberg: On totally postive functions, Laplace integrals 
and eniire funcitons of the Laguerre-Pélya-Schur type. 


A real-valued function A(x), defined for all real x, ia said to be totally positive if it 
satisfies the following three conditions: (a) A(x) ia measurable. (6) Ifai<a<--- <x, 
and h<4<--+ <h, then the inequality det |/4(x,—4,)||20 should hold. This con: 
‘dition should be satisfied for #=1, 2,---. (y)A(x) should be different from zero far 
at least two values of x. A trivial example ‘of such functions is A(x) =exp (ax+b). ` 
G. Pólya (Algebratsche Uniersuchungen uber panso Funktionon vom Geschlechts Null und © 
Fans, J. Reine Angew Math. vol. 145 (1915) pp. 224-249) has raised the question as 
to the possibility of representing by a bilateral Laplace integral the reciprocal 1/¥(s) 
„of an entire function, ¥(s) which is the uniform limit of a sequence of real polynomials 
with only real roots. It is shown here «/¥(s), where «=i or —1 and ¥(s) plexp (as +b), 
allows in every one of its vertical strips of regularity a representation 1 exp (xs) A(x) dx, 
where A(x) is totally positive. Conversely, a Laplace integral of this type, where 
A(x) exp (ax+b), always converges in a vertical strip and represents there a re- 
ciprocal 1/¥(s). (Recetved November 18, 1946.) 


48. M. H. Stone: Pseudo-norms and partial orderings in abelian 
groups. 


In this paper it is shown that if an abelian group X has a peeudo-norm then it can 
be partially ordered and provided with a new peeudo-norm which is equivalent to the 


` 
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old and naturally related to the ordering introduced. The case where X is a Banach 
space and the case where the pseudo-norm for X is a norm are both discussed, the 
latter being fully characterized. (Received October 15, 1946.) 


49. W. M. Stone: On Samuelson’s generalized Laplace transforma- 
tion. 

P. A. Samuelson (Bull. Amer. Math. Soc. Abstract 52-3-86) painted out that a 
generalized Laplace transformation, L(s:f(t))s=—=)>_of(s)s*7, yields operational 
methods for solution of difference equations exactly like thoee for differential equa- 
tions. Further applications are developed in this paper. Relationships between sums 
and integrals which define convolution in both the generalized and ordinary sense are 
brought out by use of a table of function pairs such that the ordinary transform of 
one is equal to the generalized transform of the other. The summation of certain 
Taylor and Fourier series is reduced to an integration and a real inversion formula 
corresponding to that of Post (Trans. Amer. Math. Soc. vol. 32 (1930) pp. 723-781) 


is developed from the analogy with a Taylor series expension. (Received rober 2h 
1946.) 


50. Walter Strodt (National Research Fellow): On the principal 
solution of. a difference equaiton. Preliminary report. 


Let (1) fle, 9(e-ten), +++, y(e-ton)]=9(x) be a difference equation, with ela) 
sepia lianos ol the couples vana ble asa lye checastiod a rod @ oon KiE 
the position axis, with f a given polynomial in y having coefficients analytic through- 
out B and having no term free of y, and with œ, -° °, œa given complex numbers. 
Let @,° °°, Qa be complex functions of any positive number b such that b(1— ġa) 
tends to w» as b becomes infinite. Let ¢ be a non-negative integer. A special solution 
y(x, b) of (2) fz, x(q(z—b) +0), + ++, y(Qu(e—b)-+b)] = (1—2/b) p(x) is any series 
of real powers of x—b satisfying (2) in a circle with center b, cut along the right-most 
radius. A principal solution of (1) is any y(x) which in some suitable subregion of B 
is the uniform limit of an analytic continuation of +(x, b), as b becomes infmite on 
some sequence of positive numbers. This principal solution is shown to be a broad 
generalization of the principal solution as defined and studied by Naclund (Differen- 
senrochnung, 1924). It is conjectured that the principal solution becomes the totality 
of analytic solutions if the word “real” in the definition of special solution is replaced 
_by “complex.” (Recerved October 17, 1946.) 


51. Otto Szász: On closed sets of rational functions. 


Theorem 1. Let {s.} be a sequence of points in the half-plane Rs>0; a necessary 
and sufficient condition that either of the sequences {(x!-+s?)—1}, {x(x*+21)—1} be 
closed in Z4(0, œ) is that (1+-|s,|%) = o. Theorem 2. Let {ta} be a sequence 
of points in the unit circle | <1; the sequence of functions {(1— tas)! } is closed in 
Hy if and only if >> (1—|s.|) = œ. The method used for the proof of these theorems is 
elementary and essentially the same as used partly by Muntz and in a simpler and 
more general form by the author to solve the analogous problem for the sequence 
{2} in I4(0, 1). Closure and completeness in other spaces and for other sequences 
of functions are also considered. (Received November 9, 1946.) 
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52. Gabor Szegd: On an inequality due to R. Turan concerning 
Legendre polynomials. 


P. Turan proved recently the following theorem, Let P,(x) be the sth Legendre 
polynomial. Then the Inequality Ps_s(x)Pai:(x) —(Pa(x))?90 holds in the interval 
—1$291, with equality only for «=+1. For this theorem three proofs are given 
based on a principles, (Received October 24, 1946.) 


53. H. P. Thielman: On continuous and discontinuous solutions af 
| generalized Cauchy functional equaitons. 


One of the functional equations considered is reduced to the form oa 
= f(x) +f(9), #>0, x>—1/n, y>—1/n. It is shown that every continuons solution 
of this equation is of the form f(x) = k log (1+-n=), where k is any real number. On the 
basis of Zermelo's postulate that the real continuum can be well ordered, discontinu- 
ous solutions of this equation are constructed. The method used is similar to the one 
used by Hamel (Math. Ann. vol. 60 (1905) pp. 459-462). Some of the results obtained 
by Blumberg (Trans. Amer. Math. Soc. vol. 20 (1919) pp. 40-44), Sierpinski (Fund. 
„Math. vol. 1 (1920) pp. 116-122), and Ostrowski (Comment. Math. Helv. vol. 1 
(1929) pp. 157-159) for convex functions are shown to apply to the solutions of the 
given functional equation. In particular, every solution which is measurable is con- 
tinuous. Other functional equations considered can be reduced to the following forms: 
g(xt-y-trry) = g(x) o), A(x) Hha) 0k (x) by) = hirt), and h(x) +h (y) +k (x) by) 
= $ (xy). (Received October 17, 1946.) 


54. W. J. Thron. Persodsc sterated fractions. 


_ Let w= T(z) be an arbitrary linear fractional transformation of the s-plane into 
the wplane. Let Fa(s)m7iT1 +++ Ta(s). Then { F,.(s)} is called an “infinite iterated 
fraction.” In this paper necessary and sufficient conditions for the convergence of 
periodic infinite iterated fractions (Tra,..= Ta forallr 20; m= 1, 2, +--+, k) are given. 
Further a theorem analogous to the Galois-Pringsheim theorem for periodic con- 
tinued fractions is proved for iterated fractions. (Received October 25, 1946.) 


55. Leonard Tornheim: Harmonte sertes tn two vartables. 


The value of Do 1/2" (£ +g)" in terms of Camo 1/p* is found for i =m -+r -4s 
öddand far téves uder any of (kè following tondin ona: m,r, or s is 1; m=r =s; 
s=0; r=0 and m=s; of s=r4+ 1 =m--2. The following result is used: if f(p) is a 
monotone function decreasing to rero, then > [2f(g)/p(>+@) —f(et+@/pq] =2f(1), 
where the sum is for pairs p, q which are positive and relatively prime. ‘(Received No- 
vember 21, 1946.) ' 


L 


56. W. J. Trjitzinsky: Singular integral equations with complex- 
valued kernels. 


This work, to appear in the Annali di Matematica, is an extensive investigation of 
various types of integral equations with singular kernels, which are limits of com- 
plex-valued regular kernels, having possibly complex-valued characteristic values 
and real characteristic functions; use is made of a suitable spectral theory. (Re 
ceived November 20, 1946.) 
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57. C. A. Truesdell: On a dass of differential-difference equations. 
The equation f(s, a)/ðz=G(f(z, a+»), f(z, a+s—1), +- , f(z, a), z, a) is 

studied. Existence and uniqueness theorems for the boundary anaes s; a) = $(a) 

are given, where ¢(a) is defined either at the points a=aa++, +=0, 1, 2, , or in 

a right half complex plane. It is mentioned thar the cariler prodi of Brawler (Liége 

Memoires (3) vol. 17 (1932) pp. 1—48) is inadequate because it treats only the case 

¢@™= const. Proofs are by successive approximation, generalizing the existence proof . 

for an ordinary differential equation of first order. The existence of periodic solutions 

is discussed. If the function G is periodic of period 1 in a, it is shown that a solution 

‘satisfying the condition f(x», a) =¢(a) is periodic of period 1 in a if and only if $(a) 

is periodic of period 1. Examples show that if G is not periodic the petiodicity of ¢ 

is not sufficient to insure. the periodicity of the corresponding solution f, and if G is 
periodic, but ¢ is not, the corresponding solution is not necessarily periodic, so the 

‘above theorem isthe strongest possible. It is shown, further, that a necessary and 

~ sufficient condition for the existence of a single periodic solution is that GO, y, +*+, 

J, T, at1)=Gly, 7, - * ©, 7, %, a). (Received November 20, 1946.) \ 


58. Alexander Weinstein: On the generalized Stokes Beltrams equa- 
tions. = a 

Let $(z, y) and ¥(z, y) be a palr, of solutions of the equations (*) yA poy =O, 
yAy — pty = 0, where p is a non-negative real number and ¢ and ¢ can be interpreted 
as an axially symmetric potential and the cofresponding stream function in a “ space” 
of #=2+p dimensions: The author establishes the obvious identity yL yA tkf) 
=yAg+(2—k)gy where g(x, y) =y fis, y). This identity shows, for #20, the con- 
nection between the solutions of (*) in spaces of different dimensions. This result com- 
bined with the divergence theorem for the potential ¢ yields a new approach to the 
theory of a class of discontinuous integrals involving Bessel functions (see A. Wein- 
stein, Bull. Amer. Math.'Soc. vol. 52 (1946)’pp. 240, 431 , 823). (Received November 
18, 1946.) 


59. J. E; Wilkins: The growth of the solutions of a certain linear . 


integro-differential equaiton. E 


The equation to be solved is of the form dy /dt= —rJK(u)$(t—x) dey, in which the © 


integration is extended over the interval (0, a). Here a and à are poeltive constants. 


Preliminary results on the growth of solutions ¢(#) which are of finite exponential ` 


type are obtained when the kernel K(x) is positive, as it usually is in the physical 
applications. More complete results are then obtained when X(x) is subjected to 
hypotheses of monotonicity and convexity. (Received November 18, 1946.) , - 


60. František Wolf: Ona decomposition of functions. E 


A function f(z) will be called of finite class È, it Gere exo cad ® auc te 

Je |x—9|"f)dy=0(|x|*). Sach a function can be expreseed by means of a general- 
deed integral of the Bochter type which is (C, k) summable-to f(x) for large enough h’s. 
In this sense it has a meaning to speak of functions of (° with a non-negative 


spectrum. 
Any function of (? can be expressed as the sum’‘of two functions fu fa of (° of which - 
one has a non-negative and the other a nonpositive spectrum. The decomposition - 


is unique up to a polynomial. fı is the boundary function of a function of C? analytic 
in the upper half- ee ee a en eee From here 


{ 
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we obtain a result by T. Carleman (L'tutegrals de Fourier, Uppeala, 1944, p. 42). 
(Received October 19, 1946.) 


_ 61. J. W. T. Youngs: Remarks on the isoperimetric inequality for 
closed Fréchet surfaces. 


The author treats the particular isoperimetric inequality 36r V? 3A}, where A is 
, the Lebeague area of a closed Fréchet surface S, and V is the volume enclosed by S. 

These terms are defined in a forthcoming paper by Radó, who establishes the in- 
equality for every S. In the present paper, the purpose is twofold: first, to offer a 
variation of the definition of enclosed volume which generally increases the left side 
of the inequality; second, to investigate the consequences of equality, under both 
definitions of enclosed volume. The basic concept employed is that of the cyclic de- 
composition of a closed Fréchet surface S. It is shown, for example, that if 36r V3 == A3 
and 0<A < œ, the cyclic decomposition of S reduces to precisely one closed surface. 
(Received Novèmber 20, 1946.) 


APPLIED MATHEMATICS 


62. N. R. Amundson: Unsymmetricaly loaded orthotropic thin 
plates on elastic foundations. 


The author considers orthotropic thin plates of infinite extent on elastic founda- 
tions of two different kinda. In the first case the foundation exerts a reactive pressure 
proportional to the deflection. The solution of the plate equation for this case, 
D (4) = Giara t 2btioryy t CHrrr = (2, ¥) — ku (x, y) with suitable conditions at infinity, 
is w(x, y) = (4r) Se aF, P)dedpf afas, Nexp(—t[a(z—s) +89) ])dsdt 
where q(x, y) is the loading function and F(a, 8) = (aat+2be%9?-+cf'+k)—. In the 
second case the foundation is the homogeneous istropic semi-infinite medium of clasei- 
cal elasticity theory (Timoshenko, Theory of elasticty, p. 332). The solution of the 
plate equation for this case, D(x) =q(x, ¥)—p.(, y), where p,(z, y) is the reactive 
pressure of the foundation, is obtained from an equivalent integral equation, 
u= h faf alal, 2) —D(w) |rdsdé, and is ulz, y) = (409) fPGla, 8)dadB fT afs, 
texp(—ila(x — s) + B(y — #)])dsdt where r = [(x — 5)?+(y — H']-™3 and G(a, B) 
= [ (ae?-1-6) ¥2(24k)—1-+aat+-2batp?-++cf4|-1. These solutions are obtained by the use 
of the double Fourier transform. The solution of the first problem can also be obtained 
from the finite plate as a limiting case. Various special cases are considered. This work 
is connected with that of Holl, Hogg, Woinowski-Krieger, Happel, Lewe, et al. (Re- 
ceived October 25, 1946.) 


63. J. W. Beach: Flow of slow viscous fluid between rotating cylin- 
ders. 


A solution is obtained for the biharmonic equation in the region between eccentric 
cylinders when the stream function and its normal derivative are given on both cylin- 
ders. The solution is set up in terms of two-functions of a complex variable and a 
transformation of co-ordinates is made eo that the bounding cylinders become con- 
centric. The form of the two functions is determined with the single-valued parts 
given as infinite series. Unknown coefficients are determined and the solution obtained. 
The limit of this solution as the cylinders become concentric is obtained and agrees 
with the known solution for concentric cylinders. (Received October 23, 1946.) 
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64. F. E. Bortle: Boundary problem in partially dies reclangu- 
lar plates. 


The problem of a rectangular plate with two adjacent edges clamped and the 
other edges simply supported is solved by the method of superposition. In order to 
satisfy the edge conditions, one is lead to linear infinite systems of equations in infi- 
nitely many unknowns. It is shown that a solution of the infinite systems exists. A 
numerical example is carried out. (Received October 24, 1946.) 


65. D. G. Bourgin. Representations of compositions. 


A representation theory is developed in terms of transférms, analogous to the La- 
place transform, for the composition of certain kernels not of the closed cycle type. 
(Received October 26, 1946.) 


66. G. W. Brown. The stability of feedback solutions of simultane- 
ous linear equaitons. 


The feedback solution of # simultaneous equations, represented by the equation 
y= Ax, where A is a square matrix of rank # with —1 S4, <1, involves # identical - 
high gain amplifiers, whose vector-input is y— Ax, where x is the #-vector output of the 
system of amplifiers. If the amplifier gain is sufficiently high at the signal frequency 
the steady state vector x is a good approximation to the solution of the system y= Ax, 
essentially independent of the actual gain. The stability of such a simultaneous sys- 
tem is equivalent to the simultaneous stability of the # orthogonal loops, each cao- 
sisting of a singlé- amplifier identical to those mentioned above, with a feedback 
network of characteristic X, where M, \a:*+:, A, are the characteristic roots of the 
matrix A. Sufficient conditions are imposed on the amplifier characteristics to insure 
stable solution of simultaneous systems whose characteristic roots all have positive 
real parts. Applications to least squares solutions and universal stability are dis- 
cussed. In particular, the least squares solution for m equations of rankr gm can be 
obtained with universal stability, using m -+r amplifiers with rizie amplifier char- 
acteristics. (Received October 21, 1946.) 


67. R. E. Carr: Enanttomorphism in mathematical models of or- > 
ganic molecules. Preliminary report. 


Organic molecules can be described mathematically as skeletal frameworks with 
# available positions xı, t2,°° +, Xa, ee ee 
(figure). The available radicals (figure supply) can be described as &) (A= 1,2, 3, - + -) 
where @®) contains m atoms of type a, fh atoms of type 8, and so on. Molecules with 
the same sets of atoms which differ in space arrangement are called stereoisomers. 
Those stereoisomers which are not superimposable on their own mirror images are 
called enantiomorphs, A method of enumerating stereoisomers has been published by 
G. Pólya (Acta Math. vol. 68 (1937) pp: 145-253). Basic in his method is definition 
of a permissible group of interchanges of radicals between the positions on the skeletal 
framework. Since reflection through a mirror sometimes changes the space arrange- 
ment of the radicals as well as their positions on the skeletal framework, the method 
of Pólya is not directly applicable to enumeration of enantiomorphs, In this paper 
new skeletal frameworks and new figure supplies are abstracted from those used in 
enumeration of stereoisomers; making it possible for the author to apply the method 


1 
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of Pélya to enumeration of the PENE E TE alcohols, alkenes, and parainen. 
(Received October 8, 12493 


` 68. Nathaniel Coburn: Application of the Kdrmdn-Tsten relaiton: 
to the two-dimensional supersonic flow of fluids in jets. 


The application of the Kérmén-Tslen relation to the two-dimensional, supersonic, — 
steady, irrotational flow of a compreseible fluid in a symmetric jet iæuing from two 
straight walls inclined at an angle @ to the x-axis and bounded by two free stream 
lines is considered. By mapping the flow into the hodograph plane, a boundary value 
problem for the stream function as a solution of the wave equation is obtained. Thus, 
the problem reduces to the determination of the proper regions over which the wave 
‘equation may be integrated. By use of some mapping theorems which relate the 
. hodograph plane to the plane determined by the stream function and the velocity 
potential, these regions are determined and the proper solutions ‘of the wave equa> 
tion are found. These solutions are then mapped into the physical plane by use of some 
general results previously obtained by the author (Quarterly of Applied Mathe- 
sere (1945). (Received October 30, 1946.) , 


69. H. S. M. Coxeter: The produci of three reflectsons. 


‘The product of reflections in the sides df a spherical (or plane) Gaade L ela 
to a rotatory reflection (or glide-reflection) consisting of the reflection in a side of the 
pedal triangle combihed with a rotation (or translation) along that side, of an amount — 
equal to the perimeter of the pedal triangle. In the spherical case this is essentially 
the dual of a result of Synge (Quarterly of Applied Mathematics vol. 4 (1946) pp. 166- 
176). In the plané case it is a corollary of a result of Schwarz (Gea. Math.’Abhand- 
Jungen vol. 2 (1890) pp. 344-345). The analogous problem for m reflections in m 
dimensions is mentioned briefly. (Received October 17, 1946.) 


70. Bernard Epstein: A method for the approximate solution of the 
_Darschlet problem for certain types of domains. Preliminary report. 


“Let a plane “domain Spe divisible into two nonoverlapping domains for each 0’ 
' which the Green's function is known, the division being performed by adding arcs to 
” the boundary of S. The solution to’ the Dirichlet problem for the domain 5 is ex- 
expressed in each of the two sub-domains in terms of the prescribed boundary values, 
the (unknown) values of the solution along the added arcs, and the Green’s functions. 
By expressing the mean-value property, along the added arcs there is then obtained 
an integral equation of the second kind with singular kernel for the values of the 
solution along the added arca. This equation can be solved by a method of successive 
approximations (not requiring the iteration of the kernel). The solution inside the 
two sub-domains may then be obtained by the usual formula involving the boundary 
values and the Green’s function. The same underlying idea may be applied when the 
original domain is divided into three or more sub-domains. In particular the method 


‘ ‘appears promising in the case where S consists of the entire plane cut by a finite 


number of collinear slits. Several numerical examples are presented for this type of 


domain. (Received November 18, 1946.)- 


71. A. E. Heins: The scattering and transmission properes of a’ 
patr of semst-tnfintie parallel plates. 


- 
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The excitation of a pair of semi-infinite parallel metallic plates of perfect conduc- 
tivity and zero thickness by an electromagnetic plane wave may be formulated as a 
pair of simultaneous Wiener-Hopf integral equations for the surface current denalty. 
It is shown how these equations may be solved by two different methods, One method 
takes advantage of the symmetry of the structure and the one uses a method of 
matrix decomposition. Both techniques employ the Fourier transform in the com- 
plex domain (Paley and Wiener, The Fourter transform in the complex domain, Amer. 
Math. Soc. Colloquium Publications, vol. 19, chap. 4). From the Fourier transforms 
of the surface current densities, it is possible to calculate physically interesting 
parameters. (Received November 19, 1946.) 


72. Herbert Jehle: Hydrodynamical self-consistent fields in stellar 
dynamics. 


In order to avoid mathematically too involved problems, stellar dynamics was 
usually confined to investigations of steady solutions of Boltrmann-Gibbs’ equation 
Om af/at—=>.: { af/at+-v,af/8x,—(V,U)of/ée,}. Of particular interest are two exten- 
sions of this problem, (1) to include time-dependent solutions with given Ọ, and (2) 
to investigate self-consistency, that is, a combination of the above hydrodynamical 
equation with the Polson equation between Ọ and the smoothed-out density . 
p= /f{fdedede, a nonlinear problem. These problems, however, still admit reversi- 
bility in time. It is only when the statistical shaking effect of force fluctuations is in- 
troduced (causing a nonvanishing df/ét and thereby a slow diffusion superimposed on 
the smooth streaming in phase space) that we can expect to get the f distribution tend- 
ing to develop in one direction. The case U =0 is exemplified in the kinetic theory of 
gases by the approach towards a Maxwell-Boltzmann distribution, whereas the case 
U40 concerns the Brownian movement in a field of force. The time-dependent and the 
self-consistent transient case provides some particularly interesting problems as it 
establishes a trend of evolution for spatial distributions p(x, T, 23, t). (Received 

November 21, 1946.) i 


73. Cornelius Lanczos and G. E. Forsythe: Approximation, of the 
etgen-vectors of a nonsymmetric matrix. Preliminary report. 


The eigen-values An the eigen-vectors us of a given square matrix A= ||af] 
(i, j=1,2,. >, 3a, complex numbers), and the eigen-vectors ub of the aaa a 
matrix A’ =| a'|| are defined by therelations Au,= aun, A’us =u (k= 1,2, ++ +, 9). 
Suppose [>a [ial Ses - >A. Gravee nae col Gutter auclyin E 
sary to approximate Aj, As, Ay and wy, Us, ay. In the usual method (see Frazer, Duncan 
and Collar, Klomentary matrices, Cambridge, 1938, pp. 140-145) ^M, Un ui are ap- 
proximated by a pair of iterative processes of form A™x, (A}@x. A is then reduced to 
a new matrix of order #— 1, and the entire procedure is repeated for each new Ag, Us 
(k= 2, 3). The present investigation shows how to approximate M, us, As, U; from the 
same iterations which yield M, uw, ui . The process Is largely self-checking, and trials 
indicate it to be more accurate in several respects than the usual procedure. For 
5338 the elimination of matrix reductions and iterations results in a saving of 
from 45 to 70 per cent of the usual lengthy computation time. A separate procedure, 
based on the moments >>, is useful when only `, `s à are desired. The latter 
procedure, when used to approximate the complex roots of an algebraic equation, 
has advantages over the customary method of Graeffe. (Received October 18, 1946.) 
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74. Kenneth May: Technological change as a fundionai variation. 


Innovations, or more generally any qualitative changes in the productive process, 
may be represented as modifications in the production functions relating output to 
input of factors. Innovation is introduced in this manner into a static macroeconomic 
model and results derived in terms of the character of the functional increment. The 
dynamic implications of technological change are studied by introducing into Keynes’ 
equation of effective demand a production function varying with time. The resulting 
differential equation provides a simplified model of the trade cycle in terms of em- 
ployment, profits, wages, capital accumulation and innovation. (Received October 
19, 1946.) 


75. Kenneth May: The aggregate effect of technological changes in 
G two-rndustry model. 


It has been shown that a general economic equilibrium system of one degree of 
freedom determines a one-industry model, U=y¥(N) and p=y'(N), where N, U and p 
are suitable aggregates of employment, output, and the real wage rate (Econometrica 
vol. 14 (1946) pp. 285-298). The function ¥ depends on the functions of the general 
equilibrium. If the latter is Evans’ two-industry system, which involves the produc- 
tion functions (UP, Nı) and a(U~”’, N), ym=o(U®”, Ni) where U” and N; are re- 
placed by their values in terms of N found ty solving the equations of the two-in- 
dustry model. It is shown that if technological changes occur in the two industries, so 
that @ and 9 are subjected to small functional changes & and 80, then the resulting 
aggregate technological change is given by (N) = [UF (N), Na(N)|+a[U (a), 
Nx(N) |è [UP (N), Ni(N)]. The method is applicable to studying the effect upon 
any macro-economic mode] of changes in the functions involved in a micro-economic 
model from which it can be derived. (Recetved November 18, 1946.) 


76. W. B. Stiles. Bending of clamped plates. 


A method of obtaining approximate solutions for small deflections of thin elastic 
plates with clamped edges, based on the minimization of energy, is presented in this 
paper. This solution was proposed by Weinstein and applied to a square plate with 
a uniform load by Weinstein and Rock. The method is extended here to include 
rectangular plates with elther uniform or point loads and also to plates with mixed 
boundary conditions in which part of the boundary is clamped and the remainder is 
pinned. The approximation functions are obtained from the characteristic functions 
of static and vibrating membranes. Analytical results are compared with experi- 
mentally determined deflections and stresses. (Received October 21, 1946.) 


77. J. L. Synge: The general problem of antenna radiation. 


An antenna is regarded as a closed surface, some of this surface being a perfect con- 
ductor (Emm 0) and the rest being a “gap” (Brag assigned). A Maxwellian: field 
with time factor exp (—tkd) is assumed to exist outside the antenna, and to satisfy 
at infinity the usual conditions of outward radiation. Application of the method of 
Helmholtz gives an integro-differential equation for Hang on the surface of the an- 
tenna. In the case of an antenna of revolution, considerable simplification takes place, 
and a comparatively simple srad integro-differential equation for the current in the 
antenna is obtained. In seeking approximate solutions, two parameters are involved, 


— ia 
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4/4 (the ratio of the length of the gap to the diameter of the antenna) and 3/1 (the 
ratio of the length of the gap to the length of the antenna). The classical sinusoidal 
current distribution is obtained in the limiting case where 9/a is large and /I is small. 
A general method of successive approximations is set up, but no proof of convergence 
is given. (Received October 31, 1946.) 


78. Gabor Szegð: The capacsty of a circular plate-condenser. 


Consider two thin circular discs of radius a with a common axis and at a distance 
d, d/a =q, charged to constant and opposite potentials, V= + Vi. If the charges are 
+0, respectively, the constant C=(Q/V; is called the capacity of the condenser. G. 
Kirchoff (Gesammelie Abhandlungen, p. 112) gave the following approximate 
formula for this important quantity: a`!C= (4g) !+(4r)™! log (1/g)+a(q), 
lim sup a(g) S (4r)7!: (log (160) —1) =K as g-0. Recently (Acad. des Sciences l'URSS, 
1932) Ignatowsky gave the following sharper result: lim a(g) = (4r) Xlog 8 —1/2) =I, 
The proofs are in both cases somewhat incomplete. In the present paper Kirchoff’s 
proof is revised by using Dirchlet’s principle. Moreover hy means of the so-called 
Thomson principle a very simple proof is given for lim inf a(q) @J. Finally the case 
of thick plates is discussed. (Received November 23, 1946.) 


79. H. L. Turrittin: Stokes multipliers for asymptotic solutions of a 
certatn differential equation. 

If vis a positive integer, the differential equation d*y/dx*—xz*y=0, x22, has # 
independent solutions y; = 2/(1-+a1j2?+aa.099+ -1- Hant? + - +>), pete, con- 
vergent for all x. If the complex x-plane, x=re‘’, is divided into 2p sectors by the 
radial lines 6=/x/p, k=O, 1,--+, Trjitrinsky (Acta Math. (1934) pp. 167-226) 
has shown that to each sector there corresponds # independent solutions 
Faw ipa» exp Ey{1+bi/tsth/e+ +--+} where fam (n/p)zrne™ Ws, These as 
ymptotic representations are valid sxtformly throughout the sector (edges included). 
Therefore there exists a nonsingular linear relationship y; =} r 07m j=0, 1,-°--, 
a—1. These constants c,,, which change from sector to sector, are the Stokes muli- 
pliers that have been computed. To do so the author borrowed heavily from the Ford- 
Newsom-Hughes theory of asymptotic expansion (Bull. Amer. Math. Soc. vol. 51 
(1945) pp. 456-461). However this theory does not yield directly the desired uniform 
asymptotic representation in all cases, nor even the desired form when the real part 
of tris negative. The F-N-H theory is extended to supply the requisite information. 
Scheffé (Trans. Amer, Math: Soc. vol. 40 (1936) pp. 127-154) computed two of the # 
multipliers corresponding to each j. (Received October 7, 1946.) ; 


GEOMETRY 
80. L. M. Blumenthal: Superposability in elliptic space. II. 


Let f denote a one-to-one correspondence between the points of two subsets P, Q 
of the elliptic space E,,,. Two corresponding subsets Ap, Bg of P, Q, respectively, 
are called f-superposable provided there exists a congruence T of Es, with itself which 
gives the same correspondence between Ap and’ Bg as f does. The writer defines a 
space to have superposability order e provided any two subsets of the space are 
superposable whenever a one-to-one correspondence f between the points of the sub- 
sets exists such that each two corresponding o-tuples are f-superposable. A principal 
result of this paper is that E,,- has minimum superpoeability order *+1. Two subsets 


—_ 
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of Enn EEE TEETE E which are not f-superposable though each 
` two corresponding #-tuples are f-superposable are called pseudo f-superposable sets , 


of degree a. A metric characterization of such sets of #+1 points is given. Whether | 
pseudo f-superposable sets‘of degree # necessarily consist of exactly +1 points has 
not yet been determined eee (Received October 24, 1946.) 


81. S. C. Chang: Contributions to projective theory of Saai gee 
of space curves. - 

E IES atest LE ae eet 
point is described in terms of configurations depending on nelghBorhoods of order no 
greater than eight. The principal configurations used are the quadric surface having 
eighth order contact with the curve at the inflection point and the family of uniplanar 
cubic surfaces having second order contact with the quadric and eighth order con- 
tact with the curve.'It is shown that the uniplanar points of all the cubic surfaces 


j OEE, (Received November 29, 1946.) 


' 82. P. B. Johnson: .A contribution to paren e aa theory 


in Riemannian space. 


The equations of Levi- Civita parallel displacement are integrated by means of the 
matrizant functional. The results in A.D. Michal, An existence and uniqueness theorem 
for a nonlinear differential equation in Banach spaces (Bull. Amer, Math. Soc. Ab- 
stract 53-1-39) are applied. The displaced vector is given as a series of terms linear 
dn the undisplaced vector and of increasing order in the components of the directrix. 
The directrix is the curve along which the vector is displaced with components 


x=). The results are applied to the special case of the closed directrix. The 


change in the displaced vector caused by shifting the directrix is discussed. It is 
shown that the 1923 result of Paul Dienes giving under certain conditions the first 


‘> approximation to the change'in the displaced vector can be written in matrix forni 


8 Vim fo Ra(dx*/dt)ealdeVe' (where Ra is the Riemanh tensor, Q is the matrizant 
functional, H is the change in the directrix) and is indeed the first Fréchet differential 
of V with increment {*. The higher order Fréchet differentials with increments {* are 
discussed. al a (Received October 24, 


1946.) : , 


f 
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-83. Edward Kasner and John DeCicco: A ara differential equa- l 
tion of fourth order connected toul rational functions of a complex vari- 
able. 


A certain partial differential equation of fourth order is obtained of which any 


plnom solution ¢(x, y) represents the numerator of the real part (when expressed 


as the quotient of twò relatively prime polynomials) of a retional function of a com- 

plex variable. This equation states that log[¢(¢set#yyx) —(¢e+¢,)] is a harmonic 
function of (x, y). This new class of rational fractional potential polynomials contains 
the clase of harmonic polynomials as a proper eubset. The totality of analytic solu- 
tions of this partial differentlal equation of fourth order consists of the teal parts of 
the special clase of polygenic functions defined as the product’of an analytic function 
of s= x-Hiy by another independent analytic function of the conjugate complex vari- 


~- able §=x—iy. For this class of polygenic functions, the analogues of the Cauchy- 


Riemann equations are discussed. (Received October 23, 1946.) ` 
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84. Edward Kagner and Johi DeCicco- Rational harmonic curves. 


A rational harmonic curve is defined by setting the real part of a rational function- 


of x-+1y, of degree r, equal to-zero. Any such curve is given by P(x, y) =0, where P 
is a polynomial of (x, y) of degree 2r—h, where 0 Sb Sr. The curve has & real asymp- 
totes, all of which pass through a fixed point and which make equal angles with each 
other, The angle between consecutive asymptotes is x/k. The remaining asymptotes 
are minimal and 2(r—&) in number. The theorem generalizes to rational harmonic 


. curves a theorem of Briot and Bouquet concerning the asymptotes of polynomial 


` harmonic curves, which are defined by setting the real part of any rational integral 


function of a complex variable equal to xero. Other properties are given by means 


eee eee ere satellites. 


(Received October 4, 1946.) © 


85. C. E. Springer: Union torsion of a curve on a surface. 


The geodesic torsion at a paint of a curve on a surface is the toralon of the geodesic 
which is tangent to the curve at the point. In this paper the union torsion at a point, 


‘of.a curve C on a surface is defined as the torsion of the union curve in the direction 


of the curve C, the,union curve being defined relative to a given rectilinear congru- 


ence. The union torsion is given by a formula which reduces to the expression for ge- 


odesic torsion in case the congruence is normal to the surface, It is shown that a union 
curve is a plane curve if, and only if, it is tangent to a curve of intersection of a de- 
yelga DIE OSERE ge waa phe aue, (Received October 3, 1946.) ` 


86. A. E. Taylor: A geometric Ekegren: and sts application to biot- 
thogonal systems. 5 


Let S be a bounded and closed point set in Ea (Euclidean space of » dimensions). 
Let O bea point such that O and S together are not contained in any subspace of #— 1 
dimensions pied aaa pada S plane), Then there exist # linearly 
independent vectors #1, - * - , ĉa emanating from O, with terminal polnts Pi,++-, Ps 
in S, and # planes py ---, Da satisfying the following conditions: (a) p: contains Ps; 
(b) $; is parallel to the plane determined by m, +++, Zii, Tip, ° * * , Za; (C) Sand O 


both lie in the same one of the two closed half-spaces into which px divides E,. This- ; 


theorem is proved, and then applied to demonstrate the following: If Ya is an #-di- 


_ mensional subspace of a normed linear space X, there exist » elements 31, * * *, Sa 


of unit norm in F, and # linear functionals f;,:--, fa of unit norm defined on X, 
euch that filz) = di. (Recelved October 25, 1949) : 


STATISTICS AND:PROBABILITY - 


87. G. E. Forsythe: n Norlund sismmability of random variables 
to gero. 


E E A N E EEE T 


_ methods of some previous results (G. E. Forsythe, Duke-Math. J. vol. 10 (1943) pp. 


397—428, $5) on Cestro summability in probability of random variables to zero. Cor- 
responding to a sequence pe (= 1), pı, Px. of non-negative constants, the Nor- 


lund method N, is defined by the triangular Toeplitz, matrix ||ouJ|, where cus 
summability of 


= pa s? ap). It is conjectured that if NC Ne with respect to the 


- 


+ 
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sequences of real numbers, then N,C N, (meaning that N C N, with respect to the 
summability in probability to zero of normal families {x,} of independent, real- 
valued, symmetric random variables). In the present paper the conjecture is proved 
for only two special cases: (i) when N, is the Ces’ro method Ci; (ii) when N, is G 
and when the {py} defining N, are nonincreasing. If in case (i) the {qu} defining N, 
are nondecreasing it is proved that Cim NW, (meaning that GCN, and NC Cì). 
Sufficient conditions are given for N,C N, and for Np»mN,. A regular Norlund method 
N, is exhibited for which N C C; (and Ci N,) with respect to sequences of real num- 
bers, but for which N,=C,. Hence the converse of the above conjecture is false. (Re- 
cetved November 23, 1946.) 


88. E. J. Gumbel: The asymptotic distribution of the range. 


Consider a large sample teken from an initial symmetrical unlimited distribution 
¢(x) for which all moments exist. Then the jaint distribution of the largest and of the 
smallest values x, and x; splits into the product of the asymptotic distributions of 
the largest value f,(.), and of the smallest value f,(m). Let #4 be the most probable 
largest value, and put a,=*¢(m,). Then the asymptotic distribution ¥’(R) of the 
reduced range R=a,(%,—21—2,) obtained from the convolution of the asymptotic 
distributions of the two extremes is (R) =e2f" exp [øe — emt ]dy. The numeri- 
cal values of the cumulative probability ¥(R) =f" exp [y—e#—e7-®]dy and of the 
distribution ¥’(R) may also be calculated from the differential equation ¥’’+w’ 
—e FY =O. The distribution g(w) of the range w =x, —2; itself is obtained from ¥’(R) 
by the usual linear transformation. The asymptotic probabilities and the asymptotic 
distributions of the mth range and of the range for assymetrical distributions are 
obtained by the same method and lead to similar integrals which may also be evalu- 
ated by numerical methods.: {Received November 8, 1946.) 


89. A. M. Mood: On Hotelling’s weighing problem. 


The paper contains some solutions of the weighing problem proposed by Hotelling 
(Ann. Math. Statist. vol. 15 (1944) pp. 297-306). The experimental designs found are 
essentially two-level multifactorial designs for determining main effects. They are 
particularly applicable to the problem of measuring several objects, The chemical 
balance problem (in which objects may be placed in either of the two pans of the bal- 
ance) is almost completely solved by means of designs constructed fram Hadamard 
matrices. Designs are provided both for a balance which has a bias and for one which 
has no bias. The spring balance problem (in which objects may be placed in only one 
pan) is completely solved when the balance is biased. For an unbiased spring belance, 
designs are given for small numbers of objects and weighing operations. Also the most 
efficient designs are found for the unbiased spring balance, but it is shown that in some 
cases these cannot be used unless the number of weighings is as large as the binomial 
coefficient Cp. or Cy, (p41) where p is the number of objects. It is found that when p 
objects are weighed in Ng p weighings, the variances of the estimates of the weights 
are of the order of o*/N in the chemical balance case (o? is the variance of a single 
weighing), and of the order of 403/N in the spring balance case. (Received October 23, 
1946.) i 


90. Isaac Opatowski: Simple Markof chains with reverse transi- 

~ tons: the tame moments. : 
Consider a chain of transitions (¢#—++1), (§+1-4) (¢—0, 1,---, #—1) between 
the states 0, 1,---+,. Let the usual conditional probabilities of these transitions 
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within any time Ag be respectively AijsAi+o(Af) and g,Ai+o(A#). Let the probability 
of any other transition during A? be o(At). Let k:'s and g,’s be constant. Let P;(f) be 
the probability of the existence of the state $ at the time t if the state 0 existed at the 
time ¢=Q. The paper gives fpmP@dt or fP! (i)dt as algebraic expressions of the 
k's and g,’s. The result is obtained by using the complete homogeneous symmetric 
functions of the poles of the Laplace transform of P,(#) or P; (t). (Received Novem- 
ber 20, 1946.) 


91. Gerhard Tintner: The statistical estimation of the dimensional- 
iiy of a given set of observations. 


There is a set of N observations of p variables X= Mutu where M. is the sye 
tematic part and yu the random element (i=1, 2, -< -, p; t=1,2, +++, N). The J 
are normally and independently distributed with means rero. There are in the popula- 
tion R linear independent relationships of the form: kaet} hnMu=0 (se 1,2--- R). 
A method based upon results of R. A. Fisher (Annals of Eugenica, 1938) and P. L. 
Hsu (bid. 1941) assumes that we have a large sample estimate of the covariance 
matrix of the yu: || Vi. The determinantal equation is |ai,—AV,,| =0, where the a 
are the sample covariances of the Xu. M is the smallest root of the equation, ^ the 
next smallest, and so on. Ap=(N—1)) iu. These sums of squares are distributed like 
x! with r(N—p—1-t+) degrees of freedom and may be used to estimate the number R 
of linear relations between the M,;. By inserting the R smallest roots into the determi- 
nantal equation matrices are found for the computation of the coefficients ka (G. Tint- 
ner, Ann. of Math. Statist., 1945). (Received October 15, 1946.) 


92. Jacob Wolfowitz: On the effictency of unbiased sequential esti- 
mates. - í 


Let f(x, 0) be the distribution function (density function or probability function) 
of a chance variable X, which depends upon the parameter @=A,-::, O Let n 
successive independent observations be made on X, where # is itself a chance variable, 
and the decision to terminate the drawing of observations depends upon the observa- 
tions already obtained. Let a"(m1,--+, a), °°°, OF (m1, °° +, Za) be joint unbiased 
estimates of ®, - °°, 0. Let |]X,|] be the nonsingular matrix of their covariances, and 
||\“|| its inverse. Under certain regularity conditions it is proved that the concentra- 
tion ellipsoid 5°d*"(ks— 6.) (ky—0,) =1-+2 always contains within itself the ellipsoid 
Do bas (es — 04) (ey — 0) 14-2, where u= HaE((8 log f/86;)(8 log f/86,)). (Received 
October 21, 1946.) 


- 


TOPOLOGY 
93. R. F: Arens: Pseudo-normed algebras. 


A peeudo-norm defined on a linear algebra A over, for example, the reals, is a real- 
valued function having the formal properties of a norm in a normed ring except that 
the peeudo-norm of some nonrero elements may vanish. Consequently, a pseudo- 
normed algebra is required by definition to have a complete system of pseudo-norms. 
The continuity of inversion is considered; and the singular elements related to the 
closed divisoriess proper ideals. The space of the latter, and conditions for its com- 
pactness, are considered. As a by-product a characterization of rings of all continuous 
complex-valued functions on a topological space is obtained. Special attention is 
given to the question of completeness of quotient rings, (Received November 19, 
1946.) \ - 


‘ 
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94. R.B. Bing: Solution of a problem proposed by R..L. Wilder. 


It is shown that there exista a locally connected set which Is not a simple closed 
curve but which is the sum of two sets M, and Mj such that each is irreducibly con- 
nected from the.point A to the point B and such that the common part of M, and Ms 
is A and B. This answers a question posed by’R. L. Wilder (Concerning simple con- 
hinswous curves and related point sets, Amer. J. vee vol, 53 (1931) pp. 30-55.) (Re- 
ceived October 17, 1946.) ~ 


95. R. H. Bing: Some charactertzations of a simple r curve. 


We say that R cuts A from B in M if R contains neither A nor B, M contains a 
` continuum intersecting both A and B, and each such continuum contains a point of R. 
"If R cuts two points from each other in M, it cuts M. It is shown that a locally periph- 
erally compact nondegenerate continuum is a simple closed curve if it is cut by no 
one but by each peir of its-points. Furthermore, a locally peripherally compact non- 
degenerate continuum is a simple closed curve provided it is neither cut by any point 
nor separated by any of its subcontinua. (Received October'1, 1946.) 


96. Claude Chevalley and Samuel Eilenberg: Cohomology theory 
of Lie groups and Lie algebras. 


~ Given a Lie algebra ZL and ‘a representation P of L with representation epace y, 
cohomology groups H«(L, P) are defined. If L is the Lie algebra of a compact con- 
nected Lie group G, V is the field of real numbers and P is the trivial representation, 
these cohomology groupe give the topological cohomology of the manifold of © 
G. For semi-simple Lie algebras nothing is lost by limi the definition of trivial 
representations, The second cohomology group is related to extensions to Lie algebras; 
‘this study yields Levi's theorem. Relative cohomology groupe are constructed when- 
ever a subalgebra L’ of L is given; with the aid df this definition the main result is 
extended to homogenous spaces, (Received November 20, 1946.) 


"107, Samuel Libers apial orras ania complexes. 


l Given two geometric simpliclal complexes X, and X, the simplicial product 
Ki AK; is a eimpliclal complex defined as follows. The vertices of K, AK; are pairs 
(v, w) where » is any vertex of Kı and w any verter of Kz. The distinct vertices 
("e wa), o, (Fa, we) of Ki ARs determine an s-aimplex of K, AK: provided 
Te '* +, "a arein a simplex of X, and w, + -- , w, are in a simplex of Xs. The simplicial 
product has the sme invariants as the Deia product- Ki XK: (which is not a 
amplicial complex) and therefore can be used. to simplify various formalisms in hom- 
ology theory. (Received November 20, 1946.) l Í 


4 
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98. C. J. Everett: Representation of a sequence of finie sets. 


A sequence of finite subsets Ty of a set S has a set of distinct representatives 
LET, if and only if, for every s=1, 2, , the union ‘of every # of the 7; contains - 
at least # distinct elements of S. This modification of Theorem 1 of P, Hall (On repre- 
sentation of subsets, J. London Math.’ Soc. vol. 10 (1935) pp. 26-30) is obtained by 
, use of the Cantor theorem on closed compact sets in a suitably metrized space of 
sequences {4}, ET It is then shown that Hals subsequent theorems extend to the 
infinite case. The existence of a common representation of left and right cosets of a 
‘group modulo a finite subgroup of countable index is obtained as a corollary. (Re- 
_ ceived November 1, 1946.) _ 
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99. Edwin Hewitt: Rings of unbounded continuous fumchons. 

The set C(X, R) of all continuous functions from a completely regular space X to . 
the real number system R forms a linear:space which is also a'commutative ring with 
unit, under the usual definitions of addition and multiplication. For fEC(X, R), 
let Z(f) be the set of points where f vanishes. Let Z(X), for any completely regular 
X, be the family of all sets Z(f), for fÆ C(X, R). A subfamily ef of Z(X) not contain- 
‘ing 0. containing finite intersections of its elements, and containing arbitrary super- 
‘sets (in Z(X)) of its elements is said to be maximal if no proper superfamily (in Z(X)) 


enjoys these properties. A completely regular space X is said to bea Q-epaceifevery ’ 


maximal family'in Z(X) has total intersection nonvoid or contains a countable sub- 
family with void intersection. It is proved that for every completely regular space X, 
there exists a Q-epace aX such that C(aX, R)=C(X, R), X- =aX. Furthermore, if 
X and Y are Q-epaces such that C(X, R)=C(Y, R), thep X is homeomorphic to Y. 
The ring C(X, R) determines the space X if X is a Q-space satisfying the first axiom 
of countability. In particular, C(X, a a A al 
space, (Received November 13, 1946.) a i 


100. F. B. Jones: Concerning non-aposyndetic continua. 


If a continuum M contains a point P such that M—P is not strongly (continuum. ‘ 


wise) connected, P is said to be a (week) cut paint of M. It is shown that every com- 
pact metric continuum, which is non-aposyndetic at each of its points, contains a 
(weak) cut point. Indecamposible continua and related types are characterized by 
their non-aposyndetic properties. A scheme of Classification of continua (which are 
not locally connected) i is introduced and ee! investigated. eee October 25, 
1946.) 


101. E. E. Moise: An ETA Y plane continuum which is 
homeomor phic to each of tts nondegenerate subcontinua. 


Using the existence of the continuum described, the author solves a problem of M. 


Mazurkiewicz, PEPA SERE Math. vol, 2 (1921) p. 285. (Received November 18,- 
1946.) > 


i 


102. W. T. Puckett: On a problem tn connected finite closure algebras. 


In answer to a question left open by J. C. C. McKinsey and Alfred Taraki (Ann. of 
Math. vol. 45 (1944) p. 160) it is shown that the closure algebra over Euclidean space 


is a universal algebra for the class of all connected finite closure algebras. The problem g 


is reduced to demonstrating the existence of certain interior transformations by the 
following results: (1) A connected finite closure algebra is isomorphic with the closure 
algebra over a connected finite topological space. (2) In order that the closure algebra 
over a topological space Sı be isomorphic with a subalgebra of the algebra over a 
space S, aa a aE Te O EE S (Received 
October 23, 1946.) 


4 


103. M. H. Stone: Remarks on metrisability. 


It is proved that a continuous family (that is, an upper semi-continuous aieia 
o£ mutually disjoint nonvoid compact suhsets of-a metric space S is, under its weak 
topology, metrisable (being in addition separable whenever S is). From this result and 


Bee eee contained ine pence oy er athe, Cee Math. Soc. vol. 41 _ 


y 
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(1937) pp. 375-481), it follows immediately’ that every separable regular space is 
metrizable (as is, of course, well known). (Received October 12, 1946.) 


104. Sister Petronia Van Straten: Toroidal and non-toroidal graphs. 


While the 10 point-30. arc Desargues configuration is irreducibly non-toroidal 
(for the definition of the Desargues and Pappus configurations, see Bull. Amer. 
Math. Soc. Abstract 52-9-345), the 9 point-27 arc Pappus configuration is saturated 
toroidal. By this we mean that while the configuration can be topologically embedded 
into the torus, it loses this property if we add any arc joining two points which are 
not joined in the Pappus configuration. This result is a consequence of the following 
lemma. Any subset of the torus which is homeomorphic to a Pappus configuration 
decomposes the torus into triangular regions. (Received November 12, 1946.) 


105. G. S. Young: On compact fiberings of the plane. 


Montgamery and Samelson have conjectured (Duke Math. J. vol. 13 (1946) pp. 
49-57) that there exists no compact fibering of Euclidean s-space. This note shows 
that the conjecture is true for two dimensions by proving the more general theorem: 
If an interior transformation of the plane, f(P) =A, is such that the inverses of each 
two points of A are homeomarphic, and such that each component of the inverse of a 
point of A is compact, then f is light. If the entire inverse of a point of A is compact, 
then f is a homeomorphiam. (Received November 20, 1946.) 


106. G. S. Young: On converging sequences of 2-mantfolds. 


A new characterization of a 2-manifold (with or without boundary) is given: 
Let M be a locally compact, locally connected metric space with no local cut points, 
and such that there is some positive number e such that every simple closed curve of 
diameter less than « separates M. Then M is a 2-manifold. This result is used to 
prove that if { Ma} is a sequence of compact 2-manifolds converging 1-regularly tò a 
compact set M and either for each # the boundary of M, is empty or the boundaries 
of the sets M, converge O-regularly, then M is homeomorphic to almost all M,. The 
manifold characterization is based on Bing's characterization of a sphere (Bull. 
Amer. Math. Soc. vol. 52 (1946) pp. 644-653). The result on convergence generalizes, 
and is based on, results of Begle (Duke Math. J. vol. 11 (1944) pp. 441-450) and of 

Whyburn (Fund. Math. vol. 25 (1935) pp. 408—426). (Received November 20, 1946.) 


IRREDUCIBLE REPRESENTATIONS OF OPERATOR 
ALGEBRAS 


I, E. SEGAL 


1. Introduction. In this paper we investigate the representation on 
(not necessarily separable) Hilbert spaces of a suitably closed algebra 
of operators on a Hilbert space, with regard to the existence of irre- 
ducible representations and the connection between representations 
and states of the algebra (we use the term “state” to mean a complex- 
valued linear function on the algebra which is real and non-negative 
on positive semi-definite operators, and which satisfies a certain nor- 
malizing condition—more commonly, this is called an expectation 
value in a state). Our results are, first, that there is a mutual corre- 
spondence betweeti “normal” representations (those for which there 
is an element of the Hilbert space whose transforms under the repre- 
sentation operators span the space) and states of the algebra, in which 
irreducible representations correspond to pure states (a state is pure 
if it is not a linear combination with positive coefficients of two other 
states), and second, that there exists a complete set of irreducible 
representations for a given algebra (or alternatively, a complete set of 
pure states). 

The operator algebras which we consider are assumed to be: (1) 
_ closed in the uniform topology (in which the distance between two 
operators is defined as the bound of their difference), (2) self-adjoint 
(that is, if an operator is in the algebra then so is its adjoint); we call 
such an algebra a C*-algebra. By a representation of a C*-algebra A 
we mean a function ẹ on e£ to the collection of bounded operators 
on a Hilbert space which is an algebraic homomorphism, continuous, 
and such that for URA, ¢(U*) = (¢(U))*, the asterisks denoting ad- 
joints. The representation is called irreducible if the Hilbert space on 
which e4 is represented contains no nontrivial closed invariant sub- 
space. A collection of representations of e4 is called complete if the 
only element of e4 which is mapped into zero by every representation 
ig zero. : 4 

Our results make possible a broader and more rigorous treatment 
of certain parts. of quantum mechanics, particularly of the principle 
that the spectral values of an observable are determined by the be- 
havior of the observable in the irreducible representations of the op- 
erator algebra describing the physical system in question. The original 
mathematical model for the observables in quantum theory was the 
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class of all self-adjoint elements of the algebra ( of all bounded opera- 
tors on a Hilbert space (frequently unbounded operators were in- 
cluded, but these could be treated in terms of bounded operators, and 
did not affect the states or representations of the system of observa- 
bles). For a variety of reasons, however, it seems desirable to consider 
the collection of self-adjoint elements in less restricted algebras of 
operators as a possible model for the observables, the most notable 
reason being: (a) the lack of a compelling physical reason why every 
self-adjoint operator should correspond to an observable, (b) the seri- 
ous mathematical difficulties in quantum electrodynamics, (c) in a 
postulational treatment of quantum mechanics which we hope to 
present elsewhere, the collection of self-adjoint elements of a C*-alge- 
bra satisfies our axioms for the system of observables. The concept of 
pure state was introduced by von Neumann and Weyl (independ- 
ently) in a quite general fashion and in the case of the algebra È just 
mentioned it was shown that an element of the Hilbert space of norm 
unity (a wave function) gave rise to a pure state. In more general sys- 
tems the question of the existence of pure states was left open, but 
we should mention that our proof of this existence is based on a theo- 
rem of Krein, Milman, and Shmulyan [4]! which was proved fairly 
recently. | 

Our interest in operator algebras grew out of our investigations of 
group algebras of locally compact groups, a group algebra being iso- 
morphic with a certain self-adjoint operator algebra. Applying our 
theorem in the case of the latter algebra, we obtain as a corollary a 
recent result of Gelfand and Rykov, to the effect that an arbitrary 
locally compact group has a complete set of strongly continuous irre- 
ducible unitary representations (which we show can be assumed to 
be derived from representations of the C*-algebra which is the uni- 
form closure of that algebra). Our procedure here is somewhat similar 

to that much used in the theory of finite groups and also in [6], in 
= which it is first shown that an algebra built on the group is, in some 
sense, semi-simple, and therefore has a complete set of irreducible 
representations, from which the existence of the desired group repre- 
sentations may be concluded. 

Our proofs make use of devices previously employed by Gelfand 
and Neumark [2], Gelfand and Rykov [3], and by ourselves [6]. 
Like Gelfand and Rykov we utilize the theorem of Krein, Milman, 
and Shmulyan mentioned above; unlike them we make no use of posi- 
tive definite functions, in deriving the group-theoretical corollary 
mentioned in the preceding paragraph. 


t Numbers in brackets refer to the references cited at the end of the paper. 


~ 
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We are indebted to W. Ambrose for suggestions which resulted in 
a significant extensions of our theory and in important simplifications 
in the proofs. , 


2. Definitions. Let -4 be a C*-algebra, by which we mean a uni- 
formly closed, self-adjoint algebra of bounded operators on a Hilbert 
space. In other words, if U, (#=1,2,---), V,and Ware elements of 
A, and if lim, || Ua — Uj] =0, where || T || =L.U.B. cs,» (Tx, Tx), and 
(x, y) is the Hilbert space inner product, then the following operators 
are all in 4: U, VW, V+W, V*, and @V, for an arbitrary complex 
number a. We use the term Hilbert space for a space over the complex 
field which satisfies the usual axioms, except that the axiom of separa- 
bility is not necessarily satisfied. The complex conjugate of an expres- 
sion is denoted by enclosing it in parentheses and using the right 
superscript c. 

DEFINITION 1. A state of ef is a complex-valued linear function w 
on’ ef such that w(U*) is the complex conjugate of w(U), w(U) 20, 
if U is positive semi-definite and such that L.U.B.yoysiw (UU*) =1. 
A pure state is one which is not a linear combination with positive 
coefficients of two other states. 

For example, if x is an element of the Hilbert space of norm unity, 
setting w( U) =(Ux, x) defines a state. In the special case that A-C, 
this state is pure, but in general the state is not pure. We observe 
that if «£ contains the identity operator I, then the condition 
L.U.B.yojs%0(UU*) =1 is equivalent to the simpler condition w(I) 
= 1, because if || U||S1, then I— UU* is positive semi-definite. 

DEFINITION 2. A representation of A on a Hilbert space H is a 
mapping @ on of to the collection of bounded linear operators on £ 
such that for general U and V in ef and an arbitrary complex num- 
ber a: p(U+ V) =¢(U)+0(V), (UV) = (U (V), 6(U*) = (G(U))", 
$(aU) =ad(U). A representation is called normal if there exists an 
element x in 3€ such that the span of? [6(U)x| USA] is X; if x is 
of norm unity, the function w defined by w( U) = (@(U) x, x) is called a 
normalising function. A representation is called trreductle if th ef e ex- 
ists no proper closed invariant subspace of X other than the null- 
space. Two representations are called equsvalent if there is a unitary 
transformation on one Hilbert space to the other which maps one 
representation into the other. 

DEFINITION 3. A collection of states of ef is called complete if there 
is no element of «£ except zero which vanishes in every state of the 


1 The notation [f(a)| a€ S] is used to denote the range of values of f(a) as a varies 
over S. 
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collection. A collection of representations of e£ is called complete if 
no element of ef except zero is mapped into zero by every representa- 
tion in the collection. 

3. The relation between states and normal representations. In the 
present section we show that there is a natural mutual correspondence 
between states and normal representations of a C*-algebra <4, in 
which pure states and irreducible representations correspond. This is 
interesting from the standpoint of quantum theory because it shows 
the general connection between two concepts of importance in that 
theory which have been independently introduced. 


THEOREM 1. A normalising function of a normal representation of a 
C*-algebra on a Hilbert space ts a state of the algebra. Conversely, a 
state of the algebra ts the normalising function of some normal represenia- 
ton, and this representation is uniquely determined by the state, within 
equivalence. The state is pure if and only tf the corresponding representa- 
tion ts irreducible. 5 

The proofs are somewhat simpler in the case that the C*-algebra 
contains the identity operator, but it is essential for applications to 
group representations to consider the more general case in which the 
identity is not necessarily contained in the algebra. In order to discuss 
this more general case we prove a lemma to the effect that an arbi- 
trary C*-algebra contains a kind of approximate identity. This ap- 
proximate identity plays roughly the same part in our proofs as the 
identity would, in case the treatment were limited to algebras con- 
taining the identity. : 

DEFINITION 4. An ‘approximate identity of a C*-algebra £ is a 
Moore-Smith directed system V, of elements of «4 such that | v| <1 
and lim, V,U = U for every Uin A. 


Lemma 1.1. A C*-algebra contains an approximate ideniüy. 


Let u be a general finite subset of the C*-algebra «4. It is plain 
that tbe y’s form a directed system relative to set inclusion. For 
u=[Ui,---, Ua], put W=) $, U,U*, and define Vae Wet), 
where e=p-!, Then V,Ge/ and (V,—D) WV- D) *=6W(I tW. 
If we write X'S Y for SA (self-adjoint) operators X and Yif Y- X 
is positive semi-definite, it is clear that eW (eI -+ Wys eAd/2. Hene 


2 V,- DUJO. — DU} < «1/2, 


and it follows that each term in the sum is less than or equal to ¢«I/2. 
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This implies that | (V.—D Ud| S1/2n, and therefore lim, V,U = U for 
arbitrary UCe/, completing the proof of the lemma. 

Now we show that a normalizing function of a normal representa- 
tion ¢ of an algebra «£ on a Hilbert space 3 is a state of e£. Except 
for the condition 
(1) - L.U.B. o(UU*) = 1, 

UES 
where w(U)=(¢(U)s, 2), and s is an element of X such that 
[6(U)s| U&A] spans X, it is trivial to verify that the conditions of 
Definition 1 are satisfied. We begin the verification of (1) by showing 
that the bound of ¢ is unity.* Let ef’ be the algebra generated by ef 
and the identity ‘operator I. It is readily seen that ef’ is uni- 
formly closed and self-adjoint. We extend the representation ¢ 
to ef’ by defining: ¢’(aI+U) =al+¢(U), where U. is an arbi- 
trary element of ef and I is the identity operator on X. Clearly, 
ġ' is a representation of eÅ’ on X. Now if lust, then [—UU* 
is positive semi-definite, and therefore has the form VV™ for some 
VEA. Since o(I— UU*) =4(V)(¢(V))*, it follows that ¢(UU") SI, 
and ||6(UU*)|| St. Since noel =||¢(U)||*, this proves ||¢(U)|| 
S1. Putting LU.Bypysill¢(Z)||= M, it follows easily that 
L.U.B.poyail|o((UU*] || = Mt; and since (UU*)"4Ee4 ‘when 
UCA, it results that M3 M. It is trivial to conclude that. 

LU.Bynysi|6(0)| =1. Clearly 


L.U.B. o(U*U) = L.U.B. (¢(U)s, 6(U)s) & 1. 
10151 Is: 


To complete the proof, let V, be an approximate identity of 4. It is 
plain that lim,($(V,)s, ¢(U)s) = (s, ¢(U)s) for UEA. Now ||$(Vs)s| 
<1 because || V,|]$1, and [6(U)s| USA] is dense in X. It follows 
easily that lim,(@(V)s, x) = (s, x) for arbitrary x in X. Substituting 
x =s and applying Schwarz’ inequality to (@(V,)s, z), it follows that 


(s,s) S lim sup (d(V,)s, 6(Vn)8)2!/, 


which implies L.U.B.,(6(V,)s, 6(Va)2) 21, and therefore L.U.B.joya1 
w(U*U) 21. Combining the two inequalities completes the proof that 
w is a state. 

Now we show that a state w of e4 is‘a normalizing function for some 
normal representation of «4, using a procedure due in part to Gelfand 
and Neumark [2]. Set K for the class of elementas U of «4 such that 


1 We are indebted to G. W. Mackey for the observation that a representation ofa 
C*-algebra is necessarily continuous. 
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w(VU) =0 for every V&A. It is easy to verify that K is a left ideal. 
We denote the residue class of an operator modulo Ķ by super- 
posing a bar, and define (U, V)=w(V*U), for arbitrary elements 
of ef, U and V. To see that this is a unique definition, observe that 
wo((V + Wi)*(U + Wa) =w(V*U) +0( WEU) +o VW) -Hw WEW); 
and if Wi and W, are in X, then w(W* U) = (w(U*W1))*=0, o( V* Ws) 
= 0 mw W* Wy). That is, w( V*U) is actually a function of U and Y. 

The function (U, V), with U and F ranging over the quotient lin- 
ear space e4/K of «4 modulo K, has the usual properties of an inner 
product. Specifically, it is linear in U, semi-linear in V, is taken into 
its complex conjugate by interchange of U and F, and is positive 
definite; these facts are quite evident except for the positive definite- 
ness, which we now prove. Since the usual proof of Schwarz’ inequal- 
ity in a Hilbert space makes no use of completeness, 


| T, n| < U, HV, Vy. 


Hence, if (U, U) =0, w(V*U) =0 for all V&A, which shows that 
U=0. Now we complete e4/K to a Hilbert space with respect to the 
given inner product. First, 4/K may be regarded as a linear metric 
space with the norm ||U||=(U, U)¥* (the usual proof of the tri- 
angle inequality for Hilbert space makes no use of completeness). 
Second, (U, V) is plainly a uniformly continuous function on 
(A/K)X(A/K), and therefore its domain of definition can be ex- 
tended to be ZX Z, where Z is the completion of -4/K, in such a way 
that it remains uniformly continuous. This extension is unique. It is 
easy to verify that Z is a Hilbert space relative to this extended inner 
product. 

For U in ef we set ġo(U) for the operator defined on e4/K. by 
go(U) V =n( UV) ;* this definition is unique, K being a left ideal. Now 
we show that ¢o(U) is a bounded operator on 4/K, and may therefore 
be extended in a continuous fashion to Z. Since || Uj|/*l—U*UZ0, 
v*(|| U| — U*U) YV Z0, where U and V are arbitrary elements of 44. 
Hence w(V*U*UY) S|] U| *w(V*V), from which it is plain that 
(U)V, (UP al] Ully, V) showing that: (a) leli S|] Ul, 
(b) ¢ is a representation of 4 on Z, (c) this representation is adjoint- 
preserving, because l 


(W(U)V, W) = o( W*UY) = (V, (USW), 


W being arbitrary in £. 
To see that the representation is normal, let { V,} be an approxi- 


‘ We introduce a function y defined by (U) =U. 
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mate identity for «4 and observe that lim, (W, V,*) =0(W) for WEA. 
It follows easily that V,* is weakly convergent, and Hilbert space 
being complete in the weak neighborhood topology, there exists an 
element s in Z such that (W, s)=w(W), WEA. For arbitrary X G&A, 


(X, 6(W)s) = (W*X, s) = o( W*X) = (X, W), 


showing that ¢(W)s=W, and that the representation is normal. A 
normalizing functional is plainly (@(U)s, s) =w(U), and the proof that 
a state of cf is a normalizing function for some normal representation 
of ef is complete. 

Our next step is to show the essential uniqueness of the representa- 
tion for which a given state is a normalizing function: Let $’ be a 
normal representation of «f on a Hilbert space Z’ with normalizing 
- function w(U) =(¢(U)s’, 3), 8’ being an element of Z’ such that 
[6(U)s’| UGA] is dense in 2’. We shall show that the preceding $ 
and @’ are equivalent. To do this we must exhibit a unitary trans- 
formation on Z to Z’ which takes ¢ into ¢’. This transformation 0 
is defined as follows. For VEz, 0(U) =¢’(U)s’—this is a unique 
definition because if U =V, w(W*U) =w(W*V) for WEA, which im- 
plies (6’(U)s’, ’'(W)s’) =(@'(V)s, ¢’(W)s’); hence ($’(U)s’, x°) 
= (b!(Vs', x’) forx' EZ’, and $’(U)s’ =¢’(V)s". Moreover, 6 is iso- 
metric, because 


(U, U) = w(U*U) = (o(U)s, o(U)x’) = (6), 00). 


On the other hand, the range of 0 (as U varies over e4/K_) is clearly 
dense in Z’. It follows that there is a unique isometric extension of 
the definition of 0 from the domain e4/K to the domain Z, and that 
this extension has the range Z’, and hence is unitary. Now ¢ and ¢’ 
are equivalent provided 6¢(U)é-'='(U), UEA. Since 66(U)E 
and @’(U) are bounded operators, it is sufficient to check this equality 
on a dense domain, such as [6(U)s'| U&A]. This check proceeds as 


follows: 


Ob(U)6-1p'(V) x = O6(U)V = mUV) = o'(UV)s’ = 9'(U)¢'(V) 


We prove next that the representation corresponding to a pure 
state is irreducible, employing here and in the following paragraph a 
method similar to that used by Gelfand and Rykov [3]. As the hy- 
pothesis of an indirect proof, assume that w is pure and that the proper 
nonzero closed linear subspace § of Z is invariant. If we put § 1 for 
the orthogonal complement of $, it is plain that if «CS and yES L, 


(x, p(U)y) = ((U*)x, y) = 0, 


t 
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showing that § L is invariant. It follows readily that. the projec- 
tion P on § commutes with ¢(U) for every UGA. If we define 
o(U)=(¢(U)Ps, Ps) and r(U) =(¢(U)(I—P)s, (I—P)s), it is easy 
to verify that w=o-+7, and that ø and r are scalar multiples of states. 
Since wis pure, ¢ = aw for some real number a. From o( V* V) =aw(V*V) 
it follows directly that (V, PV) =a(V, V). Since ef /K_is dense in Z, 
it results that for any xE Z, (x, Px) =a(x, x). If x is set equal, succes- 
sively, to elements of § and § L, a contradiction is obtained with the 
assumed proper nonzero character of S. „S 

Now we show, conversely, that a normalizing function of an irre- 
ducible representation is pure. Assume that the state w is a normaliz- 
ing function for the irreducible representation ¢ of «Å on Z, and that 
w =a0 Br, where o and 7 are states of ef. Define a new inner product 
on cA/K, as follows: [U, V]=o(V*U). Clearly [U, V] can be ex- 
tended, by uniform continuity as above, to an inner product on Z 
(which is positive semi-definite but not necessarily positive definite). 
By the Riesz representation theorem for linear functionals, [U, V] 
has the form (BU, V), where B is a self-adjoint bounded linear opera- 
tor on. Z. Now we show that B commutes with ¢(W) for every W in e4, 


(BA(W)U, V) = o(V*WU) = o((W*V)*U) = (BU, o(W*)V) 
= (BU, o(W*)V) = (¢(W) BY, V). 


It is easy to verify that the range' of any projection in the spectral 
resolution of B is invariant under ¢(W), WSA, and by the irreduci- 
bility of ¢, B=$I. This shows that ¢=fw—that is, w is pure—and 
thereby completes the proof. 


4. Existence of irreducible representations. Next we show that a 
C*-algebra has a complete set of irreducible representations, or alter- 
natively, a complete collection of pure states. This result follows from 
Theorem 1 combined with a theorem of Krein, Milman, and Shmul- 
yan [4] which asserts that a convex set, in the conjugate space of a 
Banach space, which is compact in the weak (neighborhood) topol- 
ogy, is the weak compactification of the convex core of its extreme, 
points, an extreme point being one which is not an inner point of a 
segment contained in the set. A pure state is clearly precisely an ex- 
treme point of the set of all states, and the proof is largely concerned 
with showing that this set satisfies the hypothesis of the theorem just 
quoted. 


‘THEOREM 2. A C*-algebra has a complete set of trreductble representa- 
' fons. ; 
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First we observe that it is sufficient to give the proof in the case 
of an algebra which contains the identity operator. For if e£ does not 
contain I, the algebra f’ generated (algebraically) by I and 4 is 
readily seen to be a C*-algebra; it is clear that an irreducible repre- 
sentation of ef’ induces an irreducible representation of e4. Now set 
Q for the collection of all states of the C*-algebra «4, which is as- 
sumed to contain I. If w, is a directed system of elements of Q which 
converges weakly to a linear function e on oA, it is clear that o(U*) 
is the complex conjugate of o(U), that o(U*U) 20, and that o(Z) =1. 
Hence ¢ is a state of 4, and therefore Qis complete. Also Q is totally 
bounded because for wE Q, |w(U)|?Sa(U*U) <|| Ul|?, showing that 
Q is contained in the (compact) unit sphere of the conjugate space 
of «£. It follows that Q is compact. 

Next we show that e£ has a complete set of pure states. The col- 
lection I of pure states of «£ is clearly the same as the collection of 
extreme points of Q. If the collection were not complete, there would 
exist a nonzero element U of «£ such that w( U) = 0 for w€. It would 
then follow from the theorem of Krein, Milman, and Shmulyan, that 
w(U)=0 for all w€Q. In particular, (Ux, x)=0 for every x in the 
original Hilbert space, which implies U=0, a contradiction. 

It is trivial to conclude, utilizing Theorem 1,. that ef has a com- 
plete set of irreducible representations. 


5. Unitary representations of groups. In the present section the 
theorem of Gelfand and Rykov, quoted in the introduction, is proved 
by applying Theorem 2 to an operator algebra «£ which is defined in 
terms of Haar measure on the group. From representations of ef are 
derived strongly continuous unitary representations of the group, 
such a representation being defined in Definition 5. 

DEFINITION 5. A unitary representaiton of a topological group G is 
a mapping ® on the group to the collection of unitary operators on 
a Hilbert space X, such that (ab) = (a) (b) for general elements 
of the group a and b, and ®(6) =T, where e is the group identity. Such 
a representation is called strongly continuous in case B(a)x is a con- 
tinuous function on G to & for every fixed x CR. It is irreducible if 7 
contains no proper closed invariant subspace other than the null- 
space. ' ; 

We mention that the weakly closed operator algebra generated by 
the faithful unitary representation of G obtained by Haar is not suit- 
able for use as e£. While a complete set of irreducible representations 
of G can be obtained from that algebra, these representations may fail 
(except when G is compact) to be continuous—such failure is in evi- 


~ 
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dence when G is the additive group of the reals. Actually e£ is taken 
to be a certain weakly dense subalgebra of the former algebra, and is 
the uniform closure of an operator algebra isomorphic to the group 
algebra. 


COROLLARY 2.1 (Gelfand and Ryko). A locally compact group has 
a complete set of srreducthle, strongly continuous, unitary represeniaitons 
on Halbert spaces. 


Let Lı be the Hilbert space of complex-valued ‘functions on the 
group G which are square-integrable relative to (left) Haar measure, 
the inner product of the function p with the function q being defined 
as fep(a)(q(a))*da, da referring to Haar measure. Putting Lı for the 
space of complex-valued functions on G which are integrable relative 
to Haar measure, we define Uy for fE Li as the following operator 
on La: 


UAD = f JORDA, 


for p&Ls. U; is a bounded operator of bound not greater than 
Jel f(a)| da, and it is straightforward to verify that (a) (Up)* = Up, 
where f*(a)=6(a)(f(a))*, (a) being defined by the equation 
da~! = 8(a)da; (b) Uy, = Us + Us, (cC) Vay = aU; if æ is a complex num- 
ber, (d) Uy, = U,U, where fg is defined by: 


AO = f JOA. 


(Compare [7]. We shall have no occasion to consider the binary 
operation of ordinary, pointwise, multiplication of functions on G, 
and therefore do not need to introduce any special symbols for the 
operation just defined.) Calling the collection of operators of the form 
U; (with FEL) eA, it follows that the uniform closure ef of e4, is 
a C*-algebra. 

The proof shows incidentally that for any normal representation ¢ 
of £, there is a strongly continuous representation a—>B, of G such 
that for fE L., 


$(U;) = f J (a)B,da, 


where the integral is appropriately defined. Actually the main burden 
of the proof is to show, utilizing an extension of a method in [7], that 
this is the case. Corollary 2.1 then follows directly from a known re- 
sult in the theory of vector-valued integrals. 
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Now let w be a state of ef and let ¢, Z, and so on, be as in the 
proof of Theorem 1. For a&G, Ka is defined to be the operator on La 
which takes p into pe, where p.(b) =p(a-1b) for pELs, and A, is de- 
fined to be the operator on c4/K given by A.W =n(RW), WEA. 
To show that this definition is unique, we first observe that R eAo CAo, 
because R.U;= U,, where g(b) =f(a7tb). Since R, is unitary it follows 
that Re4Ce/; thus, R.W is actually an element of eA. Secondly, 
if Wim W, modulo K, then R.WieR.Ws modulo K, For, setting 
X = Wı— Wa, we have X EK, that is, w( VX) =0 for all VEA. Clearly 
w(V(ReX)) =0((VR.)X), and it is easy to verify that VRC, 
whence w(V(R.X))=0, for V&A. It follows that R.X EK and 
R.W =R, W, modulo K, 

It is plain that (A.W, A.W) =0(W*W) = (W, W), that is, A, is 
isometric, and therefore uniformly continuous, on 4/KĶ, It follows 
that A. can be (uniquely) extended to an isometric operator B, de- 
fined on Z. It is plain that A.A. is the identity on eA/K, Hence 
B.B,1 is the identity on Z, implying that the range of B. is Z, and 
therefore B, is unitary. 

Now B, is evidently a representation of G. Next we show that this 
representation is strongly continuous. For this purpose we note that 
(see [8]), if FEL, the mapping o—f., where fa(b) =f(o- 8), is con- 
tinuous on G to Ly. Hence the mapping a>R.W is continuous on G 
to A, if WEA.. If W is any element of e4 we choose Wa EA such 
that || W. — WÌ|—0; then | R.W. —R.W||—0 uniformly in a, showing 
that the mapping is continuous for WEA. Now 


((Ba— Ba) W, (Ba — B) W) = (n( RaW) — (RoW), 1( RW) — n(RiW)) 
= (n((Re — Rs) W), n((Re — Rẹ) W)) 
< || (Ra — Ri) I". 


Hence B.Y is continuous on G to Z; and24/K, being dense in Z 
and B, being unitary, it follows, by another application of the prin- 
ciple that a uniform limit of continuous functions is continuous, that 
B,« is a continuous function on G to Z for every xE Z. 

To show that the group representation is irreducible when the same 
is true of the representation of ef we observe that the following in- 
tegral, whose integrand has its values in a Banach space Y, exists in 
the sense of Bochner [1] (as extended by Dunford and Pettis from 
the case of functions on a Euclidean space relative to Lebesgue meas- 
ure to the case of functions on an arbitrary decomposable measure 


space): 
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where fE Ly, y(a) is a bounded continuous function on G to Y, and H 
is a countable sum of compact subsets of G such that fa_x| f(a) | da = 0. 
For such an integral exists provided: (a) the norm of the integrand 
is majorized by an integrable real-valued function—which is plainly 
the case here; (b) there exists a sequence of finitely-valued functions 
(that is, functions whose range of values is finite and whose sets of 
constancy are measurable) on G to Y which converge almost every- 
where (a.e.) to the integrand—which is now shown to be valid in the 
present case. Let f(a), n=1, 2, ---, be a sequence of finitely-valued 
functions on G to the complex numbers which converge a.e, to f(a). 
Let C., #=1, 2,---, be a monotone increasing sequence of com- 
pact subsets of G whose union is H. Now cover C, by the compact 
sets Dai, © © ©, Dam, OD each of which the oscillation of y(a) is less than 
“~* (each set D,; being contained in C,). Let a,; be any point of Daj 
and define y,(a) as follows: (a) for aED., Yala) =¥(Ge1), (b) for 
CDan — Vig Das, Yala) =Y(ann); (C) Yala) =0 if aEG— C.. It 
is clear that lim y„(a)fa(a) =y(a)f(a) a.e., and that Ya(G)fa(G) is 
finitely-valued. 

In particular, the integral exists in case either yla)= R.W or 
yla) =R.p, with pEL, (see [7] for a proof that the mapping 4—>fe, 
where pa(b) = p(a7tb), is continuous on G to Ia). Now faR.pf(a)da 
= Usp, because for any qELa 


J OAOE = f ( f Roroa), 


by the Fubini theorem and the fact that continuous linear opera- 
tions commute with integration. If we set p= Wr, and observe that 
JaR.Wrf(a)da = (faR.Wf(a)da)r, it follows that U;W = faR.Wf(a)da. 
Since the operation X—>X is a continuous linear operation on e£ to 
A/K, ¢(U)W = faB.Wf(a)da; and it is easily shown, from the fact 
~ that faB.xf(a)da exists for x€Z and is a continuous function of x, 
that $(U;)x = faBaxf(a)da for arbitrary x€ Z. Now faBexf(a)da, like 
any Bochner integral, is in the span of the range of values of the inte- 
grand, that is, in the span of [B.x|a EG]. Hence a closed linear mani- 
fold which is invariant under the group representation is invariant 
under @(Uy) for every fEL;, and therefore invariant under the repre- 
sentation of ef. 


6. The completeness of irreducible representations in quantum 


N 
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theory. In this section we prove a theorem which implies that for the 
computational purposes of quantum theory it is sufficient to consider 
only those representations of a C*-algebra (which in quantum theory 
is the algebra generated by the observables) which are irreducible. A 
special case of the theorem asserts that the spectrum of a self-adjoint 
operator in a C*-algebra is determined by the collection of spectra 
of the operator in the irreducible representations of the algebra. In 
practice only the irreducible representations are used, in general. Our 
result shows that this limitation to irreducible representations is valid 
for an arbitrary physical system which is describable by an algebra of 
operators on a Hilbert space (in the case of the Schrddinger-Heisen- 
berg non-relativistic theory this fact had been established by special 
considerations by von Neumann [5]). 

In order to treat the simultaneous analysis of a commutative col- 
lection of SA operators, as well as the analysis of a single operator, we 
introduce the concept of observation of an algebra. 

DEFINITION 6. An observation of a C*-algebra i is a state w such that 
w( UY) =co(U)oo(V) for all U and V in the algebra. 

To give an interesting example of an observation, let e£ be the 
C*-algebra generated by a bounded SA operator T, and let a be an 
arbitrary point in the spectrum of T. It is plain from the spectral theo- 
rem that every element of «4 has the form f(T), where f is a complex- 
valued function which is defined and continuous on the spectrum of T, 
and conversely, if f is any such function, and if f(0) «0, then f(T) E4. 
Now define a linear functional w on ef as follows: w(f(T)) =f(a). It 
is easy to verify that w is an observation. On the other hand, every 
observation of ef is of the preceding form. This follows from a known 
result about an algebra of all continuous functions on a compact 
Hausdorff space, when it is observed that ef is isomorphic with the 
algebra of all continuous functions on the spectrum of T, except that. 
only functions vanishing at 0 are included if 0 is in the spectrum of T 
(it is trivial to modify the known result so as to apply to this case 
also). 

This example shows that the following result is a special case of 
Corollary 2.2. If œ is in the spectrum of a self-adjoint element U of 
a C*-algebra «£, then there existe an irreducible representation ¢ 
ofe and a nonzero element x of the space on which e4 is represented 
such that 


6(U)x = ax. 


Thus there is in a sense always a wave function for a point in the 
spectrum of U, whether it ie in the point or continuous spectrum ; this 


` 
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wave function, naturally, will usually not be in the space on which 
U operates. Corollary 2.2 has the obvious partial converse, that if 
is a normal representation of a C*-algebra <4, then every observation 
w’ on the C*-algebra ¢(8), B being a commutative C*-subalgebra of 
e4, defines an observation w on B, by the equation w(U) =w’(¢(U)). 


COROLLARY 2.2. If r is an observaiton of a C*-subalgebra B of a 
C*-algebra cA, then there exists an irreducible representation o of eA and 
a nonzero element x of the space on which A is represented such that for 


UEB, 
e(U)« = (U) z. 
First we prove a lemma of some general interest. 


LEMA. An observation of a C*-subalgebra of a C*-algebra is pure on 
the subalgebra and coincides on the ene with a pure state of the 
algebra. 


Let r be an observation of the PEREA B of the C*-algebra B. 
If the notation of the proof of Theorem 1 is utilized, with 4 replaced 
by 8, it is plain that for arbitrary U and Vin 8, 


T(UV) = (@(UV)s, 8) = ($(V)s, 6(U*)s). 


On the ether hand, 7(UV) =r(U)r(V) = (@(U)s, 8)(o(V)s, 8). Now by 
Schwarz’ inequality, 


(O(V)s, 6(U*)s) S (Vz, o(V)s)!/2(6(U*)s, o(U*)s) 1/2 
= (G(V*V)s, DUNE TH), 5)" 
= | r(U)r(V) |. 


Since the equality holds for Schwarz’ inequality only when the vec- 
tors involved are proportional, it follows that ¢(V)s and ¢(U*)s are 
proportional. In other words, the representation space Z is one-dimen- 
sional. This implies, clearly, that œ is irreducible. Hence, applying 
Theorem 1, the normalizing function 7 of ¢ is pure. 

To prove the remainder of the lemma we show that it is sufficient 
to consider the case in which TEB. Because if B does not contain J, 
the observation r of B may be extended to an observation r’ of the, 
C*-algebra B’ generated by B and J as follows: for UEB, r'(al+U) 
=a-+7(U). (As noted above, the algebra generated algebraically by B 
and J is a C*-algebra.) It is clear that r’/(VW) =r'(V)r’(W) for. V 
and W in B’. In order to complete the verification that r’ is a state 
it is plainly sufficient to show that r’(aI+U) 20 if a[+U is SA and 
not less than 0. Now al+U20 implies that a[+U= P? with V SA 
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and in B’ and hence r’(aI+U)=(r/(V))?20. Assuming that the 
lemma had been proved for the case TEB, it would follow that r’ 
coincides on 8’ with a pure state w’ of e4’, where ef’ is the C*-algebra 
generated by «4 and J. Putting y’ for a normal representation of 4’ 
with normalizing function w’(U) =(y’(U)x’, x’), it follows that y’ is 
irreducible, and moreover the representation y obtained by restrict- 
ing Y’ to eÅ is irreducible and has the normalizing function w, where 
w is obtained by restricting w’ to e£. Hence w is pure. Thus r coincides 
on B with the pure state w of 4. 5 

Now it is assumed that IEB. Pute4, and Bs for the collection of 
SA elements of ef and 8, respectively. We show next, by the method 
of proof of the Hahn-Banach theorem, that r coincides on Bo with a 
real-valued linear function x» on 4o which is non-negative on poai- 
tive semi-definite elements of efo. Let U be an arbitrary element of 
A, which is notin By. Put P=[V| VEA, V2 Ul and Q= [V] V Eo, 
VSU]. Since —||Ul|I < U <||U||I, neither P nor Q is empty. Defin- 
ing y-=L.U.B.ve9r(V) and y+=G.L.B.vepr(V), it is clear that 
y_ <y Let y be a number such that y-Svy27+. Now we define 
xo on the space Ba spanned by Bo and U as follows: for VE Bo, 
xe(aU+V) say+r(U). It is obvious that xo is linear on Bot. To 
see that xe is non-negative on positive semi-definite elements of Bë, 
note that if aU+V&0, and if a>0, then UZ — “VY, -=a V E9, 
x(a V) =r(—a V) Sy- Sy =x(U), and finally, xo(xU+ V) 20; 
and a similar proof is valid if «<0. It is plain that by transfinite 
induction we may obtain a function xo on «£o with the stated prop- 
erty. It is easy to verify that cf is the (real) linear direct sum of o 
and #249. Hence the definition 


x(U + iV) = x0(U) + ixo(V), U and V ines, 


extends xo to e4. It is plain that x is a state of eA, and that it coincides 
on B with r. Thus the class II of states of «4 which coincide on B 
with r is nonvacuous. 

It is obvious that II is convex. To see that it is compact in the weak 
neighborhood topology, observe that x(U) is a continuous function 
of x, for fixed U. It was shown in the proof of Theorem 2 that 
Q is compact. Now II is an intersection of closed subsets of Q and 
therefore is itself closed, and hence compact. It follows, if we apply 
again the theorem of Krein, Milman, and Shmulyan, that II contains 
an extreme point w. Í 

Next we show that w is pure. Suppose that w =œp +0 where p and 
g are states of ef and æ and f are non-negative numbers. Then 
w(I) =ap(I) +80 (I), which implies ~+ = 1. Now we adopt the fol- 
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lowing notation for a state of B which is obtained from a given state 
of A by restricting its domain of definition to 8: for EQ, fp denotes 
the state of B which coincides with ¢ on 8. It is plain that ws = æpp 
+Boy. But ws =r and is therefore pure. Hence pg =op =r., It follows 
that p and o are élements of M. On the other hand, w is an extreme 
point of II, and hence the equation w = ap -+80 implies that p =g = u— 
that is, w is pure. The proof of the lemma is now complete. 

To conclude the proof of Corollary 2.2, let w be a pure state of 
ef which coincides with r on ®, and let @ be a normal representa- 
tion of ef with normalizing function w, and adopt the rest of the 
notation of the proof of Theorem 1. It is clear that for U and Vin B, 


w((UV — w(U)V)(UV — w(U)V)*) = 0. 


Hence UV—w(U) V maps into zero under the natural mapping on ef 
to eA/K, or | 


(U)V = w()YV. 


The proof is completed by observing that V +0 for some V in B, be- 

cause otherwise w(V*V) =0 for all Vin B, which is evidently not the 

case. 
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INSTITUTE FOR ADVANCED STUDY 


ON FUNCTIONS HAVING SUBHARMONIC LOGARITHMS 
MAXWELL O. READE 


Saks has shown that if f(x, y) is subharmonic in a domain G and 
if (e) is the completely additive, Boma ee function of Borel sets 
associated with f(x, y), then 


lim — =| = J f(z + £, y + n)dtdn — f(x, s)| . D,u(z, y), 


0 p? 


and 
tim —| fetest na- fa] = Dala 3) 


hold almost everywhere in G [7].? Here the first integral is extended 
over all ($, 7) such that 1+7? <p?, the second integral is extended 
over all (£, n) such that 1+7? =p?, and D,u(x, y) is the symmetric 
derivative of (e) at (x, y). 

The main result of this paper is an analogue of Saks’ result for con- 
tinuous functions having subharmonic logarithms. For such functions 
f(x, y), it is shown that if o (e) is the completely additive, non-negative 
function of Borel sets associated with log f(x, y), then 


lim ZS [ieteyt nas) - =; f frets, +n)atai 


5 = P(x, y)D,o(2, y) 
holds almost everywhere in G. 

Let G denote a domain, (non-null connected open set) in the x, y- 
plane, D(x, y; p) the open circular disc with center at (x, y) and 
radius p, and C(x, y; p) the boundary of D(x, y; p). If f(x, y) is con- 
Po OST then f(x, y) is said to be subharmonic in G if and only if 


1 s A >I} a. ’ 

(1) f(z, y) (f; z, Y; p) SSS. ani n)dtdn 

holds for each D(x, y; p) in G [4]. It is well known that (1) can be re- 
placed by either [4] 
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1 
f(z, y) SLU 2, Y; o) = — f(E, n)ds, 


2p O(a, yip) 


or 
Alf; %, y; P) S LO; z, y; p). 

An important subclass of the class of functions subharmonic in G 
consists of those functions having subharmonic logarithms. These 
functions, studied by Beckenbach and Radó [1], are defined as fol- 
lows. A function is said to be of class PL in G if and only if (i) 
f(x, vy) 20, (ii) f(x, y) m0, (ili) log f(x, y) is subharmonic in G. It is 
fundamental in the theory of functions of class PL in G that f(x, y) 
is of class PL in G if and only if 


A(f*; £, y; 0) & EG; s, 9; 2) ]? 


holds for each D(x, y; p) in G [1]. 

If f(x, y) has continuous partial derivatives of the second order 
in G, then f(x, y) is subharmonic in G if and. only if Af(«, y) 20 in G, 
and f(x, y) is of class PL in G if and only if 


of\? ðN? 
(2) patos = jas- (2) - (2) 2 0 
Ox dy 
in G [4]. Here A is the Laplace operator 
ð? g? 


r Aw—-+—. 
ðr? dy? 


If f(x, y) is subharmonic in G, then Riesz [6] has shown that there 
exists a unique, completely additive, non-negative function p(e) of 
Borel sets e (for which the closure @CG) with the following property. 
If D is a subdomain of G, such that DCG, then f(x, y) has the repre- 
sentation 


1 1 
@) fms) = — > J J toes auleo) + HF), PED, 


where PO =((x—£)?-++(y—17)*)“%, H(P) is harmonic in D, and where 
the integral is a Stieltjes~-Radon integral [8]. 
Since the density of u(e) at (x, y) is defined by [8] 


lim Pi 7; p)] 
xp? 


(which is known to exist almost a [8]), then Saks’ result 
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may be stated as follows. If f(x, y) is subharmonic in G, and if p(e) 
is the set function used in (3), then 


8 
lim — [A(f; z, y; o) — f(z, y)] 
(5) i 
= E - LG: T, Y; p) — f(a, y)] ” Dyu(x, y) 


holds almost En in G. Saks’ proof of (5) depends upon the 
representation (3) for f(x, y). 

If f(x, y) 20 is continuous and subharmonic in G, then f*(x, y) is 
continuous and subharmonic in G [4]. Hence by the “representation 
theorem” of Riesz, noted above, there exist unique, completely ad- 
ditive, non-negative set functions yu(e) and »(e), for CG, associated 
with f(x, y) and f'(x, y), respectively. Then the following lemmas hold. 


LEA 1. 


1 
lim — [L*(f; z, y; p) — AG; z, y; p)] 
(6) ed p 
_ f(x, y)D u(x, y) _ Dox, y) 
2 8 
holds almost everywhere in G. 


Proor. It is well known [4] that L(f; x, y; p)>f(x, y) and 
A (f*; x, y; p)->f*(x, y) on CD, as p—0. The relation (6) now follows 
from (5) and the identity 


Lif; x, Y; p) — ACU; z, Y; p) 
p? 
L >a, ¥; a 
= [LU; x, Y; p) + f(x, ee a] 
_ AG ye) — Pla y) 
p? 
Lema 2. If e is a Borel set, 2CG, then 


r= 2f f xrrane +2 ff EH (=) | axes. 


Proor. Let D be a subdomain of G, such that DCG. It follows 
from the proofs of the representation (3) for subharmonic functions, 
given by Evans [2] and Riesz [6], that u(6) and »(6) may be obtained 
as follows. If iterated averages of f(x, y) are defined as 
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A(f; z, y; p) ™ A(A; z, Y; p), Alf; 2, Y; p) m A(As; z, Y; P), 


then there exists a sequence { pa} N 0, a8 n— ©, such that the set func- 
tions 


(8) Ha (4) = f f sacs T, Y; paldxdy, ` 4C D, 


(9) rele) f f AMG; z 95 p) Pod, ICD, 
converge to u(e) and »(6), respectively; that is, 
lim 1a(6) = a(o), 
if ¢ is open and p-regular (that is, u(3—e) =0) and 
lim ale) = »(6), 
iteis open and r-regular (that is, »(8— €) = 0). 


Now if R is an orsented rectangle in D, and if Ris both u- and »-regu- 
lar, and if the substitution 


Aa(f; 2, Y; Pa) m Wax, Y) 
is made, then it follows from (8) and (9) that 


R) = tim 2 | f APdelse) 
riia SSG G e 
holds. However, Frostman has shown [3] that if R is u-regular, then 


o J J oath dialer i f J seraucer), 


and Evans has shown [2] that 


io [G+ Sy SIG 


so that (10) may be written 


UD AR = 2 f f se rduter) +2 f MOE (2) ant 


- (10) 
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Now each open oriented rectangle R in D is the point set limit of 
a monotone increasing sequence {Ra} of open u- and »-regular rect- 
angles, such that [5] 


(12) lim a(R.) = (R), 
(13) Le (Ra) = »(R). 


Hence it follows from (11), (12) and’ (13) that (11) must hold for all 
open oriented rectangles R in D. By.a familiar-argument used in the 
theory of set functions [5, 7], it follows that (7) holds for all Borel 
sets in D. 

Since D was ap arbitrary subdomain of G, the lemma now follows. 


` COROLLARY. 


(14) Dol, 9) = 2 Ec a S Fi 


almost everywhere in G. 


Proor. The relation (14) (éllowe from (4), (7) and the classic theo- 
rem due to Lebesgue on the derivation of integrals [8]. 


THEOREM 1. 


4 
lim — [LXf; =, y; p) — AQP; s, y; p)] 
a~o p 
= 12, DDta ) - (2) -Z xy 
almost everywhere in G. 


Proor. (15) follows from (6) and (14). 

In the following, it is assumed that f(x, y) is also of class PL in G. 
Hence f(x, y) exp u(x, y), where u(x, y) is continuous and subhar- 
monic in G, with associated set function called o(e). 


LEMMA 3. If e is a Borel set, ECG, then 


(15) 


ule) = f f exp u(P)do(er) 


SEE Jom ns 


(16) 
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Proor. It is inherent in the proof of (3) given by Evans [2] and 
Riesz [6], that u(e) and o (e) may be found as follows. If the definition 


As(#; £, Y; px) E OlT, Y) 
is made, then there exists a sequence f pa} 0, as n— œ, such that 


(17) 156) = f f Alexp ala, 9) lazas 
and 
(18) salo) = | f Anla »)dedy 


converge to (e) and o(e), respectively; that is 
(19) lim male) = p(e) 


for each open p-regular set e, and 
(20) lim o,(¢) = o(e) 
for each open o-regular set e. 


Now an argument similar to that used in the proof of Lemma 2 
shows that (16) follows from (17)}-(20). 


COROLLARY. 


Dala, y) = exp u(x, y): Daz, y) 


on _ = [(=)+ (*) | exp w(t, 9) 


almost everywhere in G. 


Proor. The corollary follows at once from (4), (16) and the theo- 
rem of Lebesgue on the derivation of integrals. 


THEOREM 2. 
4 > 
(22) lim — [LQ; z, y; p) — AQ"; z, y; p)] = Ple, Dols y) 
e0 p 


almost everywhere in G. 


Proor. The theorem, which is an analogue of Saks’ result (5), fol- 
lows at once from (15) and (21). 
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The relations (5), (6), (15) and (22) are examples of “generalized 
Laplacians” [7,9]. For example, if f(x, y) is sufficiently smooth in G, 
then (22) yields 


4 l n 
lim r [L3(f; z, y; p) — AP; x, y; p)] = f(z, yA log f(a, 4), 


which bears an important relation to the defining inequality (2) for 
smooth functions of class PL. i 
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A PARTICULAR GENERALIZED LAPLACIAN 
| MAXWELL O. READE 


In a preceding paper, the author developed a generalized Laplacian 
for functions having subharmonic logarithms [2]. The purpose of 
this note is to indicate how generalized Laplacians may be used to 
weaken differentiability requirements; in particular, the generalized | 
Laplacian . 


4 
(1) A*f(x, y) = lim sup — [L(; z, y; p) — Ka y)] 
eo p 


is used to weaken differentiability requirements in certain theorems 
due to Kierst and Saks [4] and the author [3]. 

The definitions and notation used in [2] will be used here. In addi- 
tion, use will be made of the following known result. 


THEOREM A [1]. If f(x, y) is continuous in a domain G, then a neces- 
sary and sufficient condition that f(x, y) be subharmonic in G is that 
(2) A*f(z, y) & 0 
hold throughout G. 


A slightly more general version of a theorem due to Kierst and Saks 
is the following one. 


THEOREM 1. Let F(t) have a continuous second derivative, with 
F’(t)>0, for — œ <t< œ. If f(x, y) has continuous partial derivatives 
of the first order in a domain G, and tf Flax-+By+f(x, y)| is subhar- 
monic in G for every choice of the real constants a, B, then f(x, y) ts sub- 
harmonic in G. 

Proor. Let (xo, Yo) be a fixed, arbitrary point of G. Then after ex- 
panding F(t) and f(x, y) in Taylor series about ty marca Bye bolts, Yo) 
and (xo, Yo), respectively, one obtains 


L(papi Zo, Yo; P) — Gas(Zo, Ye) 
= F’(t)(L(f; to, ye; p) — (20, Yo) | 


(3) 
1p"! 
: ko [e+ f+ A] + o0, 


+ 





where 
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pasla, y) = Flax + By + f(x, y)], 


(aw t 
° Ox. (iio: i oy Cone 


and o(p*) is a quantity (not always the same quantity) such that 


(4) ia o) 
mo p’ 

Now set a= —f,, B= —f,. Since ġa,s(x, y) is subharmonic in G for all 
choices of the real constants a, £, it follows from (1), (3), (4) and 
Theorem A that (2) holds at (xo, yo). But (xp, Yo) was an arbitrary 
point of G, so that (2) holds throughout G; therefore, by Theorem A, 
f(x, y) is subharmonic in G. This completes the proof. 

In a similar manner one may prove the followin g more general ver- 
sion of a theorem due to the author [3]. 


THEOREM 2. Let F(t) and f(x, y) have the properties noted in Theo- 
rem 1. If the function F{log[(x—a)*+(y—B)2] +(x, y)} is subhar- 
monic in G for every choice of the real constants a, B, then f(x, y) is sub- 
harmonic in G. 

The same technique may be applied to other results [1,3] to obtain 
slightly more general theorems. However, it would be desirable to 
remove all conditions of differentiability (on f(x, y))—which the usual 
averaging process does not appear to do. 

Other generalized Laplacians may be used to obtain results similar 
to those above; for example, either r 





0s 


8 
lim sup — [A (f; z, Y; p) — f(a, ¥)], 
a0 P 
or 


8 
lim sup — LU; 2, y; P) — A(T; x, y; p)] 
rœ P 


may be used. 
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ON AREOLAR MONOGENIC FUNCTIONS 
MAXWELL O. READE 


Let f(s) =u(x, y)+40(x, y), s=x-+4y, be a complex-valued function 
defined in the unit circle D: |s| <1. f(z) is said to be areolar monogenic 
in D if and only if u(x, y) and v(x, y) (and hence f(s)) have continuous 
partial derivatives of the second order such that 


(1) Hey = — 2" (90 — 1yr), Dey = 2 (Hae — tiy) 
hold in D [3].! It is known that an areolar monogenic function has 
partial derivatives of all orders [3]. 

Whereas (1) is a differential characterization of areolar monogenic 


functions, it is the integral characterization contained in the follow- 
ing theorem that forms the basis for this note. 


THEOREM A [3]. If f(s) is continuous in D, then a necessary and sufi- 
cient condition that f(s) be areolar monogenic in D is that there exist a 
function g(s), analytic in D, such that 


1 
(2) =r sear, Peet in, 


holds for all circles C(s; r), with center z and radius r, in D. 


It should be noted that a symbol once introduced holds its meaning 
throughout the paper. 

If f(z) is continuous in D, then the right-hand member of (2) is a 
function of s and r, defined for z in the circle D,: |s| <1—r, and for 
all r such that 0<r<1. Now if the definition 


1 
(3) Ga) | SOG, O0<r<i,|s|<1-,, 


is made, then the following is an extension of Theorem A. 
THEOREM 1. If f(s) is continuous in D, then a necessary and suffi- 
cieni condition that f(s) be areolar monogenic in D ts that G,(s) be ana- 
lytic in D,, for ahr, 0<r <i. 
Necessity. This is precisely the necessity part of Theorem A. 
Sufficiency. Suppose that in addition f(s) has continuous partial 
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derivatives of the first order in D. Then from (3) and Green’s Jemma 
it follows that 


1 
(4) Gia) = — ff n SRAM 


where 
(5) G(s) = U(x, y) + iV (x, y) = (Hs — ty) + iliy + 95), 


and where D(s;1r) is the closed circular disc with center at s and radius 
r. Since f(g) has continuous partial derivatives of the first order in D, 
it follows from (4) and (5) that G,(s)->G(s), as r—0, on each closed 
subset of D. Hence, since G,(s) is analytic in D,, for all r, it follows 
that G(s) is analytic in D. Therefore U(x, y) and V(x, y) are conjugate 
harmonic functions such that (4) and the Gauss mean-value theorem 
for harmonic functions yield 


1 
G, A G = G 
@-— Jf eaten = 6a) 


for all s in D,, 0<r <1. 
It now follows from Theorem A that f(s) is areolar monogenic in D. 
Now if f(z) is merely continuous in D, then for sufficiently small p, 
the mean-value function 


: 1 
6 A(f; z; p) =— d 
(6 Gino m f 10 


satisfies the hypotheses of this lemma in the circle D,, for 0<p <1; 
moreover, A (f; z; p) has continuous partial derivatives of the first 
order in D, [1]. Therefore by the preceding part of this proof, it fol- 
lows that for all sufficiently small p, the function 





-Í Alf: $; pd, O<rt+p<il, 
IT t Y O(mr) 

is analytic in D,,, and independent of r. But A (f; s; p)>f(s) as p—0, 
on each closed subset of D [1]. Hence it follows that for 0 <r <1, the 
right-hand member of (2) is analytic and independent of r in D,. 
Hence, by Theorem A, f(s) is areolar monogenic in D. 


COROLLARY 1. If f(s) is continuous in D, then a necessary and suffi- 
cteni condtiton that f(s) be areolar monogenic in D ts that A(f; 3; p) be 
areolar monogenic in D, for ah p, 0<p< 1. 


COROLLARY 2. If f(s) is areolar monogenic in D, then f(s) has the fol- 
lowing mean-value property: 
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f neon OF cs f 4 (f; roi 


for sich C(s;1r) tn D, 


Proofs of the corollaries are contained in the proof of Theorem 1. ° 

The equation (2) and recent results on the polygonal mean-values 
of harmonic polynomials [2] suggest the analogue.of (2) wherein 
C(s; r) is replaced by a regular n-gon p,(s;73¢), #23. Let P,(s;7; 9) 
denote the closed, finite region bounded by the regular #-gon 
D(z; r; ġ) whose center is at s and whose inscribed circle has radius r; 
¢ denotes the angle from R to N, —x/nS@<x/n, where R is the ray 
extending horizontally to the right from s and N is the exterior nor- 
mal at the point where R emerges from the polygon. 

Here » denotes a fixed, positive integer, #23, and œ always denotes 
an (arbitrary) angle, —r/n S¢ <r/n. For brevity, p.(s; r; ġ) will be 
denoted by p(z; r) and P,(s;7r;@) will be denoted by P(s;r); | P| will 
denote the area of P(s; r). 

The analogue of (2) referred to above is 


1 l 
(7) Pall) Try f _ JOR, 


which is defined on an open subset D,, of D, for sufficiently small r. 
The following result is comparable to the preceding theorem. 


THEOREM 2. If f(s) is continuous in D, then a necessary and sufi- 
cient condtiton thai f(s) be areolar monogenic in D ts thai F, (3) be 
analytic in D, for each paw r, >. 


Necesssty. If f(z) is areolar monogenic in D, then f(s) has continuous 
partial derivatives (of all orders) in D [3]. Hence (7) and Green’s 
lemma yield the following representation for F,,,(s): 


1 é 
(8) OE f J. CC) ata, 


where, by (1) and (5), G(s) is analytic in D. Now (8) shows that 
F,,¢(s) is an integral mean of G(s), so that F,,,4(s) is analytic wherever 
defined, that is, in D,.,,. 

Sufficiency. First suppose that f(s) has continuous partial deriva- 
tives of the first order in D. Then it follows from (7) and Green’s 
lemma that F,,,(s) can be written in the form (8). It now follows 
from (8) that F,,,(s)>G(s), as r—0, on each closed subset of D. Since 
F,,¢(g) is analytic in D,,,, for all sufficiently small r, it follows that 
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G(z) is analytic in D. Hence, as in the proof of Theorem 1, it follows 
that f(s) is areolar monogenic in D. 

The requirement that f(s) have continuous partial derivatives of 
the first order in D may be removed as in the proof of Theorem 1. 
This completes the proof. 

It should be noted that if f(s) is an arbitrary areolar monogenic 
function (hence, if G(s) is an arbitrary analytic function) in D, then 
F, (2) is analytic in D,,ẹ though not necessarily independent of r. 
Indeed, if F,,4(s) is to be both analytic and independent of r, in D,.g, 
then the following result holds. 


THEOREM 3. If f(s) is continuous in D, then a necessary and sufi- 
cieni condition that F, (2) be both analytic and independent of r in 
D, 4 for fixed ġ, is that f(s) be areolar monogenic in D, with the represen- 
tation 


a—l 
(9) f(s) = 21D) cals — 5?) + 0, + WY, 
0 
where 2=x—4ty, where the c, are arbitrary complex constants, and where 
W(x, y) is an arbitrary function harmonic in D. 
To prove Theorem 3, the following lemma is needed. 


Lemma. If f(s) is areolar monogenic in D, then a necessary and sufi- 
cteni condition that G(s) be a polynomial in z of degree at most (n—1) 
4s that f(s) have the representation (9). 


Necesssty. Let G(s) have the representation 
a—1 
(10) G(s) = > cys. 
0 


Now Haskell has shown [3] that for areolar monogenic f(s) there exist 
real functions u(x, y), p(x, y), W(x, y), with (x, y) harmonic in D, 
such that 


(11) f(s) = (us + Vy) + is — hy) + E, + iY, 
where l 

, | 1 
(12) a+ irm > f f tog Trap oa 


If the substitutions f =re", s=pe'¥ are made in (10) and (12), then 
(12) yields 


102 M. O. READE [February 


1 fr = 1 OS ia 
utive —-—f" f [togs— + E Z; cos ao = w | 
2r 0 0 p 1 kp’ 





1 
| >: carter | rdrdð 
0 
1 1 ir 1 = p’ 
13 —— log — — k0 — 
(13) zS S, [ay + E io »| 
w—1 
| 5 carte rdrdð 
0 
1 a—1 Ch w—1 Ch 
SENEO žg#t1 —=_ — gk _ : 
4 | DFi uy? a 


The representation (9) for f(s) now follows from (11) and (13). 

Sufficiency. If f(s) is given by (9), then a computation shows that 
G(s), given by (5), has the form (10). 

PRooF oF THEORE™€ 3. If f(s) is areolar monogenic in D, with repre- 
sentation (9), then it follows from the lemma that G(s) has the form 
(10), such that U(x, y) and V(x, y) are harmonic polynomials of de- 
gree at most (n—1). It is known that such harmonic polynomials 
satisfy 


1 
U(x, y) = U(s) = mill U(t)dtdn, 
(14) P(sr) 


1 
Vide vO raf J, Vien 


for each P(s;r) in D [2]. From (5), (8) and (14), it follows that F,.,4(s) 
is independent of r, $. This proves the necessity part of the theorem. 

On the other hand, if F, (z) is analytic and independent of r in 
D, 4 then by the lemma, f(s) is areolar monogenic in D. Moreover, 
it follows that the real and imaginary parts of G(s) satisfy (14) and 
hence U(x, y) and V(x, y) have the representations implied by 


(15) G(s) m U + iV = SE ash + Cal (s0), a= 6%, 


where the symbol “J” means “the imaginary part of” [2]. However, 
since U(x, y) and V(x, y) are conjugate harmonic functions, it follows 
that c,=0 in (15). Hence G(s) is a polynomial of degree at most 
(n—1); therefore, by the lemma, f(s) is areolar monogenic in D with 
representation (9). The proof is now complete. 
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The author is indebted to the referee for the observation that Theo- ` 
rem 3 above is true for variable ¢. 
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PURDUE UNIVERSITY 


A CANTOR FUNCTION CONSTRUCTED BY 
CONTINUED FRACTIONS 


F. HERZOG AND B. H. BISSINGER 


1. Introduction. The well known Cantor function was treated ina 

paper by Hille and Tamarkin [8]!, who collected together a few prop- 
erties of that function, which is often used as an example in the theory 
of functions of a real variable. In the definition of this function, the 
representation of the numbers of the closed interval [0, 1] in the 
arithmetic scales of radices 3 and 2 (ternary and binary scales of 
notation) was used. Gilman [3] generalized the above function by 
replacing the radices 3 and 2 by a and $, respectively, where a and 8 
are integers such that a>f>1 and a—1 is divisible by 8—1. He thus 
‘obtained a whole class of functions of the Cantor type. - 

The present paper gives an example of a function of the same type, 
based on the representation of numbers as simple continued fractions. 
While in the main our function has the same properties as those 
treated in [5] and [3], there are also some interesting differences be- 
tween them, to some of which we shall call attention as the occasion 
arises. Since some of the results of [5] are a special case of those of 
[3] (with a=3, B=2), it will in most cases suffice to compare our re- 
sults with those of [3]. 


2. The set E. Let 0<x<1. If the positive integers Gi, Gs, G3, °° ° 
are successively the denominators (partial quotients) appearing in the 
expansion of x in a simple continued fraction, we shall write 


1 1 1 l ; ) 
A aims oe m | G1, Gt, 8, °°" je 
at atat::: a 
In the case of a rational x, 0<% <1, that is, of a finite simple continued 
fraction, we have two such expansions, namely, x= { a, ++) Ont; a. } 
={a1,-++, Get, d—l, 1}, where 4,22. Both of these expansions 
a oo adati ia Chia paper, also the expansion 1={t}. 

Throughout the paper we shall use the letter c (with or without 
subscript) to denote positive integers. 

We now define the set E as the set onting of x=0 and of al x, 
0<x<1, which can be expanded in a simple continued fradion none of 
whose denominaiors equals unity. In other words, E contains x=0 
and all finite and infinite simple continued fractions of the form 


Received by the editors May 3, 1946. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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x={at1, ati,---}. The above wording is to imply that x 
={at1,---,¢ +1} does belong to E although it can also be writ- 
ten asx={ati,---, C 1}. 

The set complementary to E with respect to the interval [0, 1] will 
be denoted by D. Thus D consists of x=1 and of all open intervals 
with end points — and £’, where? 


t=fatiwati:--,qai.+1,1} 
(1) sfatiati,-::,q41+2}, 
Bem fatl atl atl, 2}. 


Such an interval will be called a D,-tnterval in the following. (For ex- 
amples of D,-intervals, see the table at the end of the paper.) There 
is one D;-interval, (1/2, 1), but infinitely many D,-intervals for each 
n22. It is easily seen that any two D,-intervals (with equal or un- 
equal values of n) do not overlap and do not even have an end point 
in common. 

The points of E (except for x =0) can be divided into two classes, _ 
Ep and Er. Ee is to contain the rational x€ E, other than zero, and 
Ezr the irrational xC E. It is clear from the above that x€ Ep if and 
only if x is the end point of a D,-interval (except x=1, which does 
not belong to E at all). x =0 will be considered as belonging neither 
to Ep nor to Er. 

We shall now derive a few of the main properties of the set E. 

(2.1) E ts a closed set. 

Consider D as the union of the interval 1/2<xS1 and all open 
D,-intervals, n =2, 3, +--+. All these intervals are open sets with re- 
spect to.[0, 1]. Thus D is an open set and E is a closed one. 

(2.2) E is a perfect set. 

The following three relations, referring to the cases x=0, xE Ep, 
x C Er, respectively, show that E is perfect. (In each tase m—+œ 
through integral values.) 

O = lim {m}, 


ferti,cti,--+,e +1} = lim fati,a+ti,---,o+1,m}, 


{r+ 1,coti,---} = lim fatl, ceat l,e, Ca t1}. 


2 Jf w=1 the numbers in (1) are to be interpreted as meening {= {1} =1 and 
ț'm {2} =1/2. We also remark that E<£’ (£>£) when s is even (odd). See [8, p. 41, 
Theorem 8]. 
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(2.3) E has the power of the continuum. 

E contains as a subset the set of all infinite simple continued frac- 
tions fa-+1, GQ+i,--- } with each c,=1 or 2.. 

(2.4) E is of Lebesgue measure sero. 

This is a result due to F. Bernstein [1, p. 429, Remark]. (See also 
[4, p. 334, corollary |.) 

(2.5) E is nowhere dense in [0, 1]. 

The complementary set D is by (2. 4) of measure one, hence every- 
where dense in [0, 1]. It is also open in that interval by (2.1). Hence 
(see [2, p. 64, deaaition |) E is nowhere dense in [0, 1]. 

Comparing our set E with the corresponding sets Pag ™ P of [3], we 
see that they agree in the five properties, derived above. The subsets 
Ex and Er of E correspond, respectively, to the subsets P-+ P+ and 
P’ of P. (See [3, p. 434].) However, while P is symmetric about 
x=1/2, E has no such symmetry. A more essential difference is that 
the intervals p+ of [5, p. 255] for fixed ġ are finite in number and of 
equal length, while in our case we have infinitely many D,-intervals 
for fixed #22 and their lengths are not equal. 


3. Definition and main properties of d(x). We shall first define our 
function for xCE by the following three equations, which apply to 
the cases x =0, xE Er, xE Er, respectively. 


(2a) (0) = 0. 
(2b) x= Lert lca td ca t1}: el) = fcr cy, al. 
(2c) s= fati, ati, jila) = fen enh. 


Before extending this definition to values of xÆ D, we first define 
ġ(1)=1 and show that the values of ¢(x) at both end points of each 
D,-interval are equal to one another. This is true for the D,-interval 
(1/2, 1), since (1/2) =¢({2}) = {1} =1=¢(1), and for a D,-interval 
with n22 we see from (2b) that, when £ and £’ are given by (1), we 
have 


($) = fen 6 °° +, Gea +1} a {cn Ca++ y Gea, 1} = $(£). 


We are now able to define ¢(x) for any interior point of a D,-interval 
as the common value of ¢(x) at the end points of that interval. (For 
examples, see the table at the end of the paper.) The definition of ¢ (x) 
in [0, 1] is thus complete. 
We shall now derive some of the more important properties of #(x). 
(3.1) d(x) ts constant in every (closed) D,-tnterval. The union of the 
snisroals of constancy of p(x) is a set of measure one. 
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This follows at once from the definition of ¢(x) for x€D and from 
(2.4). 

(3.2) (x) is a nondecreasing function of x in[0, 1]; moreover, when 
OSx<x'S1 then b(x) S(x’), the equality holding if and only if x and 
x’ lie in the same (closed) D,-tnterval. 

On account of (3.1), it suffices to consider the case in which x and 
x’ belong to E. Since by (2a) the case x=0 is trivial we may assume 
furthermore that 0<x<x’$1/2. Now let x and x’ be written in the 
form (2b) or (2c) and assume that they agree in the first m—1 de- 
nominators, but no further (m2 1). Then when m is even (ould) either 
the mth denominator of x’ is larger (smaller) than that of x, or x’ (x) 
has only m— 1 denominators. (See [8, pp. 40-41, Theorems 7 and 8].) 
The definitions (2b) and (2c) of @(x) are such that these same rela- 
tions will hold true for the simple continued fractions for o(x) and 
(x), so that in general ¢(x) <@(x’). And it is easily seen that the 
only exceptional case, leading to ¢(x) =4(x’), is that in which x and 
x’ are the smaller and larger, respectively, of the numbers £ and $’ 
(with n 2&2) of (1). This completes the proof. 

(3.3) The function y=o(x) assumes every value of y of the interval 
OSy S1. Moreover, if y is rational and 0O<yS1 then y ts assumed by 
p(x) tm one whole D,-interval, while y=0 and every irrational y, 
O<y<1, ts assumed at one point x. 

This follows at once from the definitions (2a), (2b) and (2c) of the 


_ function ¢(x) and its definition for xE D. 


(3.4) p(x) is continuous in [0, 1]. 

A function f(x) which is defined and monotone in a closed interval 
[c, b] is continuous in that interval if and only if it assumes every 
value between f(a) and f(b). Thus (3.4) follows from (3.2) and (3.3). 

(3.5) For every positive A, the \-vartation (see [2, p. 511, Definition }) 
of p(x) in [0, 1] is equal to unity; p(x) ts not absolutely continuous. 

We shall show the first part of (3.5) by proving the more general 
theorem below, whose hypotheses are satisfied for (x) by (3.2) and 
(3.1). The second part of (3.5) follows from the firat, but could be 
directly concluded from the fact that fip’ (x)dx =0, but ¢(1) —¢(0) =1. 


THEOREM 1. If f(x) is monotone in the closed interval [a, b] and if 
the intervals of constancy of f(x) cover [a, b] except for a set of measure 
zero, then the d-vartatton of f(x) in [a, b] equals |f(b)—f(a)| for every 
postisve À. 

Let f(x) be nondecreasing. (If f(x) is nonincreasing consider the 


7 Continuity of f(x) is not assumed. 
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function —f(x).) Let \>0 be given. We denote the intervals of con- 
stancy of f(x), of wbich there are at most denumerably many, in 
some order by J; (j=1, 2,---+) and their lengths by. | Z|. Since 
».:|Z,| =b—a we can in any case choose k such that > a1] Z| >b 
—a— À. We now replace these & intervals I, by intervals I,* such that 
the end points of J;* are inner points of I; (j=1, 2,---, k) and 
such that we still have > j_,/I*|>b—@—X. Let these k inter- 
vals If be denoted in their natural order (from left to right) by 
(£i, £3), (Xs, Xa), + © +, (Xena, X25). We know then that f(xa1) =f (£2) for 
#=1,2,---+, k. The complementary intervals (a, x1), (2, x3), =, 
(Xana, Tası), (X1, b) have a combined length less than A, while (with 
Xto =g, X141 b) ° 


2 [Fasi — fan) ] = f(b) — Ka). 


This completes the proof of Theorem 1. 

(3.6) The curve y =¢(x) ts of arc length 2. 

This will be proved by the following theorem. Its hypotheses are 
satisfied by ġ(x) on account of (3.2) and (3.5). 


THEOREM 2. If f(x) ts monotone? in the closed interval [a, b] and if 
tis \-varsation in [a, b] equals | f(b) —f(a)| for every positive A, then the 
arc length of the curve y=f(x) is b—a+|f(d) —f(a)| f 


Let f(x) be nondecreasing. That the curve y =f(x) is rectifiable fol- 
lows from the fact that f(x) is of bounded variation. Since the length 
of any inscribed polygon can obviously not exceed b—a+f(b)—fla) 
it suffices to show the existence of an inscribed polygon of length 
greater than )—a+/(b) —f(a) —e for every given positive e. By the 
hypothesis, we can select a set of intervals (xı, x1), (43, x), -°°-, 


(Xsn-1, x24) with x, <x (j=1, 2, +--+, 24—1) such that 

(3) È (aa eae = 

(4) 2 a) — Kad] > $0) — fle) — > 

Let P, be the point (x, f(x.)),4=1, 2, - -- , 2h, and form the polygon 


‘ If y=f(x) is of bounded variation in [a, b] then the two definitions of arc length 
by Peano and by Jordan and Scheeffer (see [6, p. 338])‘are equivalent for functions 
f(x) which bave the additional property that for each x, a<x<b, either f(x—) f(x) 
Sf(x+) or f(z—) zNa) 2f(x+). (See [7, pp. 300-302].) Monotone functions obvi- 
ously have this property. The definition used in the proof of Theorem 2 is Peano’s 
definition. 
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PoP1Ps - + + Pax Pit, where’ Po=(a, f(a)) and Puy = (b, f(8)). By (3) 
the projections of the segments PoP, PaPs, ++ >, Paa Pas, PaP iyi 
on the x-axis have a combined length greater than b—a—e/2; and 
by (4) the projections of the segments P,Ps, PPa, © ++, PaiPas on 
_ the y-axis have a combined length greater than f(b) —f(a) —¢/2. This 
completes the proof of Theorem 2. 

The function ¢(«) has the properties, which were derived in this 
section, in common with the functions wag(x) w(x) of [3]. In fact, 
properties (3.5) and (3.6) were proved simultaneously for all of these 
functions by Theorems 1 and 2, respectively. It is to be observed, 
however, that according to (3.3) our curve y=¢(x) has all rational 
numbers y, 0<yS1, as ordinates of its horizontal segments, while 
the functions was(x) of [3] have as such only certain rational numbers 
y,0<y<1, namely, those of the form y =m/f", r and m being positive 
integers and $ being the radix, used for the values of y. 


4, The derivatives of ¢(x). The problem of determining the deriva- 
tives of the functions wes(x) of [3] was dealt with by Gilman [3, 
pp. 438-442 ], who obtained conditions for the existence of the deriva- 
tive on the left and that on the right at the points of the set Pes. 
The various possibilities are listed on p. 442 of [3]. The corresponding 
problem for our function ¢(x%) seems to be more difficult. Except for 
one case (see footnote 7 below), we shall obtain the values of the four 
derivatives of #(x) at all points x of [0, 1]. 

We introduce first the following notations. In this section x 
={atl1, ati, +--+ } will always denote a fixed number such that 
xepCE, xox0. If the simple continued fraction for x» has at least n 
denominators we shall denote the mth complete quotient of x, by 
Cuti-+s,, where s,=0 if x, has only » denominators and otherwise 


(5) Sa {Cou t1cati,--: f. 


In either case we have s,CE, so that 0Ss,S1/2, and we conclude 
from [8, p. 27, Rule A] that 


(6) two fatl atl amat aiH sy}. 
It follows readily from (2a), (2b) and (2c) in conjunction with (5) that 
(7) (zo) = cn, Ct, © °; Cnty Cn + $(s,)}. 


We denote the mth convergent of the simple continued fraction for x,» 
by Pa/Qs and that for d(x) by! pu/gn (m=1, 2,- - » ) and obtain 


ë Tf x: =a the polygon ie to start with P, and if sub itis to end with Pu. 
t As usual we put P_y=$1—=Qo=go—ml and Po= pa =Q =g 0. 
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(en H 1+ Sa) Pat t+ Poa 

“eF Flit O° 
[en + (Se) lba + Pas 
[cn + (5x) ]gn—1 + Gua 


from (6) and (7). If now x is any number such that t E B, x0, x xo, 
and (at least) the first »—1 denominators of the simple continued 
fraction of x agree with those of x we may write in analogy to (6) 
(9) zæ f{atieati,--+,¢41t1,c+1t+s}, 


where, as in (6), c is a positive integer and sE Æ, so that 0SsS1/2. 
Formulas analogous to (7) and (8) hold also for x. By the use of the 
formulas (8) for x9 and x and the relation Ps 1Qs2—Ps.Os-1 
= pa—ila-3 — Pa -Ga = (— 1)” we then obtain the following formula: 
A(x, zo) m [¢(z) — (10) ]/(£ — 20) 

C — Ca + CS) — (52) , (Ca H 1+ Sa)Qni + Ona 
(10) © C= ats Ss [en t els) lga + gaa 

LETA F Qua T Oo | 

[c + (s) ]gn—1 + Gus 


We shall also need the following inequalities. If x€ E, x0, we can 
write x in the form (9) with n=1, that is, x= {c+1+s} with positive 
integral c, and s € E; by (7), d(x) = {c-+¢$(s) } and hence 


(11) o(s)/2 = (c+14+5)/[c + 4(s)], 


so that p(x) /x >1. Therefore, ¢(x)/xS(c+1+s)/(e+s) S(¢+1)/cS2. 
In view of 0 £s 51/2 we conclude now that $(x)/x & (c-+1+s)/(¢+2s) 
2 (¢+3/2)/(e+1) 21+1/4c. We thus obtained for «GE, x0, 


(12) 1<1+1/4 Ss ¢(x)/exS1+1/c 8 2, 


where c+1 is the first denominator of the simple continued fraction 
for x. We now write the second fraction on the right of (10) in the form 


Qı Ca H 1 F Sa + hni 


(8) 
(To) = 





(13) oe ee 
Qa-1 Ca + $(Sn) + PCi) 

where 

ag bm feat he at tatty = Os/Qnw 


p (4-1) = Í Cet) "tg OR, ci} = Qa—a/Ja—1) 
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when #>1, and h =¢(to) =0. Obviously, 4 1C Efor n& 1. Applying the 

“outer” estimates of (12) to ¢(s,) and }(¢,_1) and using OSs,+4,151, 
we see that the second fraction in (13) is always bounded between 1 
and 2. Treating the third fraction on the right of (10) similarly, we 
obtain from (10) 


(15) Ga(Qu—1/Ga-1)? S A(z, x) S AGa (Qu 1/ga—1)?, 
where 
(16) Ga = (c — Ca + o(s) — @(Sa))/ (c — Ca F S — Sa). 


We shall now state our results, concerning the derivatives of (x). 
We shall use the notations D_, D~, D}, D+ for the lower and upper 
left-hand, lower and upper right-hand derivatives, respectively. If all 
four are equal we shall use the notation ¢/(x). We remark that, in 
investigating the behavior of the difference quotient A(x, x) as xo, 
where xC E, we may restrict also x to values of E, since for CD, 
A(x, Xo) lies between A(£, xo) and A(¥, xo), where ¢ and ¢’ are the end 
points of the D,-interval to which x belongs. 

(4.1) When xED then ġ' (x) =0. 

This follows at once from (3.1). 

(4.2) $/(0) =1. 

By (2a) we have to show that A(x, 0) =¢(x)/x—>1, as x 30+. We 
write x in the form x= {c+1+s} (see above). When x 30+, co+o, 
while 0S$sS1/2; thus our statement follows from (11). 

(4.3) When xo E Er and xy is the right-hand end point of a D,-interval 
(n 2&2) we have D_ (xo) = D-p(xo) =0, while Dyp(x0) = Dtp(x0) = (0/03, 
where Q and q are the denominators of the reduced fractions for x» and 
(Xo), respectively. When x, is the left-hand end point of a D,-tnterval 
(n 21) the above relations hold with the indices — and + interchanged. 
(For examples, see the table at the end of the paper.) 

-Let to= {it1, ati, ++ +,c.4+1} and assume that x» is the right- 
hand end point of an fecal of constancy of ¢(x), that is, that » is 
even. The first statement of (4.3) follows at once from (3.1). To in- 
vestigate lim A(x, xo) as x—>xi +, we may restrict x to numbers of E 
in the interval x<x<{a+tl, a+1, >> +, Gat, t2}. Such an 
x can be written in the form (9) with exc, and sCE, s0. By (6) 
we have in this case s,==0. Substituting these values of c and s, in 
(10) and using the reduction formulas for the Qn and qw (see [8, p. 28, 
(6) and (7) |), we obtain 


o(s) Qn (Ca + 1 + s)\On_1 + Ona 


A(x, <>) = ee 
as sgn [en + ACS) ]qa-a + gas 
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As x—%o-++, we have s—0-+ and hence, by (4.2), A(x, x0) —(Qs/qa)? 
=(QO/g)3, since x»=P./Qs and $(%0) =ps/ga. The proof for the left- 
hand end point of an interval of constancy of ¢(x) requires only the 
changing of a few symbols in the above proof. 

The result of (4.3) represents an interesting difference between our 
function #(x) and the functions wea(x) of [3]. For the latter the deriv- 
ative at the points of the corresponding sets P~ and P+ is zero on one 
aide, but +œ on the other side. See [3, p. 438, Theorem 3]. 

Before considering the case x€ Er, we shall prove the following 
lemma, concerning the fractions Q./q¢., which in this case are defined 
for all positive integral a. 


Lexma. When x»)C Er the fractions Q,/q. form an increasing sequence 
which approaches a finite limit L>1 or +, according to whether the 
tnfintte sertes 


(17) Sis 
jal 


converges or diverges. 


We have Q1/q.=1+1/c. Letj>1. Then by (14), (Q4/as)/(QH1/Gs) 
noA (Q/0) =(#,)/t;, and hence, by the “inner” estimates 
in (12), 


1 + 1/4¢; S (01/1)/(Qq1) S 1+ 1/c;. 


Multiplying over j from j=2 to j=n, we obtain for n=1, 2,--- 
IJ (4+1/4c) <Qa/qa SI [}-1(1 +1/c,). From these inequalities the 
lemma follows easily. 

(4.4) Letxo={ati,ati,--+ EEr. 

(i) If the c; are bounded then ' (xo) = +0. 

(ii) If the cj are unbounded but the series (17) diverges, then! D (x0) 
= Dto(%o) = +. 

(iii) If the series (17) converges then D- (x) and D+(xo) are fintte 
numbers greater than unity, while D_b(xo) =Did(xo) = 0. 

Let xE E, «+0, xx and let the simple continued fractions for x 
and x» agree in the first »—1 denominators but no further. We can 
then? write x in the form (9) with cca and make use of (15). We ob- 


1 No statement is being made about D_¢(x) and D,¢(x) in this case. In fact, this 
is the only problem, concerning the derivatives of ¢(x), not answered in this section. 

8 There is one exceptional case: the convergents of x, that is, the numbers 
s= f{oti, ati,---, Ca 1+1}, #=2, 3,---; cannot be written in the form (9) 
with các, and s© E. A moment’s consideration shows that their omission (as well as 
that of x=0) from the values of x in A(x, za) has no influence on the behavior of 
A(T, Xo) as X4y— OF FE +. 
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serve that x—x, means that #n—œ, while c in (9) may assume any 
positive integral value, other than Ca, and s in (9) any value of E. 
Finally, if c>c, we have x>x» (x <x) when is even (odd), while if 
c<c, the situation is reversed. 

In the case (i), the series (17) diverges, hence, by the lemma, 
QO./da—->+~. Therefore, by (15) it will suffice to show that G, i8 
greater than a positive constant for all values of », cand s (see above). 
Since the c; are bounded and in view of (5), there exists a 6, 0<6 
<1/4, such that 6<s,<1/2—8 for all n, and hence by (3.2) an e, 
0<e<1/2, such that e<¢(s,) <1—efor all n. Thus the denominator 
of G, (see (16)) is numerically less than |c—c,| +1/2, while its nu- 
merator is numerically greater than |c—c,|—(1—e). In view of 
|c—c,| 21, this shows that G,>2¢/3. 

In the case (ii) we still have Qa/qn>+œ. Hence in view of (15), 
we have only to show the existence of two sequences of numbers in E, 
approaching x», one from the left and one from the right, such that G, 
for all members of these sequences is greater than a positive constant. 
These sequences are obtained by putting c=c,+1 and s=s, for each 
n, in which case (16) gives G, =1. And for even (odd) » we have ap- 
proach from the right (left). 

In the case (iii), Qa/qa approaches a finite limit L>1 (see the 
lemma). In order to show that D~(x,.) and D*d(xo) are finite, it 
suffices by (15) to show that G, is bounded above by a constant for 
all”, cand s. But itis easily seen that the denominator of G, in (16) is 
numerically greater than or equal to |c—c,| — 1/2, its numerator is 
numerically less than or equal to |c—c,|-+1 and hence G, 34. In 
order to show that D-#(x,) and D*¢(x,) are greater than unity, we 
use the method used above in case (ii). In fact, the same sequences, 
defined by c=ca +1, s=s,, hence Gs=1, will suffice here.’ Finally, 
in order to show that D_o(xs) =D4(x.) =0, we remark that by (3.2) 
these derivatives could not be less than zero and hence the method of 
case (ii) can again be used, only that here (see (15)) we have to choose 
cand sin such a way that G,—0. Since, in case (iii), ¢,—> © and hence, 
by (5), s.0+, we may put (for sufficiently large n) c=c,—1 and 
s=1/2, 80 that, by (16), G.=(sa)/(1/2+5.) 0, as #— œ. This com- 
pletes the proof of (4.4). 

We remark that the cases (i), (ii) and (iii) of (4.4) divide the set, Er 
into three subsets, each of which has the power of the continuum. 


* By the use of more careful estimates it is not difficult to show that D~¢(x) 
= D+¢(xo) = 2L, where L=lims (On/ga). The details of the proof of this fact are not 
given here. 
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We have thus exhibited a continuum of points at which! ¢’(x) = +% 
(case (i)) and also one at which neither the left-hand nor the right- 
hand derivative exists (case (iii)). These two subsets correspond to 
the types I and IV, respectively, of [3, p. 442]. 

The methods used in this section can also be applied to the: problem 
of whether the function $(x) satisfies a Lipschitz condition: ¢(x’) 
—(x) S M(x’ —x)’ for OSx<x'S1. (Compare [3, p. 437, Theorem 
2|.) We mention without proof that (x) satisfies a Lipschitz condi- 
tion of order p=log b/log a=.546, where a={2, 2,--- }=2—1 
and b=¢(a)={1,1,- -> } =(514—1)/2, but that #(x) does not sat- 
isfy a Lipschitz condition of any higher order. The “best” value for 
the constant M, if y=log b/log a, is 10/2 =1.758. 


5. Table. The following table, which we give for the convenience 
of the reader, contains a few examples of D,-intervals, which we de- 
note here by (x1, xa); it gives the value of (x) for each of these in- 
tervals and the left-hand (nght-hand) derivative at its left (right) 
end point. The values of x and ¢(x) are written as simple continued 
as well as ordinary fractions. 


TABLE 


D,-interval = (x, (x) for D_(%1) | D4 (x) 


D~$(x:) | Dte (21) 








x 


1 
aj ese | eas 

a wma eaa 

a) ome | eas 
a| {22,2} =5/12 {2,3} =3/77 | {1,2} —2/3 
a| (2,3,2)-7/16 {2,4} =4/9 {1,3} =3/4 
{3,3} =3/10 {2,2} =2/5 | 289/25 al 
a| {2,2,3} =7717 {2,2,2,2} =12/29 | {1,1,2} =3/5 | 289/25 


1 In this connection, see [3, p. 258, footnote 2]. We also note that all quadratic 
irrationalities between 0 and 1 fall under case (i). 
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MICHIGAN STATE COLLEGE AND 
LEOMINSTER, Mass. 


NOTE ON THE DEGREE OF CONVERGENCE OF 
SEQUENCES OF POLYNOMIALS 


J. L. WALSH AND E. N. NILSON 
The object of this note is to establish the following result: 


THEOREM. Let the power series 
(1) f(s) = Do as" 
nl 


have the radius of convergence p (> 1), and let p,(s) denote the polynomial 
of degree n of best approximation to f(s) in the closed region |z| Siin 
the sense of Tchebycheff. A necessary and suficient condtiton for 


(2) lim [max | f(s) — p.(8) |, for |s| & 1]*/* = 1/p 


is that f(s) not be of lacunary structure. 
It is well known! that the equation 
(3) lim sup [max | f(s) — p,(s) |, for |z| <S i]'/* = 1/p 
, oe) 


is valid for every f(s) defined by a power series as in (1) with radius 
of convergence p. The significance of the theorem is that the stronger 
relation (2) is valid except for functions of lacunary structure, as de- 
fined by Bourion.? 

If and only if f(s) is of lacunary structure, the partial sums 
s,(8) =) _3a.z" are polynomials of degree # of which a suitably chosen 
subsequence 5,,(s) has the property (Bourion, loc. cit.) 


(4) lim sup [max | f(s) — s,,(s)|, for |s| S r]/™*<1/p, 0<r< p 


If (4) holds for a single r, 0 <r <p, it holds for every such r. 
If f(s) is of lacunary structure, then for the extremal polynomials 
p(z) of best approximation we have 


[max | f(s) — pa,(s)|, for |s| Ss 1] 
< [max | f(s) — sa,(s) |, for | s| <S 1], 


Received by the editors June 24, 1946. 

1 Walsh, Inierpolatson and approximation by rational functions in the complex do- 
main. Amer. Math. Soc. Colloguium Publications, vol. 20, 1935, chap. 4. 

1 L'ultracomvergence dans les séries de Taylor, Actualités Scientifiques et Indus- 
trielles, no. 472, 1937, pp. 9 ff. 
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whence from (4) 


(5) limssup [max | f(s) — pa,(s) |, for |s] £ 1]/** < 1/p, 
a Sida 
and (2) is not satisfied. 

Conversely, if (2) is not satisfied, then for a suitably chosen se- 
quence #, the first member of (5), which we denote by 1 /p’, is less 
than 1/p. For values of s interior to the unit circle C we have the rela- 
tions nodi 

1 getty 
Lat) =) 
2xtd o H(i — s) 
1 f s*t1p, (4) dt 
a H(t — s) ' 


1 fe PA — pA) |as 
f(s) oa Sa(3) ma zJ, aE 


lim sup [max | f(s) — su (2) |, for|s| Sr <1]¥% S r/o < r/p, 
n> 


Q = 
ant 


whence f(s) is of lacunary structure. The theorem is established. 

The generalization of equation (2), where we now consider approxi- 
mation on a suitably chosen more general point set than |s| $1, 
furnishes a generalization of the concept of functions of lacunary 
structure. 


HARVARD UNIVERSITY AND 
UNITED STATES NAVAL ACADEMY 


SUBSERIES OF SERIES WHICH ARE NOT 
ABSOLUTELY CONVERGENT 


RALPH PALMER AGNEW 


1. Introduction. It is the object of this note to give two theorems 
on series, of real or complex terms, which fail to converge absolutely. - 
The second is a corollary of the first. They say, roughly, that each 
such series becomes or remains divergent after “nearly all” of its 
terms, suitably selected, are discarded or replaced by zeros. 


THEOREM 1. If a(1)+a(2)+a4(3)+ -- és a series of real or com- 
plex terms which fails to converge absolutely, then there is an increasing 
sequence 


(1) 1Sm<m<m<::- 

of integers such that miy1:—ni—> © as n> © and the serses 
(2) a(n) + a(m) + alm) + --- 

ts divergent. 


THEOREM 2. If a(1)+a(2)+a(3)+ +--+ isa series of real or com- 
plex terms which fails to converge absolutely, then there is a sequence 
Xi, X3, %3,° °° of which each element is oither 0 or 1, such that 


(3) lim (41+ ta + e + 2)/n m= 0 
and the series 

(4) o(1) 1 + a(2)za + a(3)zs +--> 
4s divergent. 


2. Series of non-negative terma. In this section, we obtain the con- 
clusions of Theorems 1 and 2 for the case in which a(1)+a(2)+ --- 
is a series of real non-negative terms which fails to converge absolutely 


and accordingly a(1)+¢(2)+ +--+ is a divergent series of real non- 
negative terms. Choose integers 
(S) 1 = ags < bı Las Lhi LULL: 


such that, for each p=2, 3,4,---, 


(6) O En 
bea, 
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(7) anı — Bp > f, 

and , 

(8) By — a, = pY» 

where Ys, Ys, Ya °° © are integers. For each index p, 
pl yp! py—1 

(9) L E aa, +h +59) — E oh > 
0 jd Ia, 


and hence there must be an index k, such that 0 Sk, <p and 


"e—1 
(10) 2 Gay + kp + fp) > 1. 
j0 


Let x, =0 when ap Sn <a, except that x. =1 when 
(11) n= a, + k+ jh, g=0,1,--+, 7, — 1. 
The series (4) is divergent because 


Sz—1 yyl 
12) F alne F alap t kp + jt) > 1. 
=a, fê 


Let 1, 3, na, °° > denote in increasing order the values of n for which 
x, =1. The series (2) then becomes the series obtained by omitting 
zero terms from (4) and hence (2) is divergent. Moreover the sequence 
1, m, na- is so constructed that neu— ni >œ as n—>œ, and 
therefore (3) holds. This gives the conclusions of the theorems for the 
case in which the series have real non-negative terms. 


3. Serles of complex terms. Let a(1)+a(2)+ +--+ be a series of 
complex terms for which | a(n)| = œ, Let a(n) =b(n)+ic(n) where 
b(n) and c(n) are real. Then at least one of 
(13) BLA) 2, Elhe o 

bel kl 
holds. If the first holds, let d(k) =b(k); otherwise, let da(t) mm ¢,(#). Let 
(14) dt(k) = [| a(k) | + a(k], E) = 2-4] | d(A) | — aC) 
so that d+(k)20, d-(k) 20 and d(k) =d+(k) —d-(k). Then at least 


one of 


(15) 2 ae ae 


120 R. P. isl 
holds. If the first holds, let, e(k) =d+(k); otherwise, let ¢(k) =d-(k). 
Then > e(k) is a divergent series of real non-negative terms. There- 


fore, as was proved in §2, there is an increasing sequence m, such that 
fleii—f%,— © and the series 


(16) (mi) + elm) + elm) + ++ 
is divergent. Let 
(17) elni) + elni) + (md) +- 


be the subseries of (16) obtained from (16) by omitting all zero terms. 

Then #p+a—#p—>œ and (17) is divergent. Since d+(k)=0 when 

d-(k) 0, and d-(k) =0 when d+(k) +0, it follows that the series 
G(ni) + alni) + dlini) +--- 


is divergent. Hence at least one of ))b(#s) and )vc(n#) is divergent 
and therefore > a(n ) is divergent. This completes the proof of Theo- 
rem 1 and hence also that of Theorem 2. 


CORNELL UNIVERSITY 


ABSOLUTE AND UNCONDITIONAL CONVERGENCE 
M. S. MACPHAIL 


A series ) w1% whose terms are elements of a Banach space B is 
said to converge absolutely if DEA converges, unconditionally if 
every rearrangement converges. If a series converges absolutely it 
converges unconditionally; absolute convergence and unconditional 
convergence are equivalent in any finite-dimensional Euclidean space, 
whereas in L3, for instance, there are simple examples of series which 
converge unconditionally but not absolutely. The question in what 
spaces the two definitions are equivalent is left open by Banach [1, 
p. 240].! It may be conjectured that unconditional convergence does 
not imply absolute convergence in any infinite-dimensional space (cf. 
[2, p. 30]), but the problem does not seem to have been explicitly 
treated. The purpose of this note is to obtain a criterion for the equiv- 
alence of the two notions in a given Banach space. As examples of 
its use we shall show that unconditional convergence does not imply 
absolute convergence in the spaces L and J. The result for L is already 
known (see for example [3, p. 45]), but the result for 7 has not, to 
the author’s knowledge, been stated elsewhere. 

We shall need the following definitions. Let S be any (finite) se- 
quence of elements $, &,---, £ in B. We do not require that 
the $; be all distinct, and we shall understand by addttion, Si+ Ss, 
the mere adjoining of the two sequences. Thus we might write 
(1, 2, 2, 3)+(3, 2, 1)=(1, 2, 2, 3, 3, 2, 1). By cS (c real) we under- 





stand the sequence cf, ch, -° cp We shall use two norms, 
Isl=Zlel, [st = op] Dal, 
where o is any subset of 1, 2 verified that 


1, 2,-+-, p. It is easil 
S+S =| Si -+[ Sa], talsi] les) lel lS], and 
cS|*=|c||.S|*. Define further, when | S| ~0, 
G(S) =| 5|*/| S|. | 

Note that 0<G(S)S1. Let g=inf G(S), taken over all sequences 
SCB. 

THEOREM." If g=0, unconditional convergence does not impiy ab- 
solute convergence in B. If g>0, the two are equivalent. 


Received by the editors July 25, 1946. 
* Numbers in brackets refer to the references cited at the end of the paper. 
2 Suggested to the author by Garrett Birkhoff, in conversation. 
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Proor. (i) If g=0, we can find a sequence {Sa} such that 
G(S.) <4-*, Put c,=2*/|S,|, and SJ =c,S,. Then | SJ | =c,|S,.[ = 2°, 
and |S,/|*<4-*|S/|=2-*. A well known necessary and sufficient 
condition for unconditional convergence of a series )_+, is that given 
¢>0, we can find N such that |2 ra| <€, where s is any finite set of 
integers, all greater than N. From this it is easily seen that the series 
formed by summing the elements of St +S +57 + +--+ converges 
unconditionally but not absolutely. 

(ii) If g>0, we may write | S| <| S|*/g, and it is now easily seen 
that unconditional convergence implies absolute convergence, and so 
the two are equivalent. 


COROLLARY 1. Unconditional convergence does not imply absolute 
convergence in L. 

Proor. Let r,(#) denote the Rademacher orthogonal functions on 
OStS1, defined by r.(#) =26,(#)—1, where.¢,(t) is the nth digit in 
the binary expansion of t, the value 0 being assigned at points that 
have two such expansions. Thus r,(#) takes the values —1 and +1 
alternately on intervals of length 1/2*. 

We shall show that if S,—=(ri, rs, ° °°, fa), we have 


(1) | Sa[*/| Sal 0, 


from which the desired result follows by the theorem. Evidently 
|.s,| =. Moreover, when o is a subset containing p of the numbers 
1,2,--+,, use of the Schwarz inequality and the orthogonality of 
the functions r(t) gives 

2 1/2 

ast m= pil, 


fz] if E 


Hence, since $ S7, [Sa] *<n1/1, Therefore (1) holds, and the proof is 
complete. 


COROLLARY 2. Uncondstional convergence does not imply absolute 
` convergence in I. 











Proor. Since there is no nectssity for the sets S, to have common 
elements, we may write i 


Six{(-1, 1, 0, 0 0,---)}, 
Sa = {(- 1, Ta 1, 1, 1, 0, 0, 0, ces ), 
(— 1, I=; 1, 0, O, 0,:--)t, 
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S3 az {(- 1, a 1, me 1, = 1, 1, I, 1, 1, 0, 0, 0, mee F 
(— i, Bg 1, 1, 1, s Í, = 1, 1, {, 0, 0, 0, oo ), 
[= 1, 1, zaa 1, 1, ag 1, 1, — 1, uF 0, 0, 0, Doi Jh 


and so on. Then |S,| = 2*5. Denote the sequences which make up S,, 
taken in the order indicated, by R$, R$, ---, Fà, and denote the mth 
term of K by Ri(m). Then 


pawoj, 


as in Corollary 1. We then have |.S,| */ |.S.] 40, and the result follows 
as before. 


> 


Mmm 








>. rali) | ads 2° 91/2, 
be 
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ACADIA UNIVERSITY 


A PROPERTY OF DEFIVATIVES 
J. A. CLARKSON 


If a real function defined over a closed interval [a, b] is differen- 
tiable at each point of the interval, it is well known that its derivative 
possesses the Darboux property: if f'(c)<&</’(d), then there is a 
point ¢ between c and d with f’ (e) =&. 

Now let a, 8, with æ <$, be any two axed reals, and consider the set 
Ela, b) = E{x/a<f'(x) <}. It is easily seen, as a consequence of the 
Darboux property, that any such set E(a, 8) must contain a con- 
tinuum of points, unless it is empty. The question of the measure of 
E(a, 8) does not seem to be covered in the literature, except in the 
case in which the given interval is either (— œ, $) or (a, + œ). We 
prove that any such set E(a, p) is either empty or of positive measure. 

We remark that this result cannot be deduced from the Darboux 
property alone; Lebesgue exhibited £ function! which possesses that 
property without satisfying the measure condition. Another ex- 
ample is the following. Let C be the Cantor closed nondense set of 
measure zero and power c in the unit interval, and let {Ts} (#=1, 2, 
3, ---+) be a sequence of linear transformations such that the sets 
T.(C) are disjoint, and such that any sub-interval of [0, 1] contains 
some T,(C). We take T; to be the identity. Let the function g(x) be 
defined on C in such a way as to assume all values from zero to one 
inclusive; on 7'(C) let g(x) =g(Ts1(x)). On all remaining points of 
the unit interval set g(x) =0. It is clear that this function g 
the Darboux property, but that the set E{x/1/2<g(z) <a) will be 
nonvoid and of measure zero. 


THEOREM. If f(x) is real and everywhere differentiable in the closed 
interval [a, b], then for any iwo reals a, B (a <B), the set 


E(a, 6) = E{z/x < f(z) <8} 
is empty or of postice measure. 
Proor. We start with the following known result:? if a continuous 
function f(x) is differentiable in tke interval [a, b], with the possible 
exception of a denumerable set of points x, and if f'(x) is non-negative 


almost everywhere, then f(x) is nondecreasing. It follows that if f'(x) 
exists for all x in [a, b], and f’(x}ZA [or f'(x) Su] for almoet all x, 


Received by the editors July 9, 1946. 
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then f’(x) 2) [f’(x) Su] for all x in [a, b] (by considering the functions 
f—dx, f—pe). In other words, if a function is differentiable every- 
where, then the least upper and greatest lower bounds of its deriva- 
tive are not changed if sets of measure zero are neglected in computing 
them: this is the theorem which resulta from our formulation if either 
a= — © or f= + œo. We shall make use of this remark in the following 
argument. 

Consider a, 8 arbitrary and finite: write E for E(a, 8B). Suppose E 
not void, and mE =0; we shall show that a contradiction results. 
We write E,mE{z/f'(x)Sa}, Es E{x/f'(x) 28}, so that the in- 
terval |s, }] = E+E,4+E,, the three sets being disjoint. 

First, ECE, -Ef . To prove this relation, assume the contrary 
and let xo belong to E but not to EJ ; then x» is in the interior of some 
interval U, U- Ea void. But then in the interval U the set of points 
where f’ <f is not empty, since it contains x», but is of measure zero, 
since it is a subset of E. This contradicts the special case of our theo- 
rem which was referred to in our preliminary remark. Thus ECE, , 
and by a similar argument, ECEg also. 

The derivative f’(x) belongs to Baire’s first class, and hence, by a 
known theorem,? if A is any subset of [a, b], and f’ be considered for 
the moment on the domain A alone, its points of discontinuity must 
form a set of the first category relative to A. Take for the subset A 
the closure of our set E: this set, E, being closed, is of second cate- 
gory relative to itself, and hence we shall have a contradiction if we 
show that f'(x) is everywhere discontinuous considered on the domain 
E. This may be seen as follows: let xo be a point, first, of E itself. Since 
ECE - Ef, we have for any interval I which contains xo 


sup <2) & P, we Sa 


Because f’ possesses the Darboux property, we infer 
sup f'(x) = £, inf f(x) =a, 
s&EI.N sEI-N 


so that we have now shown that, considered on domain E, and so a 
fortiori on domain £, the function f’ is discontinuous at each point 
of E. On domain E the saltus of f’ at each point of E has been shown 
` to be at least 8—a; the same, then, will be true at each point of E. 
The function f’ has now been shown to be everywhere discontinuous 

considered on domain F; this completes the proof. 


THE UNIVERSITY OF PENNSYLVANIA 


* Kuratowaky, Topologie, Warsaw, 1933, p. 189. 


THE CONVERSE OF A THEOREM OF TCHAPLYGIN ON 
DIFFERENTIAL INEQUALITIES 


J. ERNEST WILKINS, JR. 


1. Introduction. Suppose that y(x) is a solution of the linear differ- 
ential equation 


(1.1) y” — py’ — pry —g = 0, x = To 
where f1(x), f(x) and g(x) are continuous when +22», and that 
(1.2) y(to) = Yo, y (2) = yö.. 

Then if v(x) satisfies the differential inequality 

(1.3) v’ — pit’ — pw — g > 0, £ 2 Xo, 


and the same boundary conditions as y(x) at xo, it is clear that the 
inequality 
(1.4) o(z) > y(x) 


holds in some right-hand neighborhood of xo. Tchaplygin! has proved 
that the inequality (1.4) holds when'x)<x-x; provided that there 
exists a solution A(x) of the Riccati equation 


(1.5) M+ AX + pr + (of — p21) = 0 


which is continuous when x»<x<*;. Let X(xo) be the least upper 
bound of values x, for which the Riccati equation admits a continuous 
solution when x9<x<x,. Then the inequality (1.4) holds when 
£o <x S X(x), and Petrov [2] has shown that if pı and pı are con- 
stants no better result is true. That is, if pı and f, are constants and 
X (xo) is finite, then there exists a function v(x) satisfying (1.3) and 
(1:2) for which v(x) = y(x) at a point arbitrarily close to but greater 
than X (xo). It is the purpose of this paper to show that this last re- 
sult is true without the restriction that pı and p, are constants. We 
prefer to state our results in terms of and make our proofs depend 

Presented to the Society, November 2, 1946; received by the editors September 16, 
19-46, j 

1 The author knows this result only by virtue of a reference to it contained in the 
_ paper of Petrov [2], and there it is not made clear whether or not Tchaplygin took 

the interval from ze to x; to be open, as we have written it, or closed or half-open. It 
follows, however, from the results obtained in §2 that this statement is true for the 
open interval and hence is a fortiori true for the closed and half-open intervals. Num- 
bers in brackets refer to the bibliography at the end of the paper. 
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upon properties of solutions of the homogeneous linear differential 
equation 


(1.6) w” — piw — pu = 0, 
rather than solutions of the Riccati equation (1.5). Apart from the 
trivial advantage that we do not need to assume that ,(x) is differ- 


entiable, it is possible to give simpler and more natural proofs using 
(1.6) than (1.5). 

2. The main theorem. We are going to prove the following theorem. 

THEOREM. If y(x) satisfies (1.1) and (1.2), and if v(x) satisfies (1.3) 
and (1.2), then the tnequality (1.4) holds when xo<x <x, provided that 
there exists a solution u(x) of (1.6) which does not vanish when xo <x <x.. 
Let uo(x) be a solution of (1.6) such that u(x) 30, ud (xo) =1, and let 
X (x0) be the first sero of uo(x) to the right of xo if any such sero exists: 
otherwise, let X (xo) = + ©. Then the interval where x) <x < X (xo) is the 
largest interval tn which the inequality (1.4) can be asserted to hold. In 
other words, etther X(x) =+ œ or else there exists a function v(x, k) 
for each suffictently small positiive k which satisfies (1.3) and (1.2) and 
for which v| X(x) +k, k] <y[X (x0) +k]. 


Let us define s(x) =o(x) —y(x). Then 
(2.1) 8” — pis’ — pe = (zx) > 0,  s(2) = s(x) = 0. 


If u(x) is a solution of (1.6) and one defines the Wronskian of u(x) 
and s(x) to be 


W(x) = u(x)s’(x) — u’(x)s(x), 
then it is easy to see that 
(2.2) W"(x) — pi(z)W(z) = u(x)d(z), Wao) = 0, 


whence we have that 

(2.3) W(x) = f w(s)6() PCa, s)as, 
where P(x, s) is defined as . 

(2.4) PGs) Sexo J " pald)de. 


Suppose now that s(x) vanishes at some point to the right of xp, 
and that x* is the first such point. Then when x =x", equation (2.3) 
reduces to 
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(2.5) uae (at) = fuel PCA, sas 


Since s(x) >0 to the left of x* we have that s’(x*) $0. It now follows 
from equation (2.5) that «(s) must change sign when x9<s<x"*, for 
otherwise the two sides of (2.5) could not have the same sign. This 
remark is equivalent to the first sentence of the theorem. 

If X(xo) = +, then s(x) can never vanish to the right of xo. In 
this case the inequality (1.4) holds whenever x >xo. Let us now sup- 
pose that X(x») is finite. Let x; be any point to the right of X (xo) 
such that ##(x) has no zeros between X (xo) and x3. Let u(x) be the 
solution of (1.6) such that #(xs) =0, #’ (x1) = —1. It follows from the 
separation theorem for the zeros of solutions of second order linear 
homogeneous differential equations [1, p. 224] that there is a unique 
point x, between x» and X (xo) such that #(x:) =0. For this function 
u(x) we get from equation (2.3) that 


a 
s(a) = f OAOE sas 
a 
To complete the proof of the theorem it is sufficient to show that for 


each x, subject to the restrictions already imposed on it a postive 
function $(s, x1) can be found such that 


(2.6) [Hos a) P(en sds < 0. 

If b>0, the function (s, x1) defined as 
p(s, va) = [1 — bu(s)]/P( xs, 5), To LSL um, 
$ls, ta) = 1/P(z3, $), LiL S< M 


is surely positive’ For this function the integral (2.6) has the value 


J : er ee f i u%(s)ds 


and will certainly be negative if b is sufficiently large. 

To round out the results of this paper we shall now show that the 
number X(x) defined in the theorem coincides with the number 
X (xo) defined in the introduction by means of the Riccati equation 
(1.5). We prefer to replace (1.5) by 


Cae w+ ut — pu — pr = 0, 
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where up =A-+4, and define X1(x9) as the least upper bound of num- 
bers x: such that the equation (2.7) admits a solution continuous when 
xo <x <x. Since p, is continuous this number is the same as that de- 
fined for the equation (1.5) in case p; is differentiable, but X1(x9) is 
defined even though p: is not differentiable. A function u(x) satisfies 
(2.7) if and only if u(x) =u’ (x)/u(x), where u(x) is a nontrivial solu- 
tion of (1.6). Hence solutions u(x) of (2.7) which are continuous when 
xo <x <x correspond in a one-to-one fashion with families of func- 
tions cu(x), where c is an arbitrary nonzero constant, which satisfy 
(1.6) and which do not vanish when x»<x<x,. It follows that 
Xi(%») is the least upper bound of values x, for which the equation 
(1.6) admits a solution not vanishing when *»9<x<x,. Since every 
solution of (1.6) must vanish when x»<x3X(x»o) we have that 
X1(%o) S X(x), and since u(x) does not vanish when x9<x<X (xp) 
we have that X(xo)S.Xi(xo). Therefore, X(x) = X1(xo). 
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THE BEHAVIOR OF MEASURE AND MEASURABILITY 
UNDER CHANGE OF SCALE IN WIENER SPACE 


R. H. CAMERON AND W. T. MARTIN 


1. Introduction. Denoting by C the space of all real-valued continu- 
ous functions x(t) on OS#S1 which vanish at ¢=0, we consider the 
magnification, or change of scale, 


(1.1) y(-) = Ax(-) 


for \ a nonvanishing real number. An investigation of this transforma- 
tion leads to some very surprising results. For example, we find that 
there exists a subset C, of C with measure equal to the measure of 
the total space, 


(1.2) Me(C1) = m(C), 


which is transformed into a set of measure zero by every transforma- 
tion of the form (1.1) except when A= +1. Thus, 


(1.3) MAC) =0 - for — œ <à < œ, ì * +1, 


where AC, denotes the set of all functions y =\x for which EGC. 
This result is based upon the following theorem which we prove in 
§2: 


THEOREM 1. Denote by o,(x) the sum 


(1.4) o.(z) = Ef: (=) = 2(? > 3) 
Then for almost all x the limit 


lim o(a) = f | dat | 





extsts, and 
(1:5) ` f | dæ(ġ |>= 1/2 © for almost all x. 


Using Theorem 1 and certain lemmas to be proved in $§3 and 4, 
we also obtain the following theorem, which we number as Theorem 3. 


THEOREM 3. Let fA) be a piven function of A defined for all positive N 

and satisfying OSIA) S1. Then by an explici construction (without the 

Presented to the Society, April 27, 1946; received by the editors August 6, 1946, 
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use of Zermelo's axtom) we can construct a specific set E such that E is 
measurable under all magnifications and Ma AE) =f) for ad X>0. 


We shall prove this theorem in $4. 
Throughout this note we shall use the measure on C defined by 
Wiener. 


2. Proof of Theorem 1. Let m be any positive integer, and let 
(2.1) O = hha <<). 


Later we shall take m to be of the form 2*, and #,==7/2*; for the pres- 
ent no such specialization need be made. Denote by sa(x) the sum 


(2.2) sa(3) = 3 (at) — aleh 
We shall now evaluate the integral 
(2.3) J {sa(z) — 1/2}%den = J Onie J Osea. 


Each of the two integrals on the right can be expressed as an m-fold 
Lebesgue integral which in turn can be easily evaluated. Thus 


MEO = hilh = #1) 25 (bey P ts) 
0 


Lo Lewes 


ep f- x (Ege ae wee 


fal by — t 
(2.4) g 


_ conf ae j Saa, — #21) 


—o ful 


i ae 1 
Ca — I; — EE — e 
7 ts p1) 2 


1 Generalised harmonic analysis, Acta Math. vol. 55 (1930) pp. 117-258, especially 
pp. 214-234. See also other references to Wiener’s work given in this paper. (For fur- 
ther properties of Wiener measure and the Wiener integral, see Transformations of 
Wiener integrals under a general class of knear transformations by R. H. Cameron and 
W. T. Martin, Trans. Amer. Math. Soc. vol. 58 (1945) pp. 184-219; see also other 
references there.) 
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Similarly 


J, Motes af "pee f. J2 Yad wa | 


=f Bales 
rn f [Èe ta) 


Ba S aE m) | 
j=1 p=j+1 


(2.5) i 
2 
exp \- Dat ns ss dn 
}1 
3 m 
= ee ti)? 
pe m 
=}, De (ty— teats — tri). 
t7 fel pH 
On specializing the #; to be 
(2.6) : fy = f/m, j=0,1,--+,m, 


and inserting (2.4) and (2.5) into (2.3) we obtain 





2. 
au Pe RE 1 

ám 2m? 2 2 4 2m 
This relation enables us to prove Theorem 1; letting m range over the 
subsequence 2*, n=1, 2, 3, +--+, we see that (2.7) yields 

kd 1 2 
(2.8) f Ee — =] dak =m 
o 2 


A familiar argument yields the convergence almost everywhere of 
g(x) to the value 1/2. In fact, denote by E, the set of x's for which 


(2.9) | ox(x) — 1/2| z 2”. 
Then by (2.8) 
(2.10) m(E,) < 2-*/3, 
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Hence if Fao Fat Enit Ent E 


(2.11) mF) & 2R HYD onn < 6n, 
But on C— Fa 
(2.12) | o,(z) — 1/2) < 271” forj = m n+ 1. 
Hence for each positive integer #, we have 
(2.13) lim ox) = 1/2 for z on C — F,. 
Thus 
(2.14) lim o,(z) = 1/2 
fin 
cept possibly in the set FiFsFs;---. But 


(2.15)  mo(FiFoPs>--) S mln) < 6-20, 92 1,2,3,-°-. 


Thus me(F:F:F; - + > )=0 and (2.14) holds for almost all x. This con- 
cludes the proof of Theorem 1. 


3. Invariant and non-invariant null sets. We now introduce the 
notion of an invariant null set. 
DEFINITION. A set E is called an invariant null set if for all `A>0 


(3.1) MAE) = 0 


where AZ is the set consisting of all functions y(-)=Ax(-) for which 
x(-)EE. 

Notation. The set of x(t) in C such that So de(t) |? does not exist 
will be denoted by D. 

For each À & 0, the set of x(t) in C such that 


f. lex = 72 


will be denoted by G. 
LumMa 1. The sets Cy and D are invariant null sets. 
Proor. Clearly ACo = Co and AD =D while by Theorem 1 
Me(Co) = me(D) = 0. 
LEMMA 2. The measures of the seis Cy are as follows: 


e(C1) = 1, Me(Cy) = 0 iff Ax 1, Me DS c) = 0, 
Aps1 
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Proor. The first statement follows immediately from Theorem 1. 
Then the third statement follows from the first (since $ o< m1Ca is 
contained in the complement of Cı which is a null set) and the second 
follows from the third. 


Lemma 3. The sets Cy (for 420) and D are all disjoint, and their 
sum 4s C. 


This follows immediately from the definitions of C, and D. 
LEMMA 4, For all non-negative \ and positive u 
wl), = Cy. 
PROOF. Obviously we have o,(ux) =y%0,(x), and hence if xCCy, 
lim Talx) = p? lim o,(x) 


so that f4|d(ux(t))| 3 = u™3/2, and ux E Cpr- 


LEMMA 5. 
1 
m (— G) = 1 for ahd > 0, 
1 
me(— a) = 0 fur dAsp>0,A eB 0; 
u 
1 
mel » —G)=0 for each fixed A 2, 0. 
H 


These three statements are immediate consequence of the three cor- 
responding statements in Lemma 2 and the transformation property 
of Lemma 4. 


COROLLARY 1. In the decompossison of C into disjoint sets: 


C=D+C+ 2 G+ 
OC pt 1 


there are only two tnvartani null sets, namely D and Co. The set Cı ts of 
measure 1, whale the other sets Cy (0<A51) are non-tnvartant null sets. 


4. Construction of sets having prescribed measures after change 
of scale. In this section we prove Theorem 3 and some related results. 


LEMMA 6. Given iwo real numbers \ and u satisfying the inequalities 
OSASuS1, there exists a subset E of C such that 


Mel E) =A and MoalE) = p. 
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We know that there exists a subset F of the real numbers s on the 
interval I: (OSsS1) such that m,(F) =) and m,(F) =u. Now apart 
from null sets, the Wiener mapping? T takes J into C in an essentially 
1-1 measure-preserving way, and since inner measure can be defined 
in terms of the sup of the measure of suitable (measurable) sets and 
outer measure can similarly be defined in terms of the inf of the meas- 
ure of suitable (measurable) sets, it follows that the set E=TF in 
the space C has the desired property. 


THEOREM 2. Let f(A) and g(A) be two functions defined on the set of 
a positive A and completely arbstrary except that 


Os fs £0) S1 on0 <2. 
Then there extsts a set E such that 
(4.1) Miw(AE) = f(A) and me(XE) = g(r) for aid > 0. 


Proor. By Lemma 6 and Zermelo’s axiom there exists a one-pa- 
rameter set of sets Ey such that mi(Ey) =f(A) and tte(E,) =g). De- 
fine By = CB). Then 


B ~ & = R(C —C), 


and since C—C, is a null set (cf. Lemma 2), so is Ex — Æ. Thus & 
differs from F, by a null set and hence has the same inner and outer 
measure as Ez: 


(4.2) Miel Ey) = f(A), Mel) = g(d), 0 <A. 
Now define i 
(4.3) E= > (— i). 
<p \ 


We shall show that E has the required properties, (4.1). Consider 
ÀA n x A ee 
LE = > (= é,) oh+ > > i). 
<a \ Bb <a 
Now since £C C, we have by Lemma 4 


ZC )2E0 9-264) 


and thus by Lemma 5 


t Loc. cit. 
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is a null set. Thus AZ and £#, differ by a null set and hence have the 
same inner and outer measures. Hence, by (4.2), (4.1) holds with E 
defined as in (4.3). 


COROLLARY 2. Let f(A) be an arbitrary function satisfying OSf(A) S1 
on 0<). Then there ts a se E which ts measurable under every magnifi- 
cation and such that m.(XE) =f(A), 0<A. 


We now strengthen Corollary 2 by showing that in this case the set 
E can be constructed explicitly (without Zermelo’s axiom). This is 
the content of Theorem 3 as stated in the introduction. 

To prove Theorem 3, consider the quasi-interval Q; with only one 
subdivision #,=1 and with the corresponding lower and upper bounds 
Eand œ respectively. Thus 


Qe: E < (1). 
Now 


Meli) = Ea edo = «—V/2Erfc(£). 
3 


gifa 


It is clear that Erfc(£) is a decreasing function of £ all the way from 
— œ to œ, decreasing from x42 at — œ to 0 at œ. Thus Erfe (w) is 
a single-valued decreasing function on OSwSx?, decreasing from 
Erfc—1(0) = œ to Erfct(x!?) = — œ, Thus if v is any given real num- 
ber on 0 Sv £1, there is an explicitly constructed number ¢, namely 


£ = Erfe! (a!) 
such that the (explicitly constructed) set Q; has the measure 
win(Qt) = 9. 
From here the proof goes as in Theorem 2: Let Ex= Qa, where 
b = Eric (ef). 


Then let =F, and 
l- 
E = > (— i). 
oca \ H 


It is clear that E has been explicitly constructed. Also 
mel) = Mel) = fA); 
and as before 


j ae 
hE= E+ DO (— z,) 
H 


<ar 
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a |. 
My È ao is) = 0, 
2- 
80 Me(AE) = mel E) =f(A), and the theorem is proved. 


5. The final theorem. Our final theorem is the following paradoxical 
sounding theorem. 


THEOREM 4. Let F(x) be a piven one-parameter family of functionals, 
there being one functional for each positives value of \ and each functional 
being defined on C. 

Then there exists an explicitly constructed functional F(x) such that 
for each positive À 


[i 


and 


(5.1) FAx) = F(x) almost everywhere on C. 
For the proof we merely let 
= 
(5.2) F(x) = Fy (=) on C for all A > 0 
and take 


F(x) = 0 on Co and on D. 


By Lemma 3, these sets are all disjoint and hence there is no x for 
which F(x) has been defined twice (that is, the definition is self-con-- 
sistent), and again by Lemma 3 the sum of these sets is C, and hence 
F(x) is defined for every x in C. Moreover the definition is entirely 
explicit (and hence Zermelo’s axiom has not been used explicitly or 
implicitly). 

Now for all positive à and u we have by (5.2) 


(5.3) F(u2) = Fy (5) 
for xE Cay, that is, for x on (1/u)C,=(Cy,,). Taking p=), we have 
(5.4) FAT) = F (z) on C; for each à > 0. 
But m,(C) =1, and hence for almost all x in C we have 
FAx) = F(x) for each à > 0. 
Thus Theorem 4 is proved. 


THE UNIVERSITY OF MINNESOTA AND 
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ON THE SET OF VALUES OF A FINITE MEASURE 


PAUL R. HALMOS 


Let X be any set, let S be a o-field of subsets of X (that is, S is 
a class of sets containing X and closed under complementation and 
the formation of countable unions), and suppose that u is a finite, 
non-negative, and countably additive measure defined for the sets 
of S. Concerning such measures Kai Rander Buch has recently proved 
the folowing two statements.! 


THEOREM 1. The set of values of u is closed. 


THEOREM 2. If u and v are two finite measures defined on the same 
o-field S of sets, then the set of all points of the form (u(E), v(E)), where 
EES, ts a closed subset of the plane. 


Buch’s proofs are long and complicated and make use of an intricate 
construction involving the Cantor set in order to map the measure 
space X on an interval.? It is the purpose of this note to give direct 
and simple proofs of Theorems 1 and 2. It is worth remarking that 
(a) Theorem 1 is a trivial corollary of Theorem 2 (set »(E) identically 
zero), (b) there does not seem to be a completely trivial proof of Theo- 
rem 2 from Theorem 1 based on elementary properties of product 
spaces, and (c) possibly both theorems can be made to appear as 
special cases of a theorem on measures whose values are suitably 
general entities (such as, say, elements of an ordered abelian group). 

An atom of a measure space X is a measurable set E of positive 
measure such that for every measurable subset FC E either u(F) =0 
or (E — F) = 0. If E is an atom of X we may replace X by the space 
whose points are the points of the complement of E together with a 
single point of measure u(E). Since the set of values of u is not altered 
by this replacement we may and do assume that all atoms contain 
exactly one point. Since p(X) < œ, X can contain at most countably 
many distinct atoms. Let Y be the union of the atoms of X and write 
L=X—Y. 


Received by the editors August 9, 1946. 

1 Some investigations of the set of values of measures in abstract space, Matematisk- 
Fysiske Meddelelser vol. 21 (1945). 

* Such constructions were previously employed for the same purpose by John 
von Neumann, Zur Operatorenmethode in der klassischen Mochanik, Ann. of Math. 
vol. 33 (1932) p. 602, and J. L. Doob, Stochastic processes with am integral-valued 
parameter, Trans. Amer. Math. Soc. vol. 44 (1938) p. 91. 
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LEMMA 1. Every measurable s ECZ of positive measure contains 
measurable subsets of arbsirarstly small positives measure. 


Proor. Since E is not an atom there exists a measurable subset 
FCE for which 0 <u(F) <u(E). Write E, for that one of the two sets 
F and E— F whose measure is not greater than u(E)/2. Similarly we 
may construct a set Fy E: such that 0 <p(Ey) Su(F,)/2, and proceed 
so on by induction. 


LEMMA 2. The sei of values of u om measurable subsets of Z is the 
closed interval 0 Sx Su(Z). 


Proor. If (Z) =0 there is nothing to prove. If 0 <æ <u(Z), we may 
apply Lemma 1 to find a measurable set E,CZ such that 0 < u(F,) Sa. 
If the equality holds we are finished; if not we may apply Lemma 1 
to find a measurable set E;CZ—E, such that 0<yu(Ey) Sa—pn(Z)). 
Proceeding in this way, by transfinite induction if necessary, we ob- 
tain a countable sequence of pairwise disjoint measurable sets the 
union of which has measure a.? 


Luma 3. The set of values of u on measurable subsets of Y is closed. 


Proor. Let 91, Ys, -+- be the points of Y. Let T be the set of all 
sequences y= {| €, @, -> } where ¢=0 or 1. In the customary to- 
pology of Cartesian product spaces T is a compact topological space 
and each of the functions ¢,=«,(y) is a continuous function.‘ It fol- 
lows from the finiteness of u( Y) and the Weierstrass M-test that the 
function ¢ (y) defined by the series 


plr) = Dd) euli) 


tæl 


is also a continuous function on T. Since a continuous image of a 
compact space is compact and therefore closed’ and since the image 
(T) is exactly the set of all values of u on subsets of Y, the proof of 
Lemma 3 is complete. 

It is not difficult to put together Lemmas 2 and 3 in order to prove 
Theorem 1. It is however a little more convenient not to do that di- 
rectly but, with the proof of Theorem 2 in mind, to establish first two 
easy but mildly interesting topological lemmas. : 

* The device used in the proof of Lemma 2 finds frequent application in measure 
theory; it is called the method of exhaustion. 

“See Soloman Lefschetz, Algebraic topology, Amer. Math. Soc. Colloquium Publi- 
cations, vol. 27, New York, 1942, p. 19, 

§ See Lefschetz, op. cit. p. 18. 
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, Lew 4. Let S be an arbtirary set and let f be a function defined on 
S and taking values in a topological space R. A necessary and sufficient 
condition thai there exist in S a topology with resped to which S ts com- 
pact and f ts continuous ts that the image f(S) be a compact subset of R. 


Proor. The necessity of the condition asserts merely that a con- 
tinuous image of a compact space is compact. To prove sufficiency 
` suppose that f(.S) is compact, and consider all those subsets of S which 
are of the form f-1(U) where U is an open set in R. Defining each 
such set to be open in S makes S into a topological space (without 
any separation axioms in general) on which f is continuous. Since any 
open covering of S is obviously induced by an open covering of f(S), 
S is compact with respect to the topology described. 


LEMMA 5. Suppose that S ts a set which is a compact space with re- 
spect to each of two topologies T, and Ts. Let T be the weakest topology 
on S (that is, the one with fewest open sets) whose open sets include all 
open sets of both Ti and Ty. Then S ts compact with respect to T. 


Proor. The class of all sets of the form UV, where U is open with 
respect to T, and V is open with respect to Ts, is a base of the open 
sets of T. If Sis covered by sets of this form then (because of the com- 
pactness hypotheses) it is covered by a finite number of the U’s that 
occur and also by a finite number of the V’s that occur. It follows 
therefore that S.is covered by the finite class of sets obtained by in- 
tersecting each one of the finite number of U’s with each one of the 
finite number of V’s. 


LemMa 6. If 7; and Py are two measures defined on the same o-field S 
of sets and if the set of valuss of each of them ts a closed and bounded 
set on the line, then the set of all potnts of the form (71(E), »(E)), where 
ECS, ts a dosed and bounded subset of the plane. 


Proor. By Lemma 4 we may introduce a topology T; into the space 
S of measurable sets so that S is compact and »; is continuous, 
4=1, 2. By Lemma 6, S is compact with respect to the weakest to- 
pology T which is stronger than both T, and T3, and it is clear that 
the introduction of additional open sets does not affect the continuity 
of rı and Py. It follows that the point (»,(£), »(Z)) depends continu- 
ously on E (with respect to the compact topology T) and that con- 
sequently the set of all such points is compact. This completes the 
proof of Lemma 6. 

We return now to the notation of Lemmas 2 and 3. If for every 
_ EES we write ¥i(E) =u(EY) and »(£) =p(2Z) then Lemmas 2 and 3 
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assert that the conditions of Lemma 6 are satisfied by p, and m. It 
follows that the set of all points of the form (u(EY), u(EZ)) is a com- 
pact set. Since the function f(s, t) —s+# is continuous, it follows that 
the set of all numbers of the form 


u(E) = (EY) + u(EZ) 


is also compact, and this proves Theorem 1. Theorem 2 is an immedi- 
ate corollary of Theorem 1 and Lemma 6. The method of proof shows, 
incidentally, that the obvious generalization of Theorem 2 from two 
to # dimensions is also true. 


UNIVERSITY OF CHICAGO 


LIMIT DISTRIBUTION OF THE MAXIMUM AND MINIMUM 
OF SUCCESSIVE CUMULATIVE SUMS OF 
RANDOM VARIABLES 


ABRAHAM WALD 


1. Introduction. For any positive integral value N, let Xm, XN, 

. - +, Xyy be independent and identically distributed random varia- 

bles each having standard deviation 1. Let uy denote the mean value 
of Xya and let 


(1.1) Swe = Xni + Xna t+: + Xe 
Two cases will be considered: (1) the sequence { N" tuy} converges to 


a finite value as N ©; (2) limy.N™/2uy = œ. In case (1) we shall 
obtain for any positive constants a and b the limit values of 


(1.2) Py(a) = prob {max (Swi, +++, Sun) < aN} 
and 
Pila, b) = prob {— bN"? < min (Swi, °°: , SNN) 

< max (Syin ** + , Syn) < aN™?} 
as N— œ. In case (2), we shall obtain for any real value c the limit of 
(1.4)  Qw(c) = prob {max (Swi, -> , SuN) < Nun + cN™3} 


as No, 

In the particular case when uy=0 and a=b, the limit values of 
(1.2) and (1.3) were recently obtained by Erdds and Kac [1].* The 
case when py <0, especially when py N"? converges to a finite value, 
is of particular importance in the theory of sequential tests of statisti- 
cal hypotheses. It will be seen in §3 that the limit distribution of the 
number of observations required by a sequential probability ratio 
test can immediately be obtained from the limit values of (1.2) and 
(1.3), and vice versa. 


2. Proof that the limit values of (1.2) and (1.3) do not depend on 
the distribution of the X’s. It will be assumed in this section that 
un N"? converges to a finite value as N— œ. The independence of the 
limit values of (1.2) and (1.3) of the distribution of the X’s was 
proved by Erdés and Kac [1] in the special case when uy=0 and 
a=b. To deal with the more general case considered here, we shall 

Received by the editore, July 29, 1946. 

1 Numbers in brackets refer to the references cited at the end of the paper. 
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(1.3) 
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follow essentially their method of proof. Let k be a positive integer, 
and let i 


N , 
(2.1) m= |>] (j= 1,2,-+-, k), 
(2.2) Pya) = prob {max (Sym, +++, Suna) < aN}, 
and 


Ey, ™ prob { Syr e GN13, Swi 
< aN! , Swen < GN 8} (y m 1,- N). 


Let, furthermore, e be a positive number. Following Erdös and Kac, 
for Ni: <r S N. we write 


(2.3) 


Ey, = prob {Swe 2 aN, Swi < aN", +++, Sur 
as < aN, | Sww,,, — Snel & aN} 
+ prob {Swr Z aN, Syı < aN,- -© , Sw, 


< aNi/1, | Sava, mo SNr < N1}, 


Clearly, the first of these probabilities is equal to Ey, prob {| SnN,a 
—Sy-| ZEN}. Since 


(GS). Ermes SNe NN a 
by Tchebychef’s inequality we have 
prob { | Sww,4,— Swe] & aN} 





(2.6) (Nin N) + (Wer — Ne) uN 
7 eN 
Since 
Noi — Ni 1 N 1 
yo wt os} al] 
1 1 
sS r F WV = —7 
we obtain from (2.6) 
2 2A 

(2.7) prob {| Swaia, — Swe | & N13} S = (1 +=) 


where A is an upper bound of the sequence {Nph}. From (2.4), (2.7) 
and the equation 
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: re 
(2.8) >) Ex, = 1 — P(e) S 1, 
q=] 
we easily obtain 
N 2 2A 
rr = Ses (3) 
r=] € 
2.9 
aa +22 2 prob {Sw & aN”, 
í Ni<cráN, +: 
SN1 < aN? a ee SW 1 < a N12, 


| SNN, — Swr| < NYP}. 


Clearly, the double sum is less than the probability that at least one 
of the sums Syw,, © © © , Sww, exceeds (a — e) N12. Hence 


(2.10) 1— Pla) S (1 + “) +1— Pw ula —e). 


This inequality can be written as 


2 2A 
(2.11) Px »(a = €) = (i + = s Px(a). 


Let Gai, © © © , Gap be normally and independently distributed ran- 
dom variables with mean u/k" tand variance 1, where p = limy N"! tuy. 
Let, furthermore, 


TEE e E E Gy, (i= 4,-+-, k). 
It follows from the central limit theorem that 


(2.12) lim Py,»(a) = prob {max (Rat, Ireneza Raa) < aki!?}, 
N-a 


From (2.11), (2.12) and the relation Py(a) <Py (a) we obtain? 


2 2A 
prob {max (Rs -+ , Ras) < (a — okt} — al! +7) 
(2.13) < lim inf Px(a) < lim sup Py(a) 


s prob {max (Rii aes, Ris) < akti?) 


If the distribution of the X’s is such that |Xw.| is constant, 
limy.Pwx(a) exists and is a continuous function of a, as will be seen 


2 This inequality corresponds to inequality (1) in [1]. 


1947] CUMULATIVE SUMS OF RANDOM VARIABLES 145 


in §3. Let P(g) denote this limit. Using the arguments given by Erdés 
and Kac [1, pp. 295-296]; one can show that inequality (2.13) im- 
plies that for any arbitrary distribution of the X’s we have 


(2.14) lim Py(a) = P(o). ` 
J-a 


It will be seen in §3 that also limy_,Pw*(a, b) =P*(a, b) exists and 
is a continuous function of a and b when the X’s are distributed such 
that | Xas| is constant. The proof that limy—Py*(a, b) = P*(a, b) for 
any arbitrary distribution of the X’s can be carried out in exactly the 
same manner as that of (2.14). 


3. Determination of the limit values of (1.2) and (1.3) when the 
distribution of the X’s is such that | Xx,| is constant.* In this section 
it will be assumed that | Xy;| is constant and that Nuy converges 
to a finite value as N—> œ. The limits of (1.2) and (1.3) as N—>© can 
easily be obtained from some results in the theory of sequential tests 
of statistical hypotheses (see [2] and [3]). 

The sequential probability ratio test for testing a statistical hy- 
pothesis Ho against an alternative hypothesis H; is defined as follows: 
Let H; be the hypothesis that the elementary probability law of the 
random variable X under consideration is equal to f;(x) (#0, 1). Let 





fi(z) 
z = log 
Jo(2) 
and 
Jalas) 
Z, = log ——— 
2 fo( 2») 
where x, denotes the kth observation on x. Thus, Zi, %, °- - , ad inf. 


? This problem is intimately connected with a discrete mode! for the Brownian 
motion of a particle moving in a field of constant force (that is, gravity). Let a par- 
ticle starting from the origin move along the x-axis in such a way that in each step 
it can move Ax to the right or Ax to the left with respective probabilities p and 
g=i—yp. Let the duration of each step be Af. This random walk becomes a model 
of the Brownian motion in a field of constant force in the limit when Az—0, AsO, 
2p—1-+0 in such a way that (Az)!/2Ai= D, (2p—1)/2Ax—c/4D where c and D are 
physical constanta, The problem of finding the probability that the particle should 
remain in an interval around the origin during a time interval (0, #) is equivalent to 
the problem of finding the limit value of (1.3) when | Xys| is constant. 

The limit values of (1.2) and (1.3) are obtained here without difficulty from some 
previous results of the author [2]. In a subsequent publication [4], M. Kac treated 
the special case of a free particle (c=0) using an interesting and entirely different 
method of attack. His method could be extended to treat also the case when cy40. 
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are independent and identically distributed random variables. The 
test procedure is carried out as follows: two positive constants a and 
b are chosen. At each stage of the experiment, at the éth trial for each 
integral value +, the cumulative sum 


Z=titatee: ti (i = 1,2,---, ad inf.) 


is computed. Additional observations are taken as long as —b < Z: <a. 
The first time that this inequality does not hold, the test procedure 
is terminated. Let n denote the smallest integral value of 4 for which 
Z, does not lie in the open interval (— 5, a). H, is accepted if 2,24, 
and Hy is accepted if Z.S —6. 

It has been shown in [2] that for all points ¢ in the complex plane 
for which the absolute value of #(#) = E(e**) is not less than 1, the fol- 
lowing identity holds: 


(3.1) Elp] = 1. — 


Assume now that s can take only two values, g and —g (g>0). 
Let p denote the probability that s=g. Then the expected value of s 
is equal to 


(3.2) u = g(2p — 1) 
and the variance of s is given by 
(3.3) ot = gt[1 — (2p — 1)?]. 
Let 
p? 
(3.4) m= a Mt, 


(n/a?) r wer — Apl — 1/2 
Go, ios log aalik A 


and 
er g (eler — Ap — y 
2p 
where 7 is a purely imaginary variable. Since the absolute value of 
plil] = eee 
is equal to 1, we may substitute #,(r) for tin (3.1). We then obtain 
(3.7) E(e=ti em) = 1 (i = 1, 2). 
For any random variable # and any relation R let E(u| R) denote 


66. dys log 
£ 


t 
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the conditional expected value of « when R holds. For any value r, 
let [r] denote the smallest integer not less than r. Since Z, can take 
only the values g[a/g] and —g[b/g], equation (3.7) can be written as 


follows 
b b 
prob fz. —_— — |>] g tibe] tir) z (em Za o = :|—|) 
E £ 
(3.8) 
G a 
+ prob $z. = d [jemno B(em|Z, = d=) = | (į = 1, 2). 
£ £ 
Solving the two linear equations (3.8) in the unknowns y(r) 


= prob {Z, = — g[b/g]} E(em*|Z, = — g[b/g]) and ya(r) = prob{Z, 
=g[a/g]}E(e*"|Z,—g[a/g]), we obtain 


E(e™") = ¥ilr) + ¥a(r) 
(3.9) eolelela(r) 1. g-alblala(r) — erialal) — gaibh.) 





ot lelalh (re /alta(r) — gele/elia(r)}-9 Je] ir) 


We shall be interested in the limiting case when u and o take a se- 
quence of values such that 


(3. 10) limp=0, limo=0 and lim = d, 
where d js a finite value not equal to 0. It follows from (3.2) and (3.3) 


that (3.10) is equivalent with 


2p —1 


(3.11) lim(2p—1)=0, limg=O and lim d. 





It can easily be verified that 

1 OT + (1 — 4p(1 — peer 

— log ———$$ 
2p 

converges to 

(3.12) — d(1 + (1 — 7)" 


uniformly over any finite r-interval as u, ¢ and y/o? approach ‘the 
limit values given in (3.10). Hence the characteristic function of m 
given in (3.9) converges to 
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; gTr) 1 ghd (1+ (11) 18) — gad (1+ (1-11) — gba (1— (111) 
(3.13) VG) grt (1-1) 09) + bd (14+ (1 A) ged (14+ (11) 1/9) 449d (1— (1-1) 9) 
uniformly over any finite r-interval as p, e and u/s? approach the 
limit values given in (3.10). i 

The characteristic function ¥(r) has been inverted in [2] yielding 
the limit distribution of m. Denote this limit distribution by F(u), 
that is, F(u) = prob {m <u} where m is a random variable whose char- 
acteristic function is equal to (r). The value of F(u) depends on the 
constants ad and bd, since these constants are involved in the char- 
acteristic function (7). To put this dependence in evidence, we shall 
also use the symbol F(#| ad, bd). 

We shall now express the limit value of Py*(a, b) in terms of 
F(u|ad, bd). It is assumed that Xy; can take only two values, gy 
and —gw (gw>0). The values gy and prob{ Xy;=gw} are chosen so 
that the standard deviation of Xy, is equal to 1 and the mean value 
of Xx: has the prescribed value uy. We consider the case when 
My- N"? = d>540. Let the distribution of s be equal to that of 
Xyi/N™?, The mean and standard deviation of z are then equal to 


(3.14) p = uy/ N3 and o = 1/N1? 
respectively. Hence, the limit values of u, e and u/s? as N= œ are 
equal to those given in (3.10). Clearly, 


Px(a, b) = prob {n > N} 


(3.15) pè ux N 
; = prob {m > ZN} = prob ER, 
20? 2 


Since limy—oinN¥/2ead and since the limit distribution F(u) of m 
is a continuous function of u, we obtain from (3.15) 


ar i d? 
(3.16) lim Ph(a, b) = 1 — (> 
N=“ 





ad, bd) (d = 0). 


The above formula is valid for d0 .We shall now determine the 
limit of Py*(a, b) when d =0, that is, when limy— iy. N1? = 0. Since the 
value of Py*(a, b) depends on the value of dy =yuyN/?, we shall put 
this in evidence by writing Py"(a, b| dy). 

Clearly, for any d0, we have 


Pla + 2|d|,d+2|a||0) > PX(a, b| d) 


(3.17) > Px(a — 2| d|, b — 2| a| |0). 
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It follows from (3.17) that P 
lim inf Px(a + 2| 4|, bd +2|4||0) 2 1- r(2] ad, ba) 


(3.18) 
z lim sup Px(a — 2| a], b — 2| |10). 


If uy =0, it follows from the first limit theorem of Erdös and 
Kac [1] that limy., prob {max (Sy1,---, Syw) < aN"?} and 
limy.. prob { min (Swi, °° °, SNN) > —bN"3} are continuous func- ` 
tions of a and b. This implies that lim supy Py*(c, b|0) and 
lim infy=—~ Py*(a, b| 0) are continuous functions of a and b, and that 

lim lim sup [Px(¢ + 2| a|, b+ 2| d|| 0) 
€=0 N=“. 


d — Px(a — 2| d|, — 2| 4|] 0)] = 0. 


It follows from (3.18) that 
lim sup Px(a + 2| a|, + 2| 4|| 0) 
H= a 
— lim inf Py(a + 2|d|,b+2ļa||0) 
N-a 
S lim sup [Pala + 2|¢|,5+ 2| 4|| 0) 
— Py(a — 2| d|, b — 2| a| | 0)]. 

Hence, because of (3.19), we have 


lim [lim sup Py(a + 2| d|,b-+ 2| {| 0 
Nma 


d=0 


— lim inf Py(a + 2| d|, d +2ļa|| 0] = 0. 
F“. 


The existence and continuity of P*(a, b| 0) =limy—. Py (a, b| 0) follows 
from the above equation and the continuity of lim supy—, P73 (a, b| 0) 
and lim inf y~ Px (a, b| 0). Hence, because of (3.18), we have 


x1) 


Let {dy} be a sequence of values such that limy—.. dy =0. Substitut- 
ing dy for d in (3.17) and letting N— ©, we obtain 





d=0 


(3.20) PYG, b| 0) = tim [1 — #(F 


(3.21) jim Px(a, b| dy) = P*(a, b| 0) = lim E -#(S| ad, sd) | 
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We shall now show that 
(3.22) lim Py(a) = lim lim Py(a, b). 
Nm» a=a Huw 


To prove (3.22), it is sufficient to show that 
(3.23) lim lim inf prob {min (Swi -+> , Sun) > — ON} = 1. 
b- a -o 


Let r be an upper bound of | N"34x|. Clearly, 


(3.24) prob {min (Swi, -++, Sww) > (— b+ r) N13} 
| < prob {min (Sw1,-++,Sww) > — bN2/3] 


where Sy,=.Sy;—tuy. Since according to the first limit theorem of 
Erdds and Kac [1] we have : 


lim lim prob {min (Swi ---, Sww) > (— b + r) N) 


=u New 
2 1/2 br 
- tim (=) Í eËldi = 1, 
dua T 0 


(3.23) follows from (3.24). Hence (3.22) is proved. 
If lim (u/o?) =d >0and bo, the characteristic function ¥ (r) of m 
given in (3.13) converges to 


(3.25) yrr) = eo-an, 
This characteristic function has been inverted in [2] and the corre- 
sponding distribution function of m is given by 


H(m)dm = (aha? Hom) maddy (OS m< œ). 


WAZ 


Hence 


(3.26) Ta Px(a) = prob {1m > a = f Hoan 


We can summarize the results of this section in the following theo- 
rem. 


THEOREM. If limy.. uwNY*=d <0, the limit value of the probabil- 
tiy (1.3) is given by 


P*(a, b| d) = prob {n> = 


1947] CUMULATIVE SUMS OF RANDOM VARIABLES 151 


where m 4s a random variable whose characteristsc funciton ts given tn 
(3.13). If d=0, the limit value of (1.3) is equal to lim ao P*(a, b| d). 
For any finte valued, the limit value of (1.2) +s equal to liN P*(a, b| d). 
If d>0, the limi value of (1.2) ts given explicsily in (3.26). 

4. Derivation of the limit value of (1.4) when limpy N4¥/*= œ. In 


this section we shall determine the limit value of the probability 
Qy(c) defined in (1.4) assuming that 


(4.1) lim py N1? a œ, 


We can assume without loss of generality that uy >0 for all N. Let r 
be a positive number and let A(N) be a positive integral-valued func- 
tion of N such that 


(4.2) A(N) < N, wo eee 
N=- N 
N — A(N) 
gi Nua “yn as 


where © &r'>r. It follows from (4.1) that such a function A(N) ex- 
ists. Because of (4.2) and (4.3) we have for sufficiently large N 


prob {max (Swi, °° Sman) < Naw + cN1/2} 
(4.4) > prob {max (Swi, +++, Swan) < M)uw + (c + 3} 
> prob {max (Sxi +--+, Sman) < (6+ 1) NY} 
where 
(4.5) ows ™ Swi — tun. 


Let e>0. Since for uy =0 we have lim... limy—. Py(c)=1, there 
exists a fixed value rp (independent of N) such that 


é 


(4.6) lim prob {max (Sws Sman) < (c + rN} = 1 — a 
Putting r=ro, we obtain from (4.4) and (4.6) 
(4.7) prob {max (Swi, °° > oon < Nun + cN} 21-6 
for sufficiently large N. Hence 
prob {max (Swi, -+ © , Sww) < Nun + cN¥3} 
(4.8) < prob {max (Swaansy °, SN) < Naw + cN’) 


S prob {max (Swi, -+ , Sun) < Nuw + cN} + e 
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for sufficiently large N. From (4.2) and the first limit theorem of 
Erdés and Kac [1, p. 292] it follows easily that 


ae prob {max (— Syn + Sw, +++, — Sw 
4.9 
oo) + Swaan) < dN} = 1 


for any positive 6. Since the inequality 


max (— Sun + Swine ++, — Sww + Swans) < SNIN 
implies the validity of max (Smaqw1, °° ©, SNN) @Swwt8N1/2, we 
obtain from (4.9) 
(4.10) Mii prob {Syy Smar (SNAMH eae Syn) SSywt8NU3} mf, 


Since 
, l p 
(4.11) =. prob {Syy < N uN + oN} cs aan A Ndt, 


we obtain from (4.10) 


1 e 
— f olds 
(rJ a 
| & lim sup prob {max (Swaai ++: »Sww) < Nun + cN") 
' (4,12) at ad 
È mi inf prob {max (Syagn+ +++ , SuN) < Nuy + cN") 


T. f teas 
(24) 1/3 —a 
Since ô can be chosen arbitrarily small, it follows from (4.12) that 


lim prob {max (Syagniy +++) Syn) < Naw + oN} 


= Gain 5 eid, 


Finally, it follows from (4.8) and 5 13), since ¢ can be chosen arbi- 
trarily small, that 


lim prob {max (Swi * © , Syx)'< Nuw Hena} 


Nun 


(4.13) 


(4.14) 


- ay : oe one 
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NOTE ON THE ZEROS OF Py(cos 6) AND dP.*(cos 6)/d8 
CONSIDERED AS FUNCTIONS OF n 


C. W. HORTON 


In many physical problems in which the boundary conditions are 


specified over the surface of a cone, it is necessary to know the roots 
of the equations 


(1) P, (cos 0) = 0 
and 
(2) dP% (cos 6)/d0 = 0 


considered as functions of #. This problem has been solved by 
Bholanath Pal.! In these papers he develops infinite series for the 
roots # which converge rapidly and are very suitable for numerical 
computation. In deriving his solution Pal introduced a parameter k 
which takes on successive integer values and thereby yields successive 
roots of the equations. 

It is the purpose of this note to point out that the value $ =1 with 
which Pal commenced the series does not always give the first root 
of the equation, and sometimes it gives a number which is not a root 
of the equation. For example, in treating the equation P*(cos 6) =0, 
Pal gives three roots: n=4.77, 2.26, 1.52, corresponding to values of 
8 equal to 15°, 30°, 45°, respectively. That these values are not roots 


Received by the editors August 19, 1946. 
* Bull, Calcutta Math. Soc, vol. 9 (1917-1918) p. 85: vol. 10 (1918-1919) p. 187. 
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of the equation can be established by examining the Tables of asso- 
ciated legendre functtons.* 

In numerous instances the value k=1 does not give the first root 
of the equation. In several of these cases the series for» will converge 
when & is set equal to zero, although in one or two instances the se- 
ries apparently does not converge. 

The tables given by Pal for the roots of dP,(cos 0)/d0=0 start 
with the second root, and apparently he was not aware of the fact 
that a smaller root existed-which could be obtained from his formulae 
by setting k =0. This occurs also in his table of roots for the equation 
dP*(cos 6)/d§ =0 for 8 =15° and 30°, although in the case of 0 =45°, 
k = 1 does give the first root. 

Thus, although Pal’s formulae give satisfactory methods of com- 
puting the roots of equations (1) and (2), they must be used with 
discretion, since it is difficult to ascertain if the formulae yield more 
or less than the correct number of roots. Amended lists of the roots 
of equations (1) and (2) are given in Tables I and II respectively. 











TABLE | 
Roots of P™(cos 6) =0 treated as a function of n 

0 =15° § = 30° 0 =45° 

m n m n m n 
0 8.45? 0 4.13? © 0 2.59? 
20.60 10.03 6.52 
32.55 16.02 10.51 
44.53 22.01 14.51 
56.53 28.01 18.50 
68.52 34.01 22.50 
ani! 14.14 aail 6.83 +1 4,40 
26.30 12.91 8.44 
38.36 18.93 12.46 
50.39 24.95 16.47 
62.41 30.96 20.47 
+2 19.214 TZ 9.394 +2 6.154 
31.67 15.62 10.28 
43.90 21.72 14.34 
56.03 27.78 18.37 


2 A. N. Lowan, Columbia University Press, 1945. 
3 Values overlooked by Pal. 
‘In these sequences Pal gives a smaller value that does not exist. 
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TABLE II 
Roots of dP” (cos 0)/d9 =0 treated as a function of n 
615° 0 = 30° 0 m 45° 

m n m n m % 

0 14.12 0 6.83 0 4.42 
26.29 12.89 8.33 
38.35 18.93 12.34 
50.39 24.95 16.34 
62.41 30.96 20.35 

24.35 
+1 6.803 +1 3.19 1 2.00 
19.88 9.71 6.32 
32.11 15.82 10.33 
44.22 21.87 14.34 
56.28 27.89 18.34 
68.32 33.91 22.34 
+2 11.80? +2 5.753 $Z 3.73 
25.06 12.38 8.15 
37.58 18.58 12.24 
49,83 24.68 16.26 
61.96 30.74 20.28 
14.03 36.78 


UNIVERSITY OF TEXAS 


FROM AMONG n CONJUGATE ALGEBRAIC INTEGERS, 
n—1 CAN BE APPROXIMATELY GIVEN 


TH. MOTZKIN 


1. Summary. Given » arbitrary complex numbers £1, + -+ + , 8, it is 
easy to construct (see 6.2) an irreducible algebraic equation 


alas a Si ceca A, 


with complex rational coefficients a,, such that its # roots %1,-- +, fs 
lie within assigned neighbourhoods of s:,---+, Z.. If the numbers 
£1, ° °°, 8 are symmetric to the real axis, then there exists an equa- 
tion with real rational coefficients whose roots are near gı, + * , Za. 
If, however, the coefficients œ, are required to be integers, then in 
sufficiently small neighbourhoods there will be no system ĝi, © * +, $n, 
except possibly the system 31, * * © , Z, itself, as follows immediately 
from the continuity of the coefficients as functions of the roots. 

In this note we prove (Theorem 3.2) that for every n—1 given 
numbers #1,: ++, S 1, and every «>0, there exists an irreducible 
equation with complex integral coefficients a:, * * - ,a, and with roots 
ft, such that t,—s,| <e for »=1,:--, n—1. The same is true (§5) 
for real integral coefficients provided that the numbers g1, +++, 8.1 
are symmetric to the real axis. Some remarks on the possible location 
of the free root f. are added ($4). 

The proof of the main theorems employs the well known facts of 
the solubility of a system of linear Diophantine inequalities under 
certain conditions, and of the uniform continuity of the roots of an 


algebraic equation 
bayt +--+: +5, = 0 


with general complex coefficients b,, as functions of the ratios of these 
coefficients. A topological proof of the latter theorem is prefixed (§2) ; 
uniform continuity, and incidentally ordinary continuity, of the roots 
of an algebraic equation is exhibited as a consequence of the classical 
proposition of set theory that asserts the uniform continuity of every 
topological mapping of a compact space.! 





2. The theorem on uniform continuity. 2.1. Every polynomial 
s” teogy* 1+... + a, 
corresponds to a point a= (Gi, -- +, Gs) of the complex affine m-space 


Received by the editors June 17, 1946. 
1 For example Sierpiński, General topology, p. 99. 
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A,. The system (sı, - +--+, %4) of the roots of the polynomial can be 
considered as a point of the complex symmetric-affine s-space Z, that 
is obtained from the ordinary affine n-space by identifying points 
(81, °--°, 83) that have the same coordinates s, in different order. 
Neither A, nor Z, is compact. 

The closure of 41=2Z, formed by adding the point œ is the com- 
plex projective one-space Bı. By allowing z, to take the value œ, the 
space Z, is enlarged and becomes the symmetric-multiprojective 
space Y, that contains as a all the systems (1,---, Ya) of 
roots of equations dey"+ --- +b,=0. The coefficients bp, =- +, ba 
are the coordinates of a point of the complex projective m-space B,; 
to every point of B, there correspond infinitely many points of Asi 
with normalized coordinates, that is, such that >>|b,|?=1. Any two 
normalized representations of the same point of B, differ by a factor 
à with |A| =1. 

The spaces Y, and B, are compact, and since the mapping of 
y=(sr,--+, Ya) On b=(bo, -- +, ba) is one-to-one, continuous, and 
defined for every y, this mapping is topological. 

2.2, An,appropriate metric of B, is obtained by defining the dis- 
tance p(b, b') between two points of B, as that between the two 
infinite subsets of A,,: corresponding to the two given points, that 
is, as the least p for which there exist normalized representations of : 
and b’ with È lb, —b; |2)¥2=p, or alternatively, max,| b, —b; | = p,? 
The normalized representation of one of the points, say b, can be 
arbitrarily chosen when determining the distance; there follows at 
‘once p(b, b) +e, bd) & p(b’, b). 

In particular the distance p(y, y’) between two points y and y’ of 
B,= Y, is defined as the least p wi (| 181 |?+-| s — — g; | 2) 1/2 == p fora 
suitable representation y=s,/t, y’=si/s{ with |s:|2+|s|?=|s/ |? 
+ | sd | Bs 1, or equivalently by use of the spherical distance. 

In the same way a metric of Y, can be introduced by defining the 
distance p(y, y’) between two points of Y, as that of the sets of iden- 
tified points, that is, as the least p for which there exists a permuta- 
tion 1’,- +--+,’ of 1, +--+, n such that all p(y,, Y'r) Sp. 

With these definitions of distances in B, and Y,, the theorem on 
the uniform continuity of every topological mapping of a compact 
space entails: 

If the distance between the coeffictents of two polynomials of the same 
degree ts less than e, the distance between their systems of roots is less than 

? Or by any other natural extension of a metric from one to more dimensions, in the 


sense of Th. Motzkin, Sur le prodwit das espaces métriques, Comptes Rendus du 
Congrès International des Mathématiciens Oslo 1936, vol. 2, p. 137. 
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e’, and «’—>0 for 0. 

The example of the polynomials es*— 1 and 1 shows that uniform 
convergence independently of the degree n does not hold for the above 
distance; perhaps it holds for a ‘similar definition in regard to 
>, (b,s)” =0. 


3. The theorem on approximation by conjugate integers. 3.1. For 
any given complex number z and every e>O there extsis a root [ of an 
irreducible algebraic equation [*+-aif+a,=0 with complex integer co- 
efficients o and œ such that |t — s| <e. 

Proor. The function a? maps the parallels to the axes through 
complex integers into two orthogonal systems of equilateral hyper- 
bolas. For integral a— œ their consecutive intersections become arbi- 
trarily near to each other. The non-integral numbers {=a¥?2—a’ with 
complex integral æ and q’ are therefore dense on the whole plane. 

Alternatively, this theorem is a particular case of 3.2 and can be 
proved in the same way, every step of the proof becoming much 
simpler. 

3.2. For any n—1 given complex numbers 


£1, °° ° y Saml 


and every «>0 there extsts a system 


(ps teal 


of roots of an irreducible algebraic equation (*+af*!+ --- +a,=—0 
with complex integral coefficstents a, such that 


It, -#| <e, peters. 


3.3. Proor. The numbers s, are roots of an equation s*~!-+ a,5*—? 
+ +++ -+¢,1=0 with general complex coefficients Oy ™ Cra tiv, 
We assume the real numbers 


1,¢61,°°* , Cana 


to be rationally independent, that is, not to fulfill any homogeneous 
linear equation with coefficients that are rational and not all 0. If 
necessary we can achieve this independence by slightly changing the 
numbers cı, - +: , Csa one after the other, always avoiding the enu- 


3 With the same proof, the theorem on uniform continuity may be enunciated for 
polynomials with # real roots, even before introducing complex numbers. Indeed, the 
theorem on uniform continuity and that on the existence of the roots of an algebraic 
equation (the “fundamental thearem of algebra”) are independent of each other. 
For a topological proof of the “fundamental theorem,” see W. L. Chow, Math. Ann. 
vol. 116 (1939) p. 463; for an elementary proof see Th. Motzkin and A. Ostrowski, 
Preuss. Akad. Wiss. Sitzungsber. 1933, p. 255. 
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merable set of values with a rational relation between them and the 
preceding numbers. Because of the continuity of the roots of an alge- 
braic equation, the new roots 3, are near to the old ones, so that 
numbers ț, near enough to the new roots s, are also near to the given 
ones. 
3.4. We also assume the numbers z,, and every subset of them, not 
to be a system of roots of an algebraic equation with complex integral 
coefficients. Otherwise replace the s, by ZA with a suitable real ra- 
tional A near 1. This does not affect the above property of rational 
independence, since the a, are only multiplied by real rational factors. 

Then the existence of a system ți, ---, fs of roots of an algebraic 
' equation with complex integral coefficients entails its irreducibility for 
sufficiently small e. For if there existed a sequence of reducible sys- 
tems with e—0, then infinitely many of them would have a subsystem 
belonging to the same indices » <n. Passing to the limit, the corre- 
sponding s, would form a system of roots of an algebraic equation 
with complex integral coefficients. 

3.5. Now if there exist complex integers a1,--+, a, such that 


| (a1 — ma) — (Gr41 — trti) | < éns, yoi,---,s#—1, 


where G. =0, put a:—a1=s,. Then the coefficients œs of tatontet 
+.----+a, differ from those 


O41 = Opt — Dfa ™ 1 — Gti + Gar 


of (g—s,)(s*—!+a,3"—?-++ --- +a) by less than e, and the coeff- 
cient of s™! is af =a, in both polynomials. Hence the distance be- 
tween the points (1, a1,---,a,) and (1, aï, *'*, G» ) in complex 
projective n-space is less than ée, and &—0 for &e—>0. By the theorem 
on the uniform continuity of the roots of algebraic equations, the 
roots ti, :°:,¢, and gi, * > * , 84 may be so arranged that the spheri- 
cal distance (or distance as defined in 2.2) between corresponding 
roots is less than e¢3, and `es—>0 for &—>0. Hence |}, — s] <e, 
yot,+--+,n—1, and e—0 for &—0. 
“Since af =a, we have {:+ ---+f,—si:+--+->+s,, whence 
|a — z| <(n—1)e. 

3.6. Now a theorem of Kroneckert states that, for rationally inde- 


pendent real 1, cı, Ca, -- - , arbitrary real di, da, - - - , and e> 0, there 
are real integers a,>0, Yı Ys,° °° such that | ac. — Yn — da] <é, 
u=1, 2,---. Taking di, ds, - » + as the real and imaginary parts of 


010, — Gr41, we see that the Diophantine inequalities at the beginning 
‘For example Hardy-Wright, Theory of numbers, p. 370, Theorem 442. 
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of 3.5 can be solved for complex integers a1>0, a= yit4y2, °° > 
This completes the proof of 3.2. 
For a given æ, there is at most one solution, if 4 31/2. 


4. Situation of the remaining root {,. 4.1. For every N>O there is 
an e(N)>0 such that for e<e(N) otther |t,| >Nort,=8, v—1,---, 
n—Il. 

Proor. There exists either no value ¢ with |t| SN such that 
81, °° *,8s1,{ are the roots of an algebraic equation of degree n with 
complex integral coefficients, or one value, or (for the roots sı, - + - , Sal 
of an algebraic equation of degree n—1 with complex integral coeffi- 
cients) every complex integer { with | t | <N is appropriate; at any 
rate the number of the possible { is finite. For a given ț, a system {, 


close enough to the numbers s;, - - - , sa, { must coincide with them; - 
let € be a distance ensuring coincidence for every ¢. Now if there ex- 
isted for every e’=1, 1/2, 1/3,++- values t, with [fal SN and 


[tst] & e for every possible ț, then a subsequence of these t, would 
converge to a new ¢. Hence no such ¢, exists for a certain e’; then we 
may put e(N) = min(e’, €o). 

4.2. There exist, however, values {, near any given direction. 
More precisely: 

The numbers {1,- © © , (a may be required to have their sum in a given 
half sirip that contains a complex integer; or, what is less, fa may be re- 
quired to be within a given angle with arbitrary vertex and arbstrarsly 
small aperture.§ 

PRooF. The second part of the theorem follows immediately from 
the first part. Indeed, since every angle contains a half strip with 
infinitely many complex integers, the sum —q, may be required to 
be within a given angle. Hence the same is true for Zs —G,—a, and, by 
the inequality [fas] <(#—1)e at the end of 3.5, for ta. 

To prove the first contention, we remember that by 3.5, it is enough 
to show that the complex integer a; can be determined such that the 
numbers a,c; are, mod integers, near given numbers. If the given 
half strip contains an integer ray y+ dx, x>0, we put m=y+8e’, 
a’=1,2,-++. The Diophantine inequalities for a’, as, œa » -> are 
soluble, as in 3.6, if 1 and the real and imaginary parts of the numbers 
a,5 are rationally independent. Now every rational relation between 
them might be written as an equation 5,8,0,8 + ô’ =c with complex 
rational 8, and 8’ and real c; putting ô, ô= 8; , this would become a 


* A strip between, but not including, two parallel straight lines is divided by a non- 
parallel line into two half strips. A strip or half strip contains infinitely many complex 
integers either if it contains an integral ray (half straight line through two complex 
integers) or if its direction is irrational: otherwise it contains no com plex integer. 
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similar relation for the numbers a,. But the real and imaginary part 
of these numbers, and 1, have been supposed to be rationally inde- 
pendent. 

On the other hand, if the given half strip has an irrational direction, 
- that is, if it contains a ray x+(cx-+c’)¢ with variable real x>N (or 
x< N) and given real c’ and real irrational cç, then the imaginary part 
y’ of amy +iy' is required to be near cy-+c’. Hence the numbers cy, 
a,(1++4c)y have to be, mod integers, near given numbers, for a y>N 
(or y <N). Such numbers exist provided that 1, c, and the real and 
. Imaginary parts of ai(1-+4#c), +--+, da(l+¢c) are rationally inde- 
pendent, which can be attained, as in 3.3, by small changes of the 
numbers.a,. 


5. The approximation theorem for real coefficients. 5.1. For any 
given numbers Si, +++ , Ea that are symmetric to the real axis and every 
e>0 there extsis a system [1,---, (a of roots of an algebraic equation 
trta --++a,20 wth real integral coeficients a, such that 
f,—3,| <e for al ySn—1. 

' Moreover, |, may be required to be real if the corresponding z, +s real, 
and [, may be required to be on a given real ray. 

The proof is as in the general case. The real numbers s, can be 
changed a little so as to be different from each other; then the sym- 
metry of the corresponding roots {, will compel these roots to be real. 
This change should be effectuated before the displacement ensuring 
that the numbers 1, Gi, - + - , Ga~ are rationally independent and that 
the s, have no subset which is the system of roots of an algebraic equa- 
tion with real integral coefficients. The latter condition entails irre- 
ducibility, the former the solubility of the Diophantine inequalities 
for real integral a, and a, on the given ray, whence the theorem. 

5.2. Rational independence as required for this proof can also be 
attained by a simultaneous translation, according to the lemma: 

For every fintte set 1, +--+, Za that ts symmetric to the real axts and 
every e>0 there exists an e with O<e’<e such that the coeficients 
1, al, ** * , Ga of the equation with the roots s: +’, +--+, Sate’ are 
rationally independent. 

Proor. Otherwise, for every e’, there would hold a rational relation 
with coefficients not all 0. The set of rational relations being enumer- 
able, and the set of e’ between 0 and e not, there would exist a relation 
holding for infinitely many e’. Since the af are polynomials in ¢’, 
this relation belongs to every e’. But such a relation between the co- 
efficients a(e), a’(e), --- , a®D(e)/(m—1)! of 1, 8,---, 37 ina 
polynomial a(s+-¢) cannot exist, since a(€), -- - , a) (e) are of de- 
greem—i1,---,0. 
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6. Miscellaneous remarks. 6.1. Let B(n) =fon*+fin* *+ ---+ +8, 
have complex integral coefficients p,, and let q be a complex integer. 

The polynomial pB(n)+q, where p ts a complex prime not dividing 
qbo, ts irreducible." 

Proor. Otherwise p8(n) += 8'(n)8” (n). The product of the bigh- 
est powers in 8’(n) and 8” (n) with coefficients not divisible by $ is 
q (mod p), hence these powers are constants. The highest coefficients 
of B’(n) and B’’(n) would therefore be divisible by p, and pBo by p°. 


6.2. In the proximity of every given n numbers 81, ' > * , Za there are 
systems of roots of an irreducible equation of degree n wih complex ra- 
tional coeffictents. 


Proor. A polynomial (n) with (for example rational) roots near 
the given numbers is easily found. The roots of p8(7)-+1 are near to 
those of B(n) if p is large, because of the continuity of the roots of an 
algebraic equation as functions of the coefficients, so that a suffi- 
ciently large complex prime p not dividing Be will do (6.1). 

If the given numbers are symmetric to the real axis, the polyno- 
mials (n) and p8(n)-+1 may be assumed to be real. If we want the 
roots near the real s, to be real, coinciding real s, are first separated 
agin 5.1. 

6.3. The roots of irreducible equations of a piven degree n22 with 
complex integral coefficients are dense on the whole plane. 

Proor. This immediate consequence of Theorem 3.2 on systems 
n—1 of whose numbers are approximately given follows already from 
3.1, without reference to 3.2. This is trivial for »=2. Even the exist- 
ence of a polynomial a({) of degree 2 with one root near a given num- 
ber s, whose coefficients are divisible by a complex prime p, follows 
by means of multiplication by p of a system of two conjugate alge- 
braic integers one of which is near s/p (or also, if 3.1 is proved in the 
same way as 3.2, from the solubility of the Diophantine inequalities 
for a, divisible by $). But if n>2, then a({)a’({)-+p—where a’(f) 
is a polynomial of degree n—2 with large coefficients divisible by p— 
has two of its roots near to those of a({), and is irreducible by Eisen- 
stein’s rule. 

Likewise Theorem 5.1 implies that the roots of irreducible equa- 
tions of a given degree » 23 with real rational coefficients are dense 
on the whole plane, while for #=2 they are dense only on the real 
axis. 


UNIVERSITY OF JERUSALEM 


* This is Eisenstein's rule, after putting f=1/, cf. van der Waerden, Moderns 
Algebra, vol. 1, p. 77. 


ON MERSENNE’S NUMBER Min AND LUCAS’S SEQUENCES 


H. $. UHLER 
On July 27, 1946 the writer finished calculating the 198th remain- 
der of the Lucasian sequence 3, 7, 47, -- + as applied to the 60-digit 


Mersenne number 21°*— 1 =80346 90221 29495 13777 09810 46170 
58130 12611 01496 89139` 64176 50687. The result was ri9s= 8387 
51186 96313 46717 54322 73509 44243 96183 21834 95333 72125 
49353. Since this residual is not zero and since the calculations 
were performed with great care it follows that Mig is composite. 

During the course of the work each arithmetical operation was 
checked with the auxiliary moduli 105-1 and 10°+1. After the date 
given above all of the work-strips of the entire set were again ex- 
amined and checked with a convenient modulus. As explained in an 
earlier paper! the essential figures of each of the terms above the 8th 
of the Lucasian sequence for p=4n—1 were multiplied in order by 
the reciprocal of the chief modulus, Mig, in preference to direct di- 
vision by Mig. The approximation to this reciprocal was computed 
to be (1/Miw)«=0.(59 zeros) 12446 03055 57222 83414 28812 81075 
60248 48118 05043 37442 33426 62022 48719 94705 70653 43858 
15449 04227 91658 81751 47907 01374 27370 69153 20476 82353 
07955 41810 78545 10066 37179 54983 56718 66249 21399 25125 
81295 76504 91223 78627 47138 87. This terminated reciprocal was 
checked by multiplying it by Mis. The product (Miss) X (1/ Mis). 
equaled 1+(3.41924 - - - )10~-*°’ which indicates a positive error of 
about 0.425 of a unit in the last figure (7) of (1/ Miss). In the present 
work only the first nine octads (72 significant figures) of (1/Miw). 
were required. The remaining figures of this reciprocal were computed 
in order to cover fully the possibility of repeating the investigation 
by the alternative method? in which all quotients are omitted. 

For future work and for comparison with the results of others it 
may be appropriate to record in this place the values of the ninth 
terms of the Lucasian sequences corresponding to p=4n—1 and 
p=4n+1 (M=2?—1, p prime) as computed by the author. For the 
first sequence 3, 7, 47,--- we have o,=100 38568 98919 21376 
68875 42399 92826 25670 48796 27683 18190 15150 99398 61346 
56188 84806 97130 40351 21947 36890 55940 88447. This term would 


Received by the editors August 13, 1946. 

1H. S. Uhler, First proof that the Mersenns number Mis ts compostis, Proc. Nat. 
Acad. Sci. U.S.A. vol. 30 (1944) pp. 314-316. 

2 Ibid. p. 315. 
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cover all (4n—1)-primes up to, and inclusive of, p=347. Strictly 
speaking? Mersenne’s numbers end with = 257. For the second se- 
quence 4, 14, 194, -:- we have s=26 21634 65049 27851 45260 
59369 55756 30392 13647 87755 95245 45911 90600 53495 55773 
83123 69350 15956 28184 89334 26999 30798 24186 64943 27694 
39016 08919 39660 72975 85154. This term would be applicable to 
allt odd primes inclusive of p =479. 

There now remain just two numbers of the form 2?—1 in the Mer- 
senne range whose character has not been investigated. These are 
Migs and Mny. The writer has begun the study of Mny with the se- 
quence 4, 14, 194,---., 


YALE UNIVERSITY 


> R. C. Archibald, Mersonns's numbers, Scripta Mathematica vol. 3 (1935) pp. 112+ 
119. 

t D. H. Lehmer, On Lucas's test for the primality of Mersenns's numbers, J. London 
Math. Soc. vol. 9-10 (1934-1935) pp. 162-165. 


ON THE FACTORS OF 2*+1 
D. H. LEHMER 


A recent investigation concerning the converse of Fermat’s theo- 
rem disclosed that the fundamental table of Kraitchik [1]! giving the 
exponent of 2 modulo $ for p <3-10* contains numerous errors? in the 
previously unchecked region above 10%. Hence it was decided to make 
an independent examination of primes, considerably beyond 104, hav- 
ing small exponents. As a by-product of this search the following new 
factors of 2*+1 (#500) were discovered. This list is intended to 
supplement the fundamental table o? Cunningham and Woodall [1]. 
The entries can be inserted in the blank spaces provided in that table. 
It is believed that all factors under 10 have now been found.? More- 
over, any further factors of 2*—1 for #300 or of 2*-+11 for n3150 
lie beyond 4538800. The methods used to obtain these results will be 
described elsewhere. 

Recetved by the editors October 10, 1946. 

1 Numbers in brackets refer to the bibliography at the end of the paper. 

* A partial list of these will appear shortly in Mathematical Tables and Other 
Aids to Computation. 

‘Including, of course, the previously published addenda to Cunningham and 
Woodall [1] which are to be found in Kraitcaik [3] and [6]. 
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Factor of 2*—1 


1868569 
4036961 
3887047 

348031 

724153 
2332951 
3188767 

704161 
234.9023 
1505447 
1164193 

707983 
1560007 
2940521 


1466449 -2916841 


617401 
1504073 
622577 
949111 
1121297 
1437967 
272959 
490631 
870031 
464311 
446473 
931921 
855857 
349759 
537841 
309583 
836191 
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Factor of 2*+1 


1210483 
340801 
165313 
383521 

4506937 
748819 
550801 

1007441 
928513 
843589 
109121 
647011 
823481 
340337 
557761 

1101811 
958673 
816769 

1077971 
540961 
694387 
331841 
504337 
666427 
304363 
647219 
428401 
468781 
321571 
454849 
318781 
441187 
127681 
370661 
598193 

1013533 
311347 
532801 


- 194867 


695701 
316201 


-2787601 


te 


-736961 


-994769 


-476401 
-667441 
-853669 


-854257 
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n Factor of 2*-+1 


494 515737 
499 825347 
500 1074001 


The following new complete factorizations of 2" +1 result from en- 
tries in the above list. The large residual factors, in each case, have 
been proved prime by a direct test of primality. This includes the 
large factor of 217°+-1 credited to Kraitchik by Cunningham and 
Woodall [1]. 

(1) 2% + 1 = 3-43-2731-224771- 1210483 - 25829691707 
(2) 2100 + 1 = 17-401 61681 - 340801 - 2787601 - 3173389601 
(3) 2113 — 1 = 3391-23279 - 65993 - 1868569 - 1066818132868207 
(4) 21 — 1 = 31-47-14951- 178481 - 4036961 -2646507710984041 
(5) 218 + 1 = 32.83-739- 165313 - 8831418697 - 13194317913029593 
(6) 21% — 1 = 7-13367-3887047 - 164511353 -177722253954175633 
(T) 21 — 1 = 7-31-73-151-271-631- 23311 - 262657 - 348031 
-49971617830801 
(8) 270 + 1 = 57-41-137-953- 1021-4421 - 26317 - 550801 - 23650061 
-7226904352843746841. 
Incorrect factorizations of the first and last of these numbers are 
given in Kraitchik [1]. The composite numbers 
31266402706564481 = 1210483 - 25829691707 
and 
13026477248861 = 550801 - 23650061 


are given as primes. These errors are perpetuated in Kraitchik [3, 4, 
5| and Cunningham and Woodall [1]. The second factorization is in- 
correctly given in Kraitchik [6] where the number 


3014774729910783238001 = 340801 -2787601 -3173389601 


is listed as a prime. The factorization (6) might have been completed 
20 years ago had not Kraitchik [2] given the residue index of 165313 
incorrectly as 96, instead of 672. The results (2) and (7) are due to 
Paul Poulet and were communicated in January 1946 by letter just 
before his death. 

Eleven of the new factors given above pertain to Mersenne num- 
bers 2?—1, p a prime not greater than 257. In particular the factors 
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given for 2!—1 and 23*—1 confirm positively the composite char- 
acter of these numbers, whose tests for primality have been an- 
nounced recently by Uhler and Barker (Bull. Amer. Math. Soc. vol. 
51 (1945) p. 389, vol. 52 (1946) p. 178, Mathematical Tables and 
Other Aids to Computation vol. 2, p. 94). The present state of our 
knowledge about the 55 Mersenne numbers may be summarized as 
follows: 








p Character of 2?—1 








2, 3, 5, 7, 13, 17, 19, 31, 61, 89, 107, 127 Prime 

"44, 23, 29, 37, 41, 43, 47, 53, 59, 67, 71, 73, 79, 113| Composite and completely factored 
151, 163, 173, 179, 181, 223, 233, 239, 251 Two or more prime factors known 
83, 97, 131, 167, 191, 197, 211, 229 Only one prime factor known 

101, 103, 109, 137, 139, 149, 157, 199, 241,257 | Composite but no factor known 


193, 227 Character unknown 


What progress has been made in the last fourteen years may be seen 
by comparing this table with a similar one in Bull. Amer. Math. Soc. 
vol. 38 (1932) p. 384.4 
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1 The composite character of 21 —1 has recently been determined by Uhler, On 
Morsenne's number Mig and Lucas's sequences, Bull. Amer. Math. Soc. vol. 53 (1947) 
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ON k-TO-1 TRANSFORMATIONS 
W. H. GOTTSCHALK 


The following results are extensions of certain of the theorems of 
O. G. Harrold (Exacly (k, 1) transformations on connected linear 
graphs, Amer. J. Math. vol. 62 (1940) pp. 823-834). 

Let X and Y be compact Hausdorff spaces and let f be a continuous 
transformation of X onto FY. Let k be a positive integer and let pE 
denote the cardinal of the set E. We say that f is af most k-to-1 (or 
exactly k-to-1) in case yCY implies pf-(y) Sk (or uf-!(y) =k). Let 
o(x) denote the order of the point x. That is to say, o(x) is the smallest 
integer m such that u bdy U=m for an arbitrarily small open neigh- 
borhood U of x, if such exists; otherwise o(x) is œ. 


THEOREM 1. If f is at most k-to-1 and tf the inverse points of yEF 


GTE Xi tt, Xn, then >_t_10(x,) Sk-0(y). 
Proor. We may suppose o(y) is finite. Let Ui,---, Un be neigh- 
borhoods (open neighborhoods) of x:,---, x. whose closures are 


pairwise disjoint. There exists a neighborhood W of y such that 
u bdy W=o(y) and f"'(W)CULLU.. Define Via Uf- (W). It 
follows that k-o(y) = k-u bdy W & pf-(bdy W) 2 u bdy f-() 
=HUL, bdy Vi=> ue bdy Vi. We conclude that each o(x;) is 
finite. By taking the U; sufficiently small, p bdy V;20(x,). The con- 
clusion follows. 


COROLLARY 1. If X and Y are continua and if f is exactly k-to-1, then 
each inverse poini of an end point of Y is an end point of X. 


Let P denote the property of being a continuum in X on which f 
is exactly k-to-1. 


THEOREM 2. If X has property P irreducibly, then Y has no end point; 
if moreover k=2, then Y has no cut point. 


PRoor. We prove the first statement. Suppose Y has an end point y. 
Write f(y) = Uhixs Let Ui, - - +, Uy be neighborhoods of xı, +--+, x» 
whose closures are pairwise disjoint. There exists a neighborhood W 
of y such that u bdy W=o(y)=1 and F(W)CU} U. Define 
Vie UOff (W). As in the proof of Theorem 1 it follows that 
k=k-o(y) 2) % ym bdy Vi. Hence, each bdy V; consists of a single 
point and it follows easily that X—UL,|Vi=X—f-'(W) is a proper 

Presented to the Society, September 10, 1942; received by the editors July 26, 
1946, 
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subcontinuum of X on which f is exactly k-to-1. This is a contradic- 
tion. 

We prove the second statement. Suppose y is a cut point of Y and let 
Y—y= YU Y, be a separation. Then, Xf Hy) =f (Yi) US“ Ys) 
is a separation and since also f—1(y) consists of only two points, at 
least one of the sets f(Y,)Uf(y) (¢=1, 2) is a continuum. This 
contradicts the hypothesis of irreducibility. 


COROLLARY 2. No dendrite is a continuous exactly k-to-1, k>1, image 
of a contsnuum. 


Proor. Suppose f(X) = Y is exactly k-to-1, k>1, where X is a con- 
tinuum and Y is a dendrite. By use of Zorn’s lemma it may readily 
be seen that there exists a subcontinuum Xe of X which has property 
P irreducibly. The nondegenerate continuum f(Xo) is a dendrite and 
hence has an end point. This is impossible by Theorem 2. 


UNIVERSITY OF VIRGINIA AND 
UNIVERSITY OF PENNSYLVANIA 


A CHARACTERIZATION OF A SEMI-LOCALLY-CONNECTED 
| PLANE CONTINUUM 


F. BURTON JONES 


In 1908 Schoenflies characterized a continuous curve (in the plane) 
by means of its complement. In view of more recent work,? the kernel 
of his characterization may be stated as follows: In order that a plane, 
bounded, cyclic continuum be a continuous curve it is necessary and 
sufficient that (1) each of its complementary domains be simple and 
(2) the collection of its complementary domains be contracting. In 
his paper on semi-locally-connected sets,’ G. T. Whyburn pointed out 
many similarities between semi-locally-connected sets and continu- 
ous curves. In particular (it is an immediate consequence of one of 
his theorems‘) every complementary domain of a plane, bounded, 
cyclic semi-locally-connected continuum is simple. But since such a 
continuum need not be a continuous curve, the collection of its com- 
plementary domains need not be contracting. It is the purpose of this 
paper to point out what characteristic property this collection of com- 
plementary domains does possess: namely, the collection contains no 
folded subcollection. This property, in conjunction with (1) above, 
characterizes a plane, bounded, cyclic semi-locally-connected con- 
tinuum. In fact it is shown that a plane, bounded continuum, whether 
cyclic or not, is semi-locally-connected if and only if its complement 
is non-folded. These theorems should prove useful when constructing 
examples of semi-locally-connected continua which also have certain 
other properties. 


Definitions and notation. Let space be a simple closed surface (that 
is, a 2-sphere) and let S denote the set of all points of space. A circular 
region of S whose radius is e and whose center is A will be denoted 
by U(A, e). If M is a closed subset of S, each component of S—M 


Presented to the Society, April 26, 1946; received by the editors July 5, 1946. 

* A. Schoenflies, Die Extwichslung der Lebre von den Punkimannigfaltigksiten, Leip- 
zig, 1908, p. 237. 

1R. L. Moore, Concerning the common boundary of two domains, Fund. Math. 
vol. 6 (1924) pp. 201-213, Theorem 9. 

G. T. Whyburn, Axalyic topology, Amer. Math. Soc. Colloquium Publications, 
vol. 28, New York, 1942, Theorem 4.4, p. 113. 

7G, T. Whyburn, Semstocally-connected sets, Amer. J. Math. vol. 61 (1939) pp. 
733-749, 

t Loc. cit. footnote 3, p. 749. Cf. R. L. Wilder, Sets which satisfy certain avoi i 
condiitons, Casopis pro Pestovane Mathematicky a Fysiky vol. 67 (1938) pp. 185-198, 
Theorem 8a, p. 196. 
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is a complementary domain of M. A complementary domain of a simple 
closed curve is called a simple domatn. A connected set M is said to 
be sems-localy-connected provided that if P is a point of M lying in 
an open subset U of M, there exists an open subset V of M such that 
U)DVOP and M—F is the sum of a finite number of connected 
sets.’ If A and B are distinct points of a set M, M is said to'be apo- 
syndeitc at A with respect to B provided there exists an open subset 
of M which contains A and belongs to a connected and relatively 
closed subset of M lying in M—B. If a set M is aposyndetic at a 
point A with respect to each point of M—A, M is said to be aposyn- 
deitc at A. If a set M is aposyndetic at each of its points, then M is 
said to be aposyndetec.§ 

The following lemmas may be easily established with the help of 
the literature. 


Lemma 0. In order that a continuum M in S be sems-locally-connecied, 
ai ts necessary and sufficient that M be aposyndetsc. 


Lemma 1. If T is a subcontinuum of an aposyndettc continuum M 
of S, and P ts a poini of M—T, then M—P contains a continuum K 
contatning T such that M—K has no imti poini in T. 


LemMa 2. If A and B are distinct porinis of the continuum M of S, 
and M 4s not aposyndetsc at A with respect to B, then M plus any finte 
number of tts complementary simple domains ts not aposyndetic a A 
wiih respec to B. 


DEFINITION. A countably infinite collection D,, Ds, Ds, - - - of mu- 
tually exclusive simple domains in S is said to be folded provided there 
exist sets Ti, Ta, Ta, - - - anda point A of S such that (1) for each ¢, 
T, is a spanning arc-segment (open arc) lying in D; and separating D; 
into two components C; and Es, (2) Ti, Ts, Ta, © ©- converges to a 
subset T of S—A, and (3) for each number e>0, there exists an in-' 
teger n, 80 that both C; and E; intersect U(A, e) when t>n. 


THEOREM 1. In order that a nondegenerate set M of S be a sems-localy- 
connected, cyclic continuum ti is necessary and suficient that the com- 
ponents of S— M form a collection of mutually exclusive simple domains 
containing no folded subcollectton. 


‘F.'B. Jones, Aposyndetic continua and certain boundary problems, Amer. J. 
Math. vol. 63 (1941), pp. 545-553. For the definition of other terms and phrases the 
reader is referred to R. L. Moore's Foundations of point set theory and G. T. Whyburn’s 
Analytic topology, vols. 13 and 28 respectively, of the Amer. Math. Soc. Colloquium 
Publications, New York. 
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Proor. Suppose that M is a semi-locally-connected, cyclic con- 
tinuum (nondegenerate). Every compcnent of S— M is a simple do- 
main.‘ Now suppose that G, the collection of all the components of 
S— M, contains a folded subcollection Di, Ds, Ds, - - - . There exists 
a point A and, for each positive integer +, there exists a spanning 
arc-segment T; lying in D; and separating D; into two components C; 
. and E; such that (1) Ti, Ts, Ta, - - © converges to a subset T of S—A, 
but (2) if e is a positive number, there exists an integer n, so that for 
t>n, U(A, €)-Cix0 and U(A, e): E,5~0. It is clear that T is a con- 
tinuum lying in M. By Lemma 1, M—A contains a continuum K 
containing T such that M—K has no limit point in T. Let e be a 
positive number such that K-U(A, e)=0. There exist an arc L and 
an integer » such that (1) the end R3 of T, belong to K, (2) 
T,: U(A, © =0 and (3) L lies in U(A. €) and contains points of both 
C. and E,. Let H denote an arc of L irreducible from C, to En; let J 
denote the boundary of D,; and let Q denote S—(D,+J). Both H 
and K lie in J+Q. Furthermore the end points of H separate the ~ 
end points of T, from each other on J. But since K contains the end 
points of Ta, K must intersect H. This is a contradiction and estab- 
lishes the necessity of the condition stated in Theorem 1. 

Now suppose that G is a collection of mutually exclusive simple 
domains which contains no folded eubcollection. Let M denote the 
closed set S—G*.* If M were not ccnnected, then there would exist 
a simple closed curve J such that M would not intersect J but would 
intersect each complementary domain of J. Consequently neither 
complementary domain of J would be a subset of the element of G 
containing J. Since this is impossible, M must be connected. Suppose 
that M is not aposyndetic at a poirt A. Then there exists a point B 
such that if W is a subcontinuum of M—B, A is a limit point of 
M—W. Let Ui, Us, Us, «+ + denote a monotone descending sequence 
of circular regions centering on A and converging to A. Let Vi, Va, 
V;, -- - denote a monotone descending sequence of circular regions 
centering on B and converging to B such that U,- V1=0. Although 
M-(S—V,) contains M.U, no component of M-(S— Vj) contains 
M. U. Hence M- (.S— V;) is the sum of two mutually exclusive closed 
sets Mı and N: each of which contains a point of Ui. There exists an 
arc in U, irreducible from Mı to Ni; let Tı denote this arc less its 
end points. The arc-segment T; lies in an element D, of G and sepa- 
rates it into two domains Cı and F; each of which contains a point 
of Vı since no arc in the boundary of D; lies in S— V; and contains 


® G* denotes the sum of the elements oi G. 
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both end points of Tı. Using Lemma 2 it is easy to see that no com- 
ponent of (M+Dy;) : (S— Va) contains M- U3. Hence (M+D;) s (S— Va) 
is the sum of two mutually exclusive closed sets M, and N, each of 
which contains a point of Us. There exists an arc in U, irreducible 
from M, to N3; let T, denote this arc less its end points. The arc- 
segment T, lies in an element D, of G and separates it into two 
domains C; and Fy each of which contains a point of V}. Again 
no component of (M+D,+D,)-(S—V;3) contains M.U, Hence 
(M+D:+D:):(S— Vs) is the sum of two mutually exclusive closed 
sets M, and N, each of which contains a point of U3. There exists an 
arc in U; irreducible from M, to Ny; let T; denote this arc less its end 
points. The arc-segment 7; lies in an element D, of G and separates it 
into two domains C; and F; each of which contains a point of V3. Con- 
tinue this process indefinitely. Since the sequence Ti, Ts, Tn- 

converges to A and Vi, Vz, Vz, -> converges to B, G contains a 
folded subcollection Dı, Ds, Ds, --- contrary to hypothesis. Hence 
M is aposyndetic at every one of its points and is, by Lemma 0, 
semi-locally-connected. Now suppose that P is a cut point of M. Then 
M is the sum of two closed sets H and K such that H-K=P. Let AB 
denote an arc in S—P irreducible from H to K. Since AB—(A+B) 
lies in an element of G, A and B belong to a simple closed curve lying 
in M. Hence P does not separate A from B in M. Thus the assump- 
tion that M contains a cut point has led to a contradiction, and the 
sufficiency of the condition stated in Theorem 1 is established. 


COROLLARY 1. In order that a plane, bounded, cyclic continuum M 
be sems-locally-connected (or aposyndetic) it is necessary and sufi- 
cieni that (1) each complementary domain of M be simple and (2) the 
collection of complementary domains of M contain no folded subcollec- 
iion. 


` Remarks. Theorem 1 serves in a way as a characterization of a true 

cyclic element of a semi-locally-connected continuum (in a 2-sphere). 
In order to characterize a semi-locally-connected continuum (whether 
cyclic or not) by means of its complement, it is necessary to extend 
the notion of foldedness to open sets in general. 

DEFINITION. If D is an open set, D is said to be folded provided 
that there exist in D mutually exclusive sets Xi, Xa, Xa, -- - such that 
(1) for each ¢ (¢=1, 2, 3,---), X: is the sum of two arc-segments 
Tq and T having their end points in the boundary of D, (2) for each 
i, Tu crosses Tis, (3) the sequence Tu, Tn, Tn, - + + converges to a 
subset T of S—D, and (4) the sequence of end points of Tis, Tn, 
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Tn, : - ©- converges to a point of S— T. If the open set D is not folded, 
D is said to be non-folded.! 


THEOREM 2. In order that the continuum M of S be semi-locahy-con- 
nected (or aposyndetic) 4 is necessary and suficient thai S—M be non- 
folded. 


Proof. The condition is sufficient. For suppose, on the contrary, 
that M is not aposyndetic at a point A of M with respect to a point B 
of M. Let Ui, Ua, Us, - - - denote a monotone descending sequence of 
circular regions centered on and converging to A, and let Vi, Vs, 
Vs, -- + denote a monotone descending sequence of circular regions 
centered on and converging to B such that U;-Vi=0. Now the com- 
ponent of M-(S—V;) which contains A is not open (relative to M) 
at A. Hence the boundary of U, contains an arc-segment Tu whose 
end points, Xı and Yj, lie in different components of M-(S— V;) such 
that M-Ty=0. There exists a simple closed curve which separates 
X, from Y; and contains no point of M-(S— V;); in fact, there exists 
a simple closed curve J; which separates X; from Y, and contains no 
point of M-(S—V;) such that Jı: Tu is connected. In Jı plus the 
boundary of V; there exists an arc-segment T which crosses Tu, lies 
in S— Vj, and has only its end points in M. Obviously these end points 
lie in the boundary of Vi. Let F, denote the boundary of Uz and let 
K, denote the sum of the components of Fy;— F;: Af which intersect 
Tis. Then K; is the sum of a finite number of arc-segments. Now since 
the component of M-(S— V3) which contains A is not open (relative 
to M) at A and Ty +71:+ 5; has only a finite number of limit points 
in M, the component of (M+7u+7u+ 3) -(S— V3) which contains 
A is not relatively open at A. Hence F, contains an arc-segment Ty 
whose end points, X;and Y,, lie in M and in different components of 
(M4+7Tu+Tu+K;):(S— Vs) such that (M+Tu+TatKi:): Tu=0. 
There exists a simple closed curve J; which separates X, from Yq, and 
contains no point of (M+7n+7u2+K;)-(S— Vs) such that Ji: Tn 
is connected. In Js plus the boundary of V, there exists an arc- 
segment T» which crosses Tn, lies in S— V3, and has only its end 
points in M. These end points lie in the boundary of Vs. Furthermore, 
(Tu+Ta) (Tu +Ta){=0. This process may be continued indefinitely. 
Since Ty, Tu, Tn, - - - converges to 4 and the sequence of end points 
of Tu, Tu, Tn, - - - converges to B, S— M is folded, contrary to hy- 
pothesis. Hence the condition is sufficient. 

7 The reader ahould observe that no simple domain is folded and that if G is a col- 


lection of mutually exclusive simple domains, G* is folded if and only if G contains a 
folded subcollection. 
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The condition is also necessary. For suppose, on the contrary, that 
S— M is folded. Then S— M contains an infinite sequence of pairs of 
arc-segments Tu, Ta, Tu, Tm, - ++ such that (1) for each s, Ta and 
Ts span M, (2) for each $, Ta crosses Ta, (3) for each # and j 
($47), (TatTa)-(TatT s) =0, (4) the sequential limiting set T of 
Tu, Tu, Tn, - + - ig a subset of M, and (5) the sequence of end points 
of Tn, Tn, Tn, --- converges to a point B not belonging to T. 
By Lemma 1, M —B contains a continuum K and an open subset U of 
M such that KD UDT. Let V denote a circular region containing B 
such that K. V =0. There exists an integer $, such that Ta has its end 
points in K but V-Ta=0, and such that Ta has its end points in V. 
But since T, crosses Ta, this is impossible. | 


COROLLARY 2. In order that a plane, bounded continuum be semit- 
locally-connected (or aposyndetic) tt ts necessary and sufficient thai iis 
complement be non-folded. 


THEOREM 3. In order that the boundary of a simply connected domatn 
D bea continuous curve H is necessary and sufficient that D be non-folded. 


ProoF. If D is non-folded, S—D is an aposyndetic continuum M. 
Hence the boundary of D is a continuous curve.* On the other hand, 
if 8, the boundary of D, is a continuous curve, then £ is aposyndetic, 
and S— is non-folded. Hence D is non-folded. 


THs UNIVERSITY OF TEXAS 


8 See footnotes 3 and 5. Cf. R. L. Wilder, Property S,, Amer. J. Math. vol. 61 
(1939) pp. 823-832, p. 832 in particular. 


OPEN TRANSFORMATIONS AND DIMENSION! 
J. H. ROBERTS 


This paper considers separable metric spaces A and B and open 
transformations. If, for each «CA, f(=)€B and the image under f 
‘of every open set in Á is a set open in B, then f is an open transforma- 
tion. Continuity of f is not assumed. Such transformations have been 
studied by Rhoda Manning [1].? 


THEOREM 1. If f(A) =B where f ts open, then there extsts a subset Ay 
of A such that (1) f(A1) =B, (2) for yCB, the set f(y) -A is countable, 
and (3) f, considered as a transformatios of A; into B, is open. 


PRooF. Let Ki, Ka, - +--+ denote the elements of a countable base 
(open sets) for the space A. For every yEB and each ¢ let Py; be a 
point of K: f-'(y), provided this set is nonvacuous. Let A; be the set 
of all points P,; so obtained. Properties (1) and (2) are obvious. To 
prove (3), let V be an open set in A;, and U an open set in A such that 
U-Aı= V. Now for every y the set f- Hy) -Aı is dense in f(y). Hence 
if f(y) has a point in U then it has a point in A,-U so f(V) =f(U) 
is an open set in B. 


THEOREM 2. There extst countable-jold open mappings which in- 
crease dimension. 


Proor. There exist open mappings which increase dimension [2]. 
Theorem 2 follows by applying Theorem 1 to any such example.‘ 


THEOREM 3. If dim A =n and —1 <m Sn, then there extsis a B and 
a transformation f such that (1) f(A) =B, (2) f is open and 1-1, and 
(3) dim B=m. In other words, dimenston can be lowered at will by a 1-1 
open transformatton.§ 


Presented to the Society, April 27, 1946; received by the editors October 14, 1946. 

1 One statement in the abstract (Bull. Amer. Math. Soc. Abstract 59-5-210) is 
incorrect. Theorem 4 gives the correct statement. 

2 Numbers in brackets refer to the bibliography. 

7A mapping is a continuous transformation. 

1 Alexandroff [5] has proved that if A is corspact then no countable-fold open map- 

* Compare the following special case of a theorem of Hurewicz [4, p. 91, Theorem 
VI 7]): “If f is a dosed mapping of A into B aad for each yEB, f-(y) is zero-dimen- 
sional, then dim Bedim A.” In a footnote (oc. cit.) the authors state that itis not 
known if Theorem VI 7 is true for opea mappings. The answer is in the negative and 
their example VI 10 is a counter example, as the mapping f is actually open. 
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Proor. It is sufficient to prove the theorem for m=n—1. For if 
f(A) =B and g(B) =C, where.f and g are open and 1-1, then the prod- 
uct gf is open and 1-1 and transforms A onto C. 

The author has shown‘ that there exists a space Bı of dimension 
n—1, and an at most 2-td-1 mapping ¢ of Bı onto A. Furthermore 
the subset of B, consisting of all « such that ¢-6(x) =x is (n—1)- 
dimensional. For yA, if ¢—'(y) is a single point then write f(y) 
=! (y). If $~ (y) is double-valued, select arbitrarily one point in 
$~ (y) and define f(y) to be this point. Let f(4) =B. Then B is of di- 
mension #—1 and f, as inverse of a 1-1 continuous function, is open. 

Remark. If f(A) =B is open and 1-1, then f-! is continuous and 1-1. 
Thus Theorem 3 provides examples of arbitrary increases of dimen- 
sion by 1-1 mappings. f 


THEOREM 4. Suppose f(A) =B is open, B is locally compact, and for 
each y EB the sei f(y) is not densetn-ttself. Then dim B< dim A.' 


Proor. Let Ki, Ks, -+ - be an open base for A. For each ¢ let A; 
be the set of all x&K; such that if x' €K; and f(x’) =f(x), then x’ =x, 
and let Bs=f(A.). For yCB, f(y) contains an isolated point (with 
respect to f-(y)), so B=) 4B.. We prove next that B, is closed in 
the open set f(K.). For suppose on the contrary that there exists a 
sequence y,—>y, where y and each Ya are in f(K,), Ya EB; but y¢B,. 
Since yEf(K,) but not in B,, there exist distinct points x and x’ in 
K, such that f(x) =f(x’) =y. For each n there is a unique x, CK, such 
that f(x.) =Y.. Since y,—y it follows that lim inf SIO) Df (4) 
> (x-+2x"). But f(y.) has only the one point x, in K. This gives a 
contradiction. 

Now let Mn, Ma, -- - be closed and compact subsets of B with 
MitMat --- =f(K,). Write By, =B: My. Then By is a compact 
space and B=) > Bu. Hence if dim By<dim A for all ¢ and T 
then dim BSdim A (see [4, Theorem III 2, p. 30]). Write A 
=A f (Bi). Over Ais, f is open and 1-1 to Ba. For yE By define 
gO) =x Ai, such that f(x) =y. Now g, as the inverse of any open 1-1 
transformation, is continuous; thus g is a mapping and g(B;,) =A4. 
Furthermore B,; is compact, so that g is a closed mapping. Also g is 
1-1. Then? dim Biygdim A, so dim B Sdim Á. 

Remark. In Theorem 4 the assumption that B is locally compact 


' See [3], especially Theorem 9.1. If the M of this theorem is the spece A, then 
AM; is the desired spece B; and ¢ is the desired mapping ¢. 

T See footnote 4. 

3? See [4, Theorem VI 7, p. 91]. 
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can be replaced by the weaker assumption that every point of B has 
arbitrarily small neighborhoods with compact boundary. The proof 
is not given. Some assumption of compactness seems necessary. Con- 
sider the following example. 

Example. There exist, in the plane, spaces A and Band an open 1-1 
transformation f with f(A) =B, with dim 4 =0 and dim B =1. 

The space B is an example due to Sierpifiski [6, pp. 81-83]. This 
space B has the following properties: (1) it is 1-dimensional, (2) it 
lies in the plane with OSxS1, OSyS1, (3) it contains at most one 
point (x, y) for a given x, and (4) the set of all points (x, 0), such that 
for some y the point (x, y) CB, is homeomorphic to the Cantor ternary 
set. Let A be this set defined by (4). Then A is the projection of B 
onto the x-axis, and for (x, 0)€A there is a single point (x, y) in B. 
Define f as follows: f(x, 0) =f(x, y) EB. Then f has the required prop- 
erties. 
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CURVATURE IN HERMITIAN METRIC 
S. BOCHNER 


Hermitian metric has the peculiarity of favoring negative curvature 
over posjtive curvature. We shall explain this phenomenon by point- 
ing out that in the case of an isometric analytic imbedding the rela- 
tive curvature is on the whole negative; also, by reduction to a limi- 
ing case of imbedding we shall explain why an invariant metric in the 
theory of Fuchsian groups is likely to be hyperbolic; see Hua [6]. 

However, on the other hand, an Hermitian metric is very rigid, and 
the possibility of imbedding into a fimitely-dimenstonal enveloping 
space is very remote. The classical conjectures about the possibility 
of Euclidean imbedding are rendered entirely false, but as a com- 
pensation, there are more and better theorems about equivalence and 
uniqueness, | 


1. Hermitian metric. There are many places in the literature where 
an introduction to the theory of Hermitian metric can be found. We 
shall refer to our own summary as given in Bochner [2, chap. 2]. We 
quote from there that in discussing an Hermitian metric in a space 
V. of n complex variables sı, - - - , s,, the basic variables are the 2# . 
conjugate complex quantities 


(1) Zut s Ba; 81,°°° , by 
which we shall also denote indifferently by 
(2) A, bay, bee. 


Italic indices run from 1 to 2#, Greek indices from 1 to #, and starring 

an index will add to it the value » if it is not greater than n, and sub- 

tract » from it if it is not less than #+1. All scalars and components 

of tensors are power series in (1), and they are always self-adjoint, 

meaning that starring all indices in a component of a tensor will 

change its value into its conjugate complex. Scalars are real-valued. 
The fundamental tensor g;; has the properties 


Eii = Ein Bap ™ ap ™ O 
in addition to the self-adjointness property gam ™ ppa; also gape is 
positive-definite. In particular, we have 


Received by the editors August 3, 1946, 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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(3) ds? = gipdidi; = 2 a¢-dS adp. 
Finally, we have Kaebler’s restriction (non-torsion) 





which is equivalent with 
ð P 
(5) att > oe, 


for some scalar function &(s, z), locally. On replacing & by (P+ )/2 
we can always make it real-valued. If we form T% by the usual for- 
mula, then only the unmixed components I's, and their conjugates 
can be not equal to 0, and 


(6) Ip = g 





If we form the curvature tensor Ri;j»ı by the ugual formula, then it 
satisfies all classical relations. Furthermore, only the components of 
the form Rag-4s:, Raper, Ratri’, Refy can be different from 0. 
Finally, we have 





R; ar 
q'à aR, pi 
and therefore 
ð Ofe*s 
tnia (e 2) 
ayi = Ea 98, ger an, 
ð ( a n Ofes Gfats 
ae Eag —— — —— =» 
OF, ÖZ; O85 oz, 
Hence we have finally 
Dga Ofer Ife 
(7) Rupr ™ — g" : 











O£.033 s 02; Oz, 
In particular we have the symmetry relations 

(8) Res = Rar = Rare 
which are unmatched in the case of real variables. 


THEOREM 1. If two tensors gi; of our description in the same coordi- 
nates have the same curvature tensor Rams, then they are equal to within 
an allowable transformation. 
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The conclusion also holds +f the components of the type Ra’, or of 
some other type are assumed to be the same. 


ProoF. We take one of the tensors g;; and we introduce the power 
series 


(9) Psu ++, Sa; B+ Bs) 
for which (5) holds. We can obviously omit from (9) all monomials 
(10) l ag; an a eee 


for which either i+ --- +p,=00r git * * © +q,=0, and thus as- 
sume (9) in the form 


(11) GapSabs -+ Pls, 2) 

where Get ™ far (0), and $, contains only monomials with 
| Pits +p tutes +g 3. 
An allowable transformation will carry (11) into 


(12) 2 Saba + (s, £), 


am] 


and on making it real, whenever (12) contains a monomial (10) it 
also contains G3 -- > Hest... gł, Therefore, we can put 


5, = 3 ETO FIT nE. 


where each function fi, ' - - , fa(s) is a power series in gı, © * + , 8&4 with 

terms of total degree not less than 2, and &3,: contains only terms with 
Pitot 2 and qt- tq e 2. 

After the allowable transformation s/ =s,+/,(s), our function has 

the form 


(13) Q x 5 Seba + 2.a(s, 2). 


If now we introduce the derivatives 
aat Hetet Heb 
OSM + + OSPOER - - + OBT 


at the origin, then our normalization has fixed their values in case the 
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total order is 1, 2 or 3; and for the total order 4, 5, 6, - - - if either 
fit -+++h,.Slorqa+::- +g.S81. Now, if we write equation (7) 
in the form 


dip Of as* OLer« 


mapon © ah, os, 


and if we remember that each component gœ% is a rational function 
of the components ga», then the missing derivatives of order 4 can 
be computed directly from (14); furthermore, the missing derivatives 
of higher order can be successively computed by taking all possible 
successive derivatives of (14). Also these computations are unique, 
which proves our contention. If the components Rafe are given, the 
same conclusion will follow from the equations 


G'E ap pe? OSes? Ofer 
08,083 £ Of; OZ, 
and this completes the proof of Theorem 1. 


THEOREM 2. If the metric tensors gi; and h,, have the same geodesics, 
then their affine connections Ti, and A} are the same. Thus a projective 
colsneation is automaticaly an affine collineation. 


Proor. As in the real case we have, see [3, p. 132], 
Ais — Tay = baht Òh 
Putting }=a, 4=a, jm y*, we obtain yp =0, and similarly y,=0. 


2. Sectional curvature. A two-dimensional surface element through 
the origin is given in the form 





(14) 





+ Rep a, 











+ taR ai 


(15) k= Aba + By, 
that is 
(16) Za = ATH + pry, Ba = Ate + uty, 


where x and y are real parameters, and the systems of complex num- 
bers {x2} and fue} are nonproportional. If we make the decomposi- 
tion 


sant D a enre AD a mut (— 1) os 
then we can also write 

(17) Za = Aox F Hoy, | Ya = MF F wry. 

We now set up the number 
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Raped oy dip? 
(Brigin — Eragi) At ALE 
and we claim that it is the real-valued curvature for the surface ele- 


ment (17) and the line element (3). In fact, if we denote the real com- 
ponent Ya by xa4s, if we write the line element (3) in the real form 


hi j(x)dx,dx}, 


if we introduce the ordinary curvature tensor corresponding to the 
latter line element, if we form with that curvature tensor the sectional 
curvature for the section (17), and if finally we carry out purely for- 
mally the transformation of coordinates 


(18) K = 


Za ™ Za + (— 1) tap, Ba = Za — (— 1) tap 
as if it were an allowable transformation; then by formal properties 


of invariance the curvature will appear in the form (18). 


THEOREM 3. For n>1, if at every poini the sectional curvature K is 
the same for al possible two-dimensional sections, then the curvature 
tensor ts identically sero. 


Proor. Relation 
(19) [Rass — K(gaigin — £anfis) Ja+ u'u? = 0 


is fulfilled for 2% independent variables \*, u“ and their conjugate 
values \*, pr. We are now applying a fundamental lemma to the 
effect that whenever a power series 


Pti e, Km; U, Um) 


is zero identically in #,---, Um for va = 8, k=1, - - - , n, then it is 
identically 0 in the independent variables «4, vs. If we apply this to 


(19) then for K independent of à and p, we obtain by a classical formal 
procedure the relation 


(20) Rsi = K(8aigis — Eangi). 
In particular, we obtain 
Rerryr = — Kgarfer, 
and on applying the important relation (8) we deduce 
Kgargry = Ke ywisra 


If we multiply both sides by g**g*"7 and contract we obtain #.K =K, 
and hence K =0 for n>1. 


¢ 
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DEFINITION. We call a section holomorphic if it is tangent to an 
analytically imbedded complex “curve.” It is not hard to see that 
(16) is holomorphic if an only if there exists a non-real number œ such 
that pe =¢ġ\". If we transform the two real param=ters x, y by a suit- 


_able nonsingular affine transformation «’=d@irtdy, y =p toy 


with real coefficients ¢1, $1, $s, da, then we can obtain the normaliza- 
tion 


(21) pe (=a; 

that is, the section can be written in the form 

(22) Ze = AS; s= z4 (— 1)!*4. 

THEOREM 4. For a holomorphic section (21) we have 
L Rapa" 
a ie 

(23) Barf reà nee 

Gata F Breer NEAT 


PRoor. This follows from the fact that for an arbitrary section (16) 
we have 


(24) Rucpr*n rtp? m Regge (tu — Mu) AT — AM yu”) 
and 
(gni€ih — Eragi) A up” 
m= gA gutu — ga ngiu N 
= gagyi [A uT — ATAA EL — APU) 
+ Au? — AUD (AP uT — AYP) |. 
We shall now draw an interesting conclusion. 


THEOREM 5. If at a point all holomorphic sectsons have the same curva- 
ture K =b, then at that point we have 


(25) 


Ò 
(26) Rey = — 5 (fakr + ErrEar). 


Also, tf (26) holds at every poini, then b is a constant. 


ProorF. By assumption we have 


b 
| Rare + z (gaivi + gerger) Aan" = Q, 
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At first the relation holds whenever °° is conjugate complex to A‘. 
By our previous argument it holds for independent variables (A, A”), 
and relation (26) follows now from the fact that both sides of it are 
symmetric in the pairs of indices (a, y) and (6*, 8*). 

Next, Bianchi’s relation specializes to 


(27) Ragryt, = Reras,7; 
and if (26) holds at all points we obtain 
be(gasSys + Sap kar) bo (garg + Legar). 


This shows that b(s, 8) is independent of the variables s,. The inde- 
pendence of 2, follows from Rap-ys e = Rages: 


3. Fubini spaces. For arbitrary real b we put 
2 bs 2 
(28) © = = log (1+ — È ste) m log 3. 


grp Õe D Bats 


———— u e č a y 


n.d S 2 D” 





29) fer = 


ds} Elati (Ll sel? Edl- 
=a b 3 
(1+2 E lsel) 


2 
At the origin we have fap = 6. and on computing (7) we obtain 








D adBe 


) 


b 
Rasy = — z (Sasdyae F bardar’). 


Thus (26) holds at the origin. The validity at other points follows 
from the existence of a transitive group of analytic homeomorphisms 
which leave the line element (3) invariant, see Fubini [4]. 


THEOREM 6. For given b all spaces of constant holomorphic curvature 
b are equivalent. 


Proor. The conclusion follows from 
O78 ase = OL af Ofera 
Os 023 Oa O34 


as in the case of Theorem 1. 











b 
a (gashrse + Earra) 
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THEOREM 7. For the Fubini space b=1 the general sectional curvature 

K lies in the interval 

(31) 1/45 K 81. 


The maximum value K =1 is reached only tf the section ts holomorphic 
and the minimum value K =1/4 is reached, among others, if the section 
is totally real, that ts 


(32) La = ox + Hoy, Va = 0; ami,--+,nm. 
Proor. At the origin, if we use (24) and (25) and if we put 
OQ, a) = Do atue, 


we obtain for K the value 
QA NOH u) + OA HOG, A) — QA #)? — OG, A)? 
AOO, 4)O(u, u) — 200A, #)Q(H, A) — QA, u)? — OCH, A)? 
If we introduce the quotient 


QA, p) 
| m — a re, 
(QQ, AOC, p)? 
then K has the value 
2__ 2 ae | 
(33) t+r 2r? cos 2y 3 1—r . 


4— w — cosy 4 1— (1 4 cos 2p)? 
We always have r S1. The extreme value r =1 can only be reached if 
the section is holomorphic, and then (33) bas the value 1. For r <1, 
the minimum is reached if # is real-valued, thus if }-Aeu* is real- 
valued. This will in particular occur for a section (32). 

The Ricci tensor is defined by 

Ri = nRa Rer ™ g Rape, 

and it has the important property [2, formula (58) ] 
& log G 

O8q05 
where G is the determinant of the matrix gas. The Ricci curvature 
in a given direction Af is defined as 
Rit RAAN 
LAN! Eam AAT 


(34) Rag: = 


co 
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THEOREM 8. Fora Fubins space we have 


and the average Ricci curvature 
K ati 


2n — 1 ån — 4 


which ts everywhere constant, decreases monotonely towards the smallest 
possible value 1/4,asn0, 








The proof is quite obvious. 


THEOREM 9. If for a line element we have 
(35) Ray = b(s, B) Ea, 


then b is constant. In other words, tf one of our spaces is an Einstein 
space at each poini, ti 45 so universally. 


PROOF. By (34) we have ôRam/38, =ORa/0%s. Hence we obtain 


Of ape Igar’ 
by Sage + b 3z, b mbar + b af, 
and therefore b,4-gas*=5,s-ga7*. This implies 6,,.=0 and similarly we 
obtain b,,=0. 

For eal spaces of constant curvature there exist modified line ele- 
ments in terms of normal coordinates. In order to justify the absence 
of an analogue for Fubini spaces we shall pas out a very general 
theorem. 


THEOREM 10. For a line element of our description there exist no 
allowable normal coordinates excepi in the obvious case of a flat space. 


Proor. Normal coordinates have the usual consequences. In par- 
ticular, we have 








Eilt) = gi(O)ty 
that is 
Eucge(3, 2)Bs = fase(0) Bs, 


or 
ard 


ÔE ORs 





Bg = gage(0) Zp. 
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For the function 


(s, 2) = — Zap) Sap 
we then obtain 


ž = 0, awi,:::',A, 





or 
oy . 
— & = FiB). 
als Ey = F3) 


On putting 3s=ðđt, H(s, ä,ț{)=Ņ(s, & t), we then obtain tôH/ðt 
= F(at); and since F() bas no constant term we obtain 
H(s, 4, $) = R(s, &) + S(4). 
Therefore p 
(8, 8) = R(z, 8/;) + S(8). 
But the left side is independent of ț, and so we have finally 
o(a, E) = R(s) + SE) 
and thus &}/ds.0%;=0. Thus gam(s, 2) = gap (0), and our line element 
‘ig flat. 

However, as was shown in the proof of Theorem 1, there always 
exists a coordinate system which is geodesic at a prescribed point; 
meaning that the derivatives 0g.~/és, and therefore also the coefh- 
cients Ty, vanish at the point. 


4, Imbedding. In addition to our space V, with the metric (3) we 
consider a space Va, m>n, in the complex variables wi, **', Wm; 
m>n, with a metric l 


(36) Lhe (w, D)dwdw, 


where ¢, n, t}, x=1, 2,- ++, m; and we assume that there exists a 
complex-analytic transformation 


(37) we = ft(ai-- +, fa) Eom 1,:::,%, 
which is an ssometric map of V,intc Va. Thus 


(38) for  heftefts 
where fE, «=Oft/08q. j 
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THEOREM 11. If we denote the curvature tensor of Va by Rap and 
Of Va by Siwt, then we have 


(39) Rae = Sierx S afafa t hifi ar Paa 


where f* a, denotes the second covariant derivative of ft(s) relative to the 
metric (3). 


PRoor. We write (7) in the form 





3'E ap" ÔE ap 
40 e cH — T’ —m 
( ) Rayi as ahs ay oR, 
and similarly 

hey y Oye 
(41) Sten = 








where A$ is the affine connection pertaining to (36). Take a point s° 
and its image w°. It can easily be seen that it will suffice to prove 
(39) under the assumption that the s-coordinates are geodesic at x? 
and the w-coordinates are geodesic at w°. In this case all quantities 


Of af « O hig (3 


D PTI -m3 
OB, Oty 
and their conjugates are 0, and we easily obtain (39) by substituting 
(38) in the right side of (40) and carrying out the differentiation. 
We now take a fixed point s’ in V,, and we introduce an arbitrary 
surface element 


(42) Za — Se =) 2+ uy 
and its image 

(43) w — w = Lie + My, 
where 

(44) LE m fi At, Mim ft ue 
If we multiply both sides of (39) by 

(45) (Acu — Pus) (ATu? — A? pT) 


and add up over a, 8, Y, 5 we obtain the following theorem. 
THEOREM 12. The sectional curvature 
Reto’ ut 


46 e a 
46) (Easkid — Seah ve) A* PA uA 
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in Va is the sum of the corresponding secthonal curvature 
Siil MOLIM! 

(hahj — Anh) L'MILIM' 
in Va and of the relative curvature 
hey f* afaa A — ATu) (ATu? — APY) - 

(geagbe — Sashes) Yu? | 
For a holomorphic sectton (22) the relative curvature has the value 
beef a QAP A eM 

PEETS 

It is therefore negative or 0, and tt has the value 0 only if the sectton ts 
such that 
(50) O PaO, ERER" 


Condition (50) formally corresponds +o directions of asymptotic lines in 
the real case. 
For the Ricct tensor we have 


(51) Rar = Sif’, af" a + hive TE afaa 


and the Ricci curvature — ReaM™N t/g aaa ts the sum of — Siz LILIS hi Lt Lt 
and of the relative Ricci curvature 


(47) 


(48) 


(49) 


h aoe? A a À P 
(52) | O hE SaD ae ae 
Eas AAF 
The last term is niia or 0, and it is 0 éf and only 4f 
(53) fira = O, = 1,- m ym 1,-::,A, 


which ts a stronger condition than (50). 
If Va has the Euclidean metric 
(54) dwidd, + +--+ dwadwn, 
then (48) is the entire amount of the sectional curvature of V,. Now, 
put m=3, n=2, and 
f@®eon f@es, fO- +s). 


The metric of Va is then ds,d8, + ds.d3,+ (21081 + sod.) (2,402,+ Be By) . At 
the origin s:="%=0, the s-system is geodesic, and the numerator in 
(48) has at that point the value 
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3 

(55) Dy A — Apn)’, 
a =l 

Since the denominator of (48) is always positive, see (25), the alge- 
braic sign of (48) is that of (55). If, for instance, all components A, pf 
are real, that is if our section is totally real, then (55) is positive, and 
thus we see that the relative sectional curvature may be positive for 
a nonholomorphic section. 


THEOREM 13. For n=1, tf a line elemeni 


(56) ds? = g(s, 2)dsdz 

of the special form 

(57) g(s, 8) = >) ase? 
p—0 


can be tsometrically imbedded in Vu, with the Euclidean line elemeni 
(54), for some finite m, then the power sertes (57) 4s a finie polynomial 
in z, 3. In particular, the line element 


(58) ds? == > (p + 1)s78?dsa3, 
~—0 


~ (1 — 58)? 


although strsctly hyperbolic, cannot be so imbedded. 
For » 2,1, sf in the lane element 


(59) Sagr(3, 3)ds.08, 
în the power series of all gam only those monomsals 


(60) cece a, EA S 
occur for which 
(61) pıt- t+ pam gite + ae, 


and if (59) can be tsometrically imbedded in a Va, then al gam(s, 2) 
are fintie polynomials. In partscular, the line elements arising +n all 
types of mairix spaces? cannot be so imbedded. 


Proor. For #=1, our imbedding means the existence of functions 
(62) w, = fils) = » Ch, pS”, k=1,-:--,™, 
=l 


such that 
1 See Siegel [7] and Hua [5] and [6]. 
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d 2 
2: dfaa) = > GpBPR?. 
b ds P 
Therefore 
(63) P92) ChaCha = Op Fp 1. 
1 


For each p, the system of numbers 
Cy = {cro}, koi,---,m, 


is a vector in complex m-space. By (63) any two of the vectors are 
orthogonal, and therefore all but at most m of them must be identi- 
cally 0. Therefore at most m? among the numbers cs,» can be not equal 
to 0. Each f(s) is a polynomial, and so is g(z, £). 

For. # & 1, if there exists an imbedding, then we write the mapping 
functions in the form 


(64) Srl8a) = 2, Coal e) 


where cs,» 18 a homogeneous polynomial in the variables s, of degree 
p, or identically zero. Now, put 


(65) $a = fat, a = fd, 


where {ta} are arbitrary parameters in the neighborhood of the origin 
and ¢ is the complex variable proper. Thus, (65) is a family of com- 
plex curves. For each one we derive from (59) a line element 


Elt, F; h Addidit, 


where by our assumptions on (59), 


gC, f; t, i) = > plt, pei. 
On substituting (65) into (64), we obtain 
JEA) = D crat), 


and by our previous argument, corresponding to each special point 
ea , only m? among the numbers G,,(f2) can be not equal to 0. Since 
each ¢,»(f) is a polynomial, it follows easily that all but m? among: 
them must vanish, and thus f(s.) is a polynomial. This proves the 
theorem. 

Thus far we have been discussing imbedding into a Va, for fintie m. 
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The situation is radically different if we allow the imbedding space 
to become infinitely-dimensional. One possibility is to view certain 
constructions as limiting processes of ordinary imbedding; this will 
be our method of interpreting groups of automorphisms. However, 
another possibility is to actually perform an imbedding into a space 
of countably many variables w, ws, ws, - - - with a suitable metric 


helw, B)dwdw,, tn = 1, 2,3,--- 
The most immediate line element would be the Hilbert metric 
dw dw, + dwt, + --- 


In this case the hyperbolic line element (58) can very well be im- 
bedded, namely by the transformation 


w, = s*/(k + 1)”, k= 1,2,--: 


Furthermore, our previous theorems remain valid, and thus for in- 
stance an elliptic line element cannot be isometrically imbedded in 
flat Hilbert space. Conceivably every finite-dimensional Hermitian 
line element without torsion could be imbedded into some universal 
countably-dimensional space with a fixed elliptic metric. It is inter- 
esting to note in this connection that the method of S. Bergman [1] 
for constructing an Hermitian metric on a domain of several complex 
variables consists precisely in constructing an analytic imbedding of 
the domain into such a universal enveloping space, the enveloping 
domain of Bergman being the countably-dimensional Fubini space 
with positive curvature b =1. 

We shall not take up this problem in any way; however, we shall 
point out the following curious little theorem, which apparently i is 
not true for finite m. 


THEOREM 14. Whenever a V, can be isomeirically imbedded in flat 
Hslberi space it can also be isomeirically imbedded in infinitely-dimen- 
sional Fubini space with b=1. 

Proor. By assumption we have relation (5) with 

Hs, 2) = D | false) |?. 
b=] 
On putting @=log y, that is, ne we obtain 
de: 34 Ea(£a) |? 


for suitable (onon Er(£«), and this is the substance of the theorem. 
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5. Group invariance. We consider a domain D in the space of the 


complex variables s1, - - + , Sa, and an arbitrary topological set I, and 
we consider a continuous function 
(66) S(9; Sa) 


in XD which is analytic in D. We further assume that there exists 
some kind of integral in T such that 


(67) a(s, }) = f NO: TO 3) 48 


exists in D, and that in the neighborhood of any point s* it is a uni- 
form limit of an approximating sum 





> A,f(6,; 8)f(8r; 8), A, > 0. 
If we now form 7 
(68) bap = a 
ÖZ Es 


then our restriction (4) is met; also gas is non-negative, and we add 
the explicit assumption that it is strictly positive definite. The ap- 
proximating tensor 





ð? a 1/3 
Ar f(6r; 8) |? 
or Z| Ae SOn 8) | 

may be also assumed positive definite, and may be looked upon as 
resulting from an imbedding of D in Euclidean V,. If we apply Theo- 
rem 12, and make the limiting passage from (69) to (68), we see that 
the resulting line-element (59) on D has nonpositive holomorphic and 
Ricci curvature. i 

We shall now vary the set-up slightly. We consider not a family of 
functions, but a family of analytic homeomorphisms ws =fa(0; Za), 
k=1,---,n, of D into itself, and we assume that T is a locally com- 
pact group of such homeomorphisms. Correspondingly, we put 


(70) s69 = f (Last) a 


~ 


(69) has = 


where d9 represents integration with respect to a Haar-measure, say 
a left-invariant one. Thus we have 
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aoe f (È Ee , ey dôdz «dts 


08a 


= J.(2lene.oh)a 


Now, if 6’ is a fixed element of T, and if we put gd =f.(0’; 8) = 0's, 
then we have m,(00’; s) =~,(6; s’), and we find that the line element 
is group invariant. We can now state the following very conditional 
result. 


THEOREM 15. IFT is a transsiive group of homeomorphisms of a do- 
main D, sf the general homeomorphism can be written in the form 
(72) ton = fa; G, 0; Ba) 


where am (di, ::* , Gn) ts an arbitrary point of D and A ts a set of 
parameters which describe the stability subgroup Ta of I’, sf dd designates 
Haar-measure on To, if there is piven in D a volume clement 


(71) 


do, = p(a, 2) | | dade, 
a~l 


which is invariant under all transformations of T, and tf the integrals 


com folk ae —— aan 


Ofe 


converge untformly in a neighborhood of every point z of D, then the 
corresponding Hermsitan metric has no torsion and ts group-tnvariant, 
and the curvature of holomorphic sections and the Riccs curvature are 
all monposatsve. 
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A CHARACTERIZATION OF MINKOWSKIAN GEOMETRY 
NORMAN DAVIDS 


Menger called a finitely-compact metric space in which any two 
distinct points are contained in exactly one set congruent to a eu- 
clidean straight line a straight-line space (S.L. space) [1]. He ob- 
served that in such spaces a segment (or vector) addition can be 
defined in a very simple way (see §2 of the present paper) which 
satisfies all requirements for an abelian group except, in general, the 
associative law. Menger then put the question of determining those 
geometries in which the associative law holds. It is the purpose of the 
present note to show that the Minkowskian geometries furnish the 
answer.? 


1. Straight-line spaces. By a straight-line (S.L.) in a metric space 
R is understood a continuous curve which may be mapped congru- 
ently onto the real axis, that is, which admits of a parametrization 
P(r), — œ <r < œ, with P(r1)P(1:) = [T1 — ra] . The numbers r are the 
isometric coordinates of the points of the S.L. A segment joining two 
points P(t), Q(T) CR, written (PQ), is a congruent image of the 
closed interval between 7; and ra. 

An S.L. space is one in which any pair of its points X, Y is con- 
tained in a unique S.L. [X Y]. The following conditions are sufficient 
for an S.L. space: the space is (1) metric, (2) finitely-compact, (3) con- 
vex, (4) externally convex, (5) if (X YZ), (X YZ:), and YZı= YZ,, 
then Z;=Z;. We shall suppose, hereafter, that these conditions hold. 

If X, >X, Y,—>Y and X= Y then [X,Y,|[XY]. 

According to Menger M is an internal center of X and Y, written 
M(X, Y), if (X MY) and XM=MY. Also, if (EX Y) and EX=XY, 
E is an external center of X and Y, written E(X, Y) or (Y, X)E. In 


an S.L. space every point-pair has a unique internal center and two 
external centers. 


2. Addition of segments in S.L. spaces. Let (OX), (OY) be two 
arbitrary segments in R having the end point O in common. We shall 
call the segment (OP) a sum of the two given segments, written 


Received by the editors May 27, 1946. 

1 Numbers in brackets refer to the references cited at the end of the paper. 

2 The above problem, together with a conjecture as to the answer, was suggested 
by H. Busemann. 

1 For explanations of the notations used here, as well as proofs of the statements 
of this section, see Busemann [2, chaps. I and III]. 


196 


A CHARACTERIZATION OF MINKOWSKIAN GEOMETRY 197 


(OP) =(OX)+(OY), if M(O, P)=M(X, Y). Since O will remain fixed 
throughout, we shall write simply P=X-+Y. This relation has the 
following properties: 

1. There exists exactly one sum P=X-+Y. For if M(X, Y), and 
P=(0, M)E, then M = M(O, P), so that the sum exists. On the other 
hand if P’=X+Y, then M(O, P)=M(X, Y)=M(O, P), hence 
P’=(0, M)E, so that, by the convexity of the space, P’=P. 

2. Addition is commutative. For M(X, Y)=M(Y, X). 

3. If O, X, Y are contained in the same S.L., then X(r1)+ VY (12) 
= P(71-+1;), that is, the isometric coordinates of the sum are the sum 
of the isometric coordinates. 

4, P=X +Y is continuous in X and F. For M(X, Y) is continuous 
in X and Y and P=(O, M)E is continuous in M. 

5. OFX =X. | 

6. M(O, X)4+M(O, X) =X, and we may write M=X/2. 

7. There exists exactly one point Y such that X+ Y=P. For if 
M=M(O, P) and Y=(X, M)E, then Y is the (unique) required 
point, and we may write Y=P—X. 

8. We shall write O— Y as — Y. Y+(— Y) =0. 

The set of segments through O satiafy all the group axioms for ad- 
dition except the associative law.‘ The following is an example where 
it fails to hold: Consider the representation of the hyperbolic (4) plane 
inside the euclidean (e) unit circle K in which the &.S.L. are the seg- 
ments of the 6.S.L. inside K. Let g, k be two S.L. through the center O 
and X Cg, YCh two points A-equidistant from O (hence also sequi- 
distant from O). The k mid-point M of (X Y) is also the e mid-point. 
Calling Z=X +F in the sense of the h-metric, we have e( MZ) 
<e(OM), where e( ) denotes the e-distance. Hence the intersection 
P=(Z(— Y))- (OX) is such that e(OP) <e(PX), hence h(OP) #h(PX), 
so that P cannot be the k mid-point of (OX). Thus 


X+([¥+(-YJ =X; (X+H4+(-Y=Z4+(-Y/) xX. 


3. The main theorem. An S.L. space R has associative segment-adds- 
tion for every triple of segments around a potni sf and only sf tts geometry 
is Minkowskstan. 

We show first that any two S.L. through O are contained in a two- 
dimensional Minkowski space. 

We shall suppose an S.L. space R in which the associative law of 
segment-addition holds around a point O. 

I. Let g and g’ (hereinafter fixed in the discussion) be two arbitrary 
S.L. through O. The totality of points ZCR such that X+ Y=Z, 


1 Such systems, called loops, have been studied by Albert. See [3]. 
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X Cg, YCg’ will be called the plane p determined by g and g’, written 
P(g, g’). p contains g and g’. 

Il. The sum and difference of two points ZiC p, Z1Cp ts also tn p. 
For Zı=Xı+ Yı, Za=Xat Va, X1,Aa<g, ¥i,¥2Cg’ and ZitZs 
= (Xi+ Vi) +(Xa+ V3) = (Xi+X3) + (Vit Y3). Since AitXsCg and 
Y¥it¥:Cg’, Zi +2Z.Cp. 

III. If Zi, Z2:Cp then M(Zi, Za), E(Zi, Za) and (Zi, Z3)E are also 
in p. First we note that if Z=X-+Y, then M(O, Z)=X/2+ Y/2, 
since 2(X/2 + ¥/2)=(X/2 + ¥/2)+(X/2 + Y/2) = (X/2 + X/2) 
+(Y/2+ Y/2)=X+Y=Z. We may thus write M(O, Z)=Z/2. Using 
this notation we have 


M (Za, Za) = 23/2 F 23/2, E(Zi, Za) = 221 =r Z3, 


(1) 

ZuZe = r i 
In the same way we can show that mZ/n=mX/n+mY/n. Finally 
since Z is continuous in X and Y, letting m/n—k, we have kZ =kX 
+Y, where & is any real number. 

IV. A plane p is fintiely-compact. Suppose a bounded set {Z } in p. 
Since R is finitely-compact there exists a point Z CR and a sequence 
Lee {Z} such that Z,—Z. Let Z,=X,+ Y,. It must be shown that 
X, and Y, are bounded. Otherwise subsequences, which we again 
denote by Xn, Ya, would tend to infinity. Let PCg (P 0) be a fixed 
point and let k=OX,/OP. Then 


Zi = Z,/k = X/k+Y,/k = P+ Y,/k, 


or Z, — Y,/k=P. Since k>~, Z —0, and since Y,/kCg’, their dif- 
ference cannot be a point of g, for » sufficiently large. Thus, for some 
subsequence, since R is finitely-compact, X,->X, Y,—Y, s0 that 
Z=X +Y, and hence ZCp. 

V. Every poini ZCp ts uniquely represented as a sum Z=X +Y, 
Xx Cg, YC g". For if Z= Xy+ Yı= X+ V3, X1, X3Cg, Yi, ¥3:Cp’, then 
Z—Yy=(X+ Vi) — Yı= (X:+ Y2)— Yı which becomes, by the asso- 
ciative law,. Xı+(Yı— Yı) =X:+(Y— Yi), or Xı =X +(Yi— Y;). 
Since X:Cg and Ys— YiCg’ their sum cannot be a point of g unless 
Yy-— Y,=0. But then Y, = Y; and Xs =X}. 

VI. By virtue of V there may be uniquely associated with every 
point Z=X +Y (XCg, YCg’) of p the isometric coordinates x, y 
of X and Y respectively. Since, conversely, to every coordinate-pair 
(x, y) there exists uniquely a corresponding point ZC), a one-td-one 
mapping may thus be set up between p and the euclidean plane e. 
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It follows from statement 4, §2, and IV that this mapping is a homeo- 
morphism. 

VII. The S.L. of p are mapped into the S.L. of ¢.§ For, by (1), we 
may write 


M (Zi, Zi) = (Xı + Y))/2 + (Xi + ¥3)/2 
= (Xı + X3)/2 + (Yı + Fs)/2, 
Ey = E(Z, Za) = (X1 + Y)) — (X: + Y3) 
, = (2X; — Xs) + (2Yı — F3), 
E, = (Zy, Z)E = 2(Xa + Y3) — + Y) 
= (2X: — Xi) + (2Yı — Y), 


so that the coordinates in e corresponding to M, Fi, Ea are respec- 
tively (x1/2+13/2, y1/2+71/2), (2£1— %1, 2y1— 71), (2x%3— £1, 2ys— y). 
Thus the centers of any pair of points in R map into the corresponding 
e-centers. The statement is then proved by repeatedly taking centers 
and their limit points,‘ and using the fact that the mapping is a 
homeomorphism. A consequence of this and the fact that the whole 
of e is covered by the mapping is that the e parallel axiom holds. 

VIII. p admits of a simply-iransitive abelian group of translatsons. 
We shall prove that the translations 


(2) P(x, y) > PT: (x + a, y +b), T = Ta, 


of the euclidean plane are motions for the given metric. It is well 
` known and very easy to prove that the metric of » is then Minkow- 
skian.” | 

1. If, for a set of points Po, Pi,- ++, Pa +--+ onan S.L. gCp we 
have P;1P;=P,P,,,, then Peel SPI Ps x, #=1,-+-,n,--+-.For 
we have P;= M(P;1P 441), which, by VII, has as image in e the corre- 
sponding e-center. Since this, in turn, remains center under the 
mapping (2), and then under the inverse mapping of e into p, the 
statement is proved. 

2. If PT, PT, .. P” are the images of P under T, T?, - - -, 
™,---+ then PPT=PT PT", »=0,1,--+-. For let P(x, y), then 
PT — (x + na, y+ nb), and since this point is the e-center 
of (x+(n—1)a, yt (m—1)b) and (x+(n+1)a, y+(n+1)b), P™ must 
be the center of P? and PT", that is, PM ‘p= prpr* 
m=0,1,---. ; 


* When such a mapping is possible we say that the metric of pis Desarguesian. 

* This process is exemplified in [1, p. 87]. 

T See [2, Theorem II, 1.17a] (invariance under translation is equivalent to de- 
pendence on x—¥). 
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3. If, for a set of points Po, Pa, © ©, Ps, :**, Onan S.L. gC, 
Pi 3Pi=P;Pui, then Pe Pit, Pa,- --, Py lie on an S.L. and 
P,P? =P P, i=1,--+-,2,+++. This follows from the fact that 


the corresponding relations hold in e. 

4. We shall now prove that if P, QCp then PQ=P™Q". Set P= Po, 
Q=P, in the notation of the three previous steps. Then nPQ=PoP, 
<P,PT+PTPT+PTP,. But by step 1 PjPs=nPQ7 and by step 
two P,PT=P,P™/n, hence n|PQ—P7QT| SP.PI'/n+PoPo SPoPi 
4-P,PT+P,Pt, since by step 3, PPI SPoPst+PoPy =nPoP: 
4+-nP,PT. Since n can be made arbitrarily large, PQ=P7Q*. Thus T 
is proved to be a congruence, and since there are no fixed points, 
it is a translation. As the translations of ¢ are simply-transitive and 
abelian, so are those of p. 

This completes the proof that any three points O, X, Y of R are 
contained in a Minkowski plane. Note that we have proved that this 
is a consequence of associative segmert addition merely with respect 
to a single point as origin. From the ex-stence of translations it follows 
that addition is associative with respect to every point. The main. 
theorem then follows immediately for S.L. spaces of dimension not 
less than 2. For the space is Desarguesian (see [2, Theorem III, 6.3]), 
and, using the same methods as above, the transitive Abelian group 
of the form X—X +4 can be introduced. That these transformations 
are motions follows immediately from the fact that X, Y, X- Ak, 
Yh lie in a plane, hence X ¥=(X+h)(Y¥+4). The finite-compact- 
ness of the space together with its near operation imply its finite- 
dimensionality. 

Thanks are due to H. Busemann K. Menger, and his associates 
for helpful suggestions and criticisms. 
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GRATINGS AND HOMOLOGY THEORY 
J. W. ALEXANDER 


1. Introduction. The relation of an abelian group to its character 
group is merely one example of a relation between an algebraic sys- 
tem I and a topological system X, each invariantively associated 
with the other. Of the two systema T and X , the first can be de- 
scribed in pseudo-combinatory terms, while the second involves the 
use of more sophisticated notions, such as passage to the limit, 
geometrical continuity, and so on. Accordingly, problems which are 
ordinarily expressed in terms of the system X can often be treated 
more simply by restating them in terms of the system T. 

In this paper we shall be dealing with a class of algebraic systems 
I, called gratings. The theory of gratings will aim, among other 
things, to describe the topological properties of a space X in terms of 
the ways in which the space can be expressed as the union of two 
subspaces A and C, AUC=X. The theory will be pseudo-combina- 
tory in character, in the sense that it will have to do with combina- 
tory operations applied to an unlimited number of abstract elements, 
or symbols. It will acquire a geometrical significance only when the 
symbols are attached to appropriate geometrical entities. The theory 
will be applicable both to ordinary topological spaces and to spaces 
of a more general type, such as the ones determined by distributive 
lattices, which last need not be assumed to possess atomic elements. 
With the aid’ of gratings, we shall be able to reformulate a variety of 
problems in topology, differential geometry, potential theory, and so 
on, in pseudo-combinatory terms. 

The present paper will be devoted almost exclusively to the ele- 
mentary formal theory of gratings. Further developments, along with 
a number of typical applications, will be considered subsequently.! 


2. Cuts, elements, gratings, cells. A cut will be any ordered triad 
y= (a, b, c) consisting of three different abstract elements a, b, and c. 
The element a will be called the negative face, the element b the edge, 
the element c the positive face of the cut. 

A grating T = [y] will be any (finite or infinite) set of cuts, such 
that no two of the cuts have an element in common. The cuts y wil be 
Received by the editors October 25, 1946; published with the invited addresses 
for reasons of space and editorial convenience. 

1! The terminology adopted in this paper differs quite radically from that used 
by the author in an earlier paper on gratings: A theory of connectivity in terms of 
gratings, Ann. of Math. vol, 39 (1938) pp. 883-912. 
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called the cuts of the grating, their elements will be called the ele- 
ments of the grating. Given a cut Y, = (az, bi, ci), it will be convenient 
to introduce a symbol s; to designate an unspecified element of 
Yi, Z= k, Di, OF Ci. 

A cell A of a grating T will be any finite sequence of elements of T, 


(2.1) A = 3, Ba, °°, Za (zi = a, bi OF Gi). 


The degree m(A) of the cell will be the number of terms of the se- 
quence, the rank p(A) the number of terms in edges b;, rather than in 
faces a; or ¢, Thus we shall always have 0Sp(A) Sm(A). A cell of 
rank p will be called a p-cell. The rank of a cell will be indicated by a 
superscript, A =A’. 

A cell will be called a #ype-cell if all its terms are negative faces, 
3,=@;. The type of a cell A= m1, %, - + +, Sn will be the type-cell 


(2.2) a(A) = i, Gt, ° °°» Om 


of the same degree as A, such that the th term of the sequence 
a(A) is the negative face a; belonging to the same cut as the sth term 
sı of A, i=1, 2,:°-:+,m. Two cells A and B will be said to be of the 
same type if their type-cells are identical. The number of cells of 
any given type a=a(A) will, of course, be finite (3™, to be exact). 
The type of a cell will be indicated by a subscript, AcA,. Thus, a 
symbol of the form A% will denote a pell of type a. A cell A will 
be said to be regular, or of regular type, if its type «=a(A) is composed 
of m different terms a,; it will be said to be singular, or of singular 
type, if its type a has any repeated terms. A cell A without repeated 
terms may, of course, be singular. For example, the cell A =ai, c, 18 
singular, since its type a(A) =d; a, is singular. 

For the sake of greater formal simplicity, we shall assume that 
there is an empty sequence of elements with no terms at all. Accord- 
ingly, we shall have a unique cell E, of degree m=0. The cell Æ, will 
be called the unit cell. It will be of rank p=0 and of type e= E.. The 
type e will be called the uns type. The unit type will be regular. 

Every element s is paired with a cell s of degree m=1 consisting 
of a single term in the element s. Our notation will make no distinc- 
tion between the element z and the cell s. We shall call the cell z the 
elementary cell determined by the element s. The type a of an ele- 
mentary cell z, s=<a, b, or c, will also be said to be elementary. 

The product AB of a cell A=m, 2, `` `, Se and a cell B=m, t, 

<, Wa will be the cell 


(2.3) AB = $1, &,*°*' , Sm, Wi, Wao r Wa 
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obtained by merely appending the sequence B to the sequence A. 
Thus, the product AB will be of degree m+n, of rank p(A)+p(B), 
and of type af, where a is the type of A and 8 the type of B. Cell 
products will be associative, but noncommutative. The unit cell £, will 
be the unit of cell multiplication, 


(2.4) EAaAGAE, (A arbitrary). 


Generally speaking, it will be preferable to think of a cell A as a 
product of elementary cells, rather than as a sequence of elements. 
We shall therefore replace the sequential notation (2.1) by the prod- 
uct notation 


(2.5) A = 51%, °° * Sm. 
The cells A, of any fixed type a=aia, - - - Ga can all be represented 
schematically in the space * of # real variables &, &, -- -, En nm, 


by making the following construction. Corresponding to each ele- 
mentary factor g; of a cell A «= 8% ` ` ` Za we write one of the three 
relations $: S0, &=0, 20, the first if we have s;=a,, the second if 
we have s,=0,, the third if we have s;=c,. The m relations thus ob- 
tained are regarded as the determining relations of the representation 
of Aq. The representation itself consists of all points $=4, fn ---,&, 
of the space Æ" such that their first m coordinates satisfy the deter- 
mining relations. In Fig. 1, we have represented the three cells a, b, 
and c of type a=a on the line Æ}; in Fig. 2, the same three cells in the 
plane =. In Fig. 3, we have represented the nine cells sım of type 
œ= 40, in the plane 3. 





b 
G b c 
SS a c 
4104 bidy Ch 
FIG. 1 Fira. 2 Fia. 3 


The representation of a p-cell A’ in the »-space Z" is evidently a 
point set of dimensionality »—p, since the determining relations of 
the representation consist of p independent equations and #—p in- 
equalities. The representation of the unit cell E, in the space ‘3 is 
the entire space %", since the representation of E, has no determining 
relations at all. 
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Given two different cells A=am---: 3Sa and B=wtw--- wx of 
the same type a, we shall say that the cell A is on the boundary of the 
cell B if, for every 4, the factor w; of B is equal either to the cor- 
responding factor s, of A or to the edge b; associated with the factor 
Zi, 

(2.6) AbdB e A*B, nawo bdi, (i= 1,2,-+-,m). 


Clearly, the cell A will be on the boundary of the cell B if, and only 
if, the representation of the cell A in the space Æ* is made up entirely 
of points on the geometrical boundary of the representation of the 
cell B in puns 


3. Chains. Now, let T be a grating, let [Aa] be the set of all cells 
of T of some fixed type a, and let [A] be an arbitrary ring of coeff- 
cients without divisors of zero. (In most problems, the ring [A] will 
either be the ring of all the integers or the ring of all the real num- 
bers.) By a chain K of the grating T we shall mean any mapping of 
the set [Aa] into the ring [A]. The chain K will be said to be of type 
a, where a is the type of the cells Aq. It will be said to be regular 
or singular according as its type is regular or singular. We shall write 
K=K, when we want to indicate explicitly that the chain K is of 
type Ka. 

In accordance with one of the standard notational procedures, we 
shall represent a chain Ka by a linear form in the cells of type a, 


(3.1) Ka = > AA at. 


For every 4, the coefficient of the th term of the form will be the 
image A, of the cell A w in the mapping Ka. As suggested by the nota- 
tion, the sum and difference of a chain Ka= >),Asdex and a chain 
La= Y â ai Will be the chains KatLa= 2 A:t+y)Aa and Ka— La 
= >.,0\,—m) Aas respectively. Moreover, a linear combination of a 
finite set of chains Kaj= > Aizan J=1, 2, -+ +, n, will be any chain 
of the form >),yjKas=)_sjHjMp4ei, Where the coefficients pj and ^j 
belong to the ring [A]. Of course, sums, differences, and linear com- 
binations will not be defined unless all the chains involved are of the 
same type a. 

The cells of a chain Ka will be the cells A.; such that their co- 
efficients M in the linear form (3.1) are different from 0. To each 
type a there will correspond a chain Oe with no cells at all, such 
that the coefficients of all the cells Aa; are 0. The chain 0, will be 
called the sero of type a. It will, of course, be a different entity from 
the zero Og of type f, B ra. 

To simplify the exposition, we shall assume in the sequel that the 
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ring [A] has a unit element. (The assumption can easily be dispensed 
with by introducing symbolic chains, in the manner outlined in Re- 
mark 3, below.) If there is a unit element \=1, every cell A. of type 
a will determine a chain 1-A. of type æ, such that the coefficient of 
the cell A4a:=Aa in (3.1) is 1 and that the coefficients of all the other 
cells Aai are 0. We shall adopt the standard abbreviation 4.=1-Aa, 
and shall say that the chain A, is the cell-chatn determined by the 
cell A a. Here again, our notation will make no distinction between the 
cell Aa and the cell-chain A«a. The cell-chain z determined by an ele- 
mentary cell z will be called an elementary chain: the cell-chain E, 
determined by the unit cell E, will be called the unit chain. According 
to (3.1), every chain Ka will be a uniquely determined linear com- 
bination of cell-chains A a. 

Given two chains Ka =) AA an and Ls =)  pu;Bp; of arbitrary types 
a and ĝ respectively, we shall say that their product is the chain of 
type a8 determined by the linear form 


(3.2) Kalp = D) any (A arBgi). 


(The symbol A 2i:Bg; in the right-hand member of (3.2) represents the 
cell product of the cells Aa and Bs.) Chain multiplication will be 
associative, and two-way distributive with respect to chain addition. 
However, it will be noncommutative, since cell multiplication is non- 
commutative. Clearly, the unit chain E, will be the unit of chain 
multiplication, 


(3.3) EK a = Ka = KaB, 
Moreover, we shall have 
(3.4) O.Ks = Oa = Lak. 


A chain K, will be assigned a definite degree m, equal to the de- 
gree of its type æ. In general, the chain will not be assigned a rank p. 
However, we shall say that a chain Ka is a p-chain, or that K. is of 
rank p, if no cell of K, is of any other rank than p. According to this 
definition, a zero 0, will be of all ranks p simultaneously, p=0, 1, 
2, : -+ , while a cell-chain A, will be of the same rank as its determin- 
ing cell Aq. By collecting terms of like rank in (3.1), we shall be able 
to express a chain K, in a uniquely determined manner as a sum of 
the form 


(3.5) . Kam KatKat-+++Kr (m = m(Ka)), 
where K}, p=0, 1, 2, - - - , m, is a pchain. We shall extend the mean- 
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ing of the symbol K®, to higher determinations of the rank p by writing 
K? =0,, for p>m. The chain K? will be called the pth constituent of 
the chain Ka. We shall treat the superscript p as the symbol for an 
operator—the rank operator p—transforming a chain K, into the pth 
constituent K” of K,. The operator p will, of course, be linear, 


f 
(3.6) ( 2 Kat) - >» Kat 
4 i 
and we shall have 


(Kt) = Ka, 
(Ka) = Oa (o = p). 


Obviously, the product K*L* of a p-chain and a o-chain will be a 
(9 +o)-chain. 

To avoid confusion, we shall never use the symbol X’, as applied 
to a cell or chain, to denote the p-fold product XX -- - X. The sym- 
bol will merely indicate that the cell or chain to which it refers is of 
rank p. One further matter of notation: Instead of expressing a chain 
K. as a linear form (3.1) in the cells A. we can express it as a form 
of degree m in the elementary cells s by treating each cell A. as a 
product of m elementary factors; cf. (2.5). The order of the factors 
in the terms of the form must, of course, be taken into consideration. 

Remark 1. We shall use the standard notation yCTI to indicate 
that a cut y is a member of grating T. Moreover, by extending the 
meaning of the symbol E, we shall write sET, ACT, KET to indi- 
cate that s is an element, A a cell, and K a chain of T. 

Remark 2. As a heuristic device, we can construct a schematic 
model of a chain Ka by representing the cells Aa: of type a in a space 
m= after the manner of §2, and by “weighting” or “labelling” the 
representation of each cell Aa: with the coefficient of Aa: in the ex- 
pression (3.1). 

Remark 3. The discussion can obviously be extended to the case in 
which the ring [A] has no unit elements by immersing the ring A] 
in an appropriate ring [u] with a unit element. For instance, to state 
matters rather loosely, we can let [u] be the set of all linear expres- 
sions u=X-+ such that à is a member of the ring [A] and # an in- . 
teger. The set [u] becomes a ring when we combine the expressions p 
by addition and multiplication in the manner suggested by the nota- 
tion »=A-+n. Each element d of [À] can be identified with the element 
u=d+0 of [u]. The element u=0+1 is the unit element.of [p]. A 
chain Ka is written in the form Ka=) gAei, pE [u]. However, it 


(3.7) 
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is treated as purely symbolic unless all its coefficients ¿u are identified 
with members of [À], and so on. 


4. The conjugation and boundary operators. As a formal device for 
taking care of signs, we shall now define a type-preserving operator, 
called the conjugation operator, acting on the chains of a grating I. 
The conjugation operator will transform the chain Ka represented in 
(3.5) into the chain 


(4.1) Rea ee eee ee 


formed by merely changing the sign of all constituents of odd ranks. ' 
The chain Ka will be called the conjugate of the chain Kea. The con- 
jugation operator will evidently be linear, 


(4.2) ( x MEn) ca 2 A Kai, 


and we shall have 


(4.3) K? =Ka, (Kaly)"= Ki, (Ke)* = (KS. 


Next, we shall define a more significant type-preserving operator, 
called the boundary operator. The boundary operator will transform a 
chain K, into a chain Ke, called the boundary of Ka. We shall re- 
quire that the boundary operator be linear, 


(4.4) ( 2 Ka) = 2 AiK ai» 


It will therefore be sufficient for us to define the boundaries of the 
cell-chains. The boundary of a cell-chain A, will be defined by induc- 
tion on the degree m=m(A,) Of Aa. As the hypothesis of the induc- 
tion—which will begin with the value m=2—we shall assume that 
we know the boundaries of all chains of degree m—1. 

Case m=0. The only cell-chain of degree 0 is the unit chain E. We 
shall write 
(4.5) E = 0. 


Case m=1. The cell-chains of degree 1 are the elementary chains, 
which are of the forms s=a, b, or c. We shall write 


(4.6) a’ = b, V = O,, Gm — b. 


The zero 0, will, of course, be the zero of the same type a as the 
chains a, b, and c. 
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Case m>1. A cell-chain A of degree m, m>1, can be written in a 
uniquely determined manner as the product Bz of a cell-chain B of 
degree m—1 and an elementary chain z. We shall define the boundary 
of A by the recursion formula 


(4.7). A!’ =m B’s + Bés’. 
The boundary of a general chain K of degree m will then be fully de- 
termined, by linearity. 

We can easily verify, by induction, that the boundary of a chain 1s 


of the same type a as the chain itself, and that the boundary of a 
phain is a (9 +1)-chain. Therefore, by (3.5), we can write 


(4.8) Ry eba Re (p > 0). 


It is also clear, by (4.1) and (4.8), that the boundary operator anti- 
commutes with the conjugation operator, 


(4.9) (K*)’ = — (K*. 
The formula for the boundary of a chain product KZ is 
(4.10) (KL) = K'L + KL. 


ProoF. Since the boundary and conjugation operators are both 
linear, and since chain multiplication is distributive with respect to 
chain addition, the proof reduces, at once, to the case in which the 
factors K and L are both cell-chains. We shall therefore assume that 
K and L are cell-chains, and shall proceed by induction on the degree 
m of the second factor L. ; 

The case m(L)=0 is trivial. The cell-chain Z can only be the unit 
chain L=£,. Therefore, we have L’=0,, and both members of (4.10) 
reduce to K’. 

The case m(L)=1 is covered by the assumed recursion formula 
(4.7). 

We treat the case m(L) >1 by expressing the cell-chain L as a prod- 
uct L=AB, where A and B are cell-chains of degrees less than m(Z). 
By the hypothesis of the induction, we have at once 


(KL) = (KA-B)’ = (KAYB + (KA)*B" 
= K'AB + K*A’B + K*A*B? 
= K'AB + K*(AB)’ 
= K’L + EL, 


which is what we set out to prove. 
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The explicit formula for the boundary of a product. KK, - -< K, 
of n factors K; is 


(4.11) (KiKa: Ka) = SORIKS--- KiaK! Ku En, 
q 


as may be proved directly by induction on #. As a special case of 
(4.11) we have the formula for the boundary of a cell-chain ‘4 =s% 
eos 6 Zn; 


(4.12) A’ = (s+: Sa) = > sis. Fe Bi S 1 "ct Zm 


i 
This last formula has a simple geometrical interpretation. The ith 
term on the right vanishes if we have s;=b; (whence, g, =0) and is 
of one of the two forms +s% : - 3.108111 ` ° © Za if we have 3,=a, 
or ci. Therefore, the cells of the boundary of a p-ell A are precisely 
the (9 +1)-cells B on the boundary of A, in the sense of §2. 
The boundary of the boundary of a chain K is the zero of the same 
type a as K, 


(4.13) K" =0 (that is, K/’ = 0a). 


Proor. Again, the proof reduces, by linearity, to the case in which 
the chain K is a cell-chain. We therefore assume that K isa cell-chain, 
and proceed by induction on the degree m of K. 

The case m=0 and m=1 are both trivial, since we have El’ =0,, 
by (4.5), and a” =b" =c" =0., by (4.6). 

We treat the case m>0 by expressing the cell-chain K as a product 
K=AB, where A and B are cell-chains of degrees less than m. Accord- 
ing to (4.10), we have 


RK’ = (ABY = A'B + A*B’, K" = A"B + AWB! + At B’! + A*P'. 


The two outer terms on the right are zeros, by the hypothesis of the 
induction; the two inner terms cancel, by (4.9). 


5. Refinors, refinements, pseudo-sums. The sum of all the cell- 
chains of type «œ and rank 0 will be called the refinor Ea of type a. 
The refinor of unit type e will thus be the unit chain F,, since the only 
cell of unit type is the cell E. The refinor of type a=a1d,-- - Gn, 
m>0, will be the product 


(5.1) Ea = (@ + c1) (81 + Cs) +++ (Gm + Cu). 


Indeed, if we expand the product on the right we clearly obtain the 
sum of all cell-chains of the form Å «= $3: - - + Za, such that each fac- 
tor z; has one of the two determinations a; or c;. According to (5.1), 
the product of two refinors is a refinor, 
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(5.2) EEs = Ex. 


Moreover, we have 


Ga Ea = Ea; Ea= Oa (p > 0); 


E. = Ea; Ea = Oa. 


Formulae (5.3) are obvious, with the possible exception of the last 
one. To prove that the boundary of Ea vanishes, we have only to 
note that the boundary of each factor (a;+c¢,) vanishes, (a;-+¢;)’ 
=b,—b,=0.,, and to apply (4.11) for the boundary of a product. 

A refinement of a chain K will be any product of the form KE, 
where E is a refinor. In view of the identity K=KE, a chain K is 
to be regarded as a refinement of itself. The geometrical meaning of a 
refinement is as follows. Suppose we construct schematic models of 
the chains K, and KaEsin the same n-space &*, n &m(a) +m (8), after 
the manner of §3. Then each p-cell A%B3 of the refinement KaEp will 
be represented by a portion of the geometrical domain representing 
the corresponding p-cell A% of Ka. For heuristic purposes, we can 
think of the chain KE, as the one obtained by “subdividing each 
p-cell A? of K, into the subcells A%B3.” Thus, in particular, an ele- 
mentary refinement K(a-+c) of a chain K will be obtained by “cutting 
each cell A of K along the edge b, thereby separating the cell A into 
a pair of subcells Aa and Ac which touch along the edge b.” 

We can think of a refinor E as an operator transforming a chain K 
into the refinement KE of K. The operator is linear, 


(5.4) | 2 vK: | E = (KE), 


since chain multiplication is distributive with respect to chain addi- 
tion. Moreover, by (5.3), the operator E commutes with the rank, 
conjugation, and boundary operators, 

(5.5) (KE) = K'E, (KE\*= K*E, (KE) = K'E. 

Of course, we can also write 


(5.6) (EK)? = EK”, (EK)* = EK*, (EK)’ = ER’. 


The sum of two chains is not defined unless the chains are of the 
same type. To compensate for this defect it will be convenient 
(though not strictly essential) to introduce a new law of combination 


(5.7) Ka D Ly = K.Ey + Eals, 
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which will be applicable to any pair of chains Ka and Ls. The chain 
Ka®La will be called the pseudo-sum of Ka and Ls. It will be of the 
same type af as the product KL. Similarly, we shall write 

(5.8) Ka © Ls = Ka ®(— Lo) = KE — Ealy, 


and shall call the chain K.OL, the pseudo-difference of Ka and Ly. 
A chain of the form 


AK1 O AK. © --- OAK, 


5.9 
H = D MEE ++ EK Em Ey 
q 


will be called a pseudo-combination of the chains Ky. 
Pseudo-addition will be associative, 
Ka O (Ls D My) = (Ka © L) © M, 
(= Ka Ep E, + Ealgky T EaEsM y), 
but noncommutative. In general, the pseudo-difference K.OK, will 
not be zero. According to (5.4), (5.5), and (5.6), the rank, conjuga- 


tion, and boundary operators will be “pseudo-linear” with cance to 
pseudo-addition: 


(5.10) 


(5.11) (K@LYa K* OL, (K@L)*= K* OL", 

(KOL =K OL’. 
The following identities are worth keeping in mind: 

(5.12) K.ks = Ka ® Os, E.Ks = 0. ®© Kz; 

also the identity 

(Ka + La) D (Mp + Np) = (Ka D Ma) + (La ® No) 
[= (Ka + La)Es + Ea(Mp + No) ]. 

This last is analogous to a distributive law. 


(5.13) 


6. Permutators and permutations. Let 


(6.1) x= (in faee, ty) 
be the permutation on the integers 1, 2, - - - , n which transforms the 
integer s into the integer 4, (s=1, 2, - - - , #). Corresponding to the 


permutation x we shall define a linear operator, or permutor—also to 
be denoted by m—which will transform every chain K of degree m, 
m&n, into a chain rK, called the permutation xK of K. Since the 
operator r is to be linear, 
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(6.2) r( 2 Ket) - ENGK) nem, 


it will be sufficient for us to define the permutations (A) of the cell- 
chains A of degrees m greater than or equal to n. If A is the cell-chain 
A=318: °° ` Sm, MZN, we shall write 


(6.3) TÅ = (— 1)" (8454 + + Si) (Sat ° t Bm), 


where the integer e which determines the sign of the expression is to 

be calculated in the following manner. We examine the product 
Zf °° + 3a aud construct all pairs (s,, 35) consisting of two different 
factors s,=0, and g;=b, of rank 1. (Factors s,=a; or c, of rank 0 are 
simply ignored.) The integer ø is equal to the number of pairs (s, 84) 
such that the relative order of s, and g; in the product 21%) - - - Zæ 18 
different from the relative order of s, and z; in the product 
BnB, °° * 81,8041 © © Sm. A few examples will make our meaning clear: 

(i) Let A =aybsb3 be a cell-chain, and let x = (2, 1, 3) and x= (3, 2, 1) 
be permutations on the integers 1, 2, 3. We write A = bab3, with the 
plus sign, since we have not disturbed the relative order of the factors 
b and by, but we write KA = —Ddybsay, with the minus sign, since we 
have reversed the order of the factors bs and 03. 

(ii) Let A=0b be a singular cell of singular type aa, and let 
x =(2, 1) be the permutation which inverts the integers 1 and 2. We 
write +A = — bb, with the minus sign, since we have reversed the order 
of the two factors b. (N.B. A term of a sequence, or a factor of a non- 
commutative product, is not fully determined unless we know both 
its value and its postison. When we speak, rather loosely, about identi- 
cal terms or factors, we are referring, of course, to terms or factors 
with identical values.) 

(iii) Let C be the product of a p-cell A’ =3:% - - - Za and a o-cell 
Bo =seii8ei2° °° 8a, and let x be the cyclic permutation (m-+1, 
m+2,---,,1,2,---,). Then we must obviously write 


(6.4) x(A*Br) = (— 1)? Beds, 

since each of the p factors z, =b, of A” has undergone an inversion 
relative to each of the o factors s;=b, of B*. By linearity, a similar 
formula applies to the cyclic permutation x of the product KGL, of a 
p-chain K% and a o-chain Lg, 

(6.5) «(Koly) = (— DYLE a (x-a8 = Ba). 


No such simple formula exists for the permutation x(KL) of two gen- 
eral chains K and L. However, if either of the chains K or L is a 
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Q-chain we can, of course, write 
(6.6) x(KL) = LK (K = K°orL = L°), 


without any change of sign. In consequence of (6.6), it is clear that 
the pesudo-sum LsO Ke«=LpEa+EsKa is a cyclic permutation of the 
pseudo-sum K.OLs =KoFs+Eabs, 


(6.7) Is ® Ka = «(Ka ® Lo) (x-a8 = Ba). 


A permutor (6.1) obviously transforms a chain Ka of type æ 
=G10,---* Ge, MN, into a chain Kra of type 


(6.8) B = x(a) = (yy + C) (Ontan +++ Gm). 


We shall call the type 8 the permutation x(a) of the type a. 

Remark. It would be natural to define the permutation of a general 
cell A=s3---s_ by the formula +(4)=(s,5,, °° © 8,,)(Sn418a43 

` © + Su). However, we prefer to define only the permutations of the 

type-cells a. It would be confusing to have one formula for a permuta- 
tion of the cell A and a different formula, involving at times a differ- 
ent sign, for a permutation of the corresponding cell-chain A. Formula 
(6.8) leads to no confusion, whether we interpret the product 
G:a ` ` ` Ga a8 the symbol for a type-cell or as the symbol for a cell- 
chain. 

We can, of course, write the identity 


(6.9) (wKa)Ly = x(Kaly), 

provided the degree of Kais such that the chain ~K. is defined. Simi- 
larly, we can write 

(6.10) Ka(xlg) = w(KaLs) (w-ap = a-wf), 


provided the permutation Ly is defined. The permutor x obviously 
commutes with the rank and conjugation operators, so that we are 
justified in using the simplified notations 


(6.11) xK’ = 7(K*) = (xK)*, xK* = «(K*) = (xK)*. 
The permutor x also commutes with the boundary operator, 
(6.12) aK! = (K^) = (xK)’, 


though, in this case, a formal proof is necessary because of minor 
difficulties in regard to signs. Since we are dealing with linear opera- 
tors, the proof of (6.12) reduces to the case in which K is a cell- 
chain, K =a: - - - 34. Moreover, every permutation on the integers 
Í, 2, - - - , m is the resultant of inversions which interchange consecu- 
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tive integers ¢ and +1. Therefore, the proof reduces, in the last 
analysis, to the case in which K is a cell-chain of the form K=AswB, 
and in which x is the permutor which interchanges the adjacent ele- 
mentary factors s and w. Now, in the case left for consideration, we 
have ) 
xK = (— 1)”A wB, 

where p and ø are the ranks of the elementary factors s and w respec- 
tively (9p =0 or 1, e =0 or 1). Therefore we can write 


(xK)! = (— 1)" [AmB + A*wsB + A*w*s' B + A*w*s*B']. 
On the other hand, we can also write 


K' = A'zwB + Ate’ wB + A*s"w B + A*s* w*B’, 
whence 


(K^ = (—1)**[A’wsB + (—1)"A* wz B + (—1Y4A*ws*B + A*w*s*B'), 


since 3’ and w’ are of ranks p+1 and o+1 respectively. To conclude 
the proof, we have only to note that the expression for x(K’) is 
equivalent to the expression for (wK)’, since we have s*=(—1)*s and 
w* = (—1)*w. 


7. Grating representations; loci. A representaiton (T, f, X) of a 
grating T = [y] on a point set X = [x] will consist of the grating T, 
the set X, and an arbitrary function f(y, x) of a variable cut of T 
and a variable point of X, such that the only allowable values of the 
function are —1, 0, and 1. The set X will be called the carrter, and 
the function f(y, x) the determining function of the representation. If 
we have a representation (I, f, X) of T on X, every cut yi= (ai, bi, Ci) 
of the grating T will determine a separation of the carrier X into a 
trio of disjoint sets A,, Bı, and C,, consisting of the points x at which 
the determining function f(y, x) takes on the values —1, 0, and 1 
respectively. We shall call the sets A,, B,, and C; the representatives 
of the elements a:, b., and c: respectively. 

Example A. Let X be a topological space, and let [y] be the set of 
all real, continuous functions y(x) of a variable point x of X. We treat 
each member y; of [y] as the symbol for a cut consisting of three 
abstract elements G, ba and c;. The cuts y, form a grating T = [y]. 
Moreover; we obtain a representation (T, f, X) of the grating T on 
the carrier X by letting the determining function f(y, x) be the func- 
tion which takes on the value —1, 0, or 1 according as the function 
+(x) is negative, zero, or positive at x. The representatives of the ele- 
ments a,, bi, and c: of Y; are, of course, the point sets determined by 
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the relations 7;<0, y;=0, and y;>0 respectively. Other significant 
representations will be given in §13. 

Given a representation (I, f, X) of a grating T on a set X, there is 
a natural way of assigning to each chain K of T an appropriate sub- 
set | K| of X. The subset | K| will be called the locus of the chain K. 
It will be defined in the following manner: 

To the unit chain E., we shall assign the entire set X, 


(7.1) E| = X. 

To the elementary chains s;=a,, b, and c, we shall assign the sets 
(7.2) |jal= AUB, |el=B, - lal =U B, 
respectively, where A,, By and C; are the representatives of the ele- 
ments G, b; and c: respectively. Thus, in Example A above, the loci 


la|, |b|, and lel will be the sts determined by the conditions 
y: <0, yı=0, and y: &0 respectively. According to (7.2), we shall have 


0D falUlal=x, lod Alal=[al. 


The locus of a cell-chain A = 81%, - - - 34 of degree m greater than 1 
will be defined to be the intersection of the loci of the elementary fac- 
tors of A, 


(7.4) JA, =| al Ojal OA A| sl. 
The formula for the product of two cell-chains A and B will thus be 
(7.5) |AB| = |A| A| BI. 


Moreover, we shall have 
(7.6) Abd B|A|C| BI. 


Indeed, if the cell A =. > - 3a is on the boundary of the cell 
B=wity + - - We, we can write =w; or ba by (2.6); whence |s| 
C|w,|, by (7.3); whence, finally, | A | =f),|s:| EN «| w! =| Bi, by 
(7.4). The locus of a multiple \4 of a cell-chain A will be said to be 
identical with the locus of A, provided the coefficient A does not van- 
ish. If the coefficient vanishes, the locus will be said to be the empty 
set, 


(7.7) Ja4f{=|A| #0); [OA] =O. 
The following identities will be useful in the sequel: 
(7.8) |ac| =| ab| =| bc] =|| =| 4}. 


They are immediate consequences of (7.2) and (7.4). 
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To complete the definition of the locus, we shall say that the locus 
of a general chain K =9_,\;4; is the union of the loci of the terms 
of K, 


(7.9) }K] = |a| U [asd U e U bran. 
We can evidently write the identities 
(7.10) | K| =|K*| =|xxk|, 


since corresponding terms of K, K*, and rK can differ, at most, in 
sign and in the arrangement of the elementary factors s; within the 
terms. We can also write 


(7.11) [AK + uL|C|K|U|LI, 


since every nonvanishing term of AK +uL corresponds to a similar 
nonvanishing term of one, at least, of the chains K and L. Again, we 
can write 


(7.12) | KZ|=|K|A|LZI, 


since the nonvanishing terms of KZ are the products of the non- 
vanishing terms of K and the nonvanishing terms of L. The locus 
of a zero is, of course, empty. 

Remark. In proving the equality (7.12), we make use, for the first 
time, of the assumption that the ring of coefficients [A] has no zero 
divisors. If the ring were allowed to have zero divisors, the product 
of a nonvanishing term of K and a nonvanishing term of L might be 
a vanishing term of KL, so that the equality (7.12) would have to be 
replaced by the inequality |KL|C|K|NQ|LI. | 

According to (7.3) and (7.9), the locus of an elementary refinor 
Gi+c is | aitc] =X. Therefore, by (7.12), we can write 


(7.13) © |Eļ=Z, |KE|=]|£K|=|K], 





where £ is an arbitrary refinor and K an arbitrary chain. As a corol- 
lary to (7.11) and (7.13), we have 


(7.14) JAK ®aL|S|K|U]|z]. 
- Finally, by (7.6) and (7.9), 
(7.15) |æ |c|K], 


since every cell of K’ is on the boundary of some cell of K. 

In the applications to-topology, the carrier of a grating T will ordi- 
narily be a topological space. A representation of a grating T ona 
topological space X will be said to be continuous provided the repre- 
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sentatives A, and C; of all the faces of T are open sets. If the represen- 
tation is continuous, the representatives B; of the edges must be 
closed sets, since the sets B; are the complements of the open sets 
AJC. The loci of the chains K of T are also closed sets, as may be 
verified immediately by considering successively the loci (7.1), (7.2), 
(7.4), and (7.9). The representation (T, f, X) in Example A above is 
evidently continuous. 

Remark. A representation (T, f, X) of a grating T on a point set X 
induces a topology on the set X. When we speak of the natural to- 
pology induced by (T, f, X) on X we shall mean the coarsest topology 
such that the representatives of all the faces of T are open seta—that 
is, the coarsest topology such that the representation of T on X 
is continuous. With reference to the natural topology induced on X, 
we can construct a basic set of neighborhoods consisting of all sets of 
the form ZOZ AO ++ - OZ, ( finite, but not fixed), such that the 
Z,'8 are the representatives of faces of T, Z, =A; or C;. In other words, 
we can construct a sub-basic set of neighborhoods consisting of the 
representatives Z; of all the faces of T. 


` 


8. The intrinsic representation of a grating. An inirinsic potni y of 
a grating T will be any single-valued function y =y(y) of the cuts of I, 
such that the only allowable values of the function are —1, 0, and 1. 
The set Y= [y] of all intrinsic points of T will be called the intrinsic 
carrier of the grating. The intrinstc representation of the grating will 
be the representation (T, k, Y) of T on Y determined by a function 
h(y, y), such that the value of the function, for every fixed determina- 
tion of y and y, is equal to the value of the function y(y) for the given 
determination of y, A(y, y) =y(y). The representative of an element z 
of T in relation to the intrinsic representation (T, k, Y) will be called 
the tnirinstc representative of z, the locus of a chain K will be called the 
sntrinstc locus of K. Clearly, the intrinsic representatives of the ele- 
ments s;=4,, b;, and c; will be the sets made up of all functions (in- 
trinsic points) y(y) such that we have y(y,)=—1, 0, and 1 respec- 
tively. The intrinsic locus of a chain K will be denoted by a special 
symbol || K|]. 

The intrinsic representation of a grating is of some theoretical in- 
terest, in that it enables us to describe the properties of the grating 
in pseudo-combinatory language, without reference to limits and con- 
tinuity. However, it can ordinarily be dispensed with in problems 
involving a prescribed representation of the grating on a point set X. 
When we want to talk about the intrinsic representation in topologi- 
cal terms, we shall assign the natural topology to the intrinsic carrier 
Y (cf. §7). Thus, the intrinsic representation will be continuous. 
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The chains K of a grating T will be partially ordered in terms of 
their intrinsic loci, as follows. If the intrinsic locus ||K|| of a chain K 
is contained in the intrinsic locus ||Z|| of a chain L, ||K||C||ZI], we 
shall say that K is dominated by L and that L dominates K. The rela- 
tions of dominating and of being dominated are evidently transitive, 
since the relation of inclusion is transitive. However, each of two 
different chains may dominate the other (cf., for example, the chains 
ac, ab, and so on, in (7.8)), so that the relations are not anti-sym- 
metrical. 

Remark The question of whether or not a prescribed chain K is 
dominated by a prescribed chain L can always be answered effec- 
tively, by a finite process. Consider, first, the case in which the chains 
are cell-chains, K=A, L=B. The locus ||A|| consists of all intrinsic 
points y(y), such that the functions y(y) satisfy a finite set of rela- 
tions, each of one of the forms yy) S0, y(yi) =0, or ys) 20. A 
similar remark applies to the locus i . Therefore, by comparing the 
two sets of relations, for ||A|| and for ||B||, we can determine, by in- 
spection, whether or not there exists an intrinsic point belonging to 
the locus ||A||, but not to the locus || Bl|. Consider, next, the general 
case. The chain K has only a finite number of cells A, the chain La 
finite number of cells B. Therefore, since we know how to handle the 
special case, we can always determine effectively whether or not there 
exists an intrinsic point belonging to some ial, but not to any ||B]||. 
In other words, we can determine effectively whether or not we have 
zSz. 


[8.1] THEorEm. A representation (T, f, X) of a grating T = [y] on 
a space X induces a mapping y=u(x) [=f(y, x)] of the space X into 
the intrinsic carrier Y of T. Moreover, the mapping of X inio Y ts con- 
tinuous if the representation (T, f, X) ts contsnuous. 


Proor. The first part of the theorem is obvious if the notation is 
clearly understood. For a fixed determination £ of x, the determin- 
ing function f(y, x) of the representation (T', f, X) becomes a function 
9=f(y, 2) of y alone, with values limited to —1, 0, and 1. Thus, the 
function 9 is an intrinsic point of I’, by the very definition of the in- 
trinsic points. By the transformation y =u(x), we mean the one which 
carries the point £ into the point 9. To verify that the transformation 
is continuous when (J, f, X) is continuous, we let z; be an element of 
T, Zxr the representation of s; in X, and Zy the representation of s; 
in Y. The set Zr consists of all intrinsic points y =y(y) such that we 
have y(y,) =k (k= —1, 0, or 1 according as we have z, =t, bi, or C4). 
The set Zr consists of all points x of X such that we have f(y:, x) =R, 
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In other words, the set Zy consists of all points of X which are carried 
into points of Zy by the transformation y=y(x) [=f(y, x)]. The con- 
tinuity of the transformation is now obvious. Indeed, the intrinsic 
representations Zy of the faces z; of T constitute a sub-basic set of 
neighborhoods of Y (cf. §7); the inverse images Zy=p-(Zy) of the 
Zy'8 are open, since the representation (T, f, X) is continuous; there- 
fore, by a well known criterion for continuity, the transformation 
y =(x) is continuous. ! 


[8.2] Corottary. Let (T, f, X) be a representation of a grating F 
on a poini set X, and let K and L be chains of T. Then if the chain K 
ts dominated by the chain L the locus of K ts contatned in the locus of L, 


(8.1) - Xi] S [jz] >| K| S| ZI. 


Proor. In the notation of the theorem, we have | £,| =a] El], 
by (7.1), |s| =u], by (7.2), |A! =|| A||, by (7.4), and finally 
| K| =p-||K||, by (7.9). Thus, every point x of | K| is mapped into a 
point y=y(x) of ||K||. Now suppose we have [KI C||Z||. Then the 
image y of x must also be a point of ||L||. Therefore, the point x must 
be a point of | Z|. In other words, we must have [K| SL. 


9. Grating ideals. Cycles and bounding cycles. An ideal © of a 
grating T will be any set of chains of T with the following three prop- 
erties: 

(i) The zero 0, of unit type € is a member of the set. 

(ii) The sum K.+L. of two members of the set of like type a is 
a member of the set. . 

(i) Every chain K dominated by a member of the set is a member 
of the set. 


[9.1] THEOREM. Let $ be an ideal of a grating T. Then: 

(a) AW the zeros Oa of T' are members of ®. 

(B) If K is a member of ®, so also are AK, K”, K*, xK, KE, and K'. 
Moreover, the cell-chatns A determined by the cells of K are members 
of ®. 
(Y) If K is a member of ® and L an arbitrary chain of T, the chains 
KL and LK are members of ®. | 

(5) Every linear combination of members of $ ts a member of ®; 
every pseudo-combination of members of ® is a member of ®. 


The proof is trivial. Statement (a) follows from (i) and (iii), since 
|] Oa|| =1/0, | is the empty set. Statement (8) follows from (iii), by (7.9), 
(7.10), (7.13), and (7.15). Statement (y) follows from (iii), by (7.12). 
Finally, Statement (6) follows from (ii) and (8). 





' 
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Given a grating T, there is a smallest ideal of T consisting of the 
chains 0, only, also a largest ideal consisting of all the chains of T. We 
shall denote the smallest ideal by the symbol Q, and the largest ideal 
by the same symbol T as the grating itself. Obviously, the intersec- 
tion (\,®; of the members ©; of an arbitrary family of ideals of T is 
an ideal of T. Thus, if [K ] is any set of chains of T, there is a smallest 
ideal $ of T such that we have [K]C®. The ideal is, of course, the 
intersection of all the ideals ®, of T such that we have [K|C 4. The 
join of a family of ideals @ will be the smallest ideal ® such that we 
have ©,C®, for all members ® of the family. 

A chain K of T will be said to be a cycle, modulo an ideal ®, if the 
boundary K’ of K isa member of ®, 


(9.1) K' =Z (ZES). 


If a chain K belonging to an ideal Y is a cycle, modulo an ideal ®, we 
shall say that K is a cycle of Y, modulo ®. A chain K will be called 
an absolute cycle if its boundary is a zero, 


(9.2) K'=0. 


The theory of absolute cycles does not require special treatment, since 
an absolute cycle is merely a cycle, modulo the ideal Q consisting of 
the zeros only. 


[9.2] TuEoREm. Let ® be an ideal of a grating T. Then: 

(œ) AH the seros 0, and all the refinors Ea of T are cycles, modulo ®. 

(B) If K is a cycle, modulo Ẹ, so also are AK, K”, K*, ~K, KE, 
and K’. . 

(y) If K and L are cycles, modulo ®, so also 4s their product KL. 

(6) Every linear combination of cycles, modulo ®, ts a cycle,moduto ®. 

(€) Every pseudo-combination of cydss, modulo ®, isa cycle, modulo ®. 


The theorem follows, at once, from the theorems on loci in §7. We 
leave the routine verification to the reader. 

Now, let @ and Y be ideals of a grating T. A chain K of T will be 
said to bound in Y, modulo ®, if it can be written in the form 


(9.3) K=W'+Z (WEYV,ZE 8). 


By applying the boundary operator to the two members of (9.3), we 
obtain an expression of the form (9.1), since the chain W”’ is always a 
zero. Therefore, a chain of ¥ which bounds in ¥, modulo 9, is always 
a cycle of ¥, modulo ®. 


[9.3] THEOREM. Let $ and Y be ideals of a grating T. Then: 
(œ) AH the seros Qa of T bound in Y, modulo ®. 


—— — — — 
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(8) If K is a cycle which bounds in V, modulo ®, so also are AK, 
K”, K*, 7K, KE, and K’. 

(Y) If K is a cycle which bounds in Y, modulo ®, and +f L is an arbi- 
trary cycle of T, modulo Ẹ, the products KL and LK are cycles bounding 
in Y, modulo ®. 

(5) Every linear combination of cycles bounding in Y, modulo ®, ts 
a cycle bounding in VY, modulo ®. 

(e) Every pseudo-combination of cycles bounding in Y, modulo ®, is 
a cycle bounding in Y, modulo ®. 


Again, the verification of the theorem is immediate. We shall 
merely give the proof of Statement (y) which involves a minor diff- 
culty. 

According to (9.3) and (9.1), the bounding cycle K can be written 
in the form K = W’ +Z, and the boundary of the cycle L in the form 
L'=Z (Z,2Z€ ð, WEY). We can therefore write 


KL = W' L +ZL = (WL)'— W*2 + ZL. 


Now, by [9.1], the chain WL is necessarily a chain of Y, since W is a 

chain of ¥. Moreover, the chain —W*Z+ZL is a chain of ®, since Z 

and Z are chains of $. Therefore, the chain KL is of the form (9.3). 

In other words, the chain KL bounds in ¥, modulo ®. The proof that 

the chain LK bounds in VW, modulo ®, is treated in a similar manner. 
We shall introduce the notation 


(9.4) K %0, (¥/®), 


to indicate that K is a chain which bounds in VY, modulo ®. If a 
pseudo-combination bounds in VY, modulo ®, 


(9.5) AK1 @ MK: O - ++ OAK & O, (¥/ 8), 


we can rearrange the terms of the left-hand member of (9.5) in any 
order we please, since the effect of rearranging the terms is merely 
to transform the pseudo-combination AK: PAK: ® --- OMK, into 
a permutation of itself. 


10. A permutation theorem. According to $6, the permutors ~r are 
linear operators which commute with -the rank, conjugation, and 
boundary operators. It would therefore be feasible to identify a chain 
K with its permutations.? We prefer, however, to let matters stand 
` as they are, and to distinguish between the chains K and rK unless, 


1A similar identification is made in the classical theory of complexes of sim- 
plexes, where an oriented simplex is treated as a skew-symmoetrical function of its 
n+ 1 vertices. 
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of course, they happen to be formally identical. It is of some theoreti- 
cal interest that, in view of the following theorem and its corollary, 
we can develop a satisfactory homology theory without having to 
make the identifications. 


[10.1] Teaorem. Let K be a chain of a grating T', and let xK be any 
permuiaiton of K, such that the chains K and rK are of the same type a. 
Then the difference between the chains K and rK can always be expressed 
in the form 


(10. 1) K-1K=W'+Z dail = lall [Zi] S x"), 


where W is a chatn domsnated by K and Z a chain dominated by ihe 
boundary of K. 

Proor. The theorem is trivial unless the chain K is singular. In- 
deed, if K is of regular type a, the only permutation of K of type æ 
is K itself. Therefore, the difference K —rK can be put in the form 
(10.1) by writing W=Z=0.. 

If the type @ of K is singular, the theorem reduces, without diffi- 
culty, to the special case in which the type of K is of the form a=aaf, 
and in which the permutor ~ is the tnvertor (2, 1) which merely inter- 
changes the first two elementary factors of aap. Let us therefore first 
dispose of this special case. By grouping together the terms of K with 
the same first two elementary factors, we can express K in the form 


K = a@6Ki,+ Ku + acK 
(10.2) + baKa1 + bbKa + bcKss 
+ caKn + Kyn + Ky, 

where the K,,'s are chains of type 8. Moreover, in the same notation, 

we can write 

1K = aoKı + WK + ack 
(10.3) , + baKıı — bbKai + bcKn 
+ caKis + chEss + ccKay. 


(Note the sign of the term —bbKn.) The chain K —*xXK is therefore 
of the form 


(10.4) K — rK = (ab — ba)P + (ac — ca)Q + (be — cb) R + 2685, 
where P, Ọ, R, and S are appropriate linear combinations of the K,,’s 


(P=Ky—Ku, and so on). We shall prove that Condition (10.1) is 
fulfilled when W and Z are chosen in the following manner: 
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(10.5) W=(a—ba)S+(ac—ca)R, ZokK—xK-—W', 


where the symbols S and R have the same meaning as in (10.4). From 
the very form of the chain Z, it is clear that Wand Z satisfy the equa- 
tion (10.1). What we still have to prove is that W is dominated by K 
and that Z is dominated by the boundary of K. i 
Now, it is evident, by inspection, that no two of the chains 
abP, —baP, acQ, —caQ, and so on, in the right-hand member of 
(10.4) can have a cell in common, since the cells of abP all have the 
left-hand factor ab, the cells of —baP the left-hand factor ba, and so 
on. We can therefore write the equaltty 


|Z — +l = ær] U ||- żar] U |jecol] U - - - U 228s. 


By a similar argument, applied to (10.5), we can also write the equal- 


ity 
|| = læs] U ||- basi] Y [lack] U || — car]. 


Furthermore, in view of (7.8) and (7.4), the terms a}S and —baS of W 
are dominated by the term 2600S of K—wK, and the terms acR and 
—caR of W are dominated by the term dcR of K—7K, 


l|ebS]| = || - basi] = |[2b55]] = [lol] A Iisi, 
lacR]| = || — cal] = |]bcRI] = |[o]] A [IRI]. 


We can therefore write 


|| S || — «KS || x || V [lexi] CIA, 


which proves that the chain W is dominated by the chain K. (Re- 
mark. The proof makes use of the fact that the ring of coefficients f] 
has no zero divisors, since we have to assume ||200.5|| =||d5||.) 

To complete the proof for the special case under consideration, we 
have only to show that the chain Z is dominated by the chain K’. 
According to (10.5), we obtain, by direct calculation, 

W’ = — (ab — ba) (R+ S9) + (ace — aR 
+ (bc — cb) R + 2658S. 
Therefore, by (10.4) and (10.6), the chain Z is of the form 
Z=K—xK — W' = (ab — ba)M + (ac — ca)N 
(10.7) (M=P+S'+R,N=oQO— R). 


(10.6) 


Next, we construct the boundary Z’ of Z. Since the expression (10.7) 
for Z is similar in form to the expression (10.5) for W, we can write 
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Z' = — (ab — ba)(N + M^ + (ac — ca)N’ 


(10.8) 
+ (be — cb)N + 2bbM, 


without formal computation, by comparison with the expression 
(10.6) for W’. Finally, by an argument similar to the one made a 
moment ago, we note that the terms a) M and —baM of Z are domi- 
nated by the term 2bbM of Z’, and that the terms acN and —caN af 
Z are dominated by the term bcN of Z’. Therefore, we can write 


izil S WI] = |Æ — £|] £ Ell V lx] E le. 


This completes the proof for the special case under consideration. 

The rest of the argument is trivial. We next conaider the somewhat 
more general case in which the type a of K is of the form a=fayaé, 
with two identical factors a, and in which the permutor = is the in- 
vertor which merely interchanges the two factors a. Let x be a per- 
mutor which transforms the type a into the type xa =aapyð, and let w 
be the invertor (2, 1). Then, according to the case already considered, 
we can write 


KK — w(K) = W' +Z (dil S llel, Izl S liD. 


Thus, we have, at once, 


K — xK = c'|[kK — e(cK)] = -[W’ — Z], 


dwi] = [|W] S f| = zl, lez] = [121] S lll = ED. 


as required. 

The proof of the theorem for the completely general case follows 
directly from the fact that every permutor r which leaves the type æ 
invariant is the resultant of invertors of the kind just considered. 


[10.2] CoroLLaRyY. Let ® and F be ideals of a grating T and lei K 
be any cycle of Y, modulo ®. Then sf TK ts any permutaiton of K the 
pseudo-difference KOxK bounds in Y, modulo ®: 


(10.9) KOrK %0, (¥/8). 
Proor. The left-hand member of (10.9) can be written K TE 
—E xK, where E is the refinor of the same type type as K. More- 


over, the chain E -xK is a permutation of the chain K qE. There- 
fore, by the theorem, we can write 


Esko peRS Wz 
(10.10) g = 


di E l£- = |x], lzi] = E-e] = |"). 
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Now, the chain W belongs to the ideal WV, since it is dominated by 
the member K of Y, and the chain Z belongs to the ideal ©, since it is 
dominated by the boundary K’ of the cycle K of ¥, modulo ®, which 
boundary K’ is, of course, a chain of &. Thus, the desired relation 
(10.9) is implied by (10.10). 


11. Homologies, homology groups, and homology rings. The no- 
tion of homology is closely related to the notion of bounding. Let ® 
and W be ideals of a grating I’, and let Ka and Lg be chains of T. We 
shall say that the chain Ka is homologous to the chain Ly in Y, 
modulo P, 


(11.1) Ka ~ Ly, (4/5), 


if there exists a refinement of the pseudo-difference K«© Lg such that 
the refinement bounds in VY, modulo 9, 


(11.2) (KaFs — Ely) E, = Ka © Ls 80, =» 0, (¥/8). 
The relation of homology is clearly symmetrical, 
(11.3) Ka ~ Ls —> La~ Ka, (4/8), 


since the relation (11.2) goes over into the relation LgOK.®0,0, 
by a permutation and a change of sign. In order that Ka be homolo- 
gous to Lẹ it is suffictent, though not necessary, that the pseudo- 
difference K,©@L, bound, since we can then write 


(11.4) Ka © Llp = KOL @ 0, & 0, (Y/®). 


Another useful condition, which is both necessary and sufficient, is 
that there be a chain Y, of T satisfying the joint relations 


(11.5) K.Gls@Y,~0, YO, (/&): 


Indeed, the fulfillment of (11.2) implies the fulfillment of (11.5) with 
Y, set equal to 0,. On the other hand, the fulfillment of the first part 
of (11.5) implies that we have 


(11.6) (Ka © La ® 0+) + (Oc D 0s © Vy) = 0, (4/8), 


by (5.13). Moreover, the fulfillment of the second part of (11.5) im- 
plies the relation O« D0, ® Y,=0, since OaD0s P F, is a permutation 
of a refinement of Y}. By combining this relation with (11.6), we 
obtain (11.2). 

In the remainder of this section, we shall confine our attention to 
cycles K, L, M,--- of F, modulo 9, as 4 result of which the theory 
will assume a particularly simple form. In the first place, it is clear 
that a cycle K of ¥, modulo 9, is homologous to all its permutations, 
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(11.7) Raik, (4/6), 


by (10.9) and (11.4). Thus, in particular, the homology relation, as 
applied to cycles of ¥, modulo ®, is reflexsve, 


(11.8) Ka~ Ken (¥/8). 


We can further verify that the homology relation, as applied to cycles, 
is transttsve, 


(11.9) Ka ~ Ls, Ls ~M, > Kaw My, ` (¥/8). 


Indeed, the relations Ka© La 00, #0 and LO M, D0, = 0 together im- 
ply the relation K.OM,®(Lp0L, 080, 080,) =0, by pseudo-addition 
and permutation. Moreover, the refinement Ls OL; 00, 80, of LpOLg 
is a bounding cycle, by (10.9). Therefore, we have Ka~M,, by (11.5). 

In view of (11.8), (11.3), and (11.9), the cycles K of ¥, modulo 9, 
fall into mutually exclusive homology classes |K |, such that two cycles 
belong to the same class if, and only if, they are homologous in Y, 
modulo ®, 


(11.10) [K]J=[L]oK~L, ` (%/e). 


The permutations xK of a cycle K all belong to the same class [K],. 
by (11.7). So also do the refinements KE =K @0 of K, since we have 
KO(K 0) =0, by (10.9). The class [0,], which we shall call the sero 
class, will consist of all cycles Ka such that some refinement K.®0, 
of Ka bounds in ¥, modulo ®. To verify this, we only have to write 
L,=0, in (11.2). In particular, the class [0,| will include all the zeros 
0. of T and all the chains of POY. 

The constituents, conjugate, and boundary of a class [K ] will be de- 
fined by the formulae ‘ 


(11.11) Kp -= [Ke], KF = [K*], [K]’ = [K’] = [0]. 


To justify the definitions, we must be sure that the classes [K*], 
[K*], and [K’] are independent of the choice of the cycle K within 
its class [K], 

41.1) KNROKe\ RK, ~Ë, KAR, (v/8). 


The verification is immediate, since the relation KOK ®0 0 implies 
the relations (KOK @0)"=K*O KR’ @0 930, and so on. The class [K’] 
is, of course, the zero class, since the boundary K’ of a cycle of Y, 
modulo 9, is a chain of ®. 

The sum of two homology classes will be defined by the formula 


(11.13) [K] + Li- [K @ L]. 
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Here again, we must be sure that the class [K @L] is independent of 
the choice of the chains K and L within their respective classes, 


(11.14) K~K, L~I-K@eL_~-fF ot, (¥/ 8). 


The proof consists merely in noting that the relations KOK 60,0 
and LOL@0,0 imply the relation (K @L)O(K OL) 80,,%0, by 
pseudo-summation and permutation. The sum (11.13) is assoctative, 
since pseudo-summation is associative; it is commutative, since the 
chains K®L and L@K differ, at most, by a permutation; the class 
[0.] is the sero with respect to class addition, 


(11.15) [K] + [0] = [K 0] = [K]; 
the class [— K] is the negative of the class [K], 
(11.16) [K] + [- £] = [K © Z] = [0], 


by (10.9). In other words, the homology classes form an additive group. 
The following two theorems will enable us to operate more freely 
with homologies. Let Ka and La be cycles of Y, modulo ®, both of the 


same type a. 
Then we have 
(11.17) La = 07> Kat La~ Ka, (¥/ 8) 
and 
(11.18) Ka Ọ La~ Ka + La, (W/o). 


The proof of (11.17) is as follows. According to (11.4), the relation 
(Ket Ll.) OK. =0 is a sufficient condition that the homology K.+La 
~Ka be true. With the aid of (5.13), we write the relation in the al- 
ternative form (KaKa) (Laa) #0. The first term on the left 
bounds, by (10.9); the second term bounds, since L.@0q is a refine- 
ment of the bounding chain Lae. Thus, the relation is verified, and 
(11.17) is established. The second theorem, (11.17), follows immedi- 
ately from the identity 


Ka O La | [(Ka + La) ® 0a] — [Le © Lal 


which is also obtained from (5.13). The chain [Z.GL.] bounds, by 
(10.9). Therefore, we have 


Ka Ð Lå fad (Ka + La) ($>) Oa om Ka + Las (¥/®), 
by (11.17). As a corollary to (11.18), we can write 
(11.19) [Ke] + [La] = [Ka + La]. 
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The product of two homology classes will be defined by the formula 


(11.20) [K] [Z] = [XZL]. 
To justify the definition, we must, of course, prove the following: 
(11.21) K~, L~L=>KL~KETI, (4/8), 


where all the chains involved are cycles of Y, modulo ®. We begin 
with a lemma. Let Ka and Lg be eycles of ¥, modulo 9, and let M, 
be an arbitrary cycle of I, modulo ®. Then we have 


KM, ~ LM, 
M,K.~ Mole, 


Proor. The homology Ka~Ls implies a relation of the form (11.2), 
which can be written in the alternative form 


KaEpE, — E.lgE, = 0, (¥/@), 


by using the product notation for a refinement. Therefore, since M, 
is a cycle, modulo ®, we can write 


(11.22) Baw lp f (¥/5). 


(KaFeR, — Ealgl,) My ~ 0, (8/8), 
from which we can infer 
Kakgk,M q Cr Ealgk,M y, (4/8). 


Thus, by refinement and permutation, we have 


KaM y ~ Kal EpEp ~ EFEM y ~ Lalo EM y 
~wIgM EE, ~ [pM y, 


The second half of the lemma is proved in a similar manner. The de- 
sired theorem (11.21) is an immediate consequence of the lemma, 
since we can now write KL~KI~KZI. 

Claes multiplication is assoctattne, since chain multiplication is as- 
sociative. We shall prove that it is two-way dtsirsbuteve with respect 
to chain addition: 


(11.23) K(L @ M)~KL@ KM, (L@ M)K~LEK © MK, (¥/8). 


(¥/6). 


PROOF. We have the identity 
Kalle D My) = KalgE, + KeEgM. 
Now, by (11.18), the expression on the right is homologous in WY, ' 


modulo ®, to 
Kelok, © KaksM,, 
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which last is homologous, by (11.14), to 
Kale D KaM, 


since we have Kals~K.LsE., and KaMy~KaM,Ep~KaEp M. 

In view of the properties of class addition and class multiplication, 
it is clear that the homology classes form an ordinary (noncommuta- 
tive) ring. We shall call the ring the homology ring X(¥/Ẹ) of the 
ideal Y, modulo the ideal ®. 

The pth homology group H°(Y/) of Y, modulo ©, will be the 
additive group formed by the pth constituents [K | of the homology 
classes [K]. In view of (3.5) and (11.19), we shall have 


(11.24) [K] = [K]°+ [K] +. + ET, 
and, by (3.7), l 
[K]” = |K}, 
a [K]~ = [0 TE 


In other words, the additive group formed by the members of the 
homology ring R(F/&Ẹ), will be the (finite) direct sum of the homol- 
ogy groups X° (¥/&), p=0, 1,2, - - -. In general, the structure of the 
homology ring 3¢(W/®) will not be fully determined by the structure 
of the homology groups 3*(W/®). In other words, the ring R(¥/&) 
will be a more powerful invariant than the combined groups X*(W/®). 
Two homology rings ® and Ç will be said to be completely isomorphic 
if, and only if, the members [K] of X are paired in an isomorphism 
with the members [L] of G in such a manner that the pth constitu- 
ent [K]* of [K] is always paired with the pth constituent [LZ] of the 
corresponding [L], p=0, 1, 2, - - - . The homology rings 3 and G will 
be regarded as equivalent if, and only if, they are completely isomorph- 
ic. In other words, a homology ring £ will be treated as a ring with 
the operators p. 


12. The homology groups and ring of an ideal. Let T be a grating, 
and let Q be the ideal made up of the zeros Oa of T. By the homology 
ring K($) of an ideal $ of I, we shall mean the homology ring of ©, 
modulo the ideal Q, 


(12.1) H(@) = 3C(6/Q). 

Similarly, by the homology groups X*(®) ‘of ©, we shall mean the ho- 
mology groups 

(12.2) (P) = 3 B/Q), 
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The structure of the homology ring of an ideal ® is simpler than that 
of a general homology ring (W/®), as will be seen by the following 
analysis. 

[12.1] Tuzorem. Every absolute 0-cycle K of a grating T is a multi- 
ple of a refinor, 
(12.3) K’ = 0— some K = XE (p(K) = 0). 


Every abselute p-cyclé K of T, p>0, is a boundary, 
(12.4) K’ = Q— some K = R’ (p(K) > 0). 


PROOF. We prove the theorem by induction on the degree m of the 
cycle K. The case m=0 is trivial, since the only chains of degree 0 
are the 0-cycles AE., and since the only p-cycle of degree 0, p >0, is the 
chain 0, which is its own boundary. The case m >0 is treated by ex- 
pressing the type a of K in the form a=af, where the degree of the 
type $ is m—1. The p-cycle K can be written in the form 


(12.5) K=aL+bM +cN, 


where L and N are p-chains of 8, and where M is a (9p —1)-chain of £. 
Therefore, the boundary of K is of the form 


(12.6) K' = al’ +3(L — M’ — N) +cN’ = 0, 
from which we infer 
(12.7) L! = 0, L—M’—-Ne=0O, N’ =Q. 


Let us first consider the case in which the rank of the cycle K is 0. 
In this case, the term bM in (12.5) is missing, and (12.7) reduces to 
l Ľl=0_ L-N=0, N =Q. 
We conclude that L and N are identical absolute O-cycles of rank 
m— 1. Thus, by the hypothesis of the induction, we can assume 
L= N = AEs, 


whence, 
K = aL + cN = (a 4 c)Ep = \Ea, 


as required. 

Finally, we consider the case in which the rank of K is greater 
than 0. According to (12.7), the chain L must be an absolute p-cycle 
of degree m—1. Therefore, by the hypothesis of the induction, we 
can express L as a boundary, L= P’. Moreover, again by (12.7), we 
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can write N=L—M’=P’—M". By eliminating L and N from (12.5), 
we obtain l 


K = oP 4 bM + (P — M) = [(a +P- cM)’, 
which is of the desired form K= R’. 


[12.2] CoroLLARY. The homology ring of the maximal ideal T of a 
grating TI is made up of homology classes of rank 0 and ts isomorphic 
with the ring of coeficients [)]. 

Proor. We have 

KNEE. HESE (K” ~ 0, p > 0), 


so that each homology class is of the form [\Z.|. Thus, to complete 
the proof, we have only to show that the classes [AE,] and [uZ,] are 
distinct whenever A and u are distinct. Now, if the classes were not 
distinct, we would have [A—yn)E.]=[0.], Xu, which would imply 
that some refinement (A—y) Ea. of (A—p)E, was a boundary. But the 
only chains of rank 0 which can bound are the zeros, since there are 
no chains of negative rank. 


[12.3] COROLLARY. Let & be any proper ideal of a grating T, ®¥T. 
Then the product KL of two absolute cycles K and L of ® always bounds 
an È. 


Proof. The chain K is an absolute cycle of ©; therefore, a fortsors, 
it is an absolute cycle of I. Suppose we resolve the cycle K into ‘its 
constituents, 


Ke K+ Ki4---+5™ 


Then, according to the theorem, the Oth constituent K? must be a 
multiple of a refinor, K*=)£, while the other constituents K” must 
be boundaries. Moreover, the coefficient A of the Oth constituent 
K*°=)E must vanish, otherwise AE would be a chain of ®; whence 
all chains of I would be chains of ®, since they would all be domi- 
nated by XE; whence © would not be a proper ideal of T, as is being 
assumed. We conclude that the chain K is a boundary, K=R’. We 
further conclude that the product KL is of the form KL=R’L=(RL)’ 
—R*L'’=(RL)’, since the boundary L’ of the absolute cycle L is a 
zero. To complete the argument, we have only to observe that the 
chain RL belongs to the ideal ©, since L belongs to ®. Since the 
product KL bounds the chain RL of ®, the theorem is proved. 

The homology ring of an ideal © is the analogue of the classical in- 
tersection ring of a region of the space &* of » real variables. 
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13. Invariants of topological spaces. We shall now prove two obvi- 
ous lemmas which will have significant topological applications. 


[13.1] Lexma. Let (T, f, X) be a representation of a grating I on 
a point set X. Then every subset X, of X determines an ideal È, of T 
conststing of ali chains K of T such that their loci are made up of points 
of Xi, |K| CX. 


PRooF. The set ®; is an ideal of T if it fulfills Conditions (i), (ii), 
-and (ii) at the beginning of §9. We verify, by inspection, that the 
set $; fulfills Conditions (1) and (ii). It also fulfills Condition (iii), 
since rf ei implies |K|C|L|, by (8.1); whence | Z| CX, and 
|X| Cl|LI{ together imply |K| C|] EZ.. 

Tie to the lemma, there is an invariant ideal $, of the repre- 
sentation (T, f, X) consisting of all chains of T with empty loci. Thus, 
the homology rings #(T'/&,) and H(®,), and the corresponding ho- 
mology groups X’ (T/ By) and K*( $o), are invariants of the representa- 
tion. l 





[13.2] Lenta. Let (T, f, X) be a continuous representation of a grat- 
ing T on a topological space X. Then there exists an ideal Y, of T con- 
sisting of ah chains K of T such that their loci are compaci.? 


ProoF. The locus of the zero 0, is the empty set, which is compact; 
therefore, Condition (i) is satisfied. The union of twò closed, compact 
sets is closed, compact; therefore, Condition (ii) is satisfied. Every 
closed subset of a closed, compact set is closed, compact; therefore, 
Condition (iii) is satisfied, since ||K||C]|Z|| implies IK] CILI: 

According to the lemmas, there are two significant ideals of a con- 
tinuous representation (T, f, X): the ideal &) consisting of the chains 
of T with empty loci, and the ideal Y, consisting of the chains with 
compact loci. We can therefore obtain the following invariant rings of 
the representation: X(T/¥.), H(T/o), H(Y./ Bo), H(V.), K($). 
, Among these invariants, the most significant one is the ring H(W,/ y). 
We shall call this ring the homology ring of the representation. More- 
over, we shall call the associated groups H*(¥./®)) the homology 
groups of the representation. 

Given a topolagical space X, there are certain grating representa- 
tions (T, f, X) on X which are themselves topological invariants of 
the space. The invariant groups and rings of these representations 
are, of course, in variants of the space. The representation described 

? By a compact set, we shall mean a set satisfying the complete Helne-Borel- 


Lebeague condition. In the terminology of Alexandroff and Hopf, such a set would 
be said to be bicompad. 
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in Example A of §7 is clearly a topological invariant of the space X. 
Other significant invariant representations are the following: 

Example B. Let X be a topological space, and let [y] be the set of 
all closed subsets of X. We treat each member y: of [y] as the symbol 
for a cut consisting of three abstract elements ai, b, and c;. The cuts 
y, form a grating T = [y]. Moreover, there is a continuous representa- 
tion (I, f, X) of the grating T on the space X, such that the determin- 
ing function of the representation is the function f(y, x) which takes 
on the values —1, 0, or 1 according as the point x is interior to, on 
the frontier of, or exterior to the closed set y. 

Example C. Let X be a topological space, dnd let [y] be the set of 
all ordered pairs y,=(A,, C,) of disjoint open subsets A, and C, of X. 
We treat each member y, of [y] as the symbol for a cut with the ele- 
ments G, b, and c,. The.cuts y, form a grating T = [|y]. Again, there 
is a continuous representation (T, f, X) of I’ on X, such that the de- 
termining function f(y, x) is the one which takes on the value —1 
when x is a point of A, the value 1 when x is a point of C, and the value 
0 when x is a point of the complement of AUC. 

In a continuation of this paper, which will deal specifically with the 
the applications of grating theory to hausdorff spaces, we shall prove 
the following theorem: 

Given a locally compact hausdorff space X, the homology ring 
I'(¥./ po) of the continuous representation (I, f, X) described in Ex- 
ample A of §7 is completely isomorphic with the homology rings of 
the representations described in Examples B and C. Moreover, if the 
space X is an (open or closed) manifold, the homology ring P'(W./ Po) 
is completely isomorphic with the classical intersection ring of the 
manifold, provided the classical cycles of dimensionality k are inter- 
preted as of rank p=n—k. 

If X is a space of unrestricted generality, the homology ring of the 
representation in Example A need not be completely isomorphic with 
the homology rings of the representations in Examples B and C. 
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THE NOVEMBER MEETING IN AMES 


The four hundred twentieth meeting of the American Mathemati- 
cal Society was held at the Iowa State College of Agriculture and 
Mechanical Arts, Ames, Iowa, November 29-30, 1946. About one 
hundred twenty-five persons attended, among whom were the follow- 
ing eighty-six members of the Society: 

E. S. Allen, N. R. Amundson, E. W. Anderson, K. J. Amold, R. W. Babcock, 
J. W. Beach, H. W. Becker, R. H. Bing, L. i. Blumenthal, F. E. Bortle, W. C. 
Brenke, Foster Brooks, G. W. Brown, R. H. Bruck, L. E. Bush, R. H. Cameron, 
R. E. Carr, E. W. Chittenden, H. E. Clarkson, B. H. Colvin, M. E. Daniells, M. D. 
Donsker, H. P. Doole, W. G. Dyer, John Dyer-Bennet, G. M. Ewing, J. S. Frame, 
M. G. Gaba, B. E. Gillam, Cornelius Gouwens, Edison Greer, F. S. Harper, Charles 
Hatfield, A. S. Henriques, G. A. Herr, Archie Higdon, J. J. L. Hinrichsen, D. L. Holl, 
Ralph Hull, F. B. Jones, G. K. Kalisch, L. M. Kelty, J. C. Koken, Solomon Lefschetz, 
A. T. Lonseth, C. T. McCormick, J. V. McKelvey, M, M. McKelvey, Kenneth May, 
W. L. Mitchell, Vladimir Morkovin, Ivan Niven, M. J. Norris, E. N. Oberg, E. B. 
Ogden, J. M. H. Olmsted, G. B. Price, Tibor Rado, P. V. Reichelderfer, P. R. Rider, 
R F. Rinehart, R E. Roberson, D. H. Rock, E. H. Rothe, W. T. Scott, C. E. 
Sealander, M. E. Shanks, Marlow Sholander, E. R. Smith, G. W. Smith, H. F. Smith, 
R. D. Specht, C. E. Springer, R. H. Stark, Rothwell Stephens, E. B. Stouffer, L. W. 
Swanson, H. P. Thielman, C. J. Thorne, W. J. Thron, Gerhard Tintner, H. L. 
Turrittin, V. J. Varineau, Bernard Vinograde, S. E. Warechawski, Roscoe Woods. 


On Friday at 4:00 p.m. Professor S. E. Warachawski of the Univer- 
sity of Minnesota, under the joint auspices of the Society and the 
Research Council of Iowa State College, delivered an address entitled 
Conformal mapping of nearly circular regions. Professor Solomon Lef- 
schetz presided. On Saturday at 9:30 a.m. Professor P. V. Reichelder- 
fer of the University of Wisconsin spoke on The essential part of a sur- 
face, with Professor Tibor Rado presiding. 

There was a session for short papers Friday morning. Two such 
sessions were held Friday afternoon, and one on Saturday morning. 
Presiding officers at these sessions were, respectively, Professor P. V. 
Reichelderfer, Professors E. W. Chittenden and H. P. Thielman, and 
Professor R. H. Cameron. 

One hundred sixty-four members and friends of the Society were 
entertained at a very excellent dinner Friday night, held in the Me- 
morial Union of Iowa State College. Professor D. L. Holl was toast- 
master. Following the Brahms Horn Trio, played by Professors E. S. 
Allen, G. W. Brown and R. G. Wendel, President C. E. Friley wel- 
comed the Society on behalf of Iowa Szate College and discussed the 
impact of increased enrollments upon American colleges. Dean E. B. 
Stouffer replied for the Society and went on to point out the new 
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problems of college teaching. At the suggestion of the toastmaster 
everyone rose and stood in silent tribute to the memory of the late 
Professor Dunham Jackson, who died on November 6, 1946. The 
next speaker was the Associate Secretary, who pointed out that the 
decision to return to the practice of a movable Thanksgiving meeting 
was the result of a widespread canvass of opinion at universities and 
colleges in the midwest. He suggested that, despite difficulties of 
transportation, the Ames meeting had amply proved the wisdom of 
this decision. The program concluded with an illustrated lecture by 
Dean Buchanan of lowa State College, describing his recent trip 
through Arabia. The dinner was followed by an informal evening, 
with bridge and bowling for those who were interested. 

The committee on arrangements consisted of Professors E. R. 
Smith (Chairman), R. H. Cameron, E. W. Chittenden, H. P. Thiel- 
man, and Bernard Vinograde. Professor Smith and his committee are 
to be congratulated on the excellence of the arrangements both for the 
meetings and for the dinner. 

Titles and cross references to the abstracts of papers read follow 
below. Papers presented by title are indicated by the letter “#.” 
Papers numbered 1 to 6 were presented Friday morning; papers 7 to 
16, in two sections Friday afternoon; papers 17 to 21, Saturday morn- 
ing. Papers 22 to 44 were read by title. Paper 9 was presented by 
Professor Greer, and paper 21 was read for Professor Bourgin by Pro- 
fessor Lonseth. Professor Haskell was introduced by Professor Craig; 
Mr. Langenhop and Mr. Stone by Professor Thielman; Professor 
Mood, by Professor Bruck;:Professor Stiles by Professor Holl; and 
Sister Petronia Van Straten by Professor Menger. 

1. H. L. Turrittin: Stokes multipliers for asymptotic soluitons of a 
certain dsfferentsal equatton. (Abstract 53-1-79.) 

2. W. B. Stiles: Bending of camped plates. (Abstract 53-1-76.) 

3. R. E. Carr: Enanttomorphism in mathematical models of organtc 
molecules. Preliminary report. (Abstract 53-1-67.) 

4, J. W. Beach: Flow of slow viscous fluid between rotating cylinders. 
(Abstract 53-1-63.) 

5. F. E. Bortle: Boundary problem in partially clamped rectangular 
plates. (Abstract 53-1-64.) 

6. G. W. Brown: The stabslaty of feedback solutions of simultaneous 
linear equations. (Abstract 53-1-66.) 

7. Bernard Vinograde: Radicals associated with equivalent semi- 
simple residue systems. (Abstract 53-1-23.) 

8. Ralph Hull: Generators of the raitonal integral symplectic groups. 
(Abstract 53-1-17.) 
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9. Edison Greer and P. O. Bell: A study of analytic surfaces by 
means of a projective theory of envelopes. (Abstract 52-11-390.) 

10. C. E. Springer: Union torsion of a curve on a surface. (Abstract 
53-1-85.) 

11. L. M. Blumenthal: Superposabiltty in eliptic space. II. (Ab- 
stract 53-1-80.) 

12. H. W. Becker: Circust algebra. (Abstract 52-11-377.) 

13. Gerhard Tintner: The statistical estimation of the dimenstonalsty 
of a given set of observaitons. (Abstract 53-1-91.) 

14. Kenneth May: Technological change as a functional vartaiton. 
(Abstract 53-1-74.) 

15. R. H. Bing: Some characierizattons of a simple closed curve. 
(Abstract 53-1-95.) 

16. F. B. Jones: Concerning non-aposyndetic continua. (Abstract 
53-1-100.) 

17. H. P. Thielman: On continuous and discontinuous solutions of 
generalised Cauchy functtonal equations. (Abstract 53-1-53.) 

18. C. E. Langenhop: Analytic functtons of matrices. (Abstract 53- 
1-37.) 

19. W. M. Stone: On Samuelson’s generalised Laplace transforma- 
iton. (Abstract 53-1-49.) 

20. W. J. Thron: Periodic iterated fractions. (Abstract 53-1-54.) 

21. D. G. Bourgin: Representations of compossttons. (Abstract 
53-1-65.) 

22. A. A. Albert: A siructure theory for Jordan algebras. (Abstract 
53-1-1-#.) 

23. N. R. Amundson: Unsymmetrically loaded orthotropic thin 
plates on elasisc foundations. (Abstract 53-1-62-#.) 

24. Reinhold Baer: Direct decompositions. (Abstract 53-1-3-t.) 

25. Reinhold Baer: Endomorphism rings of operator loops. (Abstract 
53-1-4-4.) 

26. Reinhold Baer: Splitting endomorphisms. (Abstract 53-1-5-.) 

27. H. W. Becker: Generalizations of the Epstetn-Fourser sertes. 
(Abstract 53-1-25-#.) 

28. H. W. Becker: Rooks and rhymes. (Abstract 52-11-395-t.) 

29. R. H. Bing: Solution of a problem proposed by R. L. Weider. 
(Abstract 53-1-94-2.) 

30. Evelyn Frank: On continued fraction expansions of analytic 
functions. (Abstract 53-1-29-#.) 

31. R. E. Gaskell: An extension of the finite Fourter transformaion. 
(Abstract 52-11-379-#.) 
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32. R. N. Haskell: Mean values and biharmonic polynomials. (Ab- 
stract 52-9-294-¢.) 

33. M. R. Hestenes: An indirect sufficiency proof for the problem of 
Bolsa in nonparametric form. (Abstract 53-1-34-2.) 

34. W. N. Huff: On the type of the polynomials generated by f(xr)e(7). 
(Abstract 52-11-367-#.) 

35. A. M. Mood: On Hotelling’s weighing problem. (Abstract 53-1- 
89-4.) 

36. W. D. Munro: Orthogonal trigonometric sums with auxiliary 
conditions. (Abstract 53-1-43-t.) 

37. L. J. Paige: A note on finite abelian groups. (Abstract 53-1- 
20-3.) 

38. P. V. Reichelderfer: On the definition of the essential multiplic- 
uy for conisnuous transformaitons in the plane. (Abstract 52-11-372-t.) 

39. H. J. Ryser: Rattonal vector spaces. Preliminary report. (Ab- 
stract 53-f-21-t.) 

40. W. T. Scott and H. S. Wall: On the convergence and divergence 
of conitnued fractions. (Abstract 52-11-3744.) 

41. Marlow Sholander: On the existence of the inverse operation in 
certain spaces. (Abstract 52-9-278-i.) 

42. M. H. Stone: Pseudo-norms and partial orderings in abelian 
groups. (Abstract 53-1-48-4.) 

43. M. H. Stone: Remarks on metrizabiltty. (Abstract 53-1-103-t.) 

44, Sister Petronia Van Straten: Toroidal and non-torotdal graphs. 
(Abstract 53-1-104+4#.) 

R. H. Bruck, 
Associate Secretary 


THE NOVEMBER MEETING IN LOS ANGELES 


The four hundred twenty-first meeting of the American Mathe- 
matical Society was held at the University of California at Los 
Angeles on November 30, 1946. The total attendance was a little 
over sixty, including the following fifty-two members of the society: 

H. M. Bacon, E. F. Beckenbach, Clifford Bell, H. F. Bobnenblust, F. A. But- 
ter, Jr., W. D. Cairns, J. W. Calkin, F. M. Clarke, L. M. Coffin, Myrtie Collier, 
E. L. Crow, J. H. Curtiss, R. P. Dilworth, H. J. Ettlinger, G. E. Forsythe, J. W. 
Green, William Gustin, H. J. Hamilton, Olaf Helmer, P. G. Hoel, W. C. Hofman, 
D. H. Hyers, C. G. Jaeger, Glen James, P. B. Johnson, H. L. Langhaar, Hans Lewy, 
F. R. Morris, T. E. Overbeck, R. I. Piper, W. T. Puckett, W. C. Randels, Mina 
Rees, A. C. Schaeffer, G. E. F. Sherwood, Ernst Snapper, I.S. Sokolnikoff, R. H. 
Sorgenfrey, D. C. Spencer, J. D. Swift, Gabor Szegð, A. E. Taylor, E. F. Tyler, 
S. E. Urner, F. A. Valentine, L. F. Walton, Morgan Ward, J. G. Wendel, P. A. 
White, R. L. White, František Wolf, E. R. Worthington. 


Contributed papers were presented during the morning session, at 
which Professor I. S. Sokolnikoff presided. During the afternoon 
session the remaining contributed papers were presented, and Pro- 
fessor D. C. Spencer delivered the invited hour address entitled 
Outstanding problems in conformal mapping. Professor W. T. Puckett 
presided during the afternoon session. 

Titles and cross references to the abstracts of papers read at the 
meeting follow below. Papers where abstract numbers are followed 
by the letter “1” were read by title. Paper 3 was read by Dr. Forsythe. 

1. J. D. Swift: Periodic functions over a finste field. (Abstract 52-11- 
354.) 

2. R. P. Dilworth: Decomposition of relatively complemented lat- 
tices. (Abstract 53-1-12.) 

3. Cornelius Lanczos and G. E. Forsythe: Approxsmatton of the 
eigen-vectors of a nonsymmetric matrix. Preliminary report. (Abstract 
53-1-73.) 

4. František Wolf: On a decomposition of funcitons. (Abstract 53-1- 
60.) 

5. W. T. Puckett: On a problem in connected fintie closure algebras. 
(Abstract 53-1-102.) 

6. P. B. Johnson: A contribuiton to parallel displacement theory in 
Riemannian space. (Abstract 53-1-82.) 

7. Gabor Szegd: On an inequality due to P. Turan concerning 
Legendre polynomials. (Abstract 53-1-52.) 

8. A. E. Taylor: A geometric theorem and tts application to bi- 
orthogonal systems. (Abstract 53-1-86.) 
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9. R. H. Sorgenfrey: On the topological product of paracompact 
spaces. (Abstract 52-7-261-#.) 

10. Alfred Horn: The asympiotic behavior of systems of Volterra 
tniegral equations. (Abstract 52-11-366-2.) 

11. A. D. Michal: An existence and uniqueness theorem for a non- 
linear differential equation in Banach spaces. (Abstract 53-1-39-1.) 

12. A. D. Michal: The solutions of systems of linear differential equa- 
tions as entire analytic funcitonals of the coefficient functions. (Abstract 
53-1-41-4.) 

13. A. D. Michal: Global groups of motions in some infinitely di- 
menstonal Riemannian spaces. (Abstract 53-1-40-#.) 

14. A. D. Michal, R. C. James, and Max Wyman: Topologtcal 
Abelian groups with ordered norms. (Abstract 53-1-42-#.) 

15. J. C. C. McKinsey: On the representation problem for projective 
algebras. (Abstract 52-7-227-#.) 

16. B. A. Bernstein: Weak defintttons of field. (Abstract 53-1-8-t.) 

17. Paul Civin: Mean values of periodic functions. (Abstract 53-1- 
28-i.) 

A. C. SCHAEFFER, 
' Associate Secretary 


THE ANNUAL MEETING OF THE SOCIETY 


The fifty-third Annual Meeting of the American Mathematical 
Society was held at Swarthmore College, Swarthmore, Pennsylvania, 
Thursday to Sunday, December 26-29, 1946, in conjunction with the 
Annual Meeting of the Mathematical Association of America. Over 
five hundred persons registered, including the following four hundred 
three members of the Society: 


J. C. Abbott, C. R. Adams, R. B. Adams, Louise Adams, V. W. Adkisson, R. P. 
Agnew, C. B. Allendoerfer, Warren Ambrose, R F. Arens, H. E. Arnold, Emil Artin, 
Silvio Aurora, M. C. Ayer, Frank Ayres, W. L. Ayres, R. P. Bailey, D. H. Ballou, 
J. D. Bankier, E. W. Barankin, Joshua Barlaz, P. T. Bateman, F. W. Beal, H. P. 
Beard, T. J. Benac, A. A. Bennett, Theodore Bennett, Stefan Bergman, Felix 
Bernstein, Lipman Bers, M. T. Bird, Z. W. Birnbaum, W. A. Blankinship, W. E. 
Bleick, Henry Blumberg, M. L. Boas, R. P. Boas, T. A. Botts, S. G. Bourne, J. G. 
Bowker, H. W. Brinkmann, Foster Brooks, R. H. Bruck, C. T. Bumer, R S. Buring- 
ton, A. W. Burks, Herbert Busemann, Hobart Bushey, J. H. Bushey, K. E. Butcher, 
S. S. Cairns, E. J. Camp, R. C. Campbell, H. H. Campaigne, Achille Capecelatro, 
P. A. Caris, F. E. Carner, H. C. Carter, W. C. Carter, W. B. Carver, J. E. Case, 
Omar Catunda, F. L. Celauro, Subrahmanyan Chandrasekhar, J. O. Chellevold, 
W. F. Cheney, K. L. Chung, Alonzo Church, Randolph Church, Edmund Churchill, 
R. V. Churchill, J. A. Clarkson, R. F. Clippinger, A. B. Coble, Nathaniel Coburn, 
E. A. Coddington, I. S. Cohen, L. W. Cohen, Nancy Cole, Esther Comegys, J. A 
Cooley, T. F. Cope, Richard Courant, W. H. H. Cowles, V. F. Cowling, G. F. Cramer, 
A. R. Craw, H. B. Curry, J. H. Curtiss, E. H. Cutler, James Elmer Davis, L. J. Deck, 

F. Decker, C. H. Denbow, A. H. Diamond, L. L. Dines, H. L. Dorwart, T. L. 


J. E. Eaton, W. F. Eberlein, Samuel Eilenberg, Wade Ellis, Paul Erdde, W. H. Fager- 
strom, Herbert Federer, William Feller, F. G. Fender, F. A. Ficken, N. J. Fine, L. R. 
Ford, Tomlinson Fort, M. C. Foster, R. M. Foster, F. H. Fowler, R. H. Fox, J. S. 
Frame, M. R. Freundlich, R. E. Fullerton, A. S. Galbraith, David Gale, C. S. 
Gardner, G. N. Garrison, L. L. Gavurin, H. M. Gehman, B. H. Gere, F. J. Gerst, 
J. H. Gieæ, B. P. Gill, Wallace Givens, A. M. Gleason, R. E. Gleason, Casper 
Goffman, V. D. Gokhale, Michael Goldberg, H. H. Goldstine, R. A. Good, A. W. 
Goodman, R. O. Goodman, S. H. Gould, A. A. Grau, Lewis Greenwald, George 
Grosman, C. C. Grove, E. J. Gumbel, Margaret Gurney, W. W. Gutrman, M. R. 
Hafner, Theodore Hailperin, R. W. Hamming, E. S. Hammond, G. H. Handelman, 
O. G. Harrold, A. E. Heins, M. H. Heins, Erik Hemmingsen, Aaron Herschfeld, 
T. H. Hildebrandt, Einar Hille, G. P. Hochschild, D. L. Holl, T. R. Hollcroft, E. M. 
Hove, E. M. Hull, M. G. Humphreys, W. A. Hurwitz, H. D. Huskey, W. R. Hutcher- 
son, M. H. Ingraham, W. H. Ingram, S. B. Jackson, Herbert Jehle, E. D. Jenkins, 
Fritz John, Madeline Johnsen, R. F. Johnson, B. W. Jones, Bjarni Jónsson, Mark 
Kac, M. L. Kales, Hyman Kamel, L. H. Kanter, Irving Kaplansky, Wiliam Karuah, 
M. E. Kellar, D. E. Kibbey, J. R. Kline, E. G. Kogbetliantz, E. R. Kolchin, Horace 
Komm, C. F. Kossack, H. L. Krall, R. R. Kuebler, H. W. Kuhn, Wouter van der 
Kulk, M. E. Ladue, H. G. Landau, G. A. Larew, V. V. Latshaw, J. A. Larrivee, 
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C. G. Latimer, P. D. Lax, Solomon Lefschetz, Joseph Lehner, Marguerite Lehr, 
R. A. Leibler, Walter Leighton, B. A. Lengyel, C. A. Lester, Howard Levi, Harry 
Levy, A. L. Lewis, J. V. Lewis, F. W. Light, A. T. Lonseth, Lee Lorch, E. D. 


McCarthy, S. L. McDonald, D. L. McDonough, S. S. McNeary, C. C. MacDuffee, 
Saunders MacLane, H. F. MacNeish, Ingo Maddaus, J. D. Mancill, H. B. Mann, 
Murray Mannoe, R. H. Marquis, M. H. Martin, W. T. Martin, P. R. Masani, F. I. 
Mautner, A. E. Meder, Emanuel Mehr, A. S. Merrill, H. L. Meyer, A. N. Milgram, 
B. L. Miller, D. D. Miller, L. I. Mishoe, E. E. Moise, Deane Montgomery, Lillian 
Moore, K. A. Morgan, Vladimir Morkovin, Richard Morris, A. P. Morse, I. R. Moses, 
B. H. Mount, C. W. Munshower, W. R. Murray, D. S. Nathan, C. A. Nelson, O. E. 
Neugebauer, Morris Newman, C. V. Newsom, P. B. Norman, C. O. Oakley, L. F. 
Ollmann, Isaac Opatowski, F. W. Owena, H. B. Owens, J. C. Oxtoby, J. S. Oxtoby, 
S. T. Parker, G. W. Patterson, E. K. Paxton, L. G. Peck, A. M. Peiser, Anna Pell- 
Wheeler, B. J. Pettis, H. R. Phalen, C. R Phelps, R. S. Phillipa, Joel Pitcairn, Everett 
Pitcher, G. B. Price, A. L. Putnam, Hans Rademacher, Jobn Raleigh, J. F.Randolph, 
S. E. Rasor, G. E. Raynor, F. V. Reno, C. N. Reynolds, D. P. Richardson, R. G. D. 
Richardson, P. R. Rider, F. D. Rigby, R. F. Rinehart, L. A. Ringenberg, E. K. 
Ritter, J. B. Robinson, R. M. Robinson, R. E. Root, J. B. Rosenbach, L. J. Rosen- 
baum, R. A. Rosenbaum, J. H. Rosenbloom, P. C. Rosenbloom, J. B. Rosser, C. W. 
Saalfrank, Raphael Salem, Hans Samelson, R. G. Sanger, Arthur Sard, S. S. Saslaw, 
A. T. Schafer, R. D. Schafer, Robert Schatten, Lowell Schoenfeld, I. J. Schoenberg, 
I. E. Segal, Wladimir Seidel, H. N. Shapiro, Jacob Sherman, Seymour Sherman, 
D. T. Sigley, M. H. Slud, L. L. Smail, C. V. L. Smith, W. M. Smith, Ernst Snapper, 
A. K. Snyder, Andrew Sobczyk, F. W. Sohon, E. S. Sokolnikoff, A. H. Sprague, 
E. R. Stabler, E. P. Starke, F. H. Steen, H. W. Steinhaus, Rothwell Stephens, F. M. 
Stewart, C. N. Stokes, E. C. Stokes, M. H. Stone, H. F. Story, W. J. Strange, Walter 
Strodt, Irving Sussman, R. L. Swain, J. L. Synge, Otto Szász, Gabor Szegð, Alexander 
Tartler, R. L. Taylor, Feodor Theilheimer, R. M. Thrall, E. W. Titt, Leonard Torn- 
heim, Peter Treuenfels, W. J. Trjitzinsky, C. A. Truesdell, A. W. Tucker, J. W. 
Tukey, J. L. Vanderelice, H. E. Vansant, C. W. Vickery, G. L. Walker, R. J. Walker, 
A. D. Wallace, J. L. Walsh, J. B. Walton, W. R. Wasow, C. W. Watkeys, G. C. 
Webber, M. S. Webster, J. V. Wehausen, Alexander Weinstein, M. J. Weiss, E. T. 
Welmers, L. R. White, G. W. Whitehead, A. L. Whiteman, E. A. Whitman, P. M. 
Whitman, G. T. Whyburn, L. S. Whyburn, W. M. Whyburn, J. E. Wilkins, S. S. 
Wilks, K. P. Williams, W. L. Williams, Clement Winston, E. E. Witmer, H. A. Wood, 
F. M. Wright, M. A. Wurster, Bertram Yood, J. W. Young, J. W. T. Youngs, Daniel 
Zelinsky, Leo Zippin, Antoni Zygmund. 


Sessions for reading contributed papers were held at 3:15 Pm, 
Friday, at 10:45 a.m. and 3:15 P.M., Saturday, and at 10:00 
A.M., Sunday. The presiding officers for these sessions were Dean 
R. G. D. Richardson, Professor J. L. Walsh, Professor B. W. Jones, 
Dr. W. M. Whyburn, Professor R. H. Bruck, Professor W. L. Ayres, 
and Professor R. V. Churchill. 

The twentieth Josiah Willard Gibbs lecture was given on Thurs- 
day evening by Professor Subrahmanyan Chandrasekhar of the 
Yerkes Observatory, University of Chicago, on The transfer of radia- 
tion in stellar atmospheres. President T. H. Hildebrandt presided. 


aX 


242 AMERICAN MATHEMATICAL SOCIETY [March 


As a token of respect for the late Professor Dunham Jackson and 
an appreciation of his great and continued interest in mathematics, 
at the beginning of the general session at 3:15 p.m., Friday, President 
T. H. Hildebrandt read the abstract of the paper, The boundedness 
of orthonormal polynomials on certain curves of the fourth degres, pre- 
sented by title on thé program of this meeting. 

On Friday afternoon with Vice President Saunders MacLane pre- 
aiding, Professor A. P. Morse of the University of California gave an 
address entitled Derivatives and their integrals. 

Saturday afternoon with President Elect Einar Hille presiding, 
Professor Harald Cramér of the University of Stockholm gave an ad- 
dress entitled Some aspects of the theory of stochastic processes. 

Sessions of the Mathematical Association of America were held on 
Thursday afternoon and Friday morning. 

At the dinner on Friday evening for mathematicians and their 
guests, the toastmaster was Professor C. O. Oakley of Haverford 
College. President J. W. Nason of Swarthmore College gave an ad- 
dress of greeting. Professor W. T. Martin of Massachusetts Institute 
of Technology spoke on the present state and future prospects of 
graduate study in mathematics. Professor C. G. Latimer of the Uni- 
versity of Kentucky presented resolutions expressing the thanks and 
appreciation of the members of the Society and of the Association to 
the President, the local committee, the Department of Mathematics 
and the staff of Swarthmore College for the excellent arrangements. 

The annual business meeting and election of officers was held on 
Saturday morning, President T. H. Hildebrandt presiding. The pro- 
ceedings are included later in this report. At the close of the business 
session President Hildebrandt announced the award of the Cole 
Prize in Theory of Numbers to Professor H. B. Mann of Ohio State 
University. Professor Mann gave a brief address on the subject of 
the prize winning paper, A proof of the fundamental theorem on the 
density of sums of sets of postisve integers, Ann. of Math. (2) vol. 43 
(1942) pp. 523-527. 

Tea was served in Bord Memorial Hall on Thursday, Friday, and 
Saturday afternoons. A program of chamber music was given on 
Friday evening. On Saturday evening a number of those attending 
the meeting attended a concert by the Philadelphia apio 
Orchestra at the Academy of Music in Philadelphia. 

At the meeting of the Board of Trustees at 6:00 P.M. on December 
26, 1946, in Parrish Hall, there was no quorum present and the Board 
adjourned to December 30, 1946. Thé Council met at 9:20 P.m. on 


1947] THE ANNUAL MEETING OF THE SOCIETY 243 


December 26 and at 8:30 p.m. on December 27, 1946, in the Board 
Room of Clothier Memorial. 

The Secretary announced the election of the following fifty-three 
persons to ordinary membership in the Society: 


Mr. Max Beberman, Nome Territorial High School, Nome, Alaska; 

Professor Ferdinand Pierre Beer, Williams College; 

Mr. Howard Curtis Bennett, Syracuse University; 

Mr. Joseph Blum, U. S. Geological Survey, Arlington, Va; 

Mr. Alan Cathcart, New York, N. Y.; 

Professor Omar Catunda, University of Sao Paulo, Sao Paulo, Brazil; 

Dr. Jeremiah Certaine, Naval Research Laboratory, Washington, D. C.; 

Professor John Olson Chellevold, Lehigh University; 

Mr. Benjamin Frederic Cheydleur, Naval Ordnance Laboratory, Washington, D. C.; 

Mr. Kai-lai Chung, Princeton University; 

Dr. Francis M. Crist, Collingswood, N. J.; 

Mr. Stephen Peter Diliberto, Princeton University; 

Dr. Wallace John Eckert, International Business Machines, New York, N. Y.; 

Mr. Thomas Anthony Elkins, Gulf Research and Development Company, Pitts- 
burgh, Pa.; 

Mr. David Owen Ellis, University of Missourl: 

Mr. Alvaro Ferlini, St. Joseph College, West Hartford, Conn.; 

Mr. Emanuel Fischer, College of the City of New York; 

Dr. Cleota G. Fry, Purdue University; 

Mr. Edwin Culbert Gras, U. S. Naval Academy; 

Mr. Arthur Armstrong Hauser, Jr., Rensselaer Polytechnic Institute; 

Professor Donald Milton Hester, New Mexico School of Mines: 

Mr. Joseph Hilsenrath, Lieutenant Commander, U.S.N.R., Naval Ordnance Labora- 
tory, Washington, D. C. 

Dr. Madeline Johnsen, Purdue University; 

Professor D. D. Kosambi, Tata Institute of Fundamental Research, Bombay, India; 

Mr. Roy Raymond Kuebler, Jr., Dickinson College, Carlisle, Pa.: 

Mr. Chester William Leaman, Carnegie Institute of Technology; 

Mr. George Bernard LeBeau, The Thompeon and Lichtner Company, Inc., Boston, 
Mass.; 

Mr. Harold Fletcher Mathis, Northwestern University; 

Mr. William James McCallion, McMaster University; 

Professor Luna Isaac Mishoe, Delaware State College, Dover, Del.; 

Mr. Benjamin Harrison Mount, Jr., University of Pittsburgh; 

Mr, Chester Ray Morris, Indiana University; 

Mr. Wilburn Avery Nicholson, Jr., American Telephone and Telegraph Company, 
Charlotte, N. C.; 

Professor Joseph Donald Novak, University of South Carolina; 

Dr. Christian Yvon Pauc, Faculté des Sciences de Marseille; 

Mr. Donald Knight Pease, University of Connecticut; 

Mr. Roy I. Pepper, University of Tennessee; 

Professor Balthasar van der Pol, Delft University and N. V. Philips’ Laboratory, 
Eindhoven, Holland; 

Mollie A. Rubenstein (Mrs. Herbert), Columbia University; 
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Mr. Hans Rudberg, Iron Refining Co., Haelleforenaes, Sweden; 

Mr. Pierre Samuel, Princetor University; 

Mr. Albert Schild, University of Pennsylvania; 

Professor Emil Schoenbaum, Charles University, Prague, Crechoelovakia; 

Mr. Harold N. Shapiro, Princeton University; 

Mr. David Singer, College of the City of New York; 

Mr. Robert Sipe, Union Chemique Belge, Brussels, Belgium; 

Mr. Robert Stock, University of Montreal; 

Professor Nellie R. Swanson, State Teachers College, Minot, N. D.; 

Mr. Edward Arthur Trabant, Purdue University; ~- 
Professor Hsu-Shen Tsien, Masechusetts Institute of Technology; 

Professor Gilbert Ulmer, University of Kansas; 

Professor Philon Vassiliou, University of Engineering Science, Athens, Greece; 
Mr. Joseph Lawrence Zemmer, Jr., Tulane University of Louisiana, 


It was reported that the following had been elected to membership 
on nomination of institutional members as indicated: 


Brown University: Messrs. Maynard Goodwin Arsove and Joel Saul Isenberg, 
Dr. Wouter van der Kulk, Mr. Robert Whittaker Schmied; 

Bryn Mawr College: Miss Frances Elizabeth Crook; á 

University of California: Mr. Roy Bergh Leipnik; 

University of California at Los Angeles: Mesra. Harold Luxenberg and Harold 
Shniad ; 

California Institute of Technology: Messrs. Richard William Davies, Irving Stoy 
Reed, Carl Hertz Savit, and George Finlay Simmons; 

University of Cincinnati: Mesars. Louis Francis Doty and William Henry Spra- 
gens, Jr.; 

Columbia University: Mr. Lester Lipman Gavurin, Miss Mary Stuart Gwathmey, 
Mr. Alex Heller; 

Duke University: Mr. Frank Eugene Clark; 

Harvard University: Mesars. Rowland Edward Cross, Clifford Speer Gardner, Ivan 
Raymond Hershner, Jr., and William Alonzo Hosier; 

Johns Hopkins University: Reverend Richard Ernest Ingram, Mesers. Hans Jakob 
Reiter and Robert Peter Rich; 

University of Illinois: Mesers. Dwight Benjamin Goodner, I. Henson Harris, Selmer 
Martin Johnson, Max S. Kramer, and George Francis Leger, Miss Vivian Rose 
Nuess, Mesers. John Abraham Schumaker, Henry Schutzberger, Laurie James 
Snell, Joseph Jean Stipanowich and Fred William Thalgott; 

Illinois Institute of Technology: Mesars. Maurice Lee Anthony, Robert Richard 
Bentley, Herbert John Curtis, Richard Harbin Edwards, Newton Seymour 
Hawley, Sheldon Leonard Levy and Alexander Medina, Dr. Anatol Rapoport, 
Mrs. Mary Katherine Rapp, Profeseor Eli Sternberg; 

Immaculata College: Sister Mary Raphael Hafner; 

‘Indiana University: Lee Detmer Pruett (Mra. J. R); 

Institute for Advanced Study: Professors Karol Borsuk, Li-Fu Chiang, Loo-Keng 
Hua, and George Lawrence Kreezer, Dr. Shih-Tsun Ma, Mr. Friederich Ignaz 
Mautner; 

Iowa State College: Mr.~William Matthewson Stone;, 

University of Kansas: Mr. William Calvin Foreman; 

Lehigh University: Messrs. Leon Benson and Robert Harry Spohn; 
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Massachusetts Institute of Technology: Mesers. Hsieh Chang, James Dugundji, 
Joe Reeder Foote, Elmer Jacob Frey, Edgar Nelson Gilbert, and Raymond Moos 
Redheffer; 

University of Michigan: Miss Winifred Kip Burroughs, Mesers. George Richard 
Costello, David Gale, Luang-Feng Hsieh, Gustave Rabeon, Ward Conrad San- 
gren, Arnold Samuel Shapiro, Robert Lawrence Taylor, and Martin T. Wechsler; 

University of Minnesota: Mr. Bernard W. Lindgren; 

Northwestern University: Mr. G. Melvin Bloom, Miss Dorothy Marie DeWitt; 

Ohio State University: Mesers. Landon A. Colquitt and Harold Ellsworth Tinnappel; 

University of Oregon: Miss Shirley Kathryn Anderson; 

University of Pennsylvania: Mesers. Hyman Kamel and Ching-Tsiin Loo; 

Purdue University: Sister M. Agnes Hatke, Mesers. Paul Eugene Irick, Maurice M. 
Lemme and Fred Charles Leone, Dr. Walter Phillip Reid; 

Swarthmore College: Dr. Bernard Lewis Miller; 

Syracuse University: Mr. Daniel Resch; 

Texas Technological College: Mr. Bob Parker; 

University of Virginia: Mr. Wesley Emory Pace, Professor Lucille Enid Wig: 

Williams College: Mr. Chester Wallace Jordan; 

Yale University: Mr. Alfred Edward Roberts, Jr. 


The Secretary announced that Professor Heinz Hopf of Eigendss- 
ische Technische Hochschule, Zurich, Switzerland, had been admitted 
to the Society in accordance with the reciprocity agreement with the 
Swiss Mathematical Society and that the following had been ad- 
mitted in accordance with the reciprocity agreement with the London 
Mathematical Society: Professor Selig Brodetsky, University of 
Leeds; Professor Harald Cramér, University of Stockholm, Dr. Bern- 
ard Hermann Neumann, University College of Hull. 

The Secretary announced the election by mail of Lehigh Univer- 
sity, Illinois Institute of Technology and Rice Institute to institu- 
tional contributing membership in the Society. The following were 
elected to institutional membership at the meetings of the Council: 
University of Alabama, University of Arizona, University of Georgia, 
Kenyon College, University of Maryland, Oklahoma Agricultural 
and Mechanical College, University of Saskatchewan, Temple Uni- 
versity, Department of Pure Mathematics, University of Texas. 

The Secretary is pleased to report at this time that the ordinary 
membership in the Society is now 3,233, including 299 nominees of 
institutional members and 59 life members. There are also 101 insti- 
tutional members. The total attendance at all meetings in 1946 was 
1,925; the number of papers read was 477; there were 14 hour ad- 
dresses, 2 symposium addresses, 1 Gibbs Lecture, 4 Colloquium Lec- 
tures, and 1 Retiring Presidential Address; the number of members 
attending at least one meeting was 1,079. 

The following appointments by President T. H. Hildebrandt of 
representatives of the Society were reported: Professor Morgan Ward 
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at the inauguration of Arthur Gardiner Coons as President of Oc- 
cidental College on October 3, 1946; Professor H. R. Brahana at the 
Centennial Celebration of MacMurray College on October 8-10, 
1946: Professor J. B. Rosehbach at the inauguration of James Her- 
bert Case, Jr., as President of Washington and Jefferson College on 
October 25, 1946; Professor W. B. Fite at the inauguration of Sarah 
Gibson Blanding as President of Vassar College on October 11, 1946; 
Professor G. W. Hess at the Celebration of the Fiftieth Anniversary 
of the Founding of Alabama College on October 12-14, 1946; Pro- 
feasor R. P. Agnew at the inauguration of Richard Leighton Greene 
as President of Wells College on November 1, 1946; Professor V. H. 
Tingey at the inauguration of Albert Ray Olpin as President of The 
University of Utah on October 15-16, 1946; Professor W. M. Smith 
at the inauguration of Martin Dewey Whitaker as President of Le- 
high University on October 20, 1946; Professor Gillie A. Larew at the 
inauguration of Martha Lucas as President of Sweet Briar College 
on November 1, 1946; Professor G. A. Hedlund at the inauguration 
of George Matthews Modlin as President of the University of Rich- 
mond on November 15-16, 1946; Professor Dorothy McCoy at the 
inauguration of Fred Tom Mitchell as President of Mississippi State 
College on November 16, 1946; Professor Arnold Dresden at confer- 
ence of Commission for International Educational Reconstruction on 
November 22-23, 1946; Professor J. L. Synge on the Policy Board 
of the abstracting journal in applied mechanics to be published by 
the American Society of Mechanical Engineers. 

The following additional appointments by the President were re- 
ported: Professors J. I. Tracey (Chairman), E. G. Begle, B. H. Camp, 
Nelson Dunford, T. R. Hollcroft, and B. W. Jones as a Committee 
on Arrangements for the 1947 Summer Meeting at Yale University; 
Professors Tomlinson Fort (Chairman), D. F. Barrow, T. R. Holl- 
croft, B. W. Jones, H. A. Robinson, J. M. Thomas, and J. A. Ward 
as a Committee on Arrengements for the 1947 Annual Meeting at the 
University of Georgia; Professors C. C. MacDuffee (Chairman), 
B. P. Gill, and Solomon Lefschetz as a committee to confer with the 
editors of the Annals of Mathematics regarding publication problems; 
Professors J. L. Synge (Chairman), R. V. Churchill, Richard Cour- 
ant, G. C. Evans, W. T. Martin, John von Neumann, and J. W. 
Tukey as a committee to discuss the Society’s relations with applied 
mathematicians; Professors Arnold Dresden (Chairman), P. A. 
Smith, and Leo Zippin as a committee to supervise the distribution of 
material to devastated libraries; Professors M. H. Martin (Chair- 
man), J. H. Taylor and G. T. Whyburn as a committee to study mate- 
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rial regarding the undergraduate origins of Ph.D.’s in Mathematics, 
collected by the Office of Scientific Personnel; Professors P. A. Caris 
and Mary-Elizabeth Ladue, Dr. E. R. Kolchin as tellers for the elec- 
tion at the 1946 Annual Meeting; Dean E. B. Stouffer (Chairman), 
Professors L. M. Graves and J. R. Kline as a committee to nominate 
representatives of the Society on the Policy Committee for Mathe- 
matics; Professor A. W. Tucker as a member of the Committee on the 
Role of the Society in Mathematical Publication; Professor J. L. 
Walsh (Chairman), Dr. R. P. Boas, Professors B. P. Gill, M. R. 
Hestenes, Dean M. H. Ingraham, Professors J. R. Kline, R. E. 
Langer, Morgan Ward and J. W. T. Youngs as a committee to study 
all possible sources of additional revenue, in particular the possibility 
of increasing membership dues; Professor D. V. Widder as an addi- 
tional member of the Emergency Committee for the International 
Congress of Mathematicians; Professor Oscar Zariski as a member of 
the Committee to Select Hour Speakers for Summer and Annual 
Meetings for the period 1947-1948 (committee now consists of Pro- 
fessors J. R. Kline, Chairman, R. P. Agnew, and Oscar Zariski); Pro- 
fessor C. B. Morrey as a member of the Committee to Select Hour 
Speakers for Far Western Sectional Meetings for the period 1947- 
1948 (committee now consists of Professors A. C. Schaeffer, Chair- 
man, C. B. Morrey, and Morgan Ward); Professor W. T. Martin as 
a member of the Committee to Select Hour Speakers for Eastern 
Sectional Meetings for the period 1947-1948 (committee now con- 
sists of Professors T. R. Hollcroft, Chairman, W. T. Martin, and 
A. W. Tucker); Professor Ralph Hull as a member of the Committee 
to Select Hour Speakers for Western Sectional Meetings for the pe- 
riod 1947-1948 (committee now consists of Professors R. H. Bruck, 
Chairman, Ralph Hull, and N. E. Steenrod). 

The Council voted to continue Professor T. H. Hildebrandt as a 
member of the Emergency Committee for the International Congress 
of Mathematicians. 

The Council appointed Professor Solomon Lefschetz as a repre- 
sentative of the Society on the Council of the American Association 
for the Advancement of Science for the year 1947. 

Professor R. E. Langer was elected by the Council to serve as the 
Society’s representative on the Policy Committee for Mathematics, 
for a period of four years beginning January 1, 1947. (Professor 
Langer succeeds Professor G. C. Evans.) 

It was reported that Professor P. M. Morse of Massachusetts In- 
stitute of Technology had accepted the invitation to deliver the 
twenty-first Josiah Willard Gibbs Lecture at the 1947 Annual Meet- 
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ing. It was also reported that Professor T. Y. Thomas had found it 
impossible to accept the invitation to deliver a series of Colloquium 
Lectures at the 1948 Summer Meeting. 

The Secretary reported that the Rockefeller Foundation had ex- 
tended the period of its grant to the Society for the International 
Congress of Mathematicians to December 31, 1950. 

The Council adopted the following resolution on the death of Pro- 
fessor Dunham Jackson: 


After long suffering Dunham Jackson died November 6, 1946, at the age of fifty- 
eight. He is survived by his wife and two daughters. 

Jackson obtained his Ph.D. degree at Göttingen in 1911 under Landau. In 1919 
he left Harvard University to become a professor at the University of Minnesota, 
where he remained until his death. 

This is not the place to review his important scientific achievements which are 
represented by many articles and by books and by a large number of dissertations 

Between the years 1918 and 1931 Jackson rendered valuable services to the 
Society as a member of the Council, as a member of the Transactions Editorial 
Committee, and as a Vice President. He was at one time President of the Mathe- 
matical Association, and Vice President and Secretary of Section A of the Association 
for the Advancement of Science. 

Each one of the large number of papers which he presented to the Society re- 
vealed his mastery of subject matter as well as his perfection of presentation. In 
clearness and elegance of exposition he was unsurpassed. This was recognized by the 
award of the Chauvenet Prize in 1935 for the most excellent expository article in 
advanced mathematics during the period from 1932 to 1934. 

In rare cases it is given to a man to defy long and torturing illness by maintaining 
creative ability and vital interest in the progress of his students to the very door of 
death. Such a man was Dunham Jackson. During the last months of his life he 
approved four dissertations, one of them only weeks before the end. A posthumous 
paper adorns the present program of the Society. 

An occurrence at the beginning of his career illustrates the character of Jackson. 
As a student at Göttingen he won in open competition an academic prize for a valu- 
able mathematical contribution. The monetary award he turned over to the Univer- 
sity of Gottingen for the improvement of American-German student relations. 

On behalf of the Society, the Council expresees its deep sorrow at the untimely 
death of this beloved and distinguished member. 

At the annual election which closed on December 28, and at which 
704 votes were cast, the following officers were elected: 

President, Professor Finar Hille. 

Vice Prestdent, Professor P. A. Smith. i 

Secretary, Professor J. R. Kline. 

Assoctate Secretary, Professor T. R. Hollcroft. 

Treasurer, Professor B. P. Gill. 

Member of the Editorial Committee of the Bulletin, Professor R. E. 
Langer. 
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Member of the Edstorial Committee of the Transactions, Professor 
Antoni Zygmund. 

Member of the Editorial Committee of the Colloquium Publecatsons, 
Professor R. L. Wilder. 

Member of the Editorial Committee of Mathematical Renews, Profes- 
sor M. H. Stone. 

Member of the Editorial Committee of Mathematical Surveys, Profes- 
sor Nelson Dunford. 

Representative on the Edsiorial Board of the American Journal of 
Mathematics, Professor Hassler Whitney. 

Members at large of the Counci, Dr. H. W. Bode, Professors Samuel 
Eilenberg, B. O. Koopman, Gordon Pall, and J. W. Tukey. 

Members of the Board of Trustees, Professors T. H. Hildebrandt, 
W. R. Longley, and G. W. Mullins, Dean R. G. D. Richardson, Dr. 
Warren Weaver. 

The Librarian reported the following additions to the Library: 218 
bound volumes of periodicals, 62 books, 67 pamphlets (including 40 
dissertations), and 2 dissertations on microfilm. He reported that the 
collection of doctoral dissertations is not yet complete, that exchanges 
with foreign countries had been re-established to a large extent, that 
a list of additions to the library since the completion of the catalogue 
manuscript would be published in the January number of the Bulle- 
In an appendix to this report are excerpts from the report of the 
Treasurer for the fiscal year 1946 as verified by the auditors. A copy 
of the complete report will be sent, on request, to any member. 

The American Journal of Mathematics reported that it had pub- 
lished 688 pages in 1946. The Society contributes an annual subven- 
tion of $2,500 to the American Journal. 

Times and places for meetings of the Society in 1947 were set as 
follows: September 2-5, Summer Meeting at Yale University; 
November 29 at California Institute of Technology; December 29-31, 
Annual Meeting at University of Georgia. It was reported that the 
October, 1947, meeting in New York City would be held at Hunter 
College. On recommendation of the Committee on Places of Meetings, 
the Council voted to hold the 1948 Summer Meeting at the Univer- 
sity of Wisconsin, the 1948 Annual Meeting in New York City (in 
connection with the Annual Meeting of the American Association for 
the Advancement of Science), and the 1949 Summer Meeting at the 
University of Colorado. 

Certain invitations to give addresses were announced: Professor 
N. H. McCoy for the February, 1947, meeting in New York City; 


250 AMERICAN MATHEMATICAL SOCIETY (March 


Professor S. S. Wilks for the 1947 Summer Meeting at Yale Univer- 
sity. ; 

The Bulletin Editorial Committee reported an increase in the 
number of papers offered for publication in the Bulletin and the 
Council and Trustees authorized the publication of an additional one 
hundred pages in 1947. Professors Herbert Busemann, Maurice 
Heins, and R. M. Thrall were reported as new Assistant Editors of 
the Bulletin. 

The Transactions Editorial Committee reported that a total of 
1106 pages had been published in the 1946 volumes and that Volume 
60 had been designated as the Birkhoff Memorial Volume. It was 
reported that Dr. Irving Kaplansky had been named Associate Editor. 

The Mathematical Reviews Editorial Committee reported that the 
1946 volume would contain 540 pages, as compared with 284 pages in 
1945. It was further reported that a large number of persons, par- 
ticularly from abroad, had been added to the reviewing staff, in order 
to take care of the increased amount of material to be reviewed. 

The Mathematical Surveys Editorial Committee reported that it 
expected to receive two or three manuscripts for publication in that 
series during 1947. 

A committee appointed to study the question of revising the By- 
Laws in such a manner that the terms of office of all members of 
the Board of Trustees would not expire in the same year recom- 
mended that Article V, Section 1, of the By-Laws be amended to read 
as follows: 


ARTICLE V. ELECTIONS AND TERMS OF OFFICERS 


Section 1. The term of office shall be two years in the case of the President, the 
Vice Presidents, the Secretary, the Associate Secretaries, and the Treasurer; three 
years in the case of the Librarian and the members of the Editorial Committees. 
The term of office for members at large of the Council shall be three years, five of 
the members at large retiring annually. In every case, however, the officials specified 
in Articles I, II, III, and [V shall continue to serve until their successors have been 
duly elected and qualified. 

The term of office in the case of the trustees to be elected at the annual meeting 
to be held between the fifteenth of December, 1948 and the fifteenth of January, 1949, 
shall be three years in the case of two of the trustees to be elected and shall be two 
years in the case of three of the trustees to be elected. Upon the expiration of the 
terms of office of the trustees elected at the annual meeting to be held between the 
fifteenth of December, 1948 and the fifteenth of January, 1949, the term of office of 
all trustees shall be two years. 


The Council and Trustees approved this change and voted that it 
be acted upon by the Society at the February meeting. 
Professor Arnold Dresden, chairman of a committee to distribute 
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mathematical material to devastated libraries, reported that a small 
amount of material had been received in response to the notice tipped 
into the August issue of the Bulletin. He further reported that the 
American Book Center would aid in shipping material to libraries 
which are to receive aid. 

The Council voted to accept the recommendation of the Commit- 
tee on the Role of the Society in Mathematical Publication that the 
Annals of Mathematics be granted a temporary subvention of $1,000 
for the year 1947 and that the possibility of securing funds for the 
publication of foreign papers be investigated. 

An invitation from Harvard University to hold the International 
Congress of Mathematicians at that institution in 1950 was referred 
to the Emergency Committee. 

Professors Gordon Pall and D. J. Struik were appointed representa- 
tives of the Society on the Editorial Board of the Duke Mathematical 
Journal for a period of three years beginning January 1, 1947. 

The Council authorized the appointment of a committee to study 
the question of cooperation with the Pan American Congress of 
Mathematicians to be held in Mexico City in November, 1947, under 
the auspices of the Mexican Mathematical Society. 

The Council voted to adopt a report of the Birkhoff Memorial 
Committee, providing for the publication of the complete works of 
the late Professor G. D. Birkhoff by means of the photo-offset process 
and authorized the appointment of a Finance Committee to handle 
the solicitation of subscriptions and contributions and an Editorial 
Committee to edit the collected papers and to decide upon other de- 
tails such as arrangement, format, and other essential matters. 

On the basis of a report of the Special Committee on Applied 
Mathematics (Professor J. L. Synge, Chairman), the Council adopted 
the following recommendations: (1) That the Committee on the 
Role of the Society in Mathematical Publication study the question 
of financial support to The Journal of Mathematics and Physics and 
The Quarterly of Applied Mathematics; (2) That a Committee on 
Applied Mathematics be appointed to organize programs in applied 
mathematics and to make recommendations to the Council in all 
matters pertaining to the interests of applied mathematics; (3) That 
the Society establish an annual symposium on applied mathematics, 
the Committee on the Role of the Society in Mathematical Publica- 
tion being requested to study the possibility of the publication of the 
proceedings of the symposium in book form. 

The Council adopted the following recommendations of the Com- 
mittee on Additional Revenue (Professor J. L. Walsh, Chairman): 
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(1) That the By-Laws be amended to effect a change in ordinary 
membership dues, beginning January 1, 1948, to the following rates: 
$6.00 per year for the first two years of membership, $8.00 per year 
for the next two years, and $10.00 per year thereafter; (2) That the 
regular subscription price of the Bulletin be increased to $11.00 per 
year beginning January 1, 1948; (3) That the customary discount to 
agents be discontinued after December 31, 1947, for periodicals des- 
tined for the United States and Canada. Other recommendations of 
this committee were referred to the Board of Trustees. 

Titles and cross references to papers read at the meeting follow 
below. Papers 1 to 5 were read Friday afternoon, papers 6 to 16 
Saturday morning, papers 17 to 27 Saturday afternoon, papers 28 to 
36 Sunday morning, and papers 37 to 71, whose abstract numbers 
are followed by the letter #, were read by title. Dr. Glenn was intro- 
duced by Professor T. R. Hollcroft, Dr. Kober was introduced by 
Professor Einar Hille, and Professor Su was introduced by Professor 
Oscar Zariski. Paper number 5 was presented by Professor Weinstein, 
number 7 by Mr. Chung, number 18 by Professor Martin, number 29 
by Professor Montgomery, and number 26 by Professor Diamond. 

1. Herbert Jehle: Hydrodynamical self-consistent fields in stellar 
dynamics. (Abstract 53-1-72.) 

2. J. L. Synge: The general problem of antenna radiation. (Abstract 
53-1-77.) 

3. Nathaniel Coburn: Application of the Kdrmdn-Tsten relation to 
the two-dimensional supersonic flow of fluids in jets. (Abstract 53-1-68.) 

4. A. E. Heins: The scattering and transmission properties of a pair 
of semi-infinite parallel plates. (Abstract 53-1-71.) 

5. J. B. Diaz and Alexander Weinstein: On an extremal property of 
the torstonal rigidity. (Abstract 53-3-141.) 

6. Walter Strodt (National Research Fellow): On the princspal 
soluison of a difference equation. Preliminary report. (Abstract 53-1- 

50.) 

7. K. L. Chung and Paul Erd&s: On the lower limiti of sums of inde- 
pendent random vartables. (Abstract 53-1-27.) 

8. Casper Goffman: Fubins interval functions. (Abstract 53-1-33.) 
` 9. Robert Schatten: An evaluation of the bound for certain func- 
Htonals. (Abstract 53-1-46.) 

10. W. F. Eberlein: Weak compactness in Banach spaces. (Abstract 
52-11-365.) 

11. Daniel Zelinsky: Nonassoctattve valuations. (Abstract 53-1-24.) 

12. R. H. Bruck: An extension theory for Moufang loops. (Abstract 
53-1-11.) 
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13. Isaac Opatowski: Simple Markoff chains with reverse iransi- 
tions: the time moments. (Abstract 53-1-90.) 

14. E. J. Gumbel: The asymptotic dtstribuiton of the range. (Abstract 
53-1-88.) 

15. R. M. Thrall: On akdir algebras. Preliminary report. (Abstract 
53-1-22.) 

16. Irving Kaplansky: Sems-simple algebraic algebras. (Abstract 
53-1-18.) 

17. J. D. Mancill: Unilateral} variations with variable end potnis. 
(Abstract 53-1-38.) 

18. R. H. Cameron and W. T. Martin: Fourser-Wener transforms 
of functionals belonging to La over the space C. (Abstract 53-1-26.) 

19. W. J. Trjitzinsky: Singular integral equations with complex- 
valued kernels. (Abstract 53-1-56.) 

20. J. W. T. Youngs: Remarks on the isoperimetric inequality for 
closed Fréchet surfaces. (Abstract 53-1-61.) 

21. Leonard Tornheim: Harmonic series in two varsables. (Abstract 
53-1-55.) 

22. A. M. Gleason: A theorem on Banach spaces. Preliminary re- 
port. (Abstract 53-1-31.) 

23. Wallace Givens: Parametric solution of linear homogeneous Dto- 
phantine equations. (Abstract 53-1-14.) 

24. Gabor Szegé: The capacity of a circular plate-condenser. (Ab- 
stract 53-1-78.) 

25. J. S. Frame: Group decomposition by double coset matrices. (Ab- 
stract 53-1-13.) ` 

26. A. H. Diamond and J. C. C. McKinsey: A relaiton between 
algebras and their subalgebras. (Abstract 53-3-116.) 

27. R. J. Duffin: Functton classes invartant under the Fourter trans- 
form. (Abstract 53-3-127.) 

28. E. E. Moise: An tndecomposable plane continuum which ts 
homeomorphic to each of tts nondegenerate subcontinua. (Abstract 53-1- 
101.) 

29. Salomon Bochner and Deane Montgomery: Groups on anal yisc 
manifolds. (Abstract 52-11-397.) 

30. Samuel Eilenberg: Simplicial products of simplicsal complexes. 
(Abstract 53-1-97.) 

31. C. A. Truesdell: On a class of difereniial-dif erence equations. 
(Abstract 53-1-57.) 

32. Otto Szász: On closed sets of rational functions. (Abstract 53-1- 
51.) f 

33. I. J. Schoenberg: On totaly positive functtons, Laplace integrals 
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and entire functions of the Laguerre- Pólya- Schur type. (Abstract 53-1- 
47.) 

34. P. C. Rosenbloom: Studies on the heat equation. (Abstract 53- 
1-45.) 

35. O. E. Glenn: A dsfferentsal equation ihat plays a pari in a malhe- 
matical theory of biological variation. (Abstract 53-1-32.) 

36. V. F. Cowling: A generalization of a theorem of LeRoy and Lin- 
delof. (Abstract 52-11-362.) 

37. R. F. Arens: Pseudo-normed algebras. (Abstract 53-1-93-2.) 

38. R. F. Arens: Representation of rings in which x? =x. (Abstract 
53-1-2-2.) 

39. Reinhold Baer: The double chain condition in cyclic PETE 
groups. (Abstract 53-1-6-t.) 

40. J. D. Banker: Extended regular continued fractions. (Abstract 
53-1-7-2.) 

41. Stefan Bergman: On functions satisfying certain partial differ- 
enital equaitons of ellipitc type and their ‘representation. I. (Abstract 
53-3-122-i.) 

42. Stefan Bergman: On functions satisfying certain partial difer- 
enisal equations of eliptic type and their representation. II. (Abstract 
53-3-123-t.) 

43. Stefan Bergman and Menahem Schiffer: A representation of 
Green's and Neumann's functions in the theory of partial differential 
equaitons of second order. Preliminary report. (Abstract 53-3-124-2.) 

44, Garrett Birkhoff: Notes on latices. (Abstract 53-1-9-2.) 

45. Garrett Birkhoff: Subdtrect representation of ceriatn algebras. 
(Abstract 53-1-10-£.) 

46. Claude Chevalley and Samuel Ejilenberg: Cohomology theory of 
Ite groups and Lie algebras. (Abstract 53-1-96-+2.) 

47. H. S. M. Coxeter: The product of three reflections. (Abstract 53- 
1-69-t.) 

48. John DeCicco: Unton-preserving transformations of menir Sur- 
face elements. (Abstract 52-11-389-#.) 

49. Bernard Epstein: A method for the approximate solution of the 
Dsrschlet problem for certain types of domasns. Preliminary report. 
(Abstract 53-1-70-#.) 

50. C. J. Everett: Representation of a sequence of finite sets. (Ab- 
stract 53-1-98-#.) 

51. G. E. Forsythe: On Norlund summabslity of random variables to 
sero. (Abstract 53-1-87-#.) 

52. Evelyn Frank: On methods for the location of the zeros of complex 
polynomials. (Abstract 53-1-30-2.) 


a 
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53. Edwin Hewitt: Rings of unbounded continuous functions. (Ab- 
stract 53-1-99-7.) 

54. L. K. Hua: Geomeirses of matrices. II. Study of involutions in 
the geometry of symmetric matrices. (Abstracts 53-1-15-2.) 

55. L. K. Hua: On the automorphisms of the symplectic group over 
any field. Preliminary report. (Abstract 53-1-16-4) 

56. Dunham Jackson: The boundedness of orthonormal polynomials 
on certain curves of the fourth degree. (Abstract 53-1-35-2.) 

57. Nathan Jacobson: On the theory of primitive rings. (Abstract 
53-3-158-#.) 

58. Edward Kasner and John DeCicco: Rattonal harmonic curves. 
(Abstract 53-1-84-+4.) 

59. Herman Kober: Approximation of non-bounded functions by in- 
legral functions of finite order. (Abstract 53-1-36-i.) 

60. Kenneth May: The aggregate effect of technological changes in 
a two-tndustry model. (Abstract 53-1-75-t.) 

61. B. E. Meserve: Division sequences by cross-mulitplication. (Ab- 
stract 53-1-19-#.) 

62. M. O. Reade: On areolar monogenic functtons. (Abstract 53-1- 
44t.) 

63. Buchin Su: Descriptive collineaitons in spaces of K-spreads. 
(Abstract 53-3-155-t.) 

64. Y. W. Tschen: Exsstence of minimal surfaces with a simple pole 
and normal dertoaitve equal to zero on boundary. Preliminary report. 
(Abstract 53-3-136-t.) 

65. Alexander Weinstein: On the generalised Stokes-Beltrami equa- 
tions. (Abstract 53-1-58-t.) l 

66. D. W. Western: Inequalities of the Markoff and Bernstein type 
for tntegral norms. (Abstract 53-3-137-t.) | 

67. J. E. Wilkins: The growth of the solutions of a ceriain linear 
. întegro-differential equation. (Abstract 53-1-59-t.) | 

68. Jacob Wolfowitz: On the effictency of unbtased sequential esti- 
mates. (Abstract 53-1-92-t.) 

69. G. S. Young: On compact fibertngs of the plane. (Abstract 53-1- 
105-2.) 

70. G. S. Young: On converging sequences of 2-mansfolds. (Abstract 
53-1-106-#.) 

T. R. HOLLcRoFT, 
Associate Secretary 


256 AMERICAN MATHEMATICAL SOCIETY [March 


EXCERPTS FROM REPORT OF TREASURER 
December 13, 1946 


To THE BOARD OF TRUSTEES OF THE 
AMERICAN MATHEMATICAL SOCIETY 


Gentlemen: 


I have the honor to submit herewith the report of the Treasurer for 
the fiscal year ended November 30, 1946. The following comments 
may be of interest. 


Investment Portfolio 


On November 30, 1946, the market value of securities held for In- 
vested Funds exceeded book value by $13,240, and the market value 
of securities held for Current Funds exceeded book value by $417. 
In view of these figures and of the large amount of U. S. Government 
bonds in the portfolio, the reserves held in accounts “Reserve for In- 
vestment Losses” and “Profit on Sales of Securities” may still be 
considered adequate protection against contingent depreciation in 
market value. 

The following is a summary of the changes in security holdings 
made on authorization of the Board of Trustees during the year. 


Acquired by Purchase: 


$39,000 U. S. Savings Ser. G. Reg. 24s 1958 
$ 5,000 Texas and Pacific Rwy. Gen. and Ref. Ser. E 3fs 
1985 


100 shares Aetna Insurance Co. 
50 shares Allied Chemical and Dye Corp. 
50 shares Bethlehem Steel Corp. 7% Cum. Pfd. 
65 shares Radio Corp. of America $3.50 Cum. Pfd. 


Acquired by Exchange: 


50 shares Northern States Power Co. of Minnesota $3.60 
Cum. Pfd. for 50 shares Northern States Power 
Co. of Minnesota 5% Cum. Pfd. 


Sold or Recalled: 
$6,000 U. S. Treasury 28 1952-50 
$8,000 U. S. Treasury 2s 1954-52 
$3,500 - U.S. Treasury 24s 1969—64 


$5,000 Columbia Gas and Electric Corp. 5s 1961 
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$5,000 Consolidated Edison Co. of New York 348 1948 
$5,000 Gas and Electric Co. of Bergen County Gen. 53 1954 
$1,000 New England Telephone and Telegraph Co. 1st B 
i 44s 1961-58 
$5,000 New York, Chicago and St. Louis RR Ref. 3łs 1975 
$3,000 Oregon Washington RR and eaa Co. Ref. 
A 3s 1960 


50 shares Crane Co. 34% Cum. Pfd. 
100 shares Continental Can Co. Inc. 

50 shares Public Service Corp. of New Jersey 7% Cum. Pfd. 
25 rights American Telephone and Telegraph Co. 


The investment portfolio, valued at market November 30, 1946, 
now includes Government bonds 36.6 per cent, other bonds 8.2 per 
cent, preferred stock 12.4 per cent, common stock 36.1 per cent, cash 
in savings bank 6.7 per cent. 


Income from Investments 


Income received during the year from investment of Current Funds 
amounted to $1,644, exclusive of $95 earmarked for International 
Congress. This represents a return of just under 2.4 per cent com- 
puted on average book value of investments. Income on Invested 
Funds amounted to $7,317, representing a return of just under 3.8 
per cent. Total investment income from all sources was $9,056, repre- 
senting a return just under 3.37 per cent. 

Income from the Henderson Estate was $4,800; in 1945 it was 
$4,750. 


Increase in Surplus and Assets 


Surplus account shows an increase of $9,971, while the net increase 
in assets for the year was $7,816. This last figure is at once surprising 
and somewhat illusory. Noticeably increased costs of publication were 
to a considerable extent offset by dues payments from members re- 
instated during the year and from dues and initiation fees from an 
unexpectedly large number of new members. Investment income 
amounted to some $400 more than in the previous year. Sales of all 
publications were extremely heavy, the Colloquium series for example 
showing receipts more than $2,500 in excess of 1945. Sales of securi- 
ties netted profits of over $1,000. 

But some $7,000 of expenses for which provision was made in the 
year’s estimates were not disbursed during the year because of various 
delaying conditions. Nearly all of this represents costs of new Col- 
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loquium volumes now in process of publication, and of necessary re- 
printing of exhausted issues of the Bulletin and Transactions. In addi- 
tion, some $1,300 of advance dues for 1947 were paid by institutional 
members. If it had not been for these two facts, operations for the 
year would have shown a small net loss. On the other hand intensive 
activity by Mathematical Reviews in reducing “backlog” accumu- 
lated during the war years resulted in a reduction of over $6,250 in 
the net assets which has been charged against the balance built up. 
I trust that these more than usually detailed remarks will make it 
clear that it is extremely difficult this year to describe in any general 
way the outcome of the year’s activities without careful analysis of 
individual items in the schedules and the exhibits submitted herewith. 
Respectfully submitted, - 

BENNINGTON P. GILL, 

Treasurer 
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November 30, November 30, 


1945 


$ 24,868.41 
54,433.13 


$ 79,301.54 
$ 5,833.06 

187,543.57 
$193,376.63 


$272,678.17 





$193 376.63 


$272,678.17 
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Diflewenee sive oxi San Cal eee e aa ae $ 1,154.38 $ 2,143.36 
Not Change in Amets........... .. g 7,816.64 $14,469.15 
ASSETS BEGIMMING OF YEAR............. 0 cs eeeee ae $272,678.17 er 
ÅSSITI EMD OF WEAR. cic oe's ok 6 5 tain tins GS oak nmo $280 ,494 81 72,678.17 


“BOOK REVIEWS 


Les systèmes dtfférenitels extérieurs et leurs applications gtoméiriques. 
(Actualités Scientifiques et Industrielles, no. 994.) By Elie Cartan. 
Paris, Hermann, 1945. 214 pp. 450 fr. 


This book gives a revised account of lectures delivered in 1936- 
1937 at the Sorbonne. The content is based almost exclusively on the 
author’s own outstanding contributions to the subject at the begin- 
ning of the century. In developing many of these old results, how- 
ever, the author’s present viewpoint is new as well as stimulating. 
The whole treatment, even at the few points where it touches upon 
contemporary work by other writers, bears the stamp of the author’s 
individuality. 

The fundamental calculus employed is Grassmann algebra. Car- 
tan’s manner of regarding this discipline might be described as fol- 
lows. The indeterminates are differentials and the polynomials are 
forms. Interest centers in skew-symmetric (necessarily multilinear) 
forms, which can be written 

. i 
(1) F = Gy, -- +1581 
where the coefficients a are skew-symmetric in every pair of indices 
and where the summation convention is being used. An equivalent 
expression for F is 


ip 
°° * ty, 


1 #1 * Wy 

Fo—a, wiles eee 
$! il say ‘| 

? ” Up 


where the a's are the same as in (1). The exterior product of F by the 
form G=by,,...4, «ffi = ++ ugh is the skew-symmetric form defined 
by 

[FG | = E s. unn 
where the c’s are found by applying all (p+¢q)! signed permutations 
to the subscripts on @4...4,0i,45---¢,4, and adding. The definition of 


product applied to wi, ---, uP gives 
4 ty 
Hi °- ° My 
í í 
eaa eleo 
ú ip 
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so that F may be written 

F= ~ apalu Era 
or, if the subscripts on the #’s are omitted, as 


1 
(2) P= aipe e] 


with the understanding that the interchange of two #’s is to be com- 
pensated by multiplying by —1. When a skew-symmetric form is 
written in the symbolic notation (2), it is called an extertor form. 

In this way, Cartan is able to construct simultaneously for his 
symbols two types of product, both of which can be evaluated for 
real values of the indeterminates. To distinguish between them a 
notation such as the brackets is necessary. As in the case of the vec- 
tor product the use of brackets has its disadvantages: in the latter 
half of the book brackets are frequently used also as parentheses. 
Other writers, for example, Goursat in his Probleme de Pfaff, regard 
the matter differently. One set of indeterminates (say, derivatives) is 
subjected solely to ordinary multiplication and another (say, differ- 
entials) solely to exterior multiplication. This not only makes the 
brackets unambiguously available for their normal use as fences but 
has manipulative advantages as well. 

Besides developing Grassmann algebra along lines familiar to read- 
ers of Cartan’s Invartants intégraux, Chapter I has several note- 
worthy features, which we proceed to mention. 

On page 10 there is a theorem neatly contrasting an ordinary 
quadratic form F with an exterior quadratic form G, namely, 


The theorem on linear dependence (p. 11) is also cast in this contrast- 
ing form. 

The condition that a form be monomial (that is, have independent 
linear factors equal in number to its degree) is discussed at length. 
One might be tempted to dismiss the matter after saying that the 
associated system must have rank equal to the degree of the form. 
Cartan, however, finds in simple and elegant manner polynomials 
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whose vanishing expresses the condition. It is interesting that the 
polynomials are quadratic. In the case of a quadratic exterior form, 
the facts could also be inferred from two familiar results: (i) a skew- 
symmetric matrix has rank at most two if and only if all principal 
determinants of order four are zero and (ii) a skew-symmetric deter- 
minant of order four is the square of a quadratic in its elements. If the 
theorem on matrices corresponding to Cartan’s general result has 
been stated, it is at least not well known. 

Instead of defining k-planes, as formerly, by the components of k. 
independent vectors Cartan now employs the analogue of Plticker’s 
line codrdinates. At least as far as the applications in the present 
book are concerned, the increase in the number of codrdinates and 
the necessity of satisfying the relations among them more than off- 
set the advantages of their introduction. For example, brackets being 
omitted, the system (p. 27) ulu? = yht = u'u? — utut =0 is at once seen 
to imply #'=0 or # saul, ut=bu!, u'ut=0, uiu? =0 without appeal- 
ing to Plicker codrdinates and the quadratic relation among them. 
Conceivably, these cotrdinates may be elegant means for further 
developments in the theory. An extended treatment of their proper- 
ties has been made by J. W. Givens, Tensor cotrdinates of linear 
spaces, Ann. of Math. (2) vol. 38 (1937) pp. 355-385. 

The definition (p. 30) of the associated system for a system of equa- 
tions is a noteworthy accomplishment, although it is not the ultimate 
because the rank gives the minimum number of indeterminates in an 
algebraically (defined on p. 28) equivalent system rather than simply 
in an equivalent system. The author remarks (p. 56) that the char- 
acteristic systems (which are associated systems) for two equivalent 
differential systems are not necessarily equivalent. 

Chapter II discusses the differential dF of an exterior form F, its 
geometrical significance, and its connection with Stokes’ theorem. 

Chapters III, IV, V and VI give a systematic account of the au- 
thor’s theory of Pfaffian systems. Although most of the exposition 
follows established lines, it is decidedly advantageous to have this 
material united in one volume, particularly for the purpose of the 
geometrical applications in the last 90 pages. 

The gist of this theory is as follows. The system considered con- 
sists of a finite number of exterior forms Fs in the differentials of n” 
variables x* with OSdeg FaSn. A solution is a set of functions 
falt, - - - ,**) such that the vanishing of fa, dfa implies the vanishing 
of Fs. An immediate consequence of the definition is that the system 
Fy is equivalent to the system Fa, dF, which is called closed. Attention 
accordingly can be confined to closed systems. From this standpoint 
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fa constitutes a solution of Fẹ if and only if the closed system fa, dfa 
implies the closed system Fs, dFs. 

Of fundamental importance are the linear Pfaffian system, for 
which each Fs is linear, and the completely integrable type of such a 
linear system, which is equivalent to dfs. The properties of these 
systems are developed in Chapter II. The condition for a completely 
integrable linear system is stated (p. 49) in terms of the “anneau” 
defined on p. 26; unfortunately the author has not followed Ore’s 
lead (L’Algébre absiratie, p. 6) in reserving “anneau” as a transla- 
tion for “ring.” Mayer’s method (integration by means of ordinary 
equations) is treated in §37; its generalization (integration by means 
of equations in k—1 fewer independent variables) is indicated later 
(p. 78) for systems having k characters equal to zero. In reading §37 
it may be helpful to insert the stipulation “of n—r dimensions” into 
the statement of the theorem, to supply the arguments z!, ---, s on 
the right of (2), and to by-pass the question of the hypotheses on 
which the discussion rests by taking refuge in the general hypothesis 
of real, analytic functions (p. 45) and in Cauchy’s theorem for ordi- 
nary differential equations. Later (p. 50, Remark IV) the assumption 
of the existence of first derivatives shows that (2) satisfies the Lip- 
schitz condition even when its right members contain the s’s. The 
well known integration of a single partial differential equation is ex- 
pounded as an application of the theory of completely integrable 
systems. 

Cartan’s existence theorem, which is the backbone of the subject, 
involves the notion of k-tangeni (or integral k-plane). If the form Fa 
has degree p, let its indeterminates be w?,---, wy. A k-plane is 
defined by k independent vectors 5, \=1,---, k. This k-plane is a 
k-tangent for the system if and only if the set of forms F, vanishes 
whenever each indeterminate vector 4. is identified with an arbi- 
trary one of the vectors n. If we start with a k-tangent and seek a 
(k+1)-tangent containing it, the system 24,1 upon the components 
of the (k-+1)th vector m,, is linear and homogeneous. A point x‘ 
is an ordinary 0-tangent if the forms of degree zero in Fa vanish at x! 
and if the matrix of the linear equations in Fs has maximum rank at 
x‘, By induction, a k-tangent is defined as ordinary if it contains an 
ordinary (k—1)-tangent and if for it the system È» has maximum 
rank. The notation E, will be reserved for an ordinary k-tangent. 

An integral variety of k dimensions is an ordinary solution if the 
k vectors tangent to its parametric curves constitute an FE, for every 
point. The notation V, will be reserved for an ordinary solution of k 
dimensions. 
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The maximum dimension g for an ordinary k-tangent is called the 
genus. Cartan previously gave for the genus of a linear system a lower 
bound which is not repeated or generalized here. It is 


(s—r/(r+1) Sg 


where # is the number of variables and r is the number of equations. 

The existence theorem asserts there is a V, if and only if k does 
not exceed the genus. More precisely, it states that if k<g, through 
V, there passes a Vi41 depending on specified arbitrary elements. 
This is proved by an appeal to the Cauchy-Kowalevsky theorem. 

A system is in involution with respect to a set of k variables 
x1,--.+, aif it possesses a V, on which x!, - - - , x are independent, 
that is, on which [dx! - - - dx] =0. Necessary and sufficient condi- 
tions for a system to be in involution are given in terms of the char- 
acters, which are non-negative integers determined by the ranks of 
the systems 2, used to define E». 

The final chapter on existence theorems describes the author’s 
method of prolongation, whose purpose (p. 112) is to make each solu- 
tion of a given system appear as an ordinary solution of a system in 
involution. As the author states (p. 120), singular solutions escape 
the theoretical discussion of prolongation, but for particular systems 
prolongation can be effected without this drawback. It is therefore 
recognized that the general process of prolongation and the.field of 
its applicability have still to be rendered precise. 

There are two fundamental requirements for a theory of differen- 
tial systems: (1) a normal form for which a precise theorem,can be 
rigorously proved; (2) a process for reduction to normal form.-The 
process in (2) has two aspects: (2.1) formation of integrability céndi- 
tions; (2.2) application of an implicit function theorem. Cartan’s 
normal form is essentially a set of Cauchy-Kowalevsky systems and 
is less inclusive than Riquier’s orthonomic system. Cartan’s opera- 
tion (2.1) involves prolongation, whereas Riquier’s is precise. As for 
(2.2), the theories are subject to the same difficulties, but for alge- 
braic systems these have been removed from Riquier’s theory by 
Ritt. 

The last two chapters give applications to the differential geometry 
of surfaces (Chapter VII) and of certain higher spaces (Chapter 
VIII). In addition to furnishing excellent illustrations for the pre- 
ceding theory, they bring out in novel fashion the dependence of the 
solutions of the problems on the arbitrary elements. Conformal and 
isometric correspondences, Weingarten surfaces, isothermic surfaces 
and triply orthogonal systems are among the score of topics treated. 
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Schlaefli’s theorem that every Riemannian space of » dimensions can 
be immersed in Euclidean space of n(#+1)/2 dimensions is discussed 
in great detail (pp. 199-210) for the particular case #=3 and refer- 
ence is made to the proofs of Janet and Cartan for the general s. In 
this connection, it might be remarked that the detailed discussion 
given by Janet (Annales de la Société Polonaise de Mathématique 
vol. 5 (1926) pp. 39-40) for the case »=2 is convincing, whereas the 
counter-example given for the same case by Forsyth (Intrinsic geom- 
eiry of ideal space, vol. 1, pp. 231-233) is not. A relatively simple 
proof of the theorem would be highly desirable. Cartan’s discussion 
of the case n=3 may help in that direction. 
J. M. THomas 


Tables of fractional powers. Prepared by Mathematical Tables Proj- 
ect, National Bureau of Standards. New York, Columbia Univer- 
sity Press, 1946. 4894+30 pp. $7.50. 


The tables here printed yield the values of A® andi x*. For example, 
there are tables of A” for A =10, x, 10-*P (where P is a prime between 
100 and 1000), as well as for other values. Thus 10° is given to 15 
decimals for 0.001 <x 51.000 with x advancing in intervals of .001. 
The function x* is computed for the values a= +1/2, +1/3, +2/3, 
+1/4 with 0S259.99 in intervals of .01. There is a bibliography 
with 76 titles and an introduction by Dr. Lowan in which the method 
of computation of the tables is explained and the accuracy of inter- 
polation is illustrated by examples. 

E. R. Lorca 


Tables of ihe modified Hankel functions of order one-third and of their de- 
rivatives. Cambridge, Harvard University Press; London, Oxford 
University Press, 1945. 36-235 pp. $10.00. 


This set of tables is the first to be published by the Computation 
Laboratory of Harvard University. The functions here considered are 
solutions of Stokes’ differential equation d*u/ds?+su=0 and were 
needed in connection with the work of the Radiation Laboratory 
on diffraction and refraction of waves. Solutions to Stokes’ equation 
are hy(s) = (k /ir) fret? /4dt (where kis a constant and Ly is an infinite 
broken line in the complex plane) and /As(s), which has a similar ex- 
pression. It is the functions A,(s) and their derivatives 4; (s) which are 
tabulated. The tables give the real and imaginary parts to eight 
decimal places for s=x-++sy with | x+4y| $6 and x, y progressing 
in intervals of 0.1. The functions Ai(s) are related to the Hankel func- 
tions of order 1/3 by the equations h,(s) = ((2/3)s¥2) Hf} ((2/3)s*/3), 
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¢=1, 2. Although the AY} (x) are triple-valued functions, the &,(s) 
are single-valued. 

There is a thorough discussion of the properties of the functions. 
The computation time was forty-five days. It is stated that without 
the calculator years would have been necessary for this task. This 
fact gives some indication of the capacity of the machine. 

E. R. Lorcu 


A manual of operation for the automatic sequence controlled calculator. 
Cambridge, Harvard University Press; London, Oxford University 
Press, 1946. 6+561 pp.-$10.00. 


The “analytical engine” of Babbage has finally been realized in the 
Harvard Calculator described in this book. This device, a brilliant 
engineering achievement, was constructed and donated by the In- 
ternational Business Machines Corporation. 

The Calculator is designed to carry out any sequence of calcula- 
tions. A tape is punched in accordance with a certain code and this 
is inserted in the sequence control mechanism, a complicated arrange- 
ment of relays. Under the control of the sequence mechanism are a 
large number of storage counters which also function as adders, a 
“multiply-divide” unit, and various function units for logig x, 10”, 
and sin x. The sequence mechanism arranges for the transfer of a 
number in one unit to another, directs the operation of the various 
units and appropriately stores the result. The machine will print the 
tables it calculates: 

The present volume is intended as a manual of operation for this 
device. Accordingly, we find a complete set of coding and plugging 
instructions and a chapter devoted to the solution of examples. 

There are however a number of aspects of the present volume which 
are of more general interest. For instance, the descriptions of the 
relay controls, the multiply-divide unit, the storage counters and the 
function units would certainly appeal to many who are not concerned 
with the operation of the calculator. 

In addition there is a long bibliography on numerical methods. The 
historical introduction in Chapter 1 is quite interesting and undoubt- 
edly serves the present purpose, but it is not a complete history of 
even the direct ancestors of the present device. 

Thanks are due to Professor Aiken and his associates for the prepa- 
ration of this manual in a form which will permit a wide circulation. 


F. J. Murray 


NOTES 


The University of Toronto is planning a Summer Seminar on 
Algebra and Theory of Numbers from August 15 to September 14, 
1947. It is expected that there will also be courses of lectures on 
several subjects somewhat related to the above topics. Fuller details 
will be sent to the members of the Society at a later date. 

A conference on the Problems of mathematics was held at Princeton 
University on December 17-19, 1946. It is planned to issue a descrip- 
tive pamphlet, and later a more complete monograph, covering the 
work of the conference. 

A Graduate Department of the History of Mathematics has been 
established at Brown University. 

The Harry Bateman Research Fellowship for postdoctoral research 
in pure mathematics has been established at the California Institute 
of Technology. The stipend is $3,000.00 for the academic year. 

The French Academy of Sciences has announced the following 
awards for 1946: Carriére Prize, to Mr. Claude Chabauty of the 
University of Strasbourg; Francoeur Prize, to Mr. Laurent Schwartz 
of the University of Nancy; Emile Picard Medal, to Professor 
Maurice Fréchet of the University of Paris; Leonard Eugene Dickson 
Prize, to Professor Georges Bourion of the University of Alger; 
Montyon Prize, to Professor Jean Ville of the University of Lyon; 
Grand Prize in Mathematical Science, to Professor Jacques Dufres- 
noy of the University of Bordeaux; Général Muteau Prize, to Mr. 
Joseph-Georges Darpas and Mr. Osée Marcus; Houllevigue Prize, 

to Dr. Gustave Choquet; Fondation Jeréme Ponti, to Professor 
Daniel Dugué of the University of Alger. 

The Sylvester Medal of the Royal Society has been awarded to 
Professor G. N. Watson of the University of Birmingham in recogni- 
tion of his distinguished contributions to mathematical analysis. 

The Duodecimal Society of America has conferred its Annual 
Award for 1947 upon Mr. R. H. Beard of the New York Telephone 
Company. 

Professor Marston Morse of the Institute for Advanced Study and 
Professor P. A. M. Dirac of the University of Cambridge have been 
awarded honorary degrees by the University of Paris. 

Professor J. P. Everett of Western Michigan College of Education, 
Kalamazoo, Michigan, has retired with the title emeritus. 

Additional information concerning certain mathematicians in Hol- 
land has become available. Professor W. van der Woude of the Uni- 
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versity of Leiden has retired. At Amsterdam University, Professor 
D. van Dantzig of the Technical School of Delft has been appointed 
to a professorship; Dr. E. W. Beth has been appointed to an associate 
professorship of logic and the philosophy of science; Dr. G. H. A. 
Grosheide and Dr. J. Haantjes have been appointed to lectureships 
at the Free University of Amsterdam; Profeseor G. Mannoury has 
been awarded an honorary Ph.D. degree. At the Technical School of 
Delft, Dr. N. G. de Bruyn, Dr. S. C. van Veen, and Dr. C. Visser 
have been appointed to professorships. At Groningen University, Dr 
J. H. C. Gerretsen and Dr. C. S. Meyer have been promoted to pro- 
fessorships. At the University of Utrecht, Dr. H. Freudenthal has 
been appointed to a professorship. 

Dr. Leonidas Alaoglu has accepted an appointment with the Office 
of Operations Analysis, Washington, D. C. 

Professor J. V. Atanasoff of Iowa State College of Agriculture and 
Mechanical Arts has been appointed Chief of the Acoustics Division 
at the Naval Ordnance Laboratory, Silver Spring, Maryland. 

Associate Professor J. J. Barron of Marquette University has been 
appointed to a professorship at Marshall College, Huntington, West 
Virginia. 

Mr. A. H. Bowker has been appointed to an assistant professorship 
at Stanford University. 

Professor Gregory Breit of the University of Wisconsin has been 
appointed to a professorship at Yale University. 

Mr. N. A. Brigham has been appointed Senior Research Engineer 
with Republic Aviation Corporation, Farmingdale, New York. 

Mr. Leon Brillouin has been appointed to a professorship of applied 
mathematics at Harvard University. 

Dr. F. W. Brown has accepted a position as design specialist with 
North American Aviation, Inc., Los Angeles, California. 

Dr. J. W. Calkin of the California Institute of Technology has been 
appointed to an associate professorship at Rice Institute. 

Professor Tobias Dantzig of the University of Maryland has re- 
tired. 

Professor J. L. Doob of the University of Illinois has been ap- 
pointed to a visiting professorship at Columbia University. 

Professor J. A. H. Duffie of the University of Western Ontario has 
been appointed to a professorship of chemistry at the University of 
Ottawa. 

Adjunct Professor Mary L. Foster of the University of South Caro- 
lina has been appointed to an associate professorship at Henderson 
State College, Arkadelphia, Arkansas. 
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Mr. J. E. Freund has been appointed to an assistant professorship 
at Alfred University. 

Dr. B. E. Gatewood has been appointed to an associate professor- 
ship at the Army Air Force Institute of Technology, Wright Field, 
Dayton, Ohio. 

Dr. M. A. Girshick has been appointed statistician with the Bureau 
of the Census. 

Dr. A. D. Hestenes has accepted a position as research engineer 
with the Franklin Institute in Philadelphia. 

Associate Professor Grace M. Hopper of Vassar College has ac- 
cepted a position in the Cruft Research Laboratory at Harvard Uni- 
versity. 

Dr. M. L. Kales has accepted a position as radio engineer with the 
Naval Research Laboratory, Washington, D. C. 

Professor C. C. MacDuffee of the University of Wisconsin will be 
visiting professor at the University of Puerto Rico. 

Associate Professor A. N. Milgram of the University of Notre 
Dame has been appointed to an associate professorship at Syracuse 
University. 

- Associate Professor E. K. Paxton of Washington and Lee Univer- 
sity has resigned. 

Miss Charlotte B. Shapira has accepted a position at the Naval 
Ordnance Laboratory, White Oak, Maryland. 

Dr. R. W. Shepard of the University of California has been ap- 
pointed to an assistant professorship at New York University. 

Dr. F. C. Smith of the Lincoln National Life Insurance Company, 
Fort Wayne, Indiana, has been appointed to an associate professor- 
ship at the College of St. Thomas. 

Professor H. S. Vandiver of the University of Texas will be visiting 
professor at the University of Indiana during the present term. 

Assistant Professor L. B. Williams of Hamilton College has been 
appointed to an assistant professorship at Reed College. 

The following promotions are announced: 

L. V. Ahlfors, of Harvard University, to a professorship. 

Garrett Birkhoff, of Harvard University, to a professorship. 

R. W. Cowan, of the University of Alabama, to an assistant pro- 
feasorship. 

Saunders MacLane, of Harvard University, to a professorship. 

G. J. O’Boyle, of Catholic University of America, to an assistant 
professorship. 

Henry, E. Smith, of Dickinson College, Carlisle, Pennsylvania, to 
an assistant professorship. ` } 
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The following appointments to instructorships are announced: 
Catholic University of America: Mr. R. W. Moller, Mr. S. J. Rosen- 
feld; Hofstra College: Mr. Frank Hawthorne, Mr. Bernard Mason; 
Hunter College: Mr. Paul Brock; Michigan State College: Mr. 
Cornelius Groenwoud; University of Missouri: Dr. P. B. Burcham; 
University of Nebraska: Mrs. Margaret Ehlers, Mr. W. T. Lenser, 
Mrs. T. A. Pierce, Miss F. E. Pool, Mr. G. D. Rippe; University of 
Oregon: Mrs. Ethel Lawrence, Mr. W. G. Scobert; Queens College: 
Miss Louise H. Ercolano, Miss Florence E. Gerhardt, Miss Bernice J. 
Lehrman, Miss Aida Kalish, Mrs. Charlotte L. R. Knag; Rider Col- 
lege, Trenton, New Jersey: Mr. Emanuel Levine; Syracuse Univer- 
sity, Mr. J. B. Greeley. 

Information has been received which confirms the deaths of the 
Dutch mathematicians M. M. Biedermann and L. W. Nieland during 
the German occupation. 

Professor H. C. Plummer, formerly of the Military College of Sci- 
ence, Woolwich, died September 30, 1946, at the age of seventy years. 

Dr. S. A. Lepeshkin, a former member of the Society, died August 
20, 1946, at the age of fifty-nine years. 

Professor G. B. Sweazy of Westminster College, Fulton, Missouri, 
died August 10, 1946. l 

Professor C. C. Wagner of Pennsylvania State College died on 
May 23, 1946. He had been a member of the Society since 1930. 


a 


ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and 
the Associate Secretaries of the Society for presentation at meetings 
of the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 


107. Iacobo Barsotti: Structure theorems for algebraic algebras wih- 
out a finste basis. 

A few elementary properties are established, and a complete structure theorem 
for division algebras of type 2 (locally finite) and a countable basis is given (Theo- 
rem 17). A few properties connecting arithmetic with the structure of algebras over 
p-adic fields are found. Theorem 22 reduces the main unsolved problem to a simpler 
one, when the underlying field is of a particular kind, including algebraic and local 
fields. Theorem 24 analyzes the structure of algebras of type 1 with a noncountable 
basis. Such a structure will be treated in another paper. (Received December 26, 
1946.) 


108. Iacobo Barsotti: Valuations in division algebras without a 
finite basis. 

The author studies arithmetic in infinite division algebras, based on non- 
archimedean valuations. Algebras satisfying a certain condition are called valuable, 
and a relation is found between this condition and the algebraic character of the 
algebra. Ideal theory in valuable algebraic algebras is studied. Algebraic algebras 
over local fields are shown to be valuable under a very general assumption. Three 
types of algebras are introduced, according to the existence of perticular finite sub- 
algebras. A principal theorem on the structure of unramified infinite local fields 
is found, and another one on the structure of local algebras of type 2. At the end of 
the paper an unsolved problem is stated together with some clues about its tenta- 
tive solution. A new proof is given of a perticular case of a known theorem about 
algebras of finite degree. (Received December 26, 1946.) 


109. P. T. Bateman: Modular subgroups of finite index. Prelimi- 
nary report. 

The modular group (Modulgruppe) is the group of linear fractional transforma- 
tions r’ = (ar4-b)/(cr +8), where a, b, c, d are integers such that ad—be=1. The sub- 
groupe of the modular group moet frequently encountered are those which can be 
defined by means of certain arithmetical congruence relations on a, b, c, d with respect 
to some positive integer, called the Stufe of the subgroup. By using the geometry of 
the transformations (cf. Ford, Asxtomorphic fundions, New York, 1929, chap. 3, in 
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particular Theorem 22) it is proved here that these congruence subgroups are the only 
subgroups of finite index. (Received February 1, 1947.) 


110. Richard Brauer: Applications of induced characters. 


By application of a thearem on induced characters proved in an earlier paper it 
is shown that if G is a group of finite order and if gis the least common multiple of the 
orders of the elements of G, then every representation of G can be written in the field 
of the gth roots of unity. This improves a result given by the author (Amer. J. Math. 
vol, 67 (1945) pp. 461-471). As a further application of the theorem on induced char- 
acters it is shown that the characters of a group G of finite order are uniquely deter- 
mined provided that the following information is given: (I) The linear characters of 
those subgroups Hof G which are direct products of cyclic groups and groups of prime 
power order. (II) The manner in which the classes of conjugate elements of G break 
up into classes of H, if only elements of H are considered (H denoting the subgroups 
of the same type asin (I)). (Received January 27, 1947.) 


111. Richard Brauer: On Artin’s L-serses with general group char- 
acters: 


It is shown that if G is a group of finite order, every character of G can be ex- 
pressed as a linear combination with integral rational coefficients of characters w* 
such that every w* is a character of G induced by a linear character œw of a subgroup 
of G. This result had been conjectured by E. Artin (Abh. Math. Sem. Hamburgischen 
Univ. vol. 3 (1924) pp. 89-108; vol. 8 (1931) pp. 292-306). It now follows that 
Artin’s L-series with general group characters are meromorphic functions. (Received 
January 27, 1947.) / 


112. Richard Brauer: On the seta-functions of algebraic number 
fields. 

It is shown that if the algebraic number field K is normal over the subfield &, the 
quotient ¢(s, K)/f(s, k) of the corresponding reta-functions is an integral function 
of the complex variable s. A proof is given for the following theorem, conjectured by 
C. L. Siegel and proved by him in special cases: Consider all algebraic number fields 
k of a fixed degree #. Let d be the discriminant of k, let & be the number of classes of 
ideals in k, and let R be the regulator of k. Then log (kR)™log(|d|)¥* for |d|—> œ. 
(Received January 27, 1947.) 


113. Leonard Carlitz and E. L. Cohen: Divisor functions of poly- 
nomtals in a Galois field. 

The main result given in this paper is concerned with the number of solutions of the 
equation (at ++ +a.) Fea XiVit--++aXiY, in primary polynomials of 
GF[p*, x] of degree k, ek respectively, where ¢2 1 is fixed. For e=1, the result reduces 
to a known one. The proof is considerably simpler than that used previously. (Re- 
ceived January 28, 1947.) 


114. Dr. P. W. Carruth: Generalised power series fields. 


Kaplansky (Duke Math. J. vol. 9 (1942) pp. 303-321 and vol. 12 (1945) pp. 243- 
248) has shown that if the characteristic of a field that is maximal with respect to a 
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valuation is the same as that of its residue class field, under certain conditions the 
maximal field is analytically isomorphic to a power series field. In this paper, a gen- 
eralized power series field is constructed. Criteria not dependent on the characteristics 
of a maximal field and its residue class field are stated for a maximal field to be 
analytically isomorphic to this generalized power series field. (Received January 23, 
1947.) 


115. E. L. Cohen: Sums of an even number of squares in GF[p*, x]. 


The problem discussed in this paper is an extension of one considered by Carlitz 
(Trans. Amer. Math. Soc. vol. 35 (1933) pp. 397-410). Suppose ap, **', au are 
nonzero elements of GF(p*), pr42, emat * ° +a, (25221), and let F bea poly- 
nomial of GF[p*, x]. The problem is to find the number of solutions of aF =} Ma; Xi 
in primary polynomials Xi,--+-, Xm of degree & and arbitrary polynomials 
Xay, ‘°°, Xa Of degree less than k, for the cases in which (1) a= «40, F primary 
of degree 2k, and (2) ami, e=0, F arbitrary of degree leas than 2k. The number of 
solutions in either'case is given by the function p,1(F, A), defined in the paper re- 
ferred to above, where \=-++-1 or —1 according as (—1)*a > + - anis or is not a square. 
(Received January 28, 1947.) 


116. A. H. Diamond and J. C. C. McKinsey: A relation between 
algebras and thetr subalgebras. 


Certain sets of postulates for Boolean algebra do not contain equations in more 
than three variables. It obviously follows that if an algebra has the property that 
every subalgebra generated by three elements is a Boolean algebra then the algebra 
is itself a Boolean algebra. The question arises whether the number of elements 
generating the subalgebra can be reduced to two. This question is answered in the 
negative by giving an example of an algebra having the property that every sub- 
algebra generated by two elements is a Boolean algebra while the algebra iteelf is 
not. A corollary is that every set of equations defining Boolean algebra must include 
at least one equation in three variables. Analogous results are established for groups, 
rings, and other algebras. (Received December 5, 1946.) 


117. R. J. Levit: The nonexistence of a certain type of odd perfect 
number. 


Let # =g: - - - a, be an integer with prime power factors au = p,™, where the pt 
are distinct primes, $=0, 1, +--+, #¢. Fors to be perfect it is necessary that exactly one 
of the prime powers, say as, have an even divisor sum o(aq). Then, if oo =o(a,)/2, 
o,mo(a,),¢m1,2, ++ -,#, the condition for # to be perfect may be written s—=a901 ++ +a; 
mgg ° + + oy. All even perfect numbers are known to be of the form #=21(2—1), 
where 2*—1 is prime, so that the e; are the a, in reverse order. The question presents 
itself whether there may exist odd perfect numbers for which analogously the o; are 
a mere rearrangement of the a. In this paper it is proved by elementary methods 
that no odd perfect numbers of this type can exist. (Received January 17, 1947.) 


118. E. G. Straus: On the existence of square-free numbers of the 
form ax? +b. 


Itis shown that there are infinitely many square-free integers among the numbers 
of the form axz?-+b, x=1, 2, +--+, where a, b are integers whoee g.c.d. (a, b) is square- 
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free. An elementary counting procese used in the proof yields an asymptotic formula 
for a number S(#) of square-free numbers of the form axt+-b, z <a. The method of 
proof can be used for several generalizations. (Received January 7, 1947.) 


119. R. D. Wagner: The generalized Laplace equations in a function 
theory for commutative algebras. 


The author considers the generalization of the theory associated with the Laplace 
equation d4/8x*-+-4%~/6y%=0 in the theory of functions of a complex variable to that 
of functions in a commutative linear associative algebra with a principal unit. The 
usual theory extends readily if the algebra is a Frobenius algebra. Using matric 
methods introduced by Ward (Duke Math. J. vol. 7 (1940)), the author obtains the 
generalized Cauchy-Riemann equations as necessary and sufficient conditions for 
analyticity of a function in the algebra A of order #. The generalized Laplace equa- 
tions are then obtained as necessary and sufficient conditions that a function # of # 
variables shall be a component of an analytic function. One form of the generalized 
Laplace equations is equivalent to the statement that the Hessian matrix of # shall 
be the parastrophic matrix of some number of A. (Received December 10, 1946.) 


ANALYSIS 


120. Richard Bellman: On the boundedness of solutions of nonlinear 
differential and difference equations. 


The purpose of the author is to discuss the behavior of solutions of the nonlinear 
system of differential equations: dr4/di =}; itut flt a, °° +, xm, D, im], 2, 

*, ®, a8? — œ, under various restrictions upon the matrix (a,,), the functions 
J(=, t), and the initial values, The more general case where the right-hand side con- 
tains the derivatives dx;/dt is also considered. The three methods used are the method 
of successive approximations, the fixed-point method due to Birkhoff and Kellogg, 
and the method of approximating to a differential equation by a difference equation. 
Analogous results are derived for nonlinear difference equations, (Received January 
22, 1947.) 


121. Stefan Bergman: Functions satisfying linear partial diferen- 
tial equations and their properties. 

The author investigates functions (0, H) of two real variables which satisfy the 
equation (—H)¥w+ty¥HH~0 for H30, and (—H)¥e+v¥uu=0, for HZ0, s> -—2, 
yam (34/301), - ++. In this paper the initial-value problem is considered. To this 
end ¥(6, H) is expresed in terms of 7((6) and T®(0), the prescribed values of ¥ and 
ð% /JH respectively on the line H=0. It is shown that the function y satisfying the 
conditions ¥(6, 0) =0, yH (0, 0) = [8(6, H)/3E]ao= T (0), 69 $050, where T(6) 
is an analytic function of the real variable 6, can be written in the form 
2x%i(2 + 3)\¥(0, H) = Hfl — x) +9 *T0(9)de dxda/ (0—0) [1 +4(2-+5) -H0 
—6)—*(—H) Hy sin? i], H <0, and a similar expression holds for H>0. Cis a simple 
closed curve in the regularity domain of T™(#) (considered as a function of the com- 
plex variable ð =9+4+8), which curve includes the interval 6 <@<6™ of the real 
axis. An analogous formula holds for the solution ¥ satisfying the condition ¥(6, 0) 
= T00), ¥x(0, 0) =0. Using these formulae, the author investigates the connections 
which exist between the location and the nature of the singularities of T(0) and 
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T(0(9) on the one hand, and the properties (in the large) of ¥(6, H) on the other. 
(Received January 30, 1947.) 


122. Stefan Bergman: On functions satisfying certain parisal dif- 
ferential equations of eliptic type and their representatton. I. 


The author considers function pairs (¢, y) satisfying the system of equations: 
bs=lvy, y= —lýs, where }=1(x, y) is a differentiable function which is positive 
in a domain P. Let 8, BCP, be a connected domain bounded by (#-+1) curves 
Gs, Q, ***, Gs. The author defines single-valued functions ¢ and ¥ which possess 
logarithmic singularities and singularities of sth order respectively at a prescribed 
point (xe, Ya). In analogy to the case of analytic functions of a complex variable, he 
introduces integrals (64, %9), k=1, 2,+-+, n, of the first kind and sth type, 
sm1, 2. Here ¢ and ¥® are single-valued and regular in ©, and are equal to 
1 on a, and vanish on the remaining a. Integrals ($49, y4) of the third kind are 
then defined. ¢ and y“ are single-valued functions and possess at the pre- 
acribed point (xe, ya EB a logarithmic singularity. It is proved that $4 (xe, Ye) 
=(—1/2r) $6": (x, Yi xo, ya)ds; various other relations between the periods of 
the above Integrals are derived. (Received December 23, 1946.) 


123. Stefan Bergman: On functions satisfying certain partial difer- 
ential equations of elliptic type and their representation. II. 


The author considers functions satisfying the equation L(¢) =¢set¢yyt4P¢ =0, 
where P= P(x, y) is nonpositive in the domain 8 under consideration. Two solutions 
4, are said to be orthonormal in $ with respect to Lif {4,6} re =//— [46 
+AA —4Pg4 |dady = dr. (Čr is the Kronecker delta.) Let (6), »=1, 2,---, 
be a system of solutions of L which are orthonormal in 6 with respect to L. It is 
proved that Daile, DE, Eala, y), 20 [60(x, y) ]? converge uniformly 
and absolutely in every closed subdomain which lies in ®. If the system ($?) is 
complete with respect to the class of solutions ¢ of L for which {¢, ẹ}La< œ, 
then everysolution é can be represented in the form ¢ =) p= 10ybp, G7 ™ F-(9G™/dn)ds 
= $.¢(8¢/8n)ds. Heres is theinward normal and ds a line element of the boundary 
cof B. (Received December 23, 1946.) 


124. Stefan Bergman and Menahem Schiffer: A representation of 
Green's and Neumann's functions in the theory of partial diferential 
equations of second order. Preliminary report. 


Generalizing results by Schiffer (Duke Math. J. vol. 13 (1946) pp. 529-540) which 
permit the representation of Green’s function of Laplace’s equation in terms of ortho- 
norma! analytic functions of one complex variable, and using orthogonal functions 
introduced in the previous abstract, the authors consider the Green’s function G(Z; {) 
and Neumann's function N(Z; t), Z==(x, ¥), ¢=(E, 9), of differential equations 
L(¢)Ad+4P¢=0, where P 30 in the domain under consideration. Let K(Z; $) 
m5 16(Z)$(t) be the kernel function of a complete syatem of functions which 
are orthonormal in % with respect to L, that is, for which len, 4” } Le = Sra. (See 
the previous abatract.) Every solution ¢ of L{¢) =0 satisfies the integro-differential 
equation ¢(Z)= {K(Z; t), o(t)} pe. From this result it follows that K(Z; t) 
=(2n)-'(G(Z; $)—N(Z; $)). Let S(Z; f) be a fundamental solution of IAS) = 0. 
Then G(Z; H—=S(Z; H+{S(Z, T), K(T; 1) }ze. The variation sK(Z; f), when B 
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varies, is given by Se[K(Z; T)K(T; f) lands, T= (x, 5), [6, Y] berets —4P oy, 
n being the inward normal, c the boundary curve of ®, ds a line element of ¢. The 
same formulae hold for G and N. Analogous results can be obtained for much more 
general equations in two or #, #>2, variables. (Received December 23, 1946.) 


125. V. F. Cowling: Some results for Dirichlet series. 


Let f(s) Re del with abscissa of convergence o< œ. Let J—-1<k<] 
where } is integral and positive but otherwise arbitrary. Denote by D the domain in 
the w-plane y S Arg (w—h) Sy, where 0<y¥ Sx/2 and —r/2 Sý<0. Let a(w) bea 
function regular in D, with the possible exception of the point at infinity, for which 
a(n) =G., n=O, 1,2, +--+. Suppose, for wmk+Re¥in Dand R2R,, that |a(k+Re*) | 
<RE for some K. Then f(s) =g(s)+4(s) where g(s) is an integral function of z and 
k(x) is regular for s in any closed bounded domain contained in R(s)>K-+1. If for 
w=h+Ret in D and RÈR, |alh+Ret)| <RXe-LEstt for some K and some 0 <L 
<2r, then f(s) defines an integral function of s. (Received January 24, 1947.) 


126. J. B. Diaz and H. J. Greenberg: Upper and lower bounds for 
the solutton of the general btharmontc boundary value problem. 


The authors consider the equation AAw= (x, y) ina domain D, subject to bound- 
ary conditions on wand dw/dn. Let U and V be the sets of all functions satisfying the 
boundary conditions and the differential equation, respectively. Integral expressions 
involving arbitrary functions of U and V are found which provide upper and lower 
bounds for the solution w at any given point of D. The method uses Fourier type ex- 
pansions for win functions of U and Y separately to yield Bessel inequalities bounding 
an integral of w from above and below. (These inequalities are interpretable as comple- 
mentary variational principles for w; one principle extending over the class U, the 
other over the class V.) Introduction of a boundary value problem, connected with 
the fundamental solution of the bibarmonic equation, leads to bounds directly on w 
at the given point of D. The bounds are successively improved as additional Fourier 
coefficients are introduced. Conditions are established for convergence of the bounds 
to the desired value of w. (Received January 22, 1947.) 


127. R. J. Duffin: Function classes invariant under the Fourier 
transform. 


A function f(x) belongs to class J if: (a) (—xd/dx)*f(z)20; 0<x<0 
#n=0, 1,2,--:, (b) f(x)90 as x, (c) xf(x)—90 as 20. It is shown that the 
Fourier sine transform of f(x) also belongs to the class J. For example, x“ is obvi- 
ously of class J and its transform is cx—¥?. A self-contained proof is given which 
hinges on a lemma which aseerts that x~}f(x~) is of class J. With a slight modifica- 
tion a similar theorem is valid for the cosine transform. Another invariant class X 
is characterized essentially by the condition (—d/xdx)*f(x) 20. (Received December 
23, 1946.) 


128. J. J. Gergen and F. G. Dressel: A minimal problem for har- 
monte functtons. 

Let {én}, {hi}, b= 1, 2, - ++, be arbitrary sets of # real numbers, OSA <h< 
<O@,<2r. Let 1(6), 9(9) be step functions of period 2r determined by 2.(8) 
m=min (ha, ays), MO) max (bp, keyi), 6450<6441. Let T be the clase of functions, 
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U(r, 6), each of which is harmonic in the interior S of the circle r=1 and éatisfies 
AlO Slim inf U(r, 6), lim sup U(r, 0 aM, r71—, for almost all OS6<2x. The 
authors consider minimizing in T the functional A[U]=/fs|VU| dS, where | VU| is 
the magnitude of the gradient of U. The chief results are: (1) The lower bound Ao of 
A[U] for UCT is finite. (2) A[U]=A¢ at least once in T. (3) A[U]=Ao at most 
once in T unless all the Ay of even index are greater than, or are les than, all those of 
odd index. (4) If UET, A[U]=— As, and if F(s) is analytic for |s| <1 and has U as 
real part, then [sF (s) =i) $.1Bs(s-+sa)/(s—sa), y's, where B» are real con- 
stants such that > p.yBa—) paiDa/sy™0. For s=4, Ao and Fare determined in 
terms of 6; and Ay. The analysis is based on Douglas’ paper (Trans. Amer. Math. 
Soc. voL 33 (1931) pp. 263-321). (Received December 12, 1946.) 


129. Irving Gerst: Meromorphic functions with simultaneous multi- 
plication and addition theorems. 


This paper is devoted to the characterization of all meromorphic functions f(s) for 
which there exist simultaneously relations of the form f(ms)=R[f(s)], f(s-+A) 
= S[f(s)], where m and & are complex numbers and R and S are rational functions, 
When || >1, the case of chief interest, it is ahown that if f(s) is transcendental it 
must be periodic. Then, if results of Ritt (Trans..Amer. Math. Soc. vol. 23 (1922) 
pp. 16-25) on periodic functions with multiplication theorems are utilized, it is found 
that except for f(s) a linear function of 6°”, k, when not a period, must be a suitable 
half or third of a period. The corresponding functions and their addition theorems are 
given explicitly. Other results are: (1) If f(s) is rational it must be a linear function 
of s. (2) The linear function of s ia the only type poasible when | ae | S1 except when m 
is a rational root of unity. (Received January 11, 1947.) 


130. R. N. Haskell and W. H. Bradford: Sub-bsharmonic funcitons. 
Preliminary report. 


A definition of this clasa of functions is made by use of areal derivatives as defined 
by Ridder (Nieuw Archief voor Wiskunde (2) vol. 16 (1929-1930) p. 63). Let 
Dayls(J) denote the areal derivative of a biharmonic function B(x, y) and let 
u(x, y) be of class c’. If Ds,,0s(J) is subharmonic in a domain G and if Dzs,s6u(J) 
<Dz.yia(J) and also #(x, y) S$ B(x, y) on boundary of any subdomain G’ of G, then 
(x, y) @ B(x, y) in interior of G’ and #(x, y) is sub-biharmonic. A characterization of 
sub-biharmonic functions is made in terms of areal and peripheral means. Let 
L (a; xe, Yo; 7) and A(x; x, Yo; 7) represent the ordinary peripheral and areal means 
respectively on a circle with center at (xo, Ya) and radius r. Further let Zi and Ai be | 
defined by the relations 2x(1—u)Ii(w; xo, yo; ar, r) S/F [ulur, 0) —u%e(r, 6) d8 and 
art(1—p")Ai(ss; xe, ve; or, r) S SfE lulus, 6) —utuls, 6) |sdsdd where O<p<1 but fixed. 
It is shown that Z,2.A1 and both are increasing functions of r. Necessary and suff- 
cient conditions that «(x, y) shall be sub-biharmonic in G are that for all circles in G 
either #(x—, Yo) S2A—L, w(xo, yo) SLi, or w(xe, Ye) GA1. (Received December 26, 
1946.) 


131. Tibor Rado: On two-dimensional concepts of bounded variation 
and absolute conisnutty. : 


Let »=x(, 7), y=4¥(«, 0) be continuous functions in the unit square Q: 0S# 51, 
OSea1. Then these equations define a continuous mapping T. For such a mapping, 
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the author defined an essential! multiplicity function u(x, y) (See Duke Math. J. vol. 4 
(1938) pp. 189-221). During the war, analogous researches were carried on in Italy 
by L. Cesari, whose work is based upon a certain multiplicity function ¥(z, y) termed 
the characteristic function of the mapping T (see Atti R. Accademia d'Italia vol. 13 
(1943) pp. 1323-1481). The main purpose of the present paper is to show that 
¥(x, y) =u(x, y) with the exception of a countable set. As a consequence, it follows 
that the concepts of bounded variation and of absolute continuity developed by Cesari 
for continuous mappings T agree with concepts introduced and studied by the author 
and by P. V. Reichelderfer (see Trans. Amer. Math. Soc. vol. 49 (1941) pp. 258-307 
and vol. 53 (1943) pp. 251-291). (Received January 1, 1947.) 


132. L. B. Robinson: Generation of an infintte system of functions 
with the untt circle as singular lane from the Garvin sertes. 


Let G(x) be a Garvin series. Let #(x) = /OG(m)s(x7)dxitm#. whose adjoint is 
(x) = [.G(xi)a(2)dartys. A solution w(x) of the above has the unit circle as singu- 
lar line like the Garvin series. In #(x) replace G(x) by #i(x). The solution ws(x) has 
the unit circle as singular line. Continue in this way until from the Garvin series is 
generated an infinite system of functions #:(x), a(x), -° *, (x), °° all of which 
admit the unit circle as singular line. (Received December 2, 1946.) 


133. H. E. Salzer: The approximation of numbers as sums of recipro- 
cals. 


Every number x, 0<*<1, admits a unique expansion of the form *=(1/a;) 
+(1/as)+ +++, where a, are integers so chosen that after ¢ terms, when the sum x 
has been obtained, a4: is the least integer such that %+1/ai,1 does not exceed x 
(denoted as an R-expansion). Similarly, to +; one might add either 1/ai4: or 
1/(G441—1), depending upon which addend gives a small value to |e- rm] (denoted 
as an R-expansion). It is shown that rational numbers have finite R- and R-expan- 
sions. Properties investigated include rapidity of convergence, including the closeness 
of approximation of +; when written as pt/q,, and necessary and sufficient conditions 
for a given sum of reciprocals to be either an R- or R-expansion. These properties are 
applied to prove the irrationality of certain infinite sums S, where the criterion of 

S—p/q| <1/q! for an infinitude of integers p and q is not applicable. Both the R- and 

-expansions are applied to the solution of algebraic and transcendental equations 
by a well known variant of the Newton-Raphson method, with the amount of digital 
work considerably less than in the usual procedures. (Received December 4, 1946.) 


134. I. E. Segal: Postulates for general quantum mechanics. 


A set of postulates for the observables in a physical system is given. On the basis 
of these it is shown that for any two observables there is a pure state (in essentially 
the sense of von Neumann and Weyl) of the system in which they have different ex- 
pectation values, a spectral resolution for each obeervable is obtained, probability 
distributions of simultaneously measurable obeervables are defined, and an inde- 
terminacy principle ia derived. The postulates are partly algebraic (the obeervables 
form à real linear space in which each element generates an associative algebra) and 
partly metric (each obeervable has a maximum numerical value which is a Banach 
norm and has certain special properties). Mathematical examples of systems satisfying 
the postulates are the self-adjoint elements of a uniformly closed self-adjoint operator- 
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algebra, with the bound as norm, and the real-valued continuous functions on a com- 
pact Hausdorff space, with the maximum as norm. (Received January 6, 1947.) 


135. A. E. Taylor: The inverse of a polynomial function of a closed 
operator. 


Let T be a closed distributive operator with domain D and range both in the com- 
plex Banach space X. Further let the resolvent set R of T be nonempty. If #21, 
let Da be the set of elements x of X such that x, Tx, ++ -, 7* «x lie in D. The author 
considers the problem: given a polynomial P(A) of degree #, and an element y in X, 
to find an element xz in Da such that P(T)x—¥. Under the assumption that all the 

zeros of PA) lie in R the author proves that the solution x exists and is unique. It 
given by z= By, where B isa linear operator with domain X and range Da, defined 
by ril 2riB = f{1/P(A)}(T—AD~WA, the integration being extended counterclockwise 
over a set of nonoverlapping circles, one each about the zeros of P(A), each circle and 
its interior lying in R. Thus, if the inverse operator (T—)J)— is known explicitly, 
B may be calculated by the calculus of residues. The proof employs spectral methods 
developed pteviously by the author for the case in which T is assumed to be continu- 
ous, with domain X. (Received January 30, 1947.) 


136. Y. W. Tschen: Existence of minimal surfaces with a simple pole 
and normal derivative equal to 0 on boundary. Preliminary report. 


The purpose of the author is to solve the problem: given a simple closed curve C 
in the xy-plane to find a minimal surface s(x, y) with s= (const) -x+ +--+ at infinity 
and ðs/ðn =0 on C. In parametric form the problem is: to find three harmonic func- 
tions x/(#, o), y'(u, #), 3'(#, v) defined in the interior of the unit circle #?++9 <1, 
which represent a minimal surface with a simple pole at (0, 0) and x’, y’ representing 
C, as'/8r—=0 on #?-++-s%= 1, This problem in the parametric form is solved by using 
direct methods of calculus of variations on the minimum problem for two functions. 
Conditions are studied under which x’, y’ are differentiable on the boundary and 
alx’ yN /8(%, »)»<0 in the interior. As soon as these two conditions are fulfilled, the 
function s(x, y) is obtained. (Received December 13, 1946.) 


137. D. W. Western: Inequalities of the Markoff and Bernstein 
type for integral norms. 


Let P(s) be a polynomial of degree #; A, constants independent of # and P(s); 
C, a simple closed Jordan curve of length L(C). Denote the unit circle by I, its closed 
interior by T, the points of C satisfying |s—k| >m for k on C by C™. The curvilinear 
norm is defined by ||P(s)||p,0— {(1/L(C)) fol P(s)| 2|ds| }¥?. The results follow. For 
smooth C, ||P’ “ely pesano ».c for pei. There is a constant B depending only 
on pz and C such that || F’(s)||,.c2Bx||F(s)||p.0 for Fis) the Faber polynomial of 
degree » associated with C, C analytic. If C consists of smooth arcs meeting in a 
finite number of corners of exterior angles smr where 0< Su <2, w2i, then 
|P'()|| 0 AnP], o for p21; and ||P] os Amotu] P()||,,0 for $>0. 
If P™(s) denotes the ever derivative of the Riemann-Liouville definition then 
for a>O and p21, deen e where m may satisfy m=<1/n 
and k=—1; and ba £)\| pan S AnP (a)l an for p>1, O0<m<1; and 
||P()|| mc An Pole for p>1 and smooth C. Results of a similar nature are 
obtained in ean cases for area norms correspondingly defined, for p=2, for 
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certain functions not polynomials and for homogeneous polynomials of degree # in 
two real variables. (Received December 24, 1946.) 


138. Bertram Yood: On tdeals tn operator rings over Banach spaces. 
Preliminary report. 


Let R be the ring of all continuous linear operators on a Banach space X. For 
any ideal Ain Rlet MC X be the set of all rin X for which T(x) =0 for every Tin A, 
and let N be the linear manifold in X generated by the ranges of Tin A. It is shown 
that if A is a left (right) idealin R then the closure of A in both the weak and strong 
topology of operators is the set of all T in R which vanish on all of M (set of all T 
in R whose range is contained in N). Thus for ideals the topologies are equivalent and 
the closed ideals characterized. These facts are used to show that if Sis a subset of R, 
the left (right) annihilator of the right (left) annihilator of Sin Ris the smallest weakly 
closed left (right) ideal containing S. (Received January 6, 1947.) 


139. Bertram Yood: Regular and singular elements in the ring of 
operators ona Banach space. Preliminary report. - 


The sets G and S of regular and singular elements respectively of the ring R of 
all bounded linear operatora defined on an infinite-dimensional Banach space X are 
studied in the uniform, strong and weak topologies of R. In the uniform topology, 
S is decomposed into disjoint sets with topological properties in such a way that the 
properties of an operator T being an isomorphism or not, having X as its range or not, 
and the existence or absence of certain projections are correlated with the ring prop- 
erties of being a left or right generalized null-divisor or not, and the possession or 
lack of a left or right inverse. If G can be dense in R then an open question of Banach 
(Théorie des opérations linéaires, p. 246) on linear dimensions has a negative answer. 
Banach’s question is further discussed in terms of the concepts of this paper. In both 
the strong and weak topologies of R, it is shown that G and S are each dense and not 
open. (Received January 31, 1947.) 


140. H. J. Zimmerberg: Definite integral systems. 


In this paper the notions of definitely self-conjugate adjoint integral systems of 
Wilkins (Duke Math. J. vol. 11 (1944) pp. 155-166) and those definite systems of the 
author (Bull. Amer. Math. Soc. Abstract 52-3-76) are extended to integral systems 
written in matrix form y(x) =A [PK (x, £)y(#)d#, where no restriction is made on the 
form of the kernel K(x, t). These definite integral systems include the definite systems 
previously treated as subclasses. With the exception of expansion theorems, most of 


the properties of the definite integral systems of Wilkins and the author are preserved. 
(Received January 8, 1947.) 


APPLIED MATHEMATICS 


141. J. B. Díaz and Alexander Weinstein: On an extremal property 
of the torstonal ripsdity. 

The torsional rigidity S of a beam with simply or multiply connected cross section 
can be given by either of the following formulas, which have been hardly explicitly 
mentioned in the literature: (*) S=P—D(¢), (**) S=P—D(y), where P is the polar 
moment of inertia, ¢ and y are the warping function and its conjugate, and D denotes 
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the Dirichlet integral. From these formulas follows S<P, and S=P only for circular 
or annular sections. Upper and lower bounds for S are obtained from (*) for any 
section. For simply connected sections estimates are also obtained from (**). (Re- 
ceived December 9, 1946.) 


142. Howard Eves: Some consequences of a stmple theorem on torque. 


The simple theorem on torque is: Let F: (¢m1, +--+, n) bea set of n coplanar forces 
Then the locus of a point P in the plane of the forces such thai the sum of the torques of 
the forces about P is a constant k is a straight lins. As we vary k the line moves parallel 
to tiself. From this theorem a number of physical and geometrical theorems and con- 
structions are derived. Consideration is given to the envelope of the diametral lines 
of a given system of lines for a given system of multiples, and of the envelope of the 
diametral planes of a given system of planes for a given system of multiples. Another 
application leads to a simple construction locating the point about which a system of 
coplanar forces exerts minimum Inertia. This last isa generalization of the symmedian 
point of a triangle and leads, in turn, to some new theorems in the modern geometry 
of the symmedian point. (Received January 27, 1947.) 


143. Howard Eves: Systems of particles wik a common centroid, 


In general if the members of a system of # weighted particles be independently 
displaced in space to new positions, the centroid of the new arrangement will not 
coincide with that of the original arrangement. This paper develops a number of theo- 
rems and constructions concerning some rearrangements of » weighted particles for 
which the centroid remains invariant. New and elementary proofs are supplied for 
some known theorems due to Brocard, M’Cay, and Weill. Sollerstinsky's elegant con- 
struction for the equicenter of two triangles, and Neuberg’s analogous construction 
for the equicenter of two tetrahedra, are very simply established. (Received January 
27, 1947.) 


144. H. J. Greenberg: The determination of upper and lower bounds 
for the solution of the Dtrichlet problem. 


Let w be the solution of the Dirichlet problem, that is, harmonic in a domain D 
and assuming assigned boundary values. A method is given for determining upper 
and lower bounds for the value of w at any given point of D. The bounds are integral 
expressions involving arbitrary functions of two classes, U and V; U consists of all 
. functions satisfying the boundary conditions, Vis the class of functions harmonicin D. 
The method is based on the application of two complementary variational principles 
for w: the first (the Dirichlet principle) applies to U, the complementary principle 
applies to V. This yields inequalities for fp (wit wdA, The introduction of an auxil- 
iary boundary value problem leads to bounds for w. By employing sequences of func- 
tions in U and V, successively improved bounds are obtained. The method applies 
to the plane or 3-space and can be made to yleld bounds directly for derivatives of 
the solution. Also treated is the homogeneous boundary value problem associated 
with Poisson's equation. Asan example, bounds are obtained for the central deflection 
of a square elastic membrane under uniform loading. (Received January 22, 1947.) 


145. M. Z. Krrywoblock: On certain cases of simple solutions of flow 
equations tn compressible fluid with particular conditons. 

In the most general case of flow in a compressible fluid the density, viscosity and 
heat conductivity are functions of pressure and temperature. The physical conditions 
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t 
superimpose certain boundary values on velocity, density, pressure and temperature. 
Besides that one has to take into account a thermodynamic condition expressing 
usually the relationship between heat added, intrinsic energy and external work. This 
picture shows that at the present time the difficulties in the solution of equations are 
probebly insurmountable, But it is possible to select cases satisfying only a part of 
the boundary conditions, which, although uninterpretable from a physical standpoint, 
' are solvable from a mathematical point of view. In the present papers three such cases 
are solved under the conditions that the coefficients of viscosity and thermal conduc- 
tivity are constant, that only one boundary condition is superimposed, namely, the 
one concerning the velocity at infinity and that all other restrictive conditions are 
neglected. The cases are: source, circular vortex, and spiral vortex. (Received January 
30, 1947.) 


146. H. E. Salzer: Table of coefficsenis for interpolating in funcistons 
of two variables. 


When the double Gregory-Newton interpolation formula for functions of two vari- 
ables is rewritten in terms of the tabular entries f,,;, one obtains (1) f(x+phi, y+qhs) 
=) eiaa i(n", p, Dfa, hi where Ga; i(n, P, g) np gn ot JC «Ct Another proof of 
the corresponding general theorem for any number of variables is given. (See Bull. 
Amer. Math. Soc. vol. 51 (1945) pp. 279-280.) Formula (1) approximates f(x, y) 
by a binary #-ic and is particularly applicable whenever Taylor’s theorem for two 
variables holds in a suitable neighborhood of f(xo, Ye), or when interpolating sepa- 
rately for the real or imaginary part of an analytic function of degree »# in s= 2-447. 
Also (1) has the advantages of involving the fewest numbers of points f,,, (that is, 
6, 10, or 15 for #=2, 3, or 4), and of being applicable near the beginning or end of a 
table. The present table gives the exact values of C,,,(n, p, Q) for n=2, 3, or 4, that 
is, in quadratic, cubic, or quartic interpolation, for all values of s, ¢ whose sum ranges 
from 0 to », and for p and q each ranging from 0.1 to 0.9 at intervals of 0.1. The 
saving in labor by avoiding partial differences or the double Lagrangian formula 
(latter requiring 12, 20, or 30 multiplications for # =2, 3, or 4) is indicated. (Received 
December 27, 1946.) 


147, P. A. Samuelson: A generalised Newton steration. 


An unknown simple root, A, of the equation f(x) =0 can be approximated by a 
general iteration of the form 2,,;—H(x,), defined by the implicit relation y(x441) 
=G [znt f(z), fE), «+ +, f(x.) ] 0 where y is a solution of some differential 
equation system y(*t) = g[y, y’, +>, 9] and y“(x,) =fO(x) for #9. It can be 
shown that H(A)=—A and H“)(A) =0, #3, so that the iteration not only converges 
to the correct root for all sufficiently near initial approximations, but does so at an 
extremely rapid rate. Special cases include the Newton iteration (when 4’’—=gmQ), 
numerous suggested high-order osculatory extrapolations, truncated Taylor series, 
inverse interpolation by means of derivatives, and other methods proposed in the 
literature—often without proof of convergence. (Received January 15, 1947.) 


148. P. A. Samuelson: Generalization of the Laplace transform for 
any operator. 

Assume given any admissible operator &, such that the first-order linear equation 
(h—s)y(f) =f(#) has a unique solution F(t, s, b; f)a for ¢ te, for arbitrary initial condi- 
tion y(%)~=b, and for f(t) a sufficiently limited function. Examples of admisaible 
operators are d/dt, E, id/dt, A, 5++A, and so on, but not d*/dé*, By the generalized 
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Laplace transform, Z(s; f) is meant a linear functional of f with the fundamental 
property that L(s; Af)s—sL(s; f)a—f(to). Clearly fy exp—s(t—t)f(é)dt, a f(s)s +8, 
Sa fat, De SOs) are generalized L.T.'s for d/dt, E, td/dt, and A 
respectively. It may be verified that the appropriate expression is in every case given 
formally by lim:..F(#, s, 0; f) F(t, s, 1; 0)—1. Tables of transform peirs may be set up 
for practical use precisely like those of the usual Laplace transform. Regions of con- 
vergence must be determined for each different operator; however, in practice it is 
often possible to get the correct answer by proper “interpretation” even when con- 
vergence fails. (Received January 15, 1947.) 


149. Fred Supnick: Cooperative phenomena. II. Structure of the two- 
dimenstonal Ising model. 

Let a distribution of A’s and B’s be made over the vertices of a linear graph G in 
which any two vertices are joined by at most one edge. Associate with each edge a (+1) 
or a (—1) accordingly asits end points are the same or different. Denote the sum of the 
numbers on the edges by E (the energy). The (physical) partition function is obtained 
by putting E into the Boltrman exponential and summing over all possible states 
In this paper the author examines from a combinatorial point of view the structure 
for the case where G is a portion of a (plane or cylindrical) rectangular grating. A 
method is obtained for constructing all those distributions which have the same en- 
ergy. An examination of the structure of the three-dimensional model is also made. 
It is pointed out that the problem of reducing “end effects” is equivalent to certain 
problems in the topology of sphere clusters. (See Bull. Amer. Math. Soc. Abstracts 
52-9-323 and 52-11-386 by the author.) (Received January 17, 1947.) 


GEOMETRY 
150. John DeCicco: An extension of Euler's theorem on homogene- 


ous functtons. 


The author determines the partial differential equation of order r to be obeyed by 
a function (x, y) which is the sum of r homogeneous functions with degrees #, #—1, 
a—2,---+,#—r+1. Itis observed that such a function (x, y) may be said to be of 
degree # and is a generalization of a polynomial. This is related to the problem of 
determining all the algebraic curves C, of degree = such that the (w—r) polars G 
of degree r all pass through a fixed paint O. This point O isa singularity of C, of order 
(#—r +1). For example, if the polar conics all pass through a given point O, then O 
is a singularity of C. of order (w—1). This whole theory is extended quite readily to 
any number of dimensions. (Received January 31, 1947.) 


151. John DeCicco: New proofs of the theorems of Kasner concerning 
the infinitesimal contact transformations of mechantcs. 


The author submits new-proofs of the theorems of Kasner concerning the infinite- 
simal contact transformations of general dynamics. (See The infinitesimal contac 
transformaitons of mechanics, Bull. Amer. Math. Soc. vol. 16 (1910) pp. 408-412)). 
The theorems deal with the nature of two dynamical systems of the same number of 
degrees of freedom for which the commutator or alternant of the associated infinite- 
simal contact transformations is a point transformation. The main result ie that this 
situation can arise if and only if the expressions for the kinetic energy are the same or 
differ merely by a factor. The other proposition is that two infinitesimal contact 
transformations with the same transversality law will have a point transformation 
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for commutator if and only if they are associated with two dynamical systems of the 
type described above. These theorems are proved for homogeneous contact transfor- 
mations, The methods are those of tensor calculus. (Received January 8, 1947.) 


152. Marshall Hall: Cyclic projective planes. 


A projective plane v is said to be cyclic with respect to a collineation ¢, if the 
cyclic group generated by ¢ is transitive on the points of r. It can be shown that this 
is equivalent to assuming that the cyclic group generated by ¢ is transitive on the 
lines of r. Every finite Desarguesian plane is a cyclic plane, but there are also infinite 
cyclic non-Desarguesian planes, Methods are given for constructing the infinite cyclic 
planes, and their properties are studied. Methods for constructing the representaion 
of a finite Desarguesian plane as a cyclic plane have been given by Singer and by the 
author. Restrictions are found here on finite cyclic planes. For example there is no 
cyclic plane with #+1 points on a line and ami (mod 3) unless # =x?+xy-+4, 
This excludes # = 10 (mod 12). Also every cyclic plane possesses a polarity and results 
of Baer lead to strong restrictions on even values of #. (Received January 17, 1947.) 


153. Edward Kasner and John DeCicco: Harmonic transformations 
and velocsty systems. 


An arbitrary point transformation of the plane carries the œ? straight lines 
into the special cubic family y” = A -+By'’+Cy”+Dy”, studied by R. Liouville. 
The velocity type y’’—=(1-+y’%) [¥(x, ¥)—y'6(x, y)] appears frequently in geometry 
and dynamics. (See Kasner, Dsfferontial-geometric aspects of dynamics, Amer. Math. 
Soc. Colloquium Publications, vol. 3, 1912, and Kasner and DeCicco, The geometry 
of velocity systems, Bull. Amer. Math. Soc. vol. 49 (1943) pp. 236-245.) In the present 
paper, the authors inquire when a harmonic transformation (in which the components 
obey the Laplace equation but not necessarily the Cauchy-Riemann equations) will 
convert the 0? straight lines into a velocity family. This problem yields on the one 
hand a special type of harmonic transformation and, on the other, a special kind of 
velocity system. The resulting harmonic transformations can be analyzed into the 
products of conformalities by affinities (this obviously includes the conformalities as 
a special case), The corresponding velocity families can be identified with the T, 
families, namely, the conformal image of the œ^ straight lines, ‘that is, the isogonals 
of an arbitrary isothermal family. (Recetved December 27, 1946.) 


154. Edward Kasner and John DeCicco: New theorems in the polar 
theory of a general algebratc curve. 


The authors present some new theorems in the polar theory of a general algberaic 
curve Ca of degree n. If the rth polar curve C,_,, of degree # —r, with respect to the 
algebraic curve C, of an ordinary point O on Cy, is constructed, then itis known that 
Ca and C,_, are initially tangent. It is found that the curvatures at O are in general 
distinct, The ratio p of the curvatures is studied and, in the case of higher order con- 
tact p, the ratio p of the departure of the polar curve C,_, to that of the algebraic curve 
Ca from their common tangent line, This ratio p is given by a simple rational formula 
involving only the positive integers (x, 7, p). Also the case is considered where the 
point O isa singularity of the algebraic curve C,. Both Ca and C,_, have a singularity 
of the same qualitative nature at O. In this case the ratio p depends also on the coeff- 
cients of the polynomial defining C,. The new theorems are essentially theorems of 
projective differential geometry. (Received January 15, 1947.) 
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155. Buchin Su: Descriptive collineattons tn spaces of K-spreads. 


The author studies descriptive collineations in a space of K-spreads as a generali- 
ration of projective collineations in the general geometry of paths. After the equations 
expressing the conditions for an infinitesimal descriptive collineation which the space 
of Douglas may admit are derived, the notion of the Lie derivative is utilized in re- 
ducing the number of the integrability conditions of these equations. The group © 
property of descriptive collineations is established. (Received December 19, 1946.) 


STATISTICS AND PROBABILITY 


156. P. L. Hsu and H. E. Robbins: Complete convergence and the 
law of large numbers. aa 


A sequence {X.a} of random variables is said to converge to 0 completely if for 
every e>0, limy..[P(| Xa] >9+P(| Xan] > +--+ ]=0. Let { Ya} be a sequence 
of independent random variables with the same distribution function F(y) = P(Y. 5y) 
and such that {~_ yF(y) =0, /~.y%dF(y) <0, It is proved that the sequence {Xa} 
={n(¥it +--+ +Y¥,)} converges to 0 completely. A partial converse of this theo- 
rem is given, and the relation between complete convergence and convergence with 
probability 1 is clarified. (Received January 18, 1947.) 


TOPOLOGY 


157. C. H. Dowker: An imbedding theorem for paracompact metric 
spaces. 


A space is called paracompact if every covering by open sets has a neighborhood- 
finite refinement. A Banach space in which every finite-dimensional linear subspace is 
Euclidean is called a general Euclidean space or a non-separable Hilbert space or a 
unitary Banach space. It is shown that a metrizable space is paracompact if and only 
if it is homeomorphic to a subset of a unitary Banach space. (Received January 31, 
1947.) 


158. Nathan Jacobson: On the theory of pramsisve rings. 


In a previous paper a ring A has been called primstivs if it contains a maximal 
right ideal $ whose quotient (4:4) 0. Here (Y: is the totality of elements LEA 
such that ALC 4. An extrinsic characterization of these rings is that A is isomorphic 
to an irreducible ring of endomorphisms, In this paper the author studies the one- 
sided ideals in primitive rings and defines certain topologies in A by using these 
ideals, Particular attention is given to the primitive rings that contain minimal 
ideals. For these, the structure theories given previously for simple rings by the 
author and by Dieudonné are generalized. (Received December 12, 1946.) 


159. Everett Pitcher: Cech homology invariants of continuous maps. 


The effect of a continuous map.on the Cech homology (or cohomology) groups 
under assumptions appropriate to the theory is stated in terms of exact homomor- 
phism sequences. This is done with the aid of new homology invariants of maps, 
namely homology groupe of the Cech type based on chains of the nerve of the domain 
which vanish and homology groupe based on chains of the nerve of the range which 
are images, The former are analogous to invariants already introduced by the writer 
(Bulh Amer. Math. Soc. Abstract 46-5-216) for simplicial maps. The whole develop- 
- ment is the geometric extension of the algebraic treatment of homomorphisms of 
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chain complexes in the paper Exact homomorphism sequences in homology theory (Bull. 
Amer, Math. Soc. Abstract 52-1-49) by Kelley and the writer, to appear in Annals of 
Mathematics. Further developments include duality theorems, necessary and suff- 
cient conditions for isomorphism of the homology groups of domain and range and 
characterizations of critical levels in critical point theory. (Received January 20, 
1947.) 


160. J. H. Roberts: A problem in dimension theory. 


In Dimension theory by Hurewicz and Wallman, the following question is raised: 
If Misa noncompact separable metric space of dimension 2, is the set of homeomor- 
phisms of M into Jm (cube in (2"+1)-euclidean space) a G; set in the space of all 
continuous mappings of Minto Im4:? The present paper answers this question in the 
negative. In fact examples are given such that the set of homeomorphiams is not even 
a Sualin set. (Received January 3, 1947.) 


161. A. E. Ross: On continuous transformations of a continuous 
closed curve. 


Let s be a continuous one-to-one transformation of a closed, but not simply closed: 
curve with a finite number of points of fixed multiplicity . Then some power s of s 
has fixed points and every set Dy: p, s(p), 5(p), - > + either consists of a finite number 
of points or bas a finite number of limit points. (Received December 9, 1946.) 


162. A. E. Ross: On continuous transformations of a Jordan curve. 


Let s be a continuous one-to-one transformation of a Jordan curve (a continuous 
simply closed curve) into itself. Consider the set Dy: , s(p), s*(p), - - - of the images 
of a point p. It is proved that (a) if s* (k integral and positive) is the smallest power of 
s having fixed points, then the set D, has exactly k limit points or consists of exactly k 
distinct points. If, however, no integral power s* of s has fixed points then either (bi) 
for every p the closure C[D,| of Dp is the whole Jordan curve or (bs) there exists a 
point p for which the closure of D, is a perfect nowhere dense set, and if q is a point 
of one of the denumerably infinite intervals not containing the points of C[D,|, then 
D, consists only of isolated points. The treatment is elementary throughout. In the 
cases (bı) and (ba) it is shown that there is a p such that D, is dense in itself. This 
leads to the classification (ba) and (b:) (“transitive case” of van Kampen, Amer. J. 
Math. vol. 57 (1935) p. 145 and Lewis and Wintner, ibid. vol. 56 (1934)) and relates 
it to equicontinuity of the set of monotonic functions k(x) determining s* (¢=0, 1, +--+) 
(Received December 9, 1946.) 


163. P. A. White: On the equivalence between avoidability and co-local 
connectedness. 


Equivalences are found between the avoidability properties defined by R. L. 
Wilder (Sets which satisfy certain avcidabikity conditions, Casopis pro Pestovani 
Matematiky a Fysiky vol. 67 (1938) pp. 185-198) and properties involving co-local- 
connectedness and local co-betti numbers (see E. G. Begle, Locally connected spaces 
and gencraliasd manifolds, Amer. J. Math. vol. 64 (1942) pp. 553-574). In particular 
for compact spaces S it is shown that the property of being semi-i-connected 
(0StSm—2), (#—1)—lc, and completely-t-avoidable (0914-2) at ES is 
equivalent to being 4-lc and #co-le (0SiSm—1) at p. Also if $*(S) —1 irreducibly 
and S is semi-(*—1)-connected at pES, then the properties local-(m—1)-avoidabil- 
ity at p and R,(p) —1 are equivalent. (Received December 10, 1946.) 
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REMARKS ON METRIZABILITY 
M. H. STONE © 


In connection with those paragraphs of my paper A pplscations of 
the theory of Boolean rings to general topology (Trans. Amer. Math. 
Soc. vol. 41 (1937) pp. 375-481) dealing with regular spaces; J have 
long been curious to know whether certain results proved there could 
be used to obtain the well known theorem that a separable (Haus- 
dorff) space is metrizable if (and only if) it is regular. Since a positive 
answer to the question thus posed may have some interest from a 
methodological point of view, J communicate a demonstration here. 
The essential step in this demonstration even has some intrinsic in- 
terest, consisting as it does in the proof of new facts about dissection- 
spaces and the related maps. However, as a proof of the metrizability 
theorem this discussion is not as simple or as direct as the now classi- 
cal proof of Tychonoff and Urysohn—which, it may be recalled, con- 
sists in showing, first, that a separable regular space is normal? and, 
second, that a separable normal space is metrizable.? 

As a direct corollary of theorems established in our paper cited 
above, we may state the following result. 


THEOREM. If R ts a separable regular space, then ÑR has a map 
mR, ©, X) where X is a continuous family of disjoint closed sets tn a 
compact metric space ©, which may be taken as a closed subset of the 
Cantor discontinusum; in other words, R ts topologically equivalent to the 
space obtained by introducing the “weak” topology in X. 


Theorems 26 and 69 of our paper show that the desired map can 
be constructed with 6 taken to be the Boolean space representing the 
countable Boolean algebra generated by an arbitrarily chosen count- 
able basis for R; but Theorems 1, 10, and 13 show that the space © 
is topologically equivalent to a closed subspace of the Cantor discon- 
tinuum. 

We shall now establish the following result. 


THEOREM. Let X be a continuous famiy’ of mutualy disjoint, non- 
void, compact subsets X in a metric space ©. Then the space obtained by 


“> Presented to the Society, November 30, 1946; received by the editors October 17, 
1946. 

1 Tychonoff, Math. Ann. vol. 95 (1925-1926) pp. 139-142. 

2 Urysohn, Math. Ann, vol. 94 (1925) pp. 309-315. 

3 In the terminology of R. L. Moore, an upper semi-continuous collection. 
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' tntroduciton of the “weak” topology in X is meirisable; and, if © is 
separable, so is X. 


Since the final statement of the theorem is an immediate corollary 
of Theorem 21 of our cited paper, we need concern ourselves only 
with the metrizability of X. 

Now the system of neighborhoods assigned in the “weak” topology 
to an arbitrary X, in X consists of all the subfamilies U(¥o, ®©) of X 
obtainable by the following construction: © is chosen arbitrarily as 
an open neighborhood of ¥;—that is, as an open set in © which con- 
tains X»—and U(X», ©) is then defined as the class of all ¥ in X such 
that C ®©. Our first step is to show that this system of neighbor- 
hoods can be replaced by an equivalent system of neighborhoods de- 
fined in terms of the distance-function p given in ©. For this purpose, 
let G(Xo, e), where ¢>0, denote the e-neighborhood of ¥,—that is to 
say, the open set characterized by the fact that each of its points is at 
distance less than e from some point of ¥,: It is now almost immediate 
that the neighborhoods U(X, e) = (Xo, © (Xo, e)), where e runs through 
any sequence of positive values with limit 0, constitute a system con- 
tained in and equivalent to the syatem originally given. Indeed, the 
only detail to be verified is that each open neighborhood @ of žo de- 
termines a positive 6s with the property that G(X», e) C@ for e<e. 
If the distance p(Xo, @’) between %, and the complement @’ of @ is 
not equal to 0, we can obviously take ¢,=(%, @’). Hence we can 
obtain the result desired if we can deduce a contradiction from the 
assumption that p(X», ©’) =0. This assumption implies the existence 
of sequences {ga} in Xo and {ha} in @’ with lim,..0(£s, Ya) =0, where 
by virtue of the compactness of $o the first sequence can be chosen 
so as to have a limit x in Æe; but then the sequence fya} must also 
have ç as its limit and, in view of the fact that @’ is closed, this limit 
is in @’. However, it is clear that there is no g common to ¥ and @’. 

The next step is to interpret in terms of these neighborhoods the . 
hypothesis that the family X is continuous. In terms of the original 
system of neighborhoods, the continuity of X means that to every 
open neighborhood @ of Xə there corresponds a second open neigh- 
borhood @> with the property that every % having a point in common 
with @p is contained in @. If © is here taken to be an e-neighborhood, 
then ¢9=(Xo, 6) <6 can obviously be so chosen that the ¢-neighbor- 
hood of ¥, has the property required of Wo: for, if any suitable @ois 
found corresponding to @, we may choose 6, so small that @(*o, 60) 
C@p> and can then replace Bo by G@(Xo, és). Since ¥ and ¥o are both 
compact the distance p(%, Xo) is equal to the distance between two 
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points suitably chosen in the respective sets; and, accordingly, ¥ has 
a point in common with G(X», eo) if and only if p(¥, ža) <e. Thus 
the continuity of X is seen to imply the existence of a real function 
$ (žo, e) with the property that ¥CUl(Xo, e) whenever p(%, ¥o) <(o, e) 
and the property that 0<(Xo, 6) <e. 

With each žo we can now associate a system of neighborhoods 
Us(Xo) =U (Xo, en) and a system of positive integers m,=m(Xp, 1) 80 
that whenever Usa(¥o) and Us(Z), m= (Xo, n), have an element in 
common the relation Us(¥) CU, (¥o) is satisfied. In order to do so we 
put ¢:(%o)=1, @a41(X0) =P(Xo, 2-1en(Xo)), Ua(¥o) =U(Xo, ea(Xo)) and 
choose m,=m(Xo, #) as the least positive integer such that 
2-™ <6n42(%0). We obviously have, by definition and recursion, the 
inequalities ¢.41(¥ 9) <2-'¢,(Xo), @n(¥) <2-*, and hence conclude that 
m,>n+2. The system of neighborhoods U,(%.) is, as we proved 
above, equivalent to that originally given in X. Now let %, be an ele- 
ment common to U(X) and Un (¥), where m=m(X», n); and let Xs 
be an arbttrary element of U.(¥). If țņı is an arbitrary point of %:, 
there exist points fo and g in Žo and Æ respectively such that 
P(Zo, Ei) <@m(Xo), P(E, ¥1) <@m(X). Hence we see that 


p(Xe, X) < p(to, E) < ta(%e) + eu(Z) 
< 2:2 < 26n40(%o) 
< Cnti(Xe) = (Za, 2-26, (Xo)). 


Consequently we see that ¥CU(Xo, 2-14, (Xo)). Now let gz: be an arbi- 
trary point of Xs. Since %4 is in U1,,(¥%), there exists a point ¢ in ¥ such 
that p(s, £) <ém(¥) <2—4¢6,(Xo); and since ¥ is in Ul (Xo, 2-14,(¥o)) there 
exists a point fo in ¥o such that p(t, fo) <2—1¢.(¥,). Hence we have 
P(E, To) <la (žo), XEU (Eo), and Ue(¥) CU Œo). 

The result of the preceding paragraph permits the application of a 
theorem of A. H. Frink,* according to which the space X is metrizable. 

Combining the two theorems above, we evidently obtain the fol- 
lowing result. 


THEOREM. A separable regular space R is metrezable. 


For the space © of the firat theorem and its closed subsets are com- 
pact; and the second theorem is therefore applicable. 


UNIVERSITY OF CHICAGO 


1 A. H. Frink, Bull. Amer. Math. Soc. vol. 43 (1937) pp. 133-142, Theorem 3. 


SOME REMARKS ON THE THEORY OF GRAPHS 
P. ERDUS 


The present note consists of some remarks on graphs. A graph G 
is a set of points some of which are connected by edges. We assume 
here that no two points are connected by more than one edge. The 
complementary graph G’ of G has the same vertices as G and two 
points are connected in G’ if and only if they are not connected in G. 

A special case of a theorem of Ramsey can be stated in graph theo- 
retic language as follows: 

There exists a function f(k, F) of positive integers k, / with the fol- 
lowing property. Let there be given a graph G of nef(k, J) vertices. 
Then either G contains a complete graph of order k, or G’ a complete 
graph of order J. (A complete graph is a graph any two vertices of 
which are connected. The order of a complete graph is the number of 
its vertices. ) 

It would be desirable to have a formula for f(k, }). This at present 
we can not do. We have however the following estimates: 


THEOREM l. Leth g3. Then 
24/2 < f(k, k) S Cima, i < 4°71. 


The second inequality of Theorem I was proved by Szekeres,! thus 
we only consider the first one. Let NS2**. Clearly the number of 
different graphs of N vertices equals 2% *—))/3, (We consider the ver- 
tices of the graph as distinguishable.) The number of different 
graphs containing a given complete graph of order & is clearly 
27 (N—1)/2/2'G-D/2, Thus the number of graphs of N S2»? vertices 
containing a complete graph of order & is less than 

2N (N—1)/2 N* 2N (N—1) /2 ON (N—1)/2 
(1) Cx 2a(h-1)/2 RI 2b(b—1)/2 < 2 


since by a simple calculation for NS2" and k2@3 
2N” x RDP, 


But it follows immediately from (1) that there exists a graph such 
that neither it nor its complementary graph contains a complete sub- 
graph of order k, which completes the proof of Theorem I. 

The following formulation of Theorem I might be of some interest: 


Received by the editors April 30, 1946, and, in revised form, October 20, 1946. 
1 P, Erdöe and G. Srekeres, Compositio Math. vol. 2 (1935) pp. 463-470. 
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Define A(m) as the greatest integer such that given any graph G of # 
vertices, either it or its complementary graph contains a complete 
subgraph of order A(n). Then for A(n) 23 


log - Z 2 log » 
2 log 2 log 2 
The proof of (2) follows immediately from Theorem I. (44 >z, 


24 (9/3 <n.) 
The general theorem of Ramsey will now be stated. 


THEOREM (RAMSEY). Given thres postitve integers 4, k, 1, 4k, +l, 
there exists a function f(4, k, D) with the following property: If n=f(4, k, D 
and if there is given a collection of combinations of order å of n elements, 
such that every combination of order k contains at least one combination 
of order + of the collection, then there extsts a combination of order | all 
of whose combinations of order + belong to the collection. 


Several proofs of this theorem have been published.! Szekeres’s 
proof gives the best known limits for f(s, k; D. He proves! 


(3) JG, k, D S fe 1, f(s, k 1,0, fs, kb 1)) +1; 


also clearly f(1, k, ) =k+/—1; f(s, ¢, D =1; f(t, k, 4) =k. By the same 
method we used in the proof of Theorem I we gbin that for suff- 
ciently large k 


(4) fG, k, k) > io, 


or 





(2) 





Ali, n) < cx(log p) ED, 
(To see this put k=a(log n) YD in (4) and observe f(s, k, k) >n, 
for sufficiently large cı.) Here c and cı depend only on # and 3, and 
A (4, n) is the greatest integer with the following property: Split the 
combinations of order k of n elements into two classes U, and U; in 
an arbitrary way. Then there exist A(t, n) elements all whose com- 
binations of order & are either in U, or in Us. The values given by 
(4) are very much smaller than the values given by (3). 
From (3) we obtain! 


F(R, D = f(2, k, D S Cipi, 
' Thus 

f(3, 2) S Crie 
It is possible that 
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f(3, }) oC). 


Our method used in the proof of Theorem J does not enable us to show 
that f(3, D/Io@. 
Before concluding we prove the following theorem. 


THEOREM II. Let there be gwen (kR—1)(2}—1)+1 integers ai<a, 
< +--+. Then etther there exist k of them no one dividing the other or | 
of them each a mulitple of the previous one. 


Construct a matrix a” with the following properties: (1) no af” 
is a multiple of any a” with J Sr; (2) every aft” is a multiple of 
some a”: (3) all the a's occur among the af once and only once. If 
any row contains k or more elements we have k a’s, no one dividing 
the other. If not, it clearly follows that the number of rows must be 
at least 1. Now we obtain from (2) that by considering any a® we 
obtain a sequence of } a’s, each being a multiple of the previous one, 
which completes the proof. The (e—1)(/—1) integers pi, 1SwSk—1; 
1 S0 <l—1, pa primes, show that (k—1)(}—1)+1 is best possible.? 

By the same method we can prove the following theorem. 


THEOREM IIa. Let there be given a graph G of (k—1)(}—1)+1 ver- 
tices. Then ether G contains a complete graph of order k, or G’ contains 
a directed path of | vertices, for every orientatson of the edges of G' in 
which there are no directed closed paths. 


Recently very much more general theorems have been proved by 
Grünwald and Milgram.* They in fact proved (among others) that 
the condition that G’ contains no closed directed path is superfluous. 

We suppress the proof of Theorem IIa since it is essentially the 
same as that of Theorem IJ. (We only remark that a connected to b 
by a line directed from a to b should be replaced by a divides b.) 


STANFORD UNIVERSITY 


2 This proof is due to J. Brunings. 
3 Oral communication. 


ON COMPACT FIBERINGS OF THE PLANE 
GAIL S. YOUNG 


In a recent paper [2],! Montgomery and Samelson have raised the 
question whether there exists, for some #, a compact fibering of Eu- 
clidean #-space, and have given some reasons for thinking that no 
such fibering is possible. The purpose of this note is to provide further 
evidence for this belief by proving-that at least there is no compact 
fibering of the plane. The theorem I shall prove is in fact somewhat 
stronger. 


THEOREM 1. If f(E?) =A is an interior? transformation of the plans 
such that for each two points, x and y, of A, f(x) and f-"(y) are homeo- 
morphic, and such that each component of f(x) is compact, then no 
component of f(x) separates E? and A is a 2-mansfold. 

If tn addition f(x) is compact, then f is monotone and A 4s a plane. 


ProoF. It cannot have escaped notice that a transformation satis- 
fying the conditions placed on f (omitting the homeomorphy condi- 
tion) can be factored into a monotone closed transformation, g(E) =B, 
followed by a light interior transformation, 4(B) =A, even though 
such theorems have been stated for compact spaces only. The argu- 
ments for Theorems? VIII, 4.1, and VIII, 3.1, establish this. The 
proof of Theorem IX, 2.3, shows that B is homeomorphic to a set 
obtained by removing some non-cut point from a cactoid. If some 
component of some f~!(x) separates E*, then B has a cut point. Since 
each set g-1(x) is a component of some set f-!(y), y in A, and each 
two inverses of points of A are homeomorphic, B has uncountably 
many cut points. Hence some point p of B is of Menger order 2, by 
Theorem VII, 3.2. There is a point g of B such that the closure, C, 
of the component of B—g that contains p is compact. Over C, k is 
continuous, and over C—q, k is interior; indeed, A(C—g) is open in A. 


Presented to the Society, December 27, 1946; received by the editors November 
14, 1946. 

1 Numbers in brackets refer to the bibliography. 

* A continuous transformation f(X) Y is interior provided that the image of 
every open subset of X is open in Y, and is light provided that every set f(y), yin Y, 
is totally disconnected. 

The statement of this theorem is weaker than that in Bull. Amer. Math. Soc. 
Abstract 53-1-106. In the original formulation, I used a characterization of the poesi- 
ble interior images of a 2-manifold that I had announced in Bull. Amer. Math. Soc. 
Abstract 52-5-220, but in the proof of which an error has been found. 

? Theorems referred to in this way are from Whyburn’s book [4]. The roman 
numeral is the chapter number. 
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Let R be a neighborhood of p whose boundary consists of just two 
points, and which lies with its boundary in C—g. By Theorem VIII, 
7.3, k(R)—k(R) is contained in k(R—R). Since A(R) is open in A, it 
follows that its boundary is contained in A(R—R) and is therefore 
finite. Hence A contains a point x which separates some connected 
open subset, D, of A into two separated sets, D; and Da. Let x; and x, 
be points of Dı and Ds, respectively. Let K be a component of f-1{x); 
K must separate E?, for suppose that it does not. Then by Theorem 
VI, 3.11, in f-"(D) there is a 2-cell, C, that contains K, but has no 
point of f-'(x) in its boundary, and does not have any point of 
f(x +4) as limit point. Since f(C) is in D—(x:+4,), the boundary 
of f(C) intersects both D, and Ds, and, by Theorem VIII, 7.3, is con- 
tained in the image of the boundary of C. But the image of the bound- 
ary of C is a connected subset of D —x, and so lies wholly in D, or Dy. 
This is impossible, so that K does separate £?. In passing, notice that 
this implies that every component of each set f~! (y), y in A, separates 
E?, by the hypothesis that each two point-inverses are homeomorphic. 
One component, E, of E*—K is bounded. Since K+ is compact, 
over K-+E, f may be factored into a monotone transformation, m, 
followed by a light transformation, from Theorem VIII, 4.1. The con- 
tinuum m(K-+) has at least two non-cut points, one of which is 
m(K); let y be any other non-cut point. Then by Theorem VIII, 2.2, 
m—1(y) cannot separate K +E, so cannot separate E, and hence does 
not separate E?. This contradiction shows that B is a plane, so that 
k(B) is a 2-manifold, by Theorem X, 4.4. 

It remains to show that if each set f-!(%) is compact, then f is mono- 
tone. This is true if the factor & of the previous paragraph is a homeo- 
morphism, so that the result will be established if f is assumed light 
and proved to be a homeomorphism. Whyburn’s Theorem X, 5.1, 
shows that a light interior transformation on a 2-manifold is locally 
finite-to-1. Hence there is an integer & such that for each point x 
of A, f(x) consists of exactly k points. Adjoin a point w to E? 
to make it a 2-sphere, S*. The collection G whose elements are w 
and all sets f-!(x) is continuous, for if the sequence [ya] of points 
of A converges to the point y of A, then by Theorem VII, 4.32— 
the Eilenberg condition for interiority— {f-1(y,) } converges to f—!(y) 
in E?. The k-to-1 property implies that {f-(y,)} converges in S? 
to f(y). The continuity of G means that f can be extended to 
a light interior transformation, g(S*)=A’, which will necessarily 
be a local homeomorphism except at w. On page 197 of [4] Why- 
burn has noted that since an interior transformation on a locally 
connected compact continuum cannot raise coherence, A’ is either a 
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sphere, a projective plane, or a closed 2-cell. The last of these is im- 
possible under a local homeomorphism. In Theorem X, 7.3, Whyburn 
has given a formula connecting the Euler characteristic of a compact 
2-manifold with that of its image under a light interior transforma- 
tion, 4. Since A’ has no boundary, this reduces here to 


ky(A’) = x(S*) = kr — r, 


where r is the number of points y in A’ such that tisnot a local homeo- 
morphism at some point in }+!(y) and n is the total number of points 
in the inverses of all such points. For t=g, ron—1; and x(A’) is 
either 1 or 2. Hence either k—2=k—1, which is impossible, or 2k—2 
=k—1, which implies that k= 1, and that g is a homeomorphism. 


COROLLARY 1. There is no compact fibering of the plane other than a 
homeomorphism. 


PROOF. Since a compact fibering, f(E*)=.A, satisfies all the hy- 
potheses of Theorem 1, it is necessarily monotone, and A is a plane. 
Let C be an open 2-cell in A, and let F be a fiber. Then f-(C) is 
homeomorphic to CXF, if C is sufficiently small. If F is not a point, 
this implies that f-1(C) is the sum of uncountably many mutually ex- 
clusive open 2-cells, an impossibility in E?. 

I do not know of an example of an interior mapping of the plane 
onto a 2-manifold where each component of the inverse of each point 
is compact, but where the transformation is not light. However, if 
the hypotheses of the above theorem are strengthened by local con- 
nectivity assumptions, lightness can be proved. 


COROLLARY 2. If, tn addition to the hypotheses of the first pari of 
Theorem 1, each component of each set f-!(x) is locally connected, then f 
4s light. 

Proor. By Theorem 1, no component of a set f'(x) separates E3, 
so that no component is a simple closed curve. Hence every such com- 
ponent is either a point, an arc, or contains a simple triod. If one 
component of one point-inverse contained a simple triod, the condi- 
tion that each two point-inverses are homeomorphic would establish 
the existence of an uncountable number of mutually exclusive triods 
in the plane; this would contradict Theorem 75, p. 254, of [5]. Hence 
each component of a point-inverse is either an arc or a point. Let T 
be a nondegenerate component. In the notation of the first paragraph 
of the proof of Theorem 1, since B is a plane, and & is interior, there 
exist an integer k and a neighborhood R of g(T) such that A(R) is 
at most k-to-1, by Theorem X, 5.1. It is easy to see that the Eilenberg 
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condition for interiority implies that there is a point s of R—g(T) 
such that g~!(s) is an arc, and such that k is locally 1-to-1 in a neigh- 
borhood U of z; U may be chosen to be simply connected and so 
small that each point of U has a nondegenerate inverse under g. Then 
g-1(U) is open and simply connected. The collection of all sets g~7(x), 
xin U, is a continuous collection of arcs filling up a set homeomorphic 
to a plane. J. H. Roberts has proved in [3] that there is not even an 
upper semi-continuous collection of arcs filling up a plane. Hence f 
is light. 

It ‘is not difficult to see that the arguments for Theorem 1 and 
Corollary 2 can be combined and extended to prove the following. 


THEOREM 2. An intertor transformation of a 2-mantfold onto a 2- 
manifold such that each component of each poini-inverse is an arc or a 
poini is necessarty light. 


The mapping of the plane onto a cylinder of radius 1 obtained by 
identifying all vertical lines whose abscissae are congruent modulo 2r, 
and the mapping w=sin s are interior mappings of #? for which any 
two point-inverses are homeomorphic, showing that compactness is 
necessary in the second part of the theorem. If the requirement of 
interiority is removed instead, the conclusion of the second part is 
also false, as the following indication of an example‘ shows: In the 
Cartesian plane, form undercut steps by making a downward crease 
along each line x= $1, +4,-+-+, +(38+1),---+,and by making an 
upward crease along each line x= +2, +5,---, £(3n+2),---. 
“Flatten” the plane along these creases onto a plane A so that each 
point of A is covered by exactly 3 points of the original plane. I 
should remark that Civin has proved in [1] that no exactly 2-to-1, 
closed transformation of #!, «?, or Æ exists. 
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PURDUE UNIVERSITY 


1 This is modified from an example of a 3-to-1 mapping of an arc onto an arc due 
to Schweigert. 


ON THE INTERIOR OF THE CONVEX HULL OF 
A EUCLIDEAN SET 


WILLIAM GUSTIN 


In this note we shall prove for each positive integer ø» the following 
theorem A, concerning convex sets in an n-dimensional euclidean 
space. i 


THEOREM A,. Any potni interior to the convex hull of a set E in an 
n-dimensional euclidean space is interior to the convex hull of some sub- 
set of E containing at most 2n points. 


This theorem is similar to the well known result that any point in 
the convex hull of a set E in an n-dimensional euclidean space lies in 
the convex hull of some subset of E containing at most n+1 points 
[1, 2].1 In these theorems the set E is an arbitrary set in the space. 
The convex hull of E, denoted by H(£), is the set product of all con- 
vex sets in the space which contain £. 

A euclidean subspace of dimension »—1 in an n-dimensional eu- 
clidean space will be called a plane. Every plane in an n-dimensional 
euclidean space separates its complement in the space into two con- 
vex open sets, called open half-spaces, whose closures are convex 
closed sets, called closed half-spaces. If each of the two open half- 
spaces bounded by a plane Z intersects a given set E, then L is said 
to be a separating plane of E; otherwise L is said to be a nonseparating 
plane of E. 

In order to prove our sequence of theorems we shall make use of 
the following result: A point ¢ is interior to the convex hull of a set E 
in an #-dimensional euclidean space if and only if every plane through 
4 is a separating plane of E [1]. 

We prove our sequence of theorems by induction. The proof of 
Theorem A; is trivial and will be omitted. Now suppose that Theorem 
A. is true for an integer # >1. We shall show that Theorem A, is also 
true. To this end let ¢ be a point interior to the convex hull of a set E 
in an #-dimensional euclidean space. We are to demonstrate that 4 
is interior to the convex hull of some subset P of E containing at 
most 2% points. 

First we show that ¢ is interior to the convex hull of some finite 
subset Q of E. Since 4 is interior to H(£), it is interior to a simplex 
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lying in H(E). Consider the #-+1 vertices qa (R=1,---, #+1) of 
such a simplex. The vertex qs lies in H(E) and hence, according to 
the previously mentioned result of Carathéodory and Steinitz, lies 
in the convex hull of some subset Q, of E containing at most #+1 
points. The set O=) ,Q, is then a finite subset of E containing at 
most (#-+1)? points. Evidently the convex hull of this set contains 
the simplex with vertices q» and hence contains the point $ in its 
interior. | 

Since Q is finite, there exists a subset P of Q which contains the 
point $ in the interior of its convex hull and which is irreducible with 
respect to this property. Let p be a definite point of P. Then + is not 
an interior point of H(P'— p), so some plane L through ¢ is a non- 
separating plane of P— p. Let D be that one of the two open half- 
spaces bounded by L which is disjoint with P— p and let D’ be the 
other open half-space. Thus P— > lies in the closed half-space D’ 
complementary to D. 

Since # is an interior point of the convex hull of P, the open half- 
space D contains a point of P. This point must be p, for D contains 
no point of P — p. Similarly the open half-space D’ contains a point p’ 
of P. We shall use this point p’ later in the proof. 

Consider an arbitrary point x of the closed half-space D’. Since p 
lies in the complementary open half-space D, the line segment 
A(p+x) intersects the boundary L of D in exactly one point which 
we denote by ¢(x). Thus $(x) is the projection of x from p onto È. 

The projection ¢ is 1-1 over the subset P— p of the closed half-space 
D’. For suppose, to the contrary, that some two points pı and fs of 
P—p project into the same point of L. The three points p, pi, and ps 
are then collinear. Now p does not lie between the other two points, 
else the open half-space D containing p would contain at least one of 
these other two points. We may then assume pı and f, to be so labeled 
that a linear order of the three points is p, pı, ps. Therefore 


bi C H(p + ps) C H(P — fy), 


so the sets H(P — pı) and H(P) are identical. The point ¢ is then in- 
terior to H(P — pı) in contradiction to the irreducibility of P. 

The projection of the convex hull of a set is the convex hull of the 
projection of that set, and the projection of an interior point of a 
convex set is an interior point of the projection of that set [3]. There- 
fore the point $(4)=¢ is an interior point of the sæt ¢(4(P—p)) 
= H(¢(P—p)) in the euclidean subspace L of dimension #—1. Ac- 


3 That ŝis interior to the convex hull of some finite subset of E may also be proved 
by the Heine-Borel theorem. I am indebted to the referee for the above proof. 
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cording to Theorem A,_; the point ¢ is an interior point in L of the 
convex hull of some subset Pz of ¢(P—>p) containing at most 2n—2 
points. Define 

P* = p+ Po (Pr) + v. 


Since the projection ¢ is 1-1 over P—p, the set Pọ—!(P z) is a subset 
of P containing at most 2n—2 points. Therefore P* is a subset of P 
containing at most 2” points. 

We shall show that ¢ is interior to H(P*). First we notice that the 
coplanar set P; lies in H(P*). For, if x is an arbitrary point of 
Pdé(P z), then 

¢(z) CH + 2) C H(P*), 


since both p and = lie in H(P*). Now consider the pyramid H(p+P,) 
whose apex lies in D and whose base H(P,) lies in L. The point ¢ 
is an interior point in L of the base H(P,) of this pyramid, so some 
closed hemisphere A with center $ and base on L lies in H(p+ Pr). 
Similarly, some closed hemisphere A’ with center + and base on L lies 
in the pyramid H(’+P,). Evidently there exists a sphere I with 
center $ such that [(CA+A’CH(p4+P1)+A(p’+P1) CH(P*). The 
point 4 is then interior to the convex hull of the subset P* of P. From 
the irreducibility of P it follows that P*=P. Therefore P contains 
at most 2n points. | 

Thus for every integer n>1, Theorem A,_1 implies Theorem A,. 
Since Theorem A; is true, we conclude by induction that Theorem A, 
is true for each positive integer n. 

The following example shows that the number 2# in Theorem A, 
cannot be improved. Let + be the zero point of an n-dimensional vec- 
tor space. Choose any linearly independent and hence nonzero 
points in this space. Let E be the set consisting of these points and 
their vector negatives; E then contains 2” points. It is easy to show 
that the zero point ¢ is interior to the convex hull of E but is not in- 
terior to the convex hull of any proper subset of E. 
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ON NORLUND SUMMABILITY OF RANDOM VARIABLES 
TO ZERO 


GEORGE E. FORSYTHE 


1. Introduction. In a previous paper! [1], the author considered 
the Cesaro summability methods {C,} (0<r< œ) for sequences of 
independent, real-valued random variables {x,}. For summability in 
probability of {x} to 0, it was shown that: (i) r<s implies C,CC,; 
(ii) for r 21 all the methods C, are essentially equivalent, in contrast 
to the Cesàro theory for sequences of real numbers. The field of the 
investigation reported here is the summability in probability of se- 
quences {x,} to 0 by the Nérlund summability methods, which in- 
clude the Cesàro methods. The objective (attained only in special 
cases) was to prove that if two N&rlund methods N, and N, share the 
relation N CN, over sequences of real numbers, then the analogous 
relation N,CN, holds for the summability of sequences of independ- 
ent, real-valued, symmetric random variables to zero. The converse 
is, of course, false. 

The only sequences {x,} considered here are normal families of 
independent, real-valued, symmetric random variables. For these 
{xx} the objective has been attained for three special cases; see Theo- 
rems 4, 5, and 6. The earlier theorems are tools: Theorem 1 gives a 
necessary and sufficient condition for the N&rlund summability of 
{xa} to 0, while Theorems 2 and 3 give sufficient conditions for the 
relations N,C N, and N= Nn respectively. Theorem 7 shows that 
equivalence with Cı over {xs} extends to a Nodrlund method N, 
whose counterpart N, is strictly weaker than Cı over sequences of 
real numbers. Such equivalence with C is impossible for Cesàro meth- 
ods weaker than Cı over sequences of real numbers. 

It is conjectured that Theorems 4, 5, and 6, here proved for normal 
families only, can be extended without change of statement to arbi- 
trary sequences of independent, real-valued, symmetric random vari- 
ables. If the x, are not symmetric there are complications (see [1]), 
but it is conjectured that Theorems 4, 5, and 6 still hold without 
essential change. 


2. Niriund summability of sequences of real numbers. Let p= {pat 
(n=0, 1, 2,---+) be a sequence of nonnegative real numbers, with 
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ba=1; for each n let Px =) ap, For any sequence {xa} of real num- 
bers, a transformed sequence {y} is defined by the relation 
Yam POT ope its (n=0, 1, 2,---). If the sequence {ya} has the 
limit x’, the sequence |x, is said to be summable-N, to x’, where 
N, is the Nodrlund summability method corresponding to p. The 
method JV, is known to be regular (that is, consistent with ordinary 
convergence, for all convergent sequences {x,}) if and only if 
pa=0(Pan). There is a substantial known theory of the Ndrlund sum- 
mability methods (see [2, 6, 7, 8, 9]), of which certain results will be 
quoted in this section for comparison with their analogues for Be- 
quences of random variables. 

For two summability methods A and B, the statement “A CB” 
means that any sequence summable-A to a finite limit is also sum- 
mable-B to the same limit. The statement “A =B” means that ACB 
and BCA. The negation of “A CB” is “4A £B.” 

In addition to N, defined by {ps}, let a second Nérlund summa- 
bility method N, be defined by {qs}, with qe=1, g»20, and 
Q.=)> 39s. The following generating functions and coefficients are 
defined formally by M. Riesz [7]: 


As Ses HSS ae 
Aĵ 1- 


iz) = DR Dates 


It is assumed in (2-1) to (2-5) that NV, and Ne alba E 


(2-1) (M. Riesz [7]) N,CN, tf and only if, as n>, both 
DH oP | Ata] = O(Qn) and A, =0(Q,). 


(2-2) (M. Riesz [7]) N= N, if and only if 2 amol |A| + | a" )<e. 


The Cesàro summability methods C, (0 <r < œ) are of the Nérlund 
type Np where p*(x) =(1—<x)-". If we let N, we Cı, (2-2) takes the 
following form ([2], p. 782): 


(2-3) GCN, tf and only tf, as n>, Drolla t1—k)|ga— gel 
=0(0.), where q= O0. 


It follows immediately from (2-3) that: 
(2-4) If da Sgar for aH n, then CGICN e 
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It follows from (2-1) that: 
(2-5) If paSpas for ali n, then NCC. 


The author has not seen (2-5) in the literature, but it is undoubt- 
edly known. It can be proved much like the analogous Theorem 6 
of the next section. 


3. Nérlund summability of random variables to zero. Sections 3 
and 4 of [1] contain the notation, basic definitions, and references 
for the summability in probability of a sequence {x,} to 0. We shall 
here confine ourselves to sequences of independent, real-valued, sym- 
metric random variables which form a normal family. 

DEFINITION 1 (P. Lévy [5]). {xs} forms a normal famsly when both 
(3-1) and (3-2) hold: 


(3-1) E(xs)=0 and E(xf) =} < œ, for all k; 
(3-2) There extsts a random variable x with finite E(x*) such that for 
ah A >O and al k 
Prob { | xs| > Aor} S Prob {|x| > 4}. 


(Lévy does not require that E(x.) =0.) 
DEFINITION 2. With the notation of §2 above, a sequence {xy} is 
said to be summabk-N, tn probability to 0 when for each e>0, as 


MO, 
> e} — 0, 


The words “in probability” will sometimes be omitted for brevity. 
The basic theorem is the following: 


THEOREM 1. {xs} 4s a normal family of independent, real-valued, 
symmetric random variables. In order that {x,} be summable-N, in 
probabssty to 0, t is necessary and sufficient that, as nœ o, 


(3-3) Prob ‘ P; 2 Paet 








(3-4) SF er a 
=f) 


nO 1 follows immediately from Theorem 5.3 of [1] by letting 
PaP! = Gns The proof of Theorem 5.3 in [1] did not depend on 
the special character of ||a,,|| as a Cesàro matrix. 

The basic tools of the present investigation are Theorems 2 and 3, 
which are analogues of (2-1) and (2-2). In the following, regularity 
of N, for sequences of real numbers is not assumed unless explicitly 
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stated. It is assumed always that $,20, qa £0, Pe =go=l. 
Let the following generating functions and coefficients be defined 
formally: 


p(z) = Lnr: q(z) = Ear: 
A(x) = role 2a hat ua) oP = E ma 


THEOREM 2. Statements (3-5) and (3-6) together form a sufficient con- 
dition for NCN, with respect fo the summabtusty in probabslsty of nor- 
mal families of independent, real-valued, ‘symmetric random variables 
to 0- : 


(3-5) > Pa| dal = O); 


(3-6) he = 0(Q2). 


Proor. Let {x,} be any normal family of independent, real-valued, 
symmetric random variables which is summable-N, to 0. Suppose 
(3-5) and (3-6) hold. Let = Pi) kopao (= 0, 1, 2,---). By 
Theorem 1, {ża} is a null-sequence of non-negative numbers. Let 
Ua = O57) Fagg 103 (n=0, 1,2, - - -). To prove Theorem 2 it is suff- 
cient to show that {#,} is also a null-sequence and apply Theorem 1 


again. 

Define o(x) as 9 rome", formally. Now bPa = 2 Reope_.o2, by defi- 
nition of #. Hence o(x)p(x) = g-o P3x*. Similarly, o(x)q(x) ` 
=Y ouou x*. But o(x)gq(x) = [o(x) p(x) [A(x). Hence, by equating 
coefħcients, we see that we a write #,—=) ,ooMaifs, where 
bar = Or aie) The sequence | is seen to be obtained as the 
transform of {#,} by the tria nate foal To prove Theorem 2 
it neg to show that ibaa is null-preserving. By a theorem of 
Kojima [4], ||,2|| is null-preserving if and only if: 


(3-7) lim bas = 0, for each k; 
(3-8) Dlou SM < ©, _ for all s. 
donof) 


But (3-6) is equivalent to (3-7), and (3-5) is equivalent to (3-8). This 
proves Theorem 2. ° 

Since its members are non-negative, {#,} is not an arbitrary null- 
sequence; hence this proof cannot yield necessary conditions for 
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N,CN,. Indeed, (3-5) is not necessary; see Corollary 2, following 
Theorem 7. 

The symbol C, (r &0) represents the Cesàro summability method of 
order r over sequences of random variables. 


COROLLARY 1. Let N, be a regular Nörlund summabusiy method. Set 
q =0. A suffictent condtiton for C1 N , with respect to the summabiliiy 
in probabslsty of normal families of independeni, real-valued, symmetric 
random variables to 0 ts that 


(3-9) E (kH Dla gal = 01. 
Bimal) 


Proor. Identify Cı with N, in Theorem 2. It is found that 
p(x) =(1—x)-? and that \,.=q@—q24. Condition (3-6) is automati- 
cally satisfied, since NV, is regular. Condition (3-5) is thus sufficient 
for (, CN, But when N, is C; ,(3-5) takes the form (3-9), proving 
the corollary. 


THEOREM 3. Suppose ba Spars Gnd Qa Sai, for a n. Then a sufi- 
cieni condition that Nm N, with respect to the summabslsty in probabil- 
sty to 0 of normal families of independent, real-valued, symmetric random 
varsables ts that 


(3-10) 2 (|| +| as] ) < ©, 


PRooF. Let Daro| Aa os At<o and > peo| us| =B?< œ. Since p(x) 
= q(x)u(x), and since q, is nondecreasing, we find that #2 > ee ae Cofiai 
S@>3-o| ua—»| SB’. Thus pa SBqu, whence it follows that, for all 

k&n, Pas BO.. Hence, for all n, 


O D Pliaj S B E|] SBA’ o. 
bð bt) 


Therefore (3-5) is satisfied. Since $ |M | < œ, ^n =0(1) and (3-6) is 
satisfied. By Theorem 2, NC N, for all normal families under con- 
sideration. By interchanging p and q it is seen similarly that N,CN,. 
Hence N= N., proving Theorem 3. 

With the strong hypothesis that p, and qa are nondecreasing, Theo- 
rem 3 is rather weak. In fact, it follows from Theorem 5 that if 
Pa Spay and Ga SQeji, for all n, and if N, and N, are both regular, 
then N= N, 


THEOREM 4. Let N, be any regular Nörlund summabslsty method such 
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that C1CN, with respect to sequences of real numbers. Then GCN, 
with respect to the summabiliiy in probabiltiy of normal families of inde- 
pendent, real-valued, symmeirsc random variables to 0. 


Proor. If N, satisfies the hypothesis, we know by (2-3) that 
(3-11) | E (at 1> A)| g — gual =0@,). 
ken 


By Lemma 3, proved in $4, (3-11) implies (3-9). By Corollary 1 above, 
(3-9) implies that C:, CN, 


Theorem 5 is a second special case in which it is shown that N,CN, 
implies NC Ne. Indeed, in this case it is even shown that N, N, 
Since it is possible that Nè N,, it is untrue that NC N, implies 
NCN, 


THEOREM 5. Lei N, be any regular Nörlund summabiliiy method such 
that qa SQati, for aR n. Then Cim N, with respect to the summability in 
probability of normal families of independent, real-valued, symmetric 
random variables to 0. 


Proor. Given a regular NV, with qa Sga for all n. By (2-4), GCN e 
Hence, by Theorem 4, GCN, There remains only the proof that 
N.C C. This will be given in two steps. 

I. Since N, is regular, for each m we have, ás r+”, g,/Onir SQr/Or 
—0. Let 8(#) = max,20(¢-/Qair). We shall prove that 
(3-12) ni(n) & 8B > 0 (n = 1,2,3,---). 


Let 4 =q,/Q. Then 
er E (ear ore T 
Outs 


Fix #>0. Since 4;=1 and lim, 4 =0, we may let r(m) be the largest 
value of r for which 4#2(n+1)-. Then 


r (n 1 1 N’ 
Qr(m) ? (: _ ) 
Qatra) n+ 1 a+1 
rls) SaF 
ati # n +1 
Since 5(#) È Qrcay/Qntr(ny, it is seen from (3-13) that (3-12) is true. 
II. Suppose, for a contrapositive proof, that {x} is a normal fam- 


ily of independent, real-valued, symmetric random variables which 
is not summable-C; to 0. Let s= 0; for #20 let Sa =Y 20? S Sap. By 








(3-13) 
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Theorem 1, fatsa} is not a null-sequence; we can therefore find «>0 
and integers 0 <mi<m< --- <A: <LAi < - - - such that 


(3-14) Sac Ben: ees 


Let q-1™ 0. Let p(n) = Q7? Do otga- = Qr” D Bao5a(G-a— aay = 
Theorem 1, {x,} is summable-N, to 0 if and only if {¢(n) 
null-sequence. To complete the contrapositive proof we show a 
{(n)} is not a null-sequence. Fix any n. Since qa and s, are both 
nondecreasing, it is seen for all Agr; that 


(n) 20, D Salqa- Sga) 
ben { 


Pe On Sa: > (qaa = Gg) 
b=an, 


2 —_ 

= Salaa 
2 2 —3 
= Eran On : 


The last inequality is by (3-14). Hence for some integer n; greater 
than ø; we have 


olat) > en" max (ae = 2 em {3(m)}’. 


By (3-12) we see that ¢(n{)>2-'e8%>0. Thus {¢(#)} cannot be a 
null-sequence, completing the proof of Theorem 5. 

The satisfaction of condition (3-12) is equivalent to regularity for 
Nörlund summability methods N, whose counterparts N, can sum 
to 0 a sequence {x,} of random variables which are not all identically 
zero. That is, nonregular Nérlund methods which satisfy (3-12) have 
only a trivial applicability to the summability of random variables. 

It was proved in [1, Theorem 5.10] that, for r>1, Cim C, with re- 
spect to the summability to 0 of arbitrary sequences {x+} of inde- 
pendent, real-valued, symmetric random variables. When we further 
restrict {x} to normal families, the present Theorem 5 extends iden- 
tity with Ci to a wide class of N&rlund summability methods includ- 
ing all methods C, for r>1. 

Theorem 6 is the third special case in which it is shown that N CN, ` 
implies N,C Ne 


THEOREM 6. Let N, be any Nörlund summability method such that 
Puce bari for ain. Then NaC C: wih respect to the summabiliy in prob- 
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ability of normal families of independent, real-valued, symmetric random 
variables to 0. 


Proor. Let C, be identified with the N, of Theorem 2. We have 
p(x) =) sotix" and g(x)=(1—x)-1. Letting a,=p21—pf4, we see 
formally that )/goAnt® = g(x) /p(x) = (1 —$ a142"). Hence 


(3-15) ( > me") (1 — > ans") = 1. 


el) n=l 


Equating coefficients in (3-15), we find that A,=1 and 
(3-16) Aa = Gidai + Ana F +++ + Addn (s = 1,2,-°°). 


Since \»=1 and since a,20, it is seen from (3-16) that M &0 for 
all n. (The non-negativity of {X,} is also a result of Kaluza [3].) 
Now Yenila =) ni (P21—23) =f5=1. By (3-16), M is a weighted 
sum of Ms, Aree; Mj, with total weight J natà <1. Therefore 
OSA. Smaxosesa—_iAy Since Ao=1, this implies that all ^s 5&1. But 
On=n-+i1. Hence A, =0(Q2), proving (3-6). 

Let Ra =) toot. We have the following formal identities: 


1)a* 
5 q() 2 (1 — x) q(x) B (1 — x) 2 (n+ i)z 


d EN a 
ý pa) (apla) (1 — x) 1D, piar” 2 Rar" 





Therefore \(x)> 2 Rax* =) «-o(s-+1)x*, formally. Equating coeffi- ` 
cients of x” and remembering that A, 20, we find that 


(3-17) S ees ene (n= 0,1,2,--°). 
= | 


But, by Schwarz’s inequality, Pi= È gmb)? S Èt) Èl) 
=(k+1)R:. Hence 


(3-18) P, < (n+ 1)Ri (k = 0, 1,2,+--,#). 


From (3-17) and (3-18) it is seen that Y2 P| Anal S(#+1)> oR 
[Ana] = (+1)? =Q}. Hence (3-5) is satisfied. By Theorem 2 the pres- 
ent proof is complete. 

Any Nérlund method N, with nonincreasing p, is necessarily regu- 
lar, for pa/Pa S ba/nbu =1/n—0, as n— ©. Moreover, NaC Ci. 

The Cesàro summability methods C, (0<r<1) are of the Nörlund 
type with nonincreasing {pa}. Theorem 5.5 of [1] showed that, for 
0<r <1, C,CC, over arbitrary sequences of independent, real-valued, 


310 G. E. FORSYTHE [April 


symmetric random variables. Theorem 5.6 of [1] showed that, for 
0<r<1, GC, even over normal families. Hence the conclusion of 
Theorem 6 cannot in general be extended to assert that N,m C. 
One may ask whether Theorem 4 has a converse. That is, if Ne 
is regular, and if CiN. over real sequences, can one always find a 
normal family summable-C, to 0 but not summable-N, to 0? When 
N, is C (0<r<1), we just saw that the answer is “yes.” In general, 
however, the answer is “no,” as is shown by the following theorem. 


THEOREM 7. There extsis a regular Nurlund summabsliiy method N, 
with the following properties: 

(3-19) N C Cı, wih respect to sequences of real numbers; 

(3-20) CGN, with respect to sequences of real numbers; 

(3-21) N= Č, with respect to the summability in probability of nor- 
mal families of independent, real-valued, symmetric random variables 
to 0. 


PRoor. Let p,=1 (n even); let p, =0 (n odd). Then P,fn/2. Now 
P* (x) =) abat* =) ntx = p(x) = (1 — x). Let Cı be identified with 
the N, of (2-1), (2-2), and Theorem 2. Then qa™= 1 and Q,=n#-+1, for 
all #. Furthermore, g*(x) =) ngar" => ax" =(1—x)—-1. Then A*(x) 
=\(x) = (1 — x)-1/(1 — x’) = 1 + x, while p*(x) = p(x) = 1/A() 
=(1-+x)-. Hence Af =A= AF mA ml; AHA =0 (822); Ha = ha 
=(—1)*, for all n. 

I. Obviously \,* = 0(Q,);and > toP:| Atal =P t+P.amn=0(0,). 
Hence, by (2-1), NC Ci over sequences of real numbers. 

II. Since alue] = œ, we find from (2-2) that NC: for se- 
quences of real numbers. Since N C Ci, we know that CG Ny. 

III. Obviously A.=0(Q2); and > 3, P| ħal = P24+P2icn?/2 
= 0(Q2). Hence, by Theorem 2, N,CC; for the {x} of (3-19). 

IV. To prove C:CN, we are unable to use Theorem 2 by inter- 
changing p and q and putting { tt» } into (3-5) and (3-6). However, 
(3-5) is not a necessary condition, and we shall show directly that 
CC N,. Consider any normal family {x,} which is summable-C, to 0. 
By Theorem 1, #7 3—0, as no. Hence Pro) gotia 
SPÈ go (4/27) x0, as n— ©. Theorem 1, applied to N», 
proves that {x,} is summable-N, to 0. Hence C:CN, and so, by III 
above, Cım N,. This completes the proof of Theorem 7. 

It is curious that the necessity of condition (3-5) for NC N, over 
normal families {x,} breaks down just for an example where we fail 
to have V,CWN, over real sequences. 


COROLLARY 2. Condition (3-5) is not necessary for NCN, with re- 
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spect to the summabslsty in probability of a normal family of independ- 
ent, real-valued, symmetric random vartables to 0. 


4. Lemmas used in proof of Theorem 4. The following Lemmas 1 
and 2 are used to prove Lemma 3, which was applied to the proof of 
Theorem 4. In all three lemmas, c_1=0 and {cs} (¢=0, 1, 2,---) 
is an arbitrary sequence of non-negative numbers. The number 
|c:—cy4]| is usually abbrevated to hy. 


Lemma 1. With the above notation, for each snteger n=1, 2,3,-°-, 
(4-1) holds: 


a—1 w—1 
(4-1) 23. | c:—ce1| S25 bby. 
{= i, 1—0 
Proor. We use a proof by induction. Since c10, (4-1) is true for 
n=1. Suppose that (41) holds for # = N. Let cy 20 be arbitrary. Now 
N N—1 
2| a — cl <| cy — cya | + Do hhi 
1—0 t, $= 
3 2 N N—1 2 
=| cw —cwal + Dy Ack, — 22, hihu — ky. 
4,0 ime 
Thus to prove (4-1) for + N-+1 it is sufficient to prove that 
N—1 
(4-2) yin =O. mae be SO. 
toma} 
Now cva=> aec) S15) | cici]. Therefore 
- N-1 
(4-3) 2en-1 & 2D) h. 
tO 
Case 1. Suppose cy 2cw_1. Adding cy—cy_1=hy to both sides of 
(4-3), we find that os 
(4-4) cw + cr S22 + Ay. 
tut} 
Multiplying both sides of (4.3) by |c~—cw_a| = hw, we see that (4-2) 
holds, proving the lemma for Case 1. 
Case 2. Suppose cy<cy_1. Then from (4-3) we see that 2cw 
<2) l'h. Adding cy_1—cw = hy to both sides of the last inequality, 


we see that (4-4) holds. The proof of the lemma is completed as in 
Case 1. 


LEMMA 2. With the same notation, for each integer n=1, 2,3,°°°; 
(4-5) holds: 
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n—i 
E E eee 
(4-5) *—l al 
2 
S25) hh, t+ 2h dD (#t+1—)k + ha. 
Í, —_O im) 


Proor. By Lemma 1 it suffices to prove that 
a1 
(46) + |e—cmi|S 2h S (ati oht k 
tom 


If ha=|Cx—Cx1| =0, (4-6) is trivial. If not, (46) is equivalent to 
(4-7): 


a—1 
(4-7) Ca F Cai S22 (sn t+1—-)a+ ha. 
i= 


To prove (4-7), we start with the inequality 
Ca—1 Cot cites: F Cne + 261 


a—l1 


= > (#+1— Hla — e). 
Hence 
(4-8) 2Ca—1 S >> (" +1— t) hy. 


= Now (4-7) follows from (4-8) just as (4-4) followed from (4-3), by 
use of two cases. Thus the proof is complete. 


LEMMA 3. Wih the same noiation, for each integer n=0,1,2,---, 
(4-9) holds: 


Sear a 
(49) l 


s {LG b+ Dla— coal 


PROOF. that, Sw MAL Roy , for #=0,1,2,---.Let 
p=0. Let Ya = { (n—k+1)ha =) 2 o(n—i+1) (nit 1)kih; 
for #=0, 1, 2, : - - . Let Yı =Q. We must prove that ġ, SWa, for all n. 
Since the result is trivial for n=0, fix n21. 

We take first and second differences of ġa and Wa: 
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Apn = be — ba = P (2n — 2k + 1) | cy — coal. 
bf) 
a—1 
Apa = Ads — Apai = 2E | ca — ch | + | ea — asl. 
b0 


Afa = Wa os Wal = » (27 +1— i — f)hih,. 
: 1, fm 


a—l 


a—1 
An m Avs — Apai = 2 > hy + 2h DS (wn +1 — A+ h 
í, f0 tÂ 


Now by Lemma 2, At. SA’, for all integers n & 1. Hence Ad, SAYa 
and therefore ġa SW. for the same integers. This proves Lemma 3. 
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A NOTE ON THE MEAN VALUE OF THE POISSON KERNEL 
A. 3. GALBRAITH AND J. W. GREEN 


In some investigations it is necessary to evaluate the mean value 
of some power of the Poisson kernel, 


P(r, 0) = (1 — r7)/(1 — 2r cos 6 + r”, 


with respect to 0. This note gives a closed expression for this mean 
value, and an exact statement of the order of growth as r approaches 1. 


THEOREM 1. If x=2r/(1+r7), then 
1 — rN” 1 


1+ yr? Tín + 1) 


q z* ) | a 
dx” \ (1 — z)? ' l 
If n is not an integer the derivative is to be computed by the formula of 
Riemann and Liouville! 


S EZTA 6)d@ = ( 
ao 7 


(2 at mifdi, 
) Fa) = gS, C- 


where m is the smallesi integer not less than n and p=m-—n. 
The proof consists merely of the comparison of two power series. 


Clearly 
1. = atl 2r — (a+ 1) 
P(r, 0) = ( “) (1 — CO8 o) ; 
1+r? 1 r? 


and the second parenthesis, with x =2r/(1+r?), is 1+-(n+1)x cos 0 
+(ns +1)(n+2)/2lx! cos? 0+ - -- by the binomial theorem. Since 








ar 
f cos? 0d = 0 (if p is an odd integer) 
0 


4(p — 1) — 3) ++ BL 
p(p — 2)---4 


T 
St p is een 


Received by the editors October 28, 1946. 
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pp. 339-340, 
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equation i can be written 














1 
— T pety, 6) a6 
2r 
= atl 
C i ona 
1+, 2! 2 
meus R 
(3) 4l 2-4 
(— ce» pp pene Nias 2) - ++ (s+ 22) 
(2k)! 
135-2 HD a] 
2%. k! 
Now 
g*(1 — 2t)—1/3 w E 1-3 grh 
(4) 2 23.2! 
ESS peg 
23.3] i 


If » is an integer, this can be differentiated » times to yield 
a+ 2)! 1 a+ 4)! 1:3 
AD A EOE 














2! 2 l 4l 23.21 
(s+ 6)! 1-3-5 
6! 2*- 3! 


Division by I'(#-+1), as required in (1), produces the power series 
of (3). 

If » is not an integer, formula (2) is applied to (4) to yield, on the 
right, a series of terms containing integrals of the form 


sol (x — Anudi, $= o y 


The substitution ‘=x changes these to 


Ta J | 








 emttD(n + 2p + 1) 
Tint 2p+14+ ))_ 
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and the mth derivative of one of these terms is 
(m + 2p) T(# + 26 + 1) ` 
(2p)IT(w+ 2p+1+p) 
Hence the right member of (4) becomes 
mC (ns + 1) 1 (m + 2)IT(# + 3) 
Ttite) 2 2m3 +e) 
1-3 (m+ 4)IT(s + 5) 
221 4+5 +o) 
Since n+p =m, this reduces to 


1 (a +12) . 
rotoj t rT, 


1-3 (n+ 1)(s + 2)(n + 3)(# + 4) ] 
Tor a ee A A N 
23.21! 4! | 

the desired series. i 

The integration term by term is justified, since (x — +”! is integra- 
ble and the series which it multiplies is uniformly convergent. 

The order of growth of this mean value, as r approaches 1, is speci- 
fied by the following theorem. 


E wre 


THEOREM 2. 
; (1 — r)* ir 
lm ———— Plz, 0)d8 
roi 2r ð 
(5) 


(2m) Ir (a + 1/2) 
ml2"0(m + 1) (+ 1/2 + p) 
where m, n and p are related as in Theorem 1. 


# > — 1/2, 


If sis an integer the right member reduces to (2n)!/(n1)22*. 

PROOF. Since (1 —r?)?/(1+r°} =1—x?, where x has the same mean- 
ing as in Theorem 1, and since (1+r)/(1++r*) will approach unity, 
it is convenient to replace (1—r)* by (1—x?)*3, and prove that the 
right member of (5) is equal to 


d” 
VAREN joe Set): 


If »=0, this is obviously true. If # is a positive integer, let 


(6) lim (1 — 2%)*/2(1 — 23) (et0/3 


s—-1— 
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(x) = (1—x*)-/1, and consider the derivatives of «*(x). 


d(x*p(x))/dx = x*ttp3(x) + nz™'e(s); 
d*(2%p(2))/dx? = 32°t%¢5(x) + terms in lower powers of ¢(); 


and by mathematical induction it can readily be shown that 
d*(x2"*b(x))/da* = 1-3-5 - ++ (2# — 1) (x) 


+ terms in ¢™-!, Grrr E , È. 
Since 
0, $= 1,3,5,:-:, 2—1, 
lim (1 — 2%)*tl/ig» 
ee) (2) 4 ps ona: 


Delara 
l 1-3-5... (2a — 1) (27)! 
(n+ 1) (aht 





as required in the theorem. 
If # is not an oe 





er f (z — DRL — Pys 


en oe dar 


As before, it is necessary to consider only the first term of the deriva- 
tive, 1-3-5 +--+ (2m—1)x™t"6%*"1(x), since 





— (Podi. 


(1 = amin f (a = f)e-lyeta—igtm—l(s) dy 


s ze ldi 
< (1— ayen f = ni 


= (1-a f (a-ya, 
0 
and this approaches zero. Consequently it is necessary to consider 
lim (1 — ayn f (x — ġmmp (idi. 
e—1— 0 


This limit, multiplied by 
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ni 1:3:5+ ++ (2m — 1) 
Tip) + 1) 


is the result sought. 
- The substitution += x—(1—2x)u reduces the integral to 

gio] = at) n+l He 

a oa 
J _ “(1 — (1 — a) /2) du 
oo CFAA (1 2)w/(1 + 2) 

Since #+p =m, and x is to approach 1 later, the factor outside the in- 
tegral sign will have the limit 2>. To evaluate the integral, let a be 


a number between 0 and 1 (the way to choose a will become clear 
later; a will depend on n but not on x), and consider 


o/(1—s) 

(9) f (same integrand as in (8)) dw. 
a sf (1—e) 

In the interval of integration, u zax/(1—x),1+# 2 (1—x(1—a))/(1—7x), 

and 1—(1—x)u/(1+x)81/(1+x). Hence the integral in (9) is less 

than 


(1 — 2) /a) (1 + ni(i — 2)/(1 — 2(1 — a) } mn 
. fa E 4 B PEE 


aj (1— 3) 
Except for a bounded factor this is (1—2x)"+¥*x(1—a)**>/(1—2), 
and accordingly approaches zero as x approaches 1; if n is negative, 
m is zero, and # = — p> — 1/2. 

Therefore the desired limit can be found by replacing the upper 
limit of integration in (8) by ax/(1—{«x). This new integral will be not 
less than 

e3/(1—s) uP 11 = a)? =e 
(10) TO =r 
(1 + 4) oii 


As x approaches 1 this has the limit (1—a)?*"*B(p, m—p+1/2). Also, 
the new integral will not be greater than 


esi (1-2) MEEN 


(11) 1 + z m+1/2 esj(1—e) uldu 
a Í, (1 F wy ttt’ 
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which has the limit 2**'7/(2—a)™*""B(p, m—p+41/2). If » is nega- 
tive, m is zero, and the factor (1— =a) will appear in (11) instead 
of (10). 

Since a can be taken as close to zero as is desired, it follows that the 
limit exists and is B(p, m—p~+1/2), or B(p, 4+1/2). If the factor (7) 
is annexed, the theorem follows. 

The theorem cannot be‘extended to the case —1 <n S —1/2, for if n 
is replaced by —p, 

d= 


ir 
Petl(y, 0)d0 
2r 0 


_ a — e — aa) ae 
2r 1+r? 0 (1 — z cos 6)! — x cos @)l 


After a bounded factor is removed, the substitution «=cos 0 gives 
+1 du 
(1 — ans f ———. 
—ı (1 — u1 — su)” 


Since this integral converges at u = —1, itis necessary to consider only 
the interval from 0 to 1 to show divergence. The change of variable 
xu = (1 —x) yields 


aaie f d1- 1)/x 
6 (1—(1—2)#/x)*9(14-(1—2)é/2)(1—H1—2)) 
which is greater than 
(1 — g) 
21/3 





[a E (1 = x)t/ x) 3di ca (1 — x) 213g, 


Hence, if p is greater than 1/2, the integral diverges and no limit 
exists. 
If #= —1/2, the theorem fails to hold, but the order of growth of 
the mean value can be found. Here m=0, p=1/2, and 
(7) 


2a 0 


ir 
P*+(r, 6)d6 


(1 — nr) 71 — rN pir 
ne = ;) f (1 — z cos 0)=1 d9, 
2T 1 + #? o 


The last integral can be written 





ar 
f (1 — z + 2z sin? 6/2)-1/1d9, 
e 
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which is greater than 
ir 
f (1 — x + 2 sin? 6/2)-1/3d0. 
0 : 


If 1—x is set equal to 2a’, the last integral is greater than 


1 pr 1 
Par 2 -1/399 m — ! 
af, (at + indo = Tog On + (bet + a) 1) (ay 
which becomes infinite as æ approaches zero. Now | log al is effec- 
tively | log (1 —x)| or | log (1—r)| multiplied by a constant. By an 
estimation similar to the foregoing, the integral can be shown to be 
less than | log (1—r)| multiplied by a second constant. Hence, if 
n = — 1/2, the order of growth of the mean value is (1 —r) "3| log(1—r) | ; 

COLBY COLLEGE AND 

THE UNIVERSITY OF CALIFORNIA AT Los ANGELES 


ON AVERAGES OF NEWTONIAN POTENTIALS 
MAXWELL O. READE 


1. Introduction. Averages (mean-values) have proved extremely 
- useful in the investigation of properties of potential functions [2, 3, 
4,7,9, 11];! to a great extent this has been due to the fact that aver- 
ages of potential functions are themselves smoother potential func- 
tions. 

It is the purpose of this note to exhibit the relations between the 
mass distribution o() associated with the potential function 
A[U(x, y)], which is an average of a potential function U(x, y), 
and the mass distribution u(E) associated with U(x, y). In a gen- 
eral sense it is proved that o(Z)=A[yu(E)] and that the density 
Da(x, y) of o(£) is the corresponding average of the density Du(x, y). . 
Precise statements of these results are contained in §4 below. 

It should be noted that Thompson has investigated the problem 
noted above [11]; except for an error in the statement of his most gen- 
eral result (given without proof), his results are substantially those 
contained here. However, whereas Thompson’s method depends upon 
a discussion of the interchange of the order of integration in iterated 
Radon-Stieltjes integrals, the method of this paper depends upon the 
use of approximations to potentials by means of smoother potentials. 
Both for the sake of completeness and to point up the difference of the 
two methods, a proof of Thompson’s (corrected) general result (which 
is Theorem 3 of this note), based upon Thompson’s own method, is 
given in §4 below. | 


2. Notation and definitions. Let F be a closed bounded set in the 
x, y-plane, and let u(e) be an arbitrary désiributjon of posttive mass 
on F, that is, u(e) is defined for all Borel sets e in F such that (i) 
u(e) &0, (ii) OÈ yn16:) =) umu (e:), for each sequence {e;} of mutually 
disjoint Borel sets contained in F [6, p. 25]. The distribution p(e) is 
said to be of finie total amount if u(e) is uniformly bounded for all e 
in F. 

A distribution u(e) may be extended so as to be defined for all Borel 
sets Ein the plane by means of the definition [3, p. 227] u(E) mu(£. F). 
It is apparent that u(E) satisfies (i) and (ii) above. In this paper it 
is assumed that all distributions have been thus extended to all Borel 
sets in the plane, although, strictly speaking, each distribution had 
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been originally defined only for those Borel sets contained in a closed 
bounded set F. 
The density of u(E) at (x, y) is defined as io, p. 149] 


u(D b) 
Tp? 


when the limit exists, where D, is the closed circular disc with center 
at (x, y) and radius p. For distributions of the type used in this paper, 
it a known that D,u(x, y) exists almost everywhere [10, pp. 115, 
149 

The Borel set E is said to be u-regular if and only if pE — E) =0, 
where E is the point set closure of £ [5, p. 9]. 

The sequence of mass distributions { Ha (E) } is said to converge to 
the mass distribution (E) if and only if u(E) =lima.ta(E) for each 
open u-regular set E. The sequence {u.(E)} is said to be of uniform 
finie total amount if and only if u„(E) is uniformly bounded for all E 
and for all n. 

The Newtonian potential at (x, y) of the distribution u(E) is de- 
fined by the Stieltjes-Radon integral [10, pp. 65—67 ] 


(2) anm ff oe- du(t, 1), 


where P(x, y), Q= ($, n), PQm ((x—¢)*+(y—n)’)"?, and where the 
integral is extended over the whole finite plane W. It should be noted 
that the integral in (2) is in fact a finite integral since (E) vanishes 
for all E disjoint with some closed bounded set F; however, the use 
of W simplifies some of the discussion below. 

R will always denote an open oriented rectangle with sides parallel 
to the coordinate axes, while R will always denote the open rectangle 
with vertices (+h, +k). 

If E is a previously assigned Borel set, then F,,,, for fixed (x, y), 
denotes the set of all points {(x+x’, y+’) } for which (x’, y’) is in E, 
and ES} denotes the set of all points {(x—x’, y—y’)} for which 
(x’, y’) is in E. 

The average of U(x, y) over rectangles Ra,y is defined by 

Axa(%, y) m Aral Ule + & 9 +7)] 


a f f U+ y+ natin 


= Sh. U(t, n)dédn, 


(1) Duu(x, y) = an 
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while the average of U(x, y) over open circular discs D(x, y; p), with 
center at (x, y) and radius p, is defined by [1, 2] 


(1) (1) 1 l 
HOPEE UCET TEDI — f U(E, n)dëdn, 
TP D(s,910) 
In this paper, an #erated circular average A® (x, y) [3, p. 236] will- 
be used, where 
(2) (1) 


A (2,9) 5% A (2 +, y+ n)]; 


W (z, y) aA, [Wo (e+ E, y+ n). 


3. Lemmas. Some of the important known results in potential the- 
ory that will be used here ate listed in the form of lemmas. However, 
the corollary to Lemma 2, Lemma 3, and the remark following 
Lemma 3 are new. 

Let U(x, y) be a Newtonian potential with aseociated mass distri- 
bution (E), of finite total amount; then the following lemmas hold. 


Lemma 1 [3, p. 236]. X(x, y) m A(x, y) 4s a Newtontan potential 
with continuous partial derivatives of ihe second order, with mass dis- 
irsbution 


(3) mE = f f EMED aay, 


where A is the Laplace operator, such that W(x, y) 7 U(x, y) as p—0; 
moreover, if p is bounded, then { u,(E) } is of unsform finste total amount. 


LEMMA 2 [9, p. 351]. There exists a sequence {on} N O asn— co, such 
thas { tp, (E) } converges to u(E). 


COROLLARY. If V(x, y) 4s another Newtontan potenital with assoct- 
ated mass disiribuiion p(E), of finite total amount, then there exists a 
sequence {pa} N 0, as n— œ, such that {u,,(E)} and {»,,(E)} converge 
to u(E) and v(E), respectively; here 7, (E) is defined by an expression 
analogous to (3). 


Proor. The construction of the convergent sequence { itp, (E) } in 
Lemma 2, as given by Riesz [9, pp. 351-352], follows a Cantor “di- 
agonal” process which may be extended so as to yield a convergent 
sequence {Pon (E) j: 

LEMMA 3. If {up (E)} is the convergent |sequence noted 'in Lemma 2, 
and if R is a fixed rectangle in the plane, then Ry, ts u-regular for almost 
ah poinis (x, y) in the plane; hence, except for a set of superficial measure 
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sero tt follows that 
(4) | lim Ho( Roy) = (Ray). 


Proor. Since u(E) is essentially distributed on a closed bounded 
set F, there is a sufficiently large rectangle R* containing all the mass, 
that is, there is a rectangle R* containing F such that (F) =u(R*) 
<w. Now according to Reichelderfer and Ringenberg [8, p. 235] 
there are at most a countable number of values of x, i? , and J, 
{n i}, such that the mass on the lines x=£, and y=, #=1, 2, 
is positive; hence, since R has fixed dimensions, it follows that Ge 
boundary of Rs., may have positive mass if and only if the point 
(x, y) lies on a certain plane set consisting of a countable number of 
lines, that is, Rs, is -regular except possibly for a plane set of meas- 
ure zero. The second part of the lemma follows from the definition 
of convergence of { tp, (E) } to u(E). 

Remark. The key to the preceding proof is the result due to Rei- 
chelderfer and Ringenberg quoted above. However, that result can be 
extended to oblique lines as well as to other sufficiently smooth curves, 
and thus yield more general results. For example, under the hy- 
pothesis that (F) <œ, there are at most a countable number of lines 
with a fixed direction, say a, that have positive mass; hence Rs, in 
(4) may be replaced by I,,, where II is a certain fixed polygon. 


Lemma 4 [3, p. 231]. The limtt of a monotone increasing convergent 
sequence of Newtonian potentials, whose mass distribuitons are unit- 
formly of finite total amount, is a Newtonian potentsal with an assoct- 
ated mass distribution of finie total amount. 


4. Main resulta. The proof of Theorem 1 illustrates the general 
method used in the paper. 


THEOREM 1. If U(x, y) ts a Newtonian potential with associated mass 
disiribuiion (E), of finite total amount, then A(x, y) mAr, lx, y) tsa 
Newtonian potential with an associated mass dtsirtbuiton o(E) of finite 
total amount; moreover, o(E) ts unique and given by each of the repre- 
sentations 


and 


(6) (D= f J oteaaraady 
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Proor. Since U(x, y) satisfies the hypothesis of Lemma 1, it fol- 
lows that there is a sequence {pa} N 0, as #— œ, such that { tp, (E) } 
converges to u(E), where Hy, (E) is defined by (3). Moreover, by 
Lemma 1, A® (x, y) =A,(x, y) is sufficiently smooth so that Fubini’s 
classic theorem may be used to prove that 


WeA(z, y) m We Anala t & 9 tn)] = Aal Aa H E 974+0)] 
(7) 
= AVY, (2, y) P 


holds. But &,(x, y) is a Newtonian potential, sọ that (7) yields 


tn EPL me SO sl 


where Pm(x+f, y+n) and Qm(s, #). If (s, # is replaced by 
(s+Eé, t+n) then (8) becomes 


A(x, Y) 


EINE meg MEE ala 


where P’m (x, y). If Fubini’s theorem is a to (9), then 
HA (x, y) 


Pf mesa SEE lo 


holds; now an application of both Leibnitz’ rule and Fubini’s theorem 
to (10) yields 


(11) A(z, 9) = f f EA 5 as 


From (11) it follows that A.A (x, y) wr y) is a Newtonian po- 
tential with mass distribution 


AW ; 
(12) CR) f f ARD as 


By Lemma 1, &,(x, y) Z U(x, y) as n— œ; hence (7) yields 
WA (x, y) 7A(x, y), as n— œ. Therefore, by Lemmas 1 and 4, 
A(x, y) isa Newtonian potential with an associated mass distribution 
(of finite total amount), say o (E). 

By the corollary to Lemma 2, there is a sequence {p.’}\Oasn—0, 
such that { up (E)} converges to (E) and {ot (E) } converges to o(E), 
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where ex (E) is defined by an expression similar to (3). If the substitu- 


tions W(x, y) ma,(x, y), APA(x, y) maA (x, y), (E) mp (E), and 
oy (E) mg,(E) are made, then it follows that for each R, 


and 


(13) oa(R) = f f IREE aad 


must hold. 
Now (13) may be written in the forms 


a fS al —— atin | dad, 


ve “ff at ”) | 
and 
i cit) = = ff [ff “Se amet htt), dady | oti 


= E S f Rudia, 


Since {o,(E)} converges to o(E), it follows from (14) and Lemma 3 
that 


(16) | o(R*) = lim o4(R*) -ff LR as) 


Akk 


holds for all o-regular R*. Since each rectangle R is the point set 
limit of a monotone increasing sequence oi o-regular rectangles, say 
{R*} AR, such that [8, p. 236] lim,..0(R,*) =o(R), it follows from 
(16) that 


(17) oR) = f f wee 


holds for all rectangles R. 

Let D be any large open disc that contains F in the interior, such 
that the distance between the boundaries of F and D exceeds (4+). 
The mase distribution defined by 





axa 


4 
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o*(E) = =f f Bes) 
4hk 

is an extension-of the rectangle function (17) to the class of mass dis- 
tributions within D; moreover, o(£) is such an extension of (17) too. 
But Reichelderfer and Ringenberg have shown that the extension of 
a rectangle function such as (17) to the class of mass distributions de- 
fined for all Borel sets within D is unique [8, p. 234], that is, 
o(£) =o*(£) for all Borel sets E within D. Since D was an arbitrary, 
large disc, it follows that o(E) =o*(£) for all Barel sets in the plane. 
Hencé (5) holds. 

In a similar way, (6) may be derived from (15) and the “extension 
theorem” of Reichelderfer and Ringenberg noted above. This com- 
pletes the proof. 


CoROLLARY 1. Under the hypotheses of Theorem 1, the relation 


UR», HRew) 
Ahk 





Do{z, y) = 


holds almost everywhere. 


Proor. A proof follows at once from (1) and (5). 

In keeping with the remark made following Lemma 3, one can state 
the following theorem and corollary whose proofs would follow the 
lines of the preceding two proofs. 


THEOREM 2. Let T be a fixed figure in the plane, of superficial meas- 
ure | 7 | 540, and let A(x, y) be the average of the Newtonian potential 
U(x, y), defined in Theorem 1, over Tu,» If the analogue of Lemma 3 
holds, that 4s, af iMate (Tor) =u(T oy), almost everywhere, then 
A(x, y) is a Newtonian potential with associated mass distribution 


a) m= f f ee sdy = T f f oGenndaay, 


of finits total amount. 
COROLLARY 2. Under the hypotheses of Theorem 2, 


UT o,y) 
|T| 





D,o(zx, y) = 


holds almost everywhere. 
It is now a simple matter to obtain the following general result. 
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THEOREM 3. Let G be a fixed open set in the plane, with superficial 
measure IG] <œ, and let A(G; x, y) be the average of the Newtoman 
potential U(x, y), defined in Theorem 1, over Gy,y. Then A(G; x, y) ts a 
Newtonian potential with associated mass dtsirsbuiton 


19) oH) = f f a a zy = Ta Í J ue. nazi 


of finste total amount. 


Proor. Since G is an open set in the plane, |G| <œ, there exists a 
monotone increasing sequence of open sets {7,}, such that each T, 
is the sum of a finite number of simple, open polygons, and such 
that (Tn)e.3 7Ge,y 28 n> ©, for each x, y. In what follows, T will de- 
note a member of the sequence {7,}, and instead of using the sym- 
bol “n— œ,” the symbol “T AA” will be used. 

It is necessary to approximate the average 


1 
A(G; T, y) = ca JJ, U(x Bae y + n)ddn 


=] f f U(E, n)dédn. 


One such approximation is the average, 


(20) 


1 
A(T; x, Darl OE ee 


m SS U(t, 9) d&dn. 


Now by virtue of the remark following Lemma 3, it follows that Theo- 
rem 2 applies to the average (21) because T is the sum of a finite 
number of simple polygons. Hence A(T; í, y) is a Newtonian poten- 
tial of the form 


1 ulTe. 
(22) A(T; =, 9) = = f f 1e Tn èn 


where Pæ (x, y), Qm(¢, 7), and where (18) holds. Moreover, since 
(E) is a distribution of positive mass, it follows that 


(23) u(T 3) 7 wGey, as TZA, 
holds for all &, 7. Now it follows from (20), (21), (22), and (23) that 


(21) 
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1 p(Ge,) 
ar 
holds for all (x, y). It now follows from (24) and the definition of a 
Newtonian potential that A (G; x, y) is a Newtonian potential having 
a summable density Do(x, y) for which 
B(G oy) 
|G| 


09 AG: 2,9) = lim A(T; z 3) = =f f oe 5 dtdn 





. (25) Do(z, y) = 


holds almost everywhere. 

The relation (19) now follows from (18) and (25). This completes 
the proof. 

Another proof of the preceding theorem will now be given; this 
proof is based upon Thompson’s method [11]. 

From (2) and (20) we have 


(26) AG; s, y) = A(z, 9) “SS, saff oe 


0 du(s, i), 





where M = (s, 4), Qm (¢, 7). Since the integrand in (26) is a lower semi- 
continuous function, the order of integration may be interchanged; 
hence 


(27) A(x, y) = rar SS, du(s, #) f f E EF 


But l 
SÍ log MO atin ff lo abn 


hence (27) becomes 


A(z, y) “JS, du(s, OSS. log pe ddn 





g Aa 





(28) 
1 1 
= n du(s, t) Sf log po vet 1), 
where 
(29) 7, (E) = | E-Gri\. 


Now it follows from a fundamental result of Thompson [11] that 
(28) may be written in the form 
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BO ACs, 9) = ay crf f s z a| ff vue dut, J! 


Consider o(£) defined by 


(31) (= f f r, (Ejdus, À. 


From (29) and (31) it follows that 


(32) o(E) = Í J | 26% auc, i) 


z JÍ du(s, À SÍa dudo 
= Sf du(s, t) Sf B(#, 9; $, dud 
(33) = Sf u f f B(u, 0; s, dels, Ñ, 


where 
B(s, 9; 5,4) = 1, (u,v) in E-Gr 
B(#, 0; 5,4) = 0, (#, 0) not in EG 


But for each (u, v) in E, B(#, v; s, #) vanishes except for (s, #) in Gu,» 
Hence (33) yields the first part of (19). 

Now (19), (29), (30), and (32) yield (24), which is a Newtonian po- 
tential with density (25); this latter holds almost everywhere. 

Since (F) <œ and F is bounded, it follows from (31) that o(£) 
is bounded. This completes the proof. 

At this point it should be remarked that Thompson’s error con- 
sisted of writing Ggy for Ge,y in (19) and (25). 


5. Conclusion. Additional results may be obtained by considering 
point averages and averages over curves. 

It should be noted that the following interesting result follows from 
(19): 


(34) f f wGos)dxdy = f f MEas)dady 


for each open set G and for each set E measurable Borel. It would be 
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interesting to see a direct proof of this equality based upon Fubini’s 
theorem. 

Added in proof. Professor H. Federer has ss the author that 
he has found a direct proof of (34). 
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ON THE STRUCTURE OF INTRINSIC DERIVATIVES 
HOMER V. CRAIG 


Introduction. The primary purpose of the present paper is to ex- 
press the Mth order intrinsic derivative of a higher order absolute 
tensor such as T*, Te, or TË as a contraction of extensors. As a 
first step, we develop a rule for constructing extensors of the types 
Ee*-®, Ecs., Eos. 4g from absolute tensors T%, Tu, Ty by repeated 
differentiation with respect to the curve parameter followed by multi- 
plication by the appropriate coefficients. We then consider the con- 
tractions of the various E’s with the extended components of connec- 
tion L%,, Ls (to be introduced) and prove by induction that these 
contractions give the Mth order intrinsic derivatives of the original 
tensors. In this way we establish a highly satisfactory theory of the 
algebraic structure of the higher order intrinsic derivatives, for the 
constituent E’s and L’s obviously possess an invariance of form and 
being extensors they are such that other extensors, tensors, and in- 
variants can be built from them and other extensors by simple alge- 
braic procedures—addition, multiplication, and contraction. 


1. Notation and preliminaries. In the present paper we shall em- 
ploy at most two coordinate systems x and # and so far as the quanti- 
ties that bear indices are concerned, we shall distinguish between 
them whenever feasible by restricting the choice of indicial letters. 
Specifically, letters at the first af the alphabet a, b, c, d, e shall serve 
to denote system x, while r, $, t, #, v, w will be correlated to system 2. 
Thus x” is the rth coordinate variable of system #, while x* is variable 
number a of system x. Differentiation with respect to the parameter } 
of a parameterized arc will be indicated by primes and Greek indices, 
the latter are enclosed except in certain abridged symbols. To illus- 
trate, 


x’ mm g” mx dz*/di, ide m gd mm gtxs/die, 

Yok ees Jos |. Xe See” fee. 
Furthermore, we assume that there is given an affine connection Lj, 
and let Lf, called the two-index connection, represent Ly,x’*. 

Summation convention. Repeated lower case Latin indices call for 
summations 1 to N, while the summations indicated by repeated lower 
case Greek intices are from zero (unless the contrary is specified) to 
some terminal value usually M or M+1. Repeated capital Greek in- 
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dices do not generate sums, thus (M)U,;“-® with æ not summed 
would be written (#1) U,4-. 

Extensors. Extensors will be denoted by means of symbols bearing 
Greek-Latin doublet indices such as pr or aa. The extensor trans- 
formation law is exemplified by the equation 


` laa os Tor aK a we 


This particular extensor, or more properly tensor-extensor since the 
component symbols bear a tensor index, may be described by saying 
it is of the type (1, 1, 0, 1, 0) the numbers referring to the number of 
doublet superscripts, doublet subscripts, single superscripts, single 
subscripts, and the weight. Here the range of the Greek indices is 0 
to M; however, in the summations this is effectively reduced since 
X sup pr inf aa vanishes whenever a exceeds p. 

Owing to the algebraic character of the extended coordinate trans- 
formation so far as the x’’s are concerned, extensors have many prop- 
erties not held by tensors. In particular there are M+1 contractions 
instead of one, and a greater variety of quotient laws. In the present 
paper we shall have need for but two of these laws. 

Quotient laws. Let V** and Uas be defined by 


aå g(a — A) 
(1.1) vey Tao (5 ue EEA 


(1) If for arbitrary U, UasT°*::: is an extensor of the type indi- 
cated by its free indices, then the same may be asserted of T. 

(2) If VT as: is an extensor, then T is likewise an extensor as- 
suming of course that V* is arbitrary. 

In a preceding note [3],1 we have proved that if T% and T% are 
extensors of range 0 to M and of the type indicated by their indices, 
then their extensive derivatives DT |% and D:T|™ defined by 





G2) DFT EE E eT, 
aa M 1—A a 
of ge esa ae 
M+ 1 
err A-1-6_} 
T; =. T L, 1 À = ’ 
+ M4 i b ) a 


are extensors of the extended range 0 to M+1. The hair line is intro- 
duced to emphasize that the indices c and aa designate components 


1 Numbers in brackets refer to the references cited at the end of the paper. 


\ 
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of the derived extensor and not of the original. The subscript on D in 
(1.3) will serve to distinguish the two derivatives (upper and lower) in 
case M = 0 and consequently T is a tensor—a special case. The proper 
range of æ on the left is 0 to M+1, while the proper range of the first 
index on the right is 0 to M. The special statements needed for the 
cases qam 0 and a=M-+41 will be contained in (1.2) and (1.3) if we 
adopt, as we now do, the following convention: 

Any symbol bearing an indicial number outside of the proper range 
of the index in question is to be given the value zero. Thus, in par- 
ticular, eee = Tay <= Q. 

The quantities obtained by repeatedly applying upper and lower 
extensive differentiation to the Kronecker delta 8§ will be called the 
extended components of connection. The result of contracting these 
components with the V** and Uas defined in equation (1.1) is the Mth 
order intrinsic derivative [3] of V and U. 


2. The derived extensors. Since the quantities V** and U,, of (1.1) 
are extensors and are made up of the derivatives of V and JU, it is 
quite obvious that one can develop extensors from higher order ten- 
sors by first contracting with V*, U,, and so on, differentiating the 
product, “factoring” out V**, Ug, and so on, and then applying the 
quotient law. As a preliminary to this procedure, we introduce cer- 
tain generalized binomial coefficients one of which at least—the mul- 
tinomial coefficient—is well known. These quantities arise from ap- 
plying the Leibnitz rule for differentiating a product and formula 
(1.1). To simplify the writing, we restrict ourselves to the specific 
definition of the typical special cases. 

DEFINITION 2.1. 


M MI 
( \- a M—-A-B-T2O, 
r) AlBI-I(M—A—B—PD)! 


M 
( )-09, ifM—-A—B—T<0; 
A, BT 
a T a tat ee 
M M—A,M—B,M—T/\A B r/) ’ 
A+B+r—-2M20, 


A, BT 
| |= o0, if A+B+T-—2M <0; 
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{ ae i ae 
M,T, A M T, A 
AIB! 


MIAA + B-— M-T- A)! 


THEOREM 2.1. If T% is a tensor of the type (3, 0, 0) (that 4s, three 
superscripts, no subscripts, and weight sero) and the necessary deriva- 
tives exist, then the quantities E defined by 


A, B, T 
M 
are the components of an extensor of the type (3, 0, 0, 0, 0). 


Fiza: Bb-ve- Pas | [Teaser ao, A= a, B = B, T = Y, 


Proor. (T*A,B,C,)™ is an invariant for arbitrary choice of the 
covariant vectors 4, B, C. Expanding this derivative by the Leibnitz 
rule for differentiating a multinomial and, in accordance with our 
convention, defining a symbol which bears a negative prime to be 
zero, we have, after dropping the indices a, b, c, 


M 


(TABOC)! = >( )A@Bocorrarern, a, B, y:0 to M. 


a, P, Y 
We now replace the dummy indices a, 8, y with M—a, M—8, M—7, 
drop the bars, and express 4 sup (M—q) in terms of Aas by (1.1). 
The result after introducing definition (2.1) and the definition of £E is 


(Ted aBC) (M) = Fiae-fb-704 «eB re 


and our theorem follows from the quotient law. 

Remark. From the proof, we see that in the generalization of this 
theorem to the case in which T is of contravariant order q, the multi- 
plier 2 in the expression —2M which occurs in the definition of E 
would be replaced with g—1, thus 


i B, T, + 


| Tabe: ABT: — (e 1)M), 
M 


This situation arises because we replaced œ with M—a, and so on. 


THEOREM 2.2. If TS is a tensor of the type (2, 2, 0), then the quanti- 
ties E defined by 


aa-Sb 


f å, B bree r B = B, T ee 
. pan i = a, = j | ’ — | i 
ai Mra ** i 
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are the components'of an extensor of the type (2, 2, 0, 0, 0). 


- Proor. Taking q to be two in the generalization of Theorem 2.1, 
it follows that for arbitrary U and V, the quantities 


pa (reg s 2 ae -M) 


constitute the components of an extensor of the type (2, 0, 0, 0, 0). 
But 


[A P aior 


å, B À B— eh A+B-M-7y-d) o 
Ded ete camel aia 


~ ES. yee 

and the theorem follows from the quotient law. With regard to the 
range of indices it should be borne in mind that the proper range for 
a, B, Y, 6 is zero to M. Confining a and £ to this range, we note in 
addition that [42] is zero if A+B<M, thus the effective range of 
A+B —M is 0 to M inclusive. Consequently, the maximum range of 
y and 6 is 0 to M and this may be taken as the actual range for when- 
ever y-+-5>A-+B—M, the corresponding terms of the sum vanish. 

Remark. If T were contravariant of unspecified order g, E would 
be defined by 


daioi å, B,--- æ- [A+B ...—(@—1)M -r A] 
Kag { m,r,as “ l 
THEOREM 2.3. If Tea is a tensor of the type (0, 2, 0), then the quanti- 


M --(M-T-A) 
Eyed ™ ( ) T 
T, A 


are the components of an extensor of the type (0, 2, 0, 0, 0). 


PRooF. In the proof of the preceding theorem delete the indices a, b 
and the symbol [47] and replace (A-++-B—M) with M. The theorem 
then follows from the quotient law. 


Remark. The generalization of this theorem to higher order tensors 
is obvious. 


3. Recursion formulas. To facilitate later developments, we list 
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here some recursion formulas for the E's and L’s. Specifically, these 
relationships express the E's and L's and their derivatives for a given 
range M in terms of the corresponding quantities for range M-+1. The 
higher range M++1 will be indicated by means of a star. To illustrate 
the notation and method, we develop the first formula in detail. In 
the right members of these formulas the capitals A, B, T, and A are 
equal to a, B, y, 6, respectively, but do not generate sums. From the 
definition of E sup œs 8b, we have 


Fiae-bb = F "| TKA+B-M) 
M 
1 
E k | $ +1, a! k + 1, © [paassa 
M M+ 1 M+ 1 


ee leerde 
= FMAt-«-pb 
M M -+1 

















- M + | peat e-pb 
A+1 

Thus we have established 
(3.1) E"*" bb os M+ 1 E*A+ -apb — M + 1 Fetes B+} 

A B+ 1 
Similarly, it may be shown that 
(3.2) eet oo MD eS Ee) aniesns 

(A + 1)(B + 1) 
M+1-—-T-A 

(3.3) Ense= Sep ieee 

T x k 
(3.4) Ey—i-cdd = M 1 Ereda, | ee er | = 1 Eora-Ady 


seni “ML cia MEE etna 
(3.5) aoe = g Eee a~ Bol ate i p 
cops (M+ 1) +1) pati aBts 
56. Bonae — eee 
ee ey 
am = (M4+1)(A+ B— M—TP—A41) papia Bb 
3. E . So ee ra ° 
oe mee (A + 1)(B + 1) as 


The extended components of connectton. As we have remarked before, 
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the extended components of connection can be obtained from the 
Kronecker delta by applying repeatedly upper and lower extensive 
differentiation. In the case of upper extensive differentiation (that in 
which the superscript retains its tensor character) the Mth extensive 
derivative may be obtained by applying the formula: D* 8|% = GSI 
and Kawaguchi’s recursion formula [4, p. 105, (13.6) and 3], 


| re Ma ob a8 


Thus, if we let L$, and L& denote the extended components of con- 
nection for the cases M and M-++1, then since Ie = D“ 8|% (by defini- 
tion), we have the following table of values - 


e e r M n 
IMe = be; LM—i.a = ( zt 
M— 1 


Tres (y EY HL, 


and so on, and the obvious relationship, 


S/N m te J a 
L E eee l 
u(y z : EMEN ip 


(3.8) Las ™ a 


Thus we have 





Also, in geodesic coordinates Kawaguchi’s formula may be written in 
the form L% = ()(,™,)-124_, and this in conjunction with (3.8) 
yields 


(3.9) Laa Mti Lie 
Formula (3.9) is valid for substitution provided there is no subse- 
quent differentiation. 

Turning to the lower extensive derivative of the Kronecker delta 
(in this case the subscript retains its tensor character), the situation 
is somewhat simpler. The rule for the computation of this Mth deriva- 
tive is as follows: Component upper 0c lower d of the Mth derivative 
of 8% is given by D|% = 3%, the other components may be obtained 
from the recursion formula Dyå| 7 = Dyå| Z- — Dud? +L}. Thus 
since we define LY to be Dy5|3*, we have the following table for the 
extended components of connection, Lj’: 
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Oe e lo o to 9? s _ b 
La = ôa Lee La La œ — Li t LLa 
de 6? eb , ef e b 
Li = (— Li + Lay — (— Ly + LiL La, 
and so on. Consequently, we have the equations, 
(3.10) Lie. fory < M +1; 
(3.11) D a e in geodesic coordinates. 


Equation (3.11) like equation (3.9) is valid for substitution only in 
case there is no subsequent differentiation. 


4. The higher intrinsic derivatives as contractions. In case M is 
unity, we know from previous work [2, pp. 291-301] that a full con- 
traction of any one of the E's with the L’s yields the first order in- 
trinsic derivative of the corresponding T. Accordingly, we turn our 
attention to the induction from M to M+41. Thus in the proofs that 
follow, we assume that a complete contraction of the unstarred quan- 
tities yields the Mth order intrinsic derivative and then attempt to 
establish the corresponding result for the starred quantities. Our first 
step is to compute the intrinsic derivative of the contraction of the 
unstarred quantities at the origin of a geodesic coordinate system and 
then, by means of formulas (3.1) through (3.11), express the result 
in terms of the starred quantities. With this in mind we are now ready 
to consider our final propositions. 


THEOREM 4.1. If Eye.aa denotes (f4)T ag) (MT, then the contrac- 
tion E+e-sal TL is the Mth intrinsic derivative of the tensor Tas. 
Proor. If this contraction yields the Mth intrinsic derivative, then 
in geodesic coordinates the (M-+1)th derivative is given by 
Ere-tale Ly + Enile Ly + Eyal Le - 
By applying formulas (3.3) and (3.10), the first term transforms into 


MAI M+i-y-3, kyo hbd 
— Enda ly . 
= M+1 vo-3aL b 


` The increase in the range of summation from M to M+1 is legitimate 
because the additional terms vanish since either the fractional coeff- 
cient or E* vanishes if y+êôgM-+1. 

Similarly, the second term may be made to assume the form 


(4.1) 





Mi 

Y ie kyo hid 
4,2 Em. ¿i bL 
(4.2) bao ve -tel 3 
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by replacing y with ¥—1, dropping the bar, and applying equations 
(3.4), (3.11), and (3.10). The lower range of y should be one but the 
presence of the factor y allows us to drop it to zero. The range of 6 
is 0 to M and of course this repeated index generates a sum. If we 
allow ô to take on the value M+41, then the £* would vanish unless y 
has the value zero, but this value eliminates the term. Consequently, 
in (4.2) we may regard both of the indices y and é as generating sums 
over the range 0 to M+1. Evidently, the third term may be treated 
similarly. 

Obviously, the sum of the coefficients involved in the expressions 
(4.1), (4.2), and so on, is unity, and the theorem is established. Fur- 
thermore, it is quite apparent that this particular case is typical. The 
addition of more subscripts would not call for a change in procedure ` 
and the sum of the fractional coefficients would again be one. 

Turning to the problem of mixed tensors, the question to be in- 
vestigated may be formulated as follows: 


THEOREM 4.2. If FẸ denotes [iit a} THAtE-MP then the con- 
traction 
PR A Ly. 
is the Mth inirinstc derivative of the mixed tensor TH. 


The method of verifying this statement is essentially that of Theo- 
rem 4.1. Accordingly, we may omit some of the explanation. 

Proor. The derivative of the contraction in question consists of 
five terms the first of which has a prime on the first £, the second a 
prime on the first L, and so on. By means of the relationships (3.7), 
(3.8), and (3.10), the first term may be written, 

OES DG Mee) pete a) 
(a + 1)(8 + 1) dna M+ 1 
(J (8 + 1) (= 
Larra Spay inal Le Ia. 
M + 
Here there is summation on a, p, Y, 6 from 0 to M. By replacing a@ 
and 8 with a—1 and 8—1, and subsequently dropping the bars, we get . 


(a+ B— M—y— 68-1) paspb pe kf wre yid 
4.3 á Eoad Le Li g 

( ) M T 1 yo'bd ad h 

It will be recalled that E* vanishes whenever a+8 <M+1+7+6. 
Consequently, we may drop the range on «æ and f to zero and increase 
the range of y and 6 toM+1. Thus the range of summation of a, P, Y, 
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and ŝin the expression (4.2) may be taken to be 0 toM-+1. 

The second term of the derivative, that which contains the deriva- 
tive of Lê., after application of the formulas (3.5), (3.9), (3.8), and 
(3.10) assumes the form 

i M+1 seai M+Hi—a seb +1 kye kid 


34i oiia oy a Ly 


or, replacing 8 with §—1 and dropping the bar, 


ee 


: M+i1i-a aa-fb_me bd 

(4.4) ya Talal La 
The summation on a, y, and ô is 0 to M and on $ is 1 to M+1. We 
observe that if a is given the value M+1, the coefficient vanishes and 
recall that if a+ 8 is less than M+1+7+6 the E* is zero. Conse- 
quently, if we assign 6 the value zero, œ the value M, then &+f 
= <M+1+y7+48. Therefore, a and 8 may each be given the range 0 to 

M-+1. Furthermore, if y is given the value M-+-1, æ the value M, then 
again a+6<M+1+7+46. Hence, we conclude that the range of a, P, 
vy, din (4.4) may be taken to be 0 to M +1. 

If we denote the product of the E with the L's that occurs in (4.4) 
by P, then the third term of the derivative in question (it contains 
L4) may be transformed into the expression 

M+i1- 8 
(4.5) 2 ET P 


To treat the fourth and fifth terms, we apply equations (3.6), (3.8), 
(3.10), (3.11). The result is 
(M + 1)(y + 1) *# tl-a Bhlo atl B+ 1 
(at i(6+1 "°° M+iM+i1 


which upon following previous procedures may be written 


kyrtil’ mid 


oval, de 3 











Y 

4. P. 

(4.6 E 

Similarly, from the last term of the derivative, we get 
ò 

4.7 

(4.7) 2; TET 


The sum of the expressions (4.3) through (4.7) is 
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E ded o UP 


and the theorem is established. 

Remark. If we delete the subscript letters throughout in formulas 
(3.5) and (3.7), they become (3.1) and (3.2), respectively. Conse- 
quently, equations (4.3) and (4.4) with the necessary deletions con- 
stitute the proof of the purely contravariant contraction theorem 
which stated briefly is: 


THEOREM 4.3. The Mih intrinsic dertoatiwe of the tensor T® 4s given 
by Bee AL La 
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A NOTE ON THE INTERRELATION OF SUBSETS OF 
INDEPENDENT VARIABLES OF A CONTINUOUS 
FUNCTION WITH CONTINUOUS 
FIRST DERIVATIVES! 


WASSILY LEONTIKF 


Let X be a set of » variables x1, 43, °°, £a and y a continuous 
function of these variables, y=f(x1, «2, ***, Xa), also written as 
f(X) with continuous partial derivatives of the first, second, and third 
orders. Throughout the following discussion all the first partial de- 
rivatives of f(x1, x4, © ° * , Xa) are assumed to be different from zero. 

Let S be a proper beet of X and S’ the subset which is comple- 
mentary to S in £. 

DEFINITION I. A subset S of independent variables is locally func- 
tionally separable at a point (a1, a:,°--, Ga) within the set X in 

y=f(X) if there exist some function ¢ with continuous first deriva- 
tives and defined in some neighborhood of (a1, Ga, + © +, G») and an- 
other function Ņ also with continuous first neces and defined in 
some neighborhood of (b, Gsi, Gea, °° `, Gn) where b=(di, da, + + +, Gy) 
such that á 


(1) y = f(X) = ($5), 59. 


The function ¢(.S) is locally separable in f(X). 

From the definition of a locally separable subeet it follows that each 
of the original variables, that is, each of the elements of X, is a locally 
separable subset of X in f(X); so is also the set X itself. 

Let 4R be defined by 


nR = A/fi 


where f{ and ff are the partial derivatives of f(x1, %3, ° °°, £a) with 
respect to x; and x; The necessary and sufficient condition for 4R to 
be independent of x, is 


a 
Rp 
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1 The subject of this note suggested itself by a study of “production functions” 
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of Hilbert: D. Hilbert, Nach. Ges. Wiss. Gottingen (1900) p. 280; cf. also Pólya and 
Sregd, Anfgaben und Lekrsdize aus der Analysis, vol. I, problems 119 and 119a, pp. 
61-62 and 220-222. 
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where fg and fq’ are the second partial derivatives of f(x, x2, ++ +, £a). 
Thus if R» =0 then ;,Ry =0. 

Since 
(2) aRs fifi = ake fify — Ri Uff], 


if aR and R are independent of x4, ;R is also independent of xr. 
Similarly the relationship 


(3) aR} — wR! = «Ri [f/f] 


implies that if aR is independent of x; and pR is independent of x, 
then ;;R is independent of xy. 


THEOREM I. A subset S is locally functionally separable from X in 
F(X) if and only if the following set of equations ts satisfied: aay = 0. 
The first two subscripts to R refer to any two identical or different elements 
tn the subset S, whale the last subscript indicates any element of the sub- 
set S’ which ts complementary to S in X. 


Let S be a locally separable subset, that is, relationship (1) is 
known to be true. If x; and x, are elements in S and x, is an element 
in S’, then 4R=ff /f{ =f (S)/¢; (S) and consequently Rý =0. 

In order to show that the local separability condition stated above 
is not only necessary but also sufficient let the function (S) be de- 
fined by 

(S) z f(S, 5’), 


where f(S, S”) is obtained from f(X) by assigning to each of the n—v 


elemente Xet “eis, °°°*, Xa Of the subset S’ a constant value 
Seis Meee) -o ea i 
The subset S comprising the elements x, %,---, x, is locally 


functionally separable in X if the function f(X) can be shown to be 
expressed in terms of f(S, S”) and of the set of the »—p variables 
Xet Soya, °° +, Xa Let these be considered as parameters in f(X). 
The derivatives of the functions f(X) and f(S, S’*), with respect to the 
v variables x1, x3, °°- , x», form a matrix 

JiS, S) fiS, S) +--+ eS, 8) 
FIS, SA fS +++ fiS, S) 
All the terms of the first row of this matrix are proportional to the 
corresponding terms of the second row if the relationship 

FE S, SYES, S) = f S, SYF, S) 
holds for all 4, j Sv. It obviously holds if S’=.S’*, that is, in the special 
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case when the parameters £s, Xss, * ` *, Xa, which are elements of 
S’, are assigned the particular values 28,1, 43,°°-°, %. But if 
inky =0 for all $, į Sv and k>», that is, if the last term of the equation 
above is independent af the variables comprised in the subset S’, this 
equation holds also if £e, %ei2, ° °°, Xa acquire values other than 
xfi X13,° °°, 24. In this case the two rows of the matrix are lin- 
early dependent: the first row equals the second multiplied by 
fi(S, S)/fi (S, S’*). Since, furthermore, the element fe (S, S”) lo- 
cated in the lower right-hand corner of the matrix is by assumption 
different from zero, f(X) can, according to the general theorem on 
functional dependence, be expressed in the form f(X) =y (F (S, S”*), S°), 
where Ņ is a function having continuous first, second, and third partial 
derivatives, or if we substitute (S) for f(S, S°) 


F(Z) = lS), S) 


which shows that the condition of local separability of subset S in 
X as stated in Theorem I is a sufficient one. 

The first half of the foregoing argument holds also if the function 
(S) by which S is locally separable from X in f(X) is more generally 
defined as ¢(S) = ®(f(S, S’*)) where ® is some continuous function 
with locally nonvanishing first derivatives. 

The conditions of simultaneous local separability of mutually ex- 
clusive locally separable subsets of any given set of independent vari- 
ables can be stated as follows: 


Lemma. Given A, B, C, three mutually exclusive subsets of.set X and 
G the rest of X, tf each of the sets A, B, C ts locally functionally separa- 
ble from X in f(X), these subsets can also be separated simultaneously 
from X in f(X). 


Proceeding along the line of argument used in proving Theorem I, 
let the individually locally separable functions a(A), B(B), 7(C) 
be given the particular forms f(A, B’, C’, G°), f(A*, B, C*, G*) and 
f(A’, Be, C, G°). Differentiating f(X) and the three separable functions 
with respect to all the variables comprised in subsets A, B, and C, 
form the four-rowed matrix: 


fa(A, BCG) +++ f(A, BC,G) +++ fald, B,C, C) -++ Seld, B,C, 
Se (4, BY,C*,G) ++ - 0 ees 0 ees 0 

0 cee Jal’, B,C*,G%) + +> 0 seus 0 

0 one 0 .. Jald’, B,C, : Si Jald’, BY, CG 


The frst m columns of this matrix contain the derivatives with re- 
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spect to the m variables ai, Gs, - - * , Gw contained in the subset A, the 
next r columns consist of derivatives with respect to the r variables 
bi, ba, - - - , b included in subset B and the last v columns are com- 
posed of the derivatives with respect to the v elements of subset C. 
All elements of subset G appearing under the function signs in row 
one are regarded as parameters. An argument similar to that pre- 
sented in the proof of Theorem I shows that the four rows of the 
matrix are linearly dependent. Since all derivatives are assumed to be 
different from zero, the determinant formed by the second, third, and 
fourth elements of the first, second; and third columns (as written out 
above) respectively is also different from zero: the rank of the matrix 
is three. From these two properties of the matrix it follows that f(X) 
is a function of f(A, B°, C°, G°), f(A*, B, C°, G*), f(A% Be, C, G*) and 
of the variables comprized in the subset G. In general: 


f(X) = #(a(A), P(B), (C), G). 


THEOREM II. (a) If two functtonally locally separable subsets S and T 
of X in f(X), of which netther is a subset of the other, intersect each 
other, then each of the three nonoverlapping sets—one of which comprises 
all elements of S which are not elements of T, the second consists of all 
the elements of T which are not elements of S, and the third contains all 
elements common to S and T—+s also a functionally locally separable 
subset of X in f(X). (b) Furthermore tf d(SUT) is a function of SUT 
locally separable in f(X) the three nonoverlapping seis mentioned above 
are addtitoely locally separable subsets of SUT in (SUT); that is, sf 
A, B, and C are these three subsets, there exist functions a, B, and y with 
contintous first derivatives such that 


(S U T) = a(A) + B(B) + YC). 


Let X be partitioned in four nonoverlapping subsets A, B, C, 
and G, 


XaAUBUICUIG, 
and the two overlapping subsets defined as 
S = AW B, T=CURB. 
S and T are locally separable from X in f(X), that is, 
(4) KX) = sèl U B), CUG), 
(5) — «f(X) = ØC Y B), AUG). 
First let it be shown that these two equations imply 
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(6) J(X) = #(a(4), B(B), 7(C), G). 
From (4) and (5) it follows, according to Theorem I, that 
aR = 0, «aks = 0, wk, = 0, 
aRi = 0, Ry = 0, Ry = 0, 
wk = 0, wk: =0, wk = 0, 
wk, = 0, wR, = 0, wk, = 0, 


where a, b, c, and g represent any elements in A, B, C, and G respec- 
tively, while the combinations of two identical subscripts such as aa 
or bb refer to any two elements, tdentscal or different, both belonging 
to the same set, in this instance A or B respectively. 

From aR! =0 and aR: =0 we have, by (3), «Rf =0. Let the sub- 
script cı refer to one particular element in C and b, to one particular 
element ‘in B, then on the basis of the last relationship «Ri = e Ri 
=... mai Ri = 0, where ai, ds, : + , Ga refer to all the m elements 
of A. Applying to these m equations the rule derived from (2) we 
have o,s,%3,=0 where a; and a; refer to any elements in A, and by 
to any element in B; in short, «aR =0. By an analogous argument 
we find that Ry =0. These two equations in combination with the 
eight equations in the last two columns of (7) constitute according 
to Theorem I a sufficient condition for the local separability of each 
of the three subsets A, B, and C of X in f(X). According to the 
lemma proved above the individual local separability of subsets A, B 
and C in set X implies their simultaneous local separability. Thus it is 
shown that (6) follows from (4) and (5). 

Now we can proceed to demonstrate that A, B and C represent ad- 
ditively locally separable subsets of the set AUBUC. 

Let asR be defined, in analogy to „R, by 


of = tha uf ; 


then expressing the first two equations in the first column of (7) in 
terms of (6) we have 


(7) 


Oe 
atk per = 0, 
b 


ae 
‘a s = — R; = 0. 
gi Bs 


Since the assumed properties of function f(X} exclude (a, /B¥ Yy: =O 
and æd /By =0, it follows that 
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(8) AR =0 and Ri = 0. 


Being thus independent of y, and of any element g of G, asR can be 
considered to be a function of «œ and £ alone: 


(8a) of = afK(a, P). 
Analogous arguments show that 

(9) vas = 0 and Ry = 0, 
(10) Ra = 0 and sR; = 0, 
and consequently 

(9a) re ™ yaR(Y, a), 
(10a) BR = pRB, 7). 


Multiplying all the left-hand and all the right-hand terms of the three 
equations (8a), (9a), and (10a) with each other and expressing the 
resulting equation in logarithms we have: 
log AR(aæ, 8) + log 7aR(y, a) + log a R(E, Y) 

= log we /ug + log uy /ua + log uf /u! = log1 = 0. 
If «sR(, P), yaR(y, a) or pyR(B, Y) is negative, they can be made 
positive by temporarily replacing one of the variables a, B, or y by 
its negative. An opposite substitution must then be made at the later 
stage of the argument after natural numbers have again been substi- 
tuted for logarithms. Successive partial differentiation of both sides 
of the last equation with respect to a and $ gives 

0 log Ra, p) _ 


0, 
dadB 


which means that log esR(a, 8) can be written as a sum of two 
terms, one of which is a function of æ alone and the other a function 
of 8 alone: 


log «éR(a, P) = log A(a) + log p(f) 


we /¥f = d(a)u(6). 
The characteristic equations of this partial differential equation are 
da dB du dy dmx dx, 
Ie) Sa 00 o 
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where xs, °° © , Xa are variables in G and its general integral is 
(11) r(a) + #8) + m(7,G, y) = 0, 
where 


y = f(X) = s(a, b, y, G). 
Expressing the two equations in (9) in terms of (11) and in accordance 
with the definition of .,R and using implicit differentiation to find 
the partial derivatives of #, we have, 


a r' (a) r' (a) tr y(7, G, y) mp 
ok ðb \m7 (7,G, z) j [m7 (y, G, y)]? 
ð r (a) 
aM dg \m-s (7,G, z 


OLG, Du HG 0) _ 
[m1 (7, G, ¥) ]? 


In the operations of partial differentiation indicated by the middle 
terms of the two expressions, a and yin accordance with Theorem I 
are held constant; in the first expression y and £, in the second y and 
g, are allowed to vary. The partial derivative my (y, G, y) is by as- 
sumption different from zero. Since no other functions in the third 
terms of these two expressions can vanish, 


0. 


mis(7,G, y) = 0, 
mry(7,G, ¥)%, + m,(7,G, y) = 0, 
from which 
mra(7,G, y) = 0. 
These equations imply that function m has the general form 
m(7,G, y) = K(y) + UG, 9). 
Substitution in (11) gives 
(12) r(a) + #6) + E(Y) + WG, y) = 0 
and solving for y, we obtain 
y = A(r(a) + i) + K(y), G). 


But @ is a function of A, £ is a function of B, and y a function of C; 
thus the same relationship can be written as 
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y = (X) = w(a(d) + 6(B) + (C), G), 


which shows that: 

i. The function a(A)+8(B)+/7(C) of the set AUBUC is locally 
separable in f(X) and this set itself is a locally functionally separable 
subset of X in f(X). 

ii. The sets A, B and C are additively locally separable subsets of 
AUBUC in a(A)+8(B) +7(C). 
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UNSYMMETRICAL APPROXIMATION OF 
IRRATIONAL NUMBERS 


RAPHAEL M. ROBINSON 


1. Introduction. In a recent paper, B. Segre! showed that for any 
72,0 an irrational number ¢ can be approximated by infinitely many 
fractions A/B in such a way that 


1 A T 
E< 


(1 -+ 4r7)!/3B? i B (1 + 4r)1/2B2 
For r=0, this places A/B to the left of £ and within a distance 1/B? 
from it. This type of approximation was known to be possible, since 
alternate convergents to the continued fraction representing ¢ satisfy 
this condition. For r =1, the inequality becomes 
1 A 1 
| ~ page SB * S Bape’ 
so that we have the classical theorem of Hurwitz.* For other values 
of +, approximations from both sides are permitted, but the errors 
allowed on the two sides are different; hence the term unsymmetrical 
approximation. The result here was new, and is so related to Hur- 
witz’s inequality that one side is strengthened and the other weakened. 
Notice that the result for r>1 is weaker than the result for r<1. 
For suppose that r>1, and apply the theorem with r replaced by 1/r 
to the irrational number — £. In this way, the permissible errors on 
the right and left are interchanged, and we see that £ has infinitely 
many approximations A/B satisfying 


1 T 
— —— < >- {< —_____, 
(T? + 4r) B? B £ (T + 47)1/2B2 
which is stronger than the original inequality. It 4s therefore suficient 


to prove Segre’s theorem for 0S7 Si. 
Segre’s proof depends on considering whether certain regions con- 
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351 


352 R. M. ROBINSON | [Apeil 


tain lattice points. C. D. Olds? has given a proof for the case r21, 
making use of Farey series. We shall consider the problem, making 
use of continued fractions, and shall prove Segre’s theorem (in §6) 
and somewhat more. In particular, we shall show (in §7) that for any 
e>0 the inequality 


1 
(51/2 — e) B? z (513 + 1)B? 
has infinitely many solutions. This result is interesting since it shows 
that one side of Hurwtts's inequality can be strengthened without essen- 
ttally weakening the other. 

In §2 we state a few known results about continued fractions which 
we shall need to use, and in §§3-5 we develop the theory that is 
needed for the last two sections. Jt may be remarked that §3 is of 
some interest in itself, since we show there that the best approximations 
to an srraitonal number £ from either side are convergents to $. 


2. Known results about continued fractions. Besides the conver- 


gents A,/B,= [qo m,---, qa] to the continued fraction f= [qo Q, 
qa, - > - |, we shall consider as approximations to ¢ the secondary con- 
vergents 

Ay + Ag-1 

= eee A e 1° ° * y Gu—1y Ga 1 ’ 

B.B [go qa-1, qa + 1] 

As =~ Agi 1] 

B. a Bai qos » In—1; a . 


However, in case qay = 1 the first reduces to the convergent A a41/Bait, 
and in case g,=1 the second reduces to the convergent As-2/Ba_s; in 
such cases they will not be called secondary convergents. Notice that 
the first is on the opposite side of £ from A,/B,, while the second is 
on the same side as A,/ By. 

If in general we put 





then it is seen that for the convergent A,/B, the value of \ is 


1 
Aa = pa + —> 
An 


* C. D. Olds, Nots on an asymmeiric Diophantine approximaston, Bull. Amer. Math. 
Soc. vol. 52 (1946) pp. 261-263. 


1947] UNSYMMETRICAL APPROXIMATION OF IRRATIONAL NUMBERS 353 


and that for the secondary convergents considered, the values of X are 
1 1 Mie tt 1 1 
Bb, —1 a, +1 a, — 1 gio, 


respectively, where 








— 








As = i+ 


a, ™ [ga a-is °t; qıl, Ba = [qati Grae °° j? 
We shall use the notation 


[ "ty Ga, (=i: [go], Qi, Ya, °° * ] 
to denote the sum of two continued fractions 


lgo, qi 7%," °° | oF [0, g-i, Y-%) °° I. 


With this notation, 
An = [qu 7" y a= Yay [ga], datis >> ij 
hen = [ga "= s Ont Yay 1, [0], la+ — 1, Qnttr °° lL, 
xa naa [gu "85 Anci In — l; [0], 1, datil ati °? ° $ 


Besides the classical results that every convergent represents & with 
an error less than 1/B*, and that every approximation for which the 
error is less than 1/2B? is a convergent, we shall also need the result 
that every approximation with an error less than 1/B* is either a con- 
vergent or a secondary convergenti.* : 


3. The best approximations are convergents. A classical result 
about continued fractions is that the best approximations to an irra- 
tional number £ are included among the convergents to the continued 
fraction representing £. This can be understood in the following sense: 


The inequality 
A =1 
Flee 
B pB? 


has infinitely many soluitons, ah of which are convergents to £, if uisa 
suitable number; indeed, u may be any constant such that 2Sy5 51/3, 

We shall show that in a somewhat similar sense the best approxima- 
tions to ¢ from the right are included among the convergents to £. 
More precisely, the inequality 


1 This result was stated without proof by P. Fatou, Sur approximation des incom- 
monsurables ct les séries trigonom#triques, C. R. Acad. Sci. Paris vol. 139 (1904) pp. 
1019-1021. See also R. M. Robinson, The approximation of irrational numbers by frac- 
Hons with odd or even terms, Duke Math. J. vol. 7 (1940) pp. 354-359. 
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A 1 
a a T 

B uB? 
has tnfinstely many solutions, ah but a Anite number of which are con- 
vergents to £, if u is a sutiable number, depending on £. It is shown, in 
the theorem below, that u may always be taken as one of the three 
numbers 1, 4/3, 2. A similar result of course holds also for approxima- 
tions from the left. 


LEMMA 1. Suppose da4i122, so that Ma actually corresponds to a sec- 
ondary convergent. 

(a) If ^ >1, then M> 4/3. 

(b) If Ns >4/3, then A, -1>2 or Mp > 2. 


PRooF. (a) From A,’ >1, we find 8.<a,+2. Hence 








1 1 
=- d, t — > a, t : 
An—1 Ba ay + 2 
Since this expression increases with œ., which is at least 1, we find 
that As > 4/3. 
(b) Proof by contradiction. Suppose A,-152 and Aqgii2. From 
the first follows a,<2, and the second gives a41 <2, and hence 


Aw-1 "= mı + 


1 
Pa ET >2+— 


Therefore 


1 1 2 1 4 
1} —-— a. 
Ba-1 a +i 3 3 3 


LEMMA 2. Suppose qa Z2, so thai Me’ actualy corresponds to a second- 
ary convergent. 

(a) IFN >1, then A, > 4/3. 

(b) IFN >4/3, then d,>2 or Ma2. 


PRoor. (a) From AJ’ >1, we find ag<f,+2, hence M > 4/3. 

(b) Proof by contradiction. Suppose A.S2 and M-12. From 
the first follows 8,<2, and the second gives Q,-1<2 and hence 
a, >5/2. Therefore df! <4/3. 

Notice that both lemmas assert that if a secondary convergent 
gives a good approximation to £, then a convergent can be found 
(with a nearby subscript) giving an even better approximation to & 
from the same side. 


Matt 








1947] UNSYMMETRICAL APPROXIMATION OF IRRATIONAL NUMBERS 355 


THEOREM. At least one of the three inequalities 


ee Eee ee poe iai r<— 
B B” B 4B B 2B3 
has infinitely many solutions, of which all but a pnus number are con- 
vergenis to È. 


Proor. The first inequality has infinitely many solutions. If it has 
infinitely many solutions which are not convergents, then they must 
be secondary convergents. Thus by the lemmas, corresponding con- 
vergents can be found satisfying the second inequality, which thus 
has infinitely many solutions. If it has infinitely many solutions which 
are not convergents, then they are again secondary convergents. Cor- 
responding convergents can be found satisfying the third inequality, 
which thus has infinitely many solutions, all of which must be con- 
vergents. 


4. The moduli of approximability. The degree of approximation 
possible for the irrational number ¢ is measured by the number 


M(E) = lim sup M, 


the modulus of approximability of the number £. In fact, the inequal- 
ity | 





has infinitely many solutions if M(Ẹ) >p, but not if M(t)<p. The 
function Mf(£) has been studied by various authore.’ In a similar way, 
the degrees of approximation possible from the right and from the 
left are measured by 

M+(E) = lim sup Aset1) M~(E) =x lim sup Aas, 
which may be called the moduli of approximability from the right 
and left, respectively. Evidently 


M(t) = max (M+), M-(8)}. 


Notice that 
M+(— £) = MẸ), M(—& = MHG) 
so that the roles of the two moduli are interchangeable. 


s See J. F. Koksma, Diophantischs A pproxtmationen, Ergebnisse der Mathematik 
und ihrer Grenzgebiete, vol. 4, no. 4, Berlin, 1936, chap. 3, §2. 
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The numbers 
fa = [k, 1,2, 1,2, 1,- | 
will be of particular interest for our problem. It is clear that 
MHE) = [---, 1,4, 1, [k],1,4,1,---] = pn 
M-E) = [---,, 1, k [1], k, 1,4 °°: ] = on 
Evaluating these continued fractions, we find that 
pe = (k? + 4h), oy = (k? F 4k) yR. 


We noticed in §1 that it is sufficient to prove Segre’s theorem for 
0731. For these values of 7, the error allowed on the right is less 
than or equal to the error allowed on the left. Now to prove thai an 


snequality of the form 


where p20, has infinitely many solutions for each trrattonal number $, 
sits suficient to consider those numbers for which M+(E) z M- (E). For 
if M-(¢) > M+(£), then —£ satisfies the condition imposed. Applying 
the inequality to —£, we see that we can satisfy 
1 A 1 
ae ee a E 
pB’ B oB? 
infinitely often. If p =ø, this is the required inequality. If p>c, then 
M+(§) 20 or M~(£) =p. Either of these conditions leads to M-(§) >v. 
‘Hence we can satisfy the inequality. 
1 A 
—-—<—-:<0 
oB? B 
infinitely often. 


5. Classification of irrational numbers. In this section, we shall 
consider certain classes of irrational numbers, and show that together 
they include every irrational £ such that M+(£) = M- (£). The classes 
are defined by the following conditions, where & denotes a positive 
integer. 

(1a) aa A, Ganzi 1, and hence M+(E) = ps, M(E) = on 
(le) dan ©, Jim — 1, and hence MHE) = œ, M~(f) = 1. 


(2s) M*(t) > pm M(E) > Ow 


1947] UNSYMMETRICAL APPROXIMATION OF IRRATIONAL NUMBERS 357 


(3a) lim sup qs, = k + 1, lim inf qm = k, qay > 1. 
Lemma. If M+(£)= M(E), but we do not have Qanı l, then E be- 
longs to class (21) or (24). 


Proor. Let a=lim sup qas, b=lim sup gsp. By hypothesis, b>1. 
We have the following cases: 


b= 3. MHE) & M(E) a 3. 

b=2,a z4. MHE) 2 4, M(t) B 2. 

ba2,¢53. MHE) 2 M-() 2 [4, [2], 4] = 5/2. 
Thus ¢ belongs to the classes (21), (22), (22), respectively. 


THEOREM. An irrational number £ with M+(t) = M-(t) belongs to at 
least one of the classes (1a), (1o), (24), (3a). 


PRooF. Because of the lemma, it will be sufficient to consider an 
irrational number £ with g.4:—1, but not belonging to any class (1,), 
(1%), or (3s), and to show that it belongs to class (2,) for some &. 

If lim sup qa ™ ©, we have M+(£) = œ. Since £ does not belong to 
the class (1.,.), we do not have g@.—>©, and hence M~(£)>1. Thus = 
belongs to class (2,) for any sufficiently large k. 

It remains to consider the case when lim sup gy, is finite. Since ¢ 
does not belong to any class (14) or (3,), we must have 


lim sup ga. — lim inf qan & 2. 
Hence there is an integer k= 2, such that 
lim sup gan = k + 1, lim inf ga Sk — 1. 
From the first condition alone, it follows that 
MHE & [1,1, [£+ 1], 1,1] =k+2> p 


Making use of the fact that infinitely many partial quotients do not 
exceed & —1, and that ultimately none exceed &+1, we also have 


M(t) & [1, k+ 1, [1], k — 1, 1] = [k, 1, k, [1], k, 1, k] > op 


The inequalities here are clear, and the equality in the middle may be 
verified by actual expansion of the continued fractions. Thus £ be- 
longs to class(2,). 


6. Segre’s theorem. We shall put 
Pome (K? + 4x), og m (K? + 4x) 1/97, 


even when « is not a positive integer. In particular, p, = © and C= 1. i 
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If we replace r by 1/«x, Segre’s inequality becomes 


1 A 1 
<—-t< 
oB? B PhB? 

We are to show that this inequality has infinitely many solutions 
A/B for each irrational number £ and each x such that 1 SxS œ. As 
noted in $4, for these values of x we need consider only values of ¢ 
such that M+(£) > M- (E). It is thus sufficient to prove the theorem 
for each of the classes defined in §5. 

For numbers of class (1,,), it is clear that (I,) is satisfied by inf- 
nitely many approximations from the right if x< ©, and by infinitely 
many approximations from the left if x= ©. For numbers of the other 
classes, the situation is made clearer by first formulating the following 
lemmas. l 


(Ir) E 








Lemma 1. If for some xo we have 
MHE) > py, MGE) > Cuy 
then (1,) has infinstely many soluitons for each x. . 


Proor. Since p, increases and c, decreases as x increases, we have 
M+(t)>p,. for xSxo, and M(E) >o, for K& xo Hence (I,) is satisfied 
by infinitely many approximations from the right if xSmo, and by 
infinitely many approximations from the left if x2 xo. 


LEMA 2. If for some xo we have 


MH) = Pry M-(Ẹ) = Fiy 
then (1.a) has infinitely many solutions for each x, except possibly for 


K™ Ko. 


Proor. M+(£)>p, for <a, and M~(E)>o, for K> xo. 

For numbers of class (2,), the hypothesis of Lemma 1 is satisfied 
with x»=k. Hence the desired conclusion follows. For numbers of 
class (14), the hypothesis of Lemma 2 is satisfied with xo=k. Hence 
the conclusion follows for xk. Now for numbers of class (1,), we 
have 


Aaa+1 — Ph, Asa > Ch, 


one of the limits being approached from above and the other from 
below. Hence for numbers of class (1,), the inequality (Iy) can also 
be satisfied. 

It remains to prove (I,) for numbers of class (3). We first notice 
that for numbers of this class 
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ph S MH) S pers, oma S M(E) S op 


The upper bounds here are sharp, but the lower bounds are not. It 
is easily seen that the sharp lower bounds are given by 


MHA 2 [---,&, 1, k, 1, [k+1],1,k,1, k,- ] = pn 
M-E) az [k1 1, k41, [1], k, 1, k +1, ] = oin. 
It is clear that 
p = 1+ p= 14 (k + 4k), 


Replacing k by k—1 in the other expression and expanding, we find 
that for k 22, 


at m HAH 1) + (3k — 1H + 4B \ 
OOO wD ne 
We shall show below that 
Pk > Pihos oF > Oros. 
From these inequalities, it follows that 
M*(E) Z pe > pao, M(E) 2 of 41> Cro.s 


for any number ¢ of class (3,4). Hence the hypothesis of Lemma 1 is 
satisfied for numbers of class (3,) with a suitable xo, and indeed with 
any xo such that 


£+05S5 05 44+ 0.8. 


The proof of the theorem will therefore be complete. 
PROOF THAT ps > pro. The inequality to be proved is 


1+ (A! + 4k)/2 > {(k + 0.8)* + 4(k + 0.8) }2/2, 
If we square and simplify, this reduces to 
SO(A* + 4k)? > 40k + 71. 
Squaring again, we have 
900k? + 4320k > 5041, 


which is true, since the left side is at least 5220. 
PROOF THAT oy >oy-0.5. lf we multiply through by 2k(2k—1), the 
required inequality takes the form 


k(k + 1) + (3k — 1)(b? + 44)! > 28{ (2h — 1)? + 8(2k — 1) } 1/2. 
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If we square and simplify, this reduces to 
(3k —1)(R + 1)(k? + 4k)? > (3k — 1)k(k + 3) — 2, 
which is certainly true if 
(k + 1)(E + 44 > RCh + 3), 
Squaring this, we obtain the inequality 
kit 6k? + 9k? + 44 > BA + OR + OF’, 





which is true. 
7. Some stronger results. The inequality 
(Iz) = : PE E E EN 
oB? B pB? 


where & is a positive integer, is a special case of Segre’s inequality. 
Now for numbers of class (14), we have 


MHE) = ps, M(E) = on. 
It follows, as noted by Segre, that we cannot increase both of the 
numbers ps and o,. Actually, for numbers of the class (1,), we have 
Ata Ph = Ata Ty 


one of the limits being approached from above and the other from 
below; which one is approached from which side depends on the be- 
ginning of the continued fraction expansion. Hence we cannot in- 
crease either of the numbers p» or C+, leaving the other one fixed. 

Nevertheless, there are infinitely many soluitons to the tnequalty 

1 p A pi 1 

(on — AB? `B of B3” 
for any e>0, although pë =p,+1. In a similar way, if R22 the in- 
equality 
x") - 





(Is) 


| < . < 
oB? B (pa — e) B? 
has infinitely many solutions for each e>0, although of >o,. We shall 
confine our discussion to the inequality (Ix ), since the proof of (Ix’) 
is entirely similar. 

To prove the inequality (I4 ), we need consider only numbers é for 
which M+(£) 2 M-(£), as shown in §4. Now (I) is satisfied by ap- 
proximations from the right for numbers of classes (1), (2;), and (3), 
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if j >k, since py& piz:> px . It is satisfied by approximations from the 
left for numbers of the classes (1;) and (2;) if Sk, since o;>o,—«, 
and for numbers of class (3,) if j <k, since then gy41>0,—«6. 

It remains only to consider the numbers of clasa (3,). For these 
numbers we have M*(£)2 ps, and indeed Ma+ı>pë has infinitely 
many solutions, since it is true whenever n is sufficiently large and 
Gets =k-+1. Thus in this case, (Ix ) can be satisfied by approximations 
from the right. 

It is easily seen that there are numbers of class (34) for which 
M-(£) <o, and M+(£) is arbitrarily near to px . It follows that we can- 
not replace py by any larger constant on the right side of the in- 
equality (Ix). 

A particularly interesting case of the theorem just proved is ob- 
tained by putting k=1: For any «>0, every irrational number £ has 
infinitely many approximations A/B such that 


1) i ee 1 
(513 — àB? ` B (513 + 1)B? 


The coeffictent of B? in the denominator on the right cannot be replaced 
by any larger constant. 
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A NEW PROOF OF HILBERT’S NULLSTELLENSATZ 
OSCAR ZARISKI 


Introduction. A number of proofs of Hilbert’s Nullstellensatz can 
be found in the literature. One, based on elimination theory and due 
to A. Rabinowitsch, is reproduced in van der Waerden’s Moderne 
Algebra, vol. 2, p. 11. In a later chapter van der Waerden gives an- 
other proof which is based on the method of specialization in fields 
of algebraic functions (pp. 59-61). The finishing touches to this proof 
(p. 65) presuppose the decomposition theorem for polynomial ideals. 
In his Ergebnisse monograph Idealikeorte, p. 46, Krull gives an ideal- 
theoretic proof which, while it is based on the simple remark by 
Rabinowitsch, is of an advanced nature, since the proof makes use 
of the full dimension theory of algebraic varieties developed in $17, 
pp. 41-43. The main “Dimensionssatz” of p. 43 is based on a result 
which is proved only in §48, pp. 129-134. Moreover, the concept of 
integral dependence and the “Normalization theorem” of Emmy 
Noether are used in Krull’s proof. - 

In the present note we give first of all a short proof of Hilbert’s 
Nullstellensatz which makes use only of the rudiments of field theory 
and ideal theory. Actually we give two new proofs of the Null- 
stellensatz. A lemma used in the second proof enables us to establish 
a result on finite integral domains which we were not able to find in 
the literature. This result is as follows: 

If R=K[&., &, -- >, & | 4s a finite integral domain over a field K and 
if K is the algebraic closure of K in R, then K contains ah the fields which 
are contained in R. 


1. First proof of the Nullstellensatz. Let P, denote the polynomial 
ring K[x1, x2, < -+ , £a] in » indeterminates x, over a given ground 
field K. By a point a = (ai, as, ++ +, @a) we mean an ordered #-tuple 
of algebraic quantities a; over K. Our convention will be that con- 
jugate n-tuples over K represent the same point over K. Let S, 
denote the (linear) space of all points. By a zero @ of an ideal A 
in Pa we mean a point æ such that f(@)=0 for every polynomial 
f(x) [Efn 3, e, £a)] in A The totality of zeros of A is the 
algebraic variety in S, determined by the ideal @ and shall be de- 
noted by V(X). 

If W is an algebraic variety in S., we shall denote by 3(W) the ideal 
in P. consisting of all polynomials which vanish on W (that is, at 
every point of W). The Hilbert Nullstellensatz asserts the following: 


Recetved by the editors November 4, 1946. 
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Hii: If X ts an ideal in P. then 3(U(A)) =radical of A. 

It has been shown by Rabinowitsch that the following special case 
of Hilbert’s Nullstellensatz is equivalent to the full Nullstellensatz: 

Ha: If U(X) is an empiy set then N is the unii ideal. 

For the convenience of the reader we reproduce here the original 
proof of Rabinowitsch. Let x+}: be an extra indeterminate and let 
Payı be the polynomial ring K[x1, x3, - - © , xa41]. If f(x) is any poly- 
nomial in $, which vanishes on U(#) and if we set g=1+,,,/, then 
the ideal B generated in Payı by M and g is such that U(%) is empty. 
Hence by the special case Hs of the Nullstellensatz it follows that 
B = (1). There exists therefore an identity of the form 


DW Ak+ ght, 4€ A; kh, k E Bau 
F 


On replacing x,4: in this identity by —1/f and clearing the denomi- 
nators we find a relation of the form ) A,B; =j*, where BE Ba and p 
is a non-negative integer. Hence f belongs to the radical of Ñ, and since 
the inclusion: radical of AC3(U(A)) is trivial, this establishes the 
Nullstellensatz. 

Let R, denote any finite integral domain over K which can be ob- 
tained from K by an n-fold ring extension: R,x=K[f:, & ---, n]. 
To prove H, we first show that H3 is an immediate consequence of 
the following statement: 

H3: If a finte integral domain R, (over K) is a field then i is an alge- 
bratc extension of the field K. 

For if @ is an ideal in P., diferent from the unii ideal, then A is 
contained in some maximal ideal of %,. If p is such a maximal ideal 
and if we set R, = $,/p=K [ai a, ---, a,|, then R, is a field and, 
therefore, if we assume Hj, it follows that the a, are algebraic over K, 
that is, a= (ai, as, * * -, Œa) is a point. This point is a zero of p and 
hence a fortiori a zero of A, since ACp. We have thus shown that if 
W>4(1) then U(X) is not empty, and this establishes H}. 

The proof of Hilbert’s Nullstellensatz is thus reduced to proving 
Hj. We shall prove H} by induction with respect to #, since H? is 
trivial (if K[&] is a field, then 1/f=f(#) CK[t:] and hence £; is a 
root of the polynomial xf(x) —1). 

Granted that H}~° is true, let R, be a given finite integral domain 
K [£ & ---, & | and let it be assumed that R, is a field. Under this 
assumption we shall have R,=K(é)[& &, © ©- , £a], where K(£,) is 
the field generated over K by $. Hence if we apply Hy”? to R, thought 
of as an R,_1 over the field K(£,), we conclude that R, is an algebraic 
exienston of K($). To complete the proof of H} it remains only to 
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show that & 4s algebratc over K. 

Each &, +=2, 3, ---,, is a root of a polynomial f,(X) with co- 
efficients in K[£,]|. Let b; be the leading coefficient of f;(X), 6:50. 
If w is any element of R,, there will exist an integer p (depending on w) 
such that the product w- (dsb; - - - b,)* can be expressed as a linear 
combination, with coeficients in K[£,|, of the mim ---m,. power 
products i - - - &, 0Sj;Smi—1, where m, is the degree of f,(.X). 

Let p be the relative degree of R. over K(§:) and let w,—1, 
ws, -© + ,@, be a linear basis of R, over K(¢,). We can find an element 
bı in K[E,], 6:0, such that for each of the above mam, - - - ma 
power products $8 - - - & the following is true: in the expression 
of bi fth -- - & as a linear combination of the elements wy, a, 

- , Wn, with coefficients in K(&,), the coefficient of w: is in K[¢]. 
It follows that if we set b =b,bs - - - ba then b is an element of K[&], 
different from zero, having the following property: for any element 
win Ra, there exists an integer p such that if wb =a; +a + + - -+4,0,, 
a,€K(E:), then 4:€K [£,]. Now let ¢ be an arbitrary element of K[£,], 
f>£0, and let us apply this result to w=1/t. Since 1, oy, ---, ow, 
are independent over K($) and since #/t EK(¢), it follows then that 
b/t =a, that is, any element t} of K[£:], (540, divides some power of 
the fixed element b of K [£]. The existence of an element 60 with this 
property clearly implies that K[&:] cannot be a ring of polynomials 
in one indeterminate over K. Hence §&, is algebraic over K, and this 
completes the proof of H}. 


2. Second proof. In this section we shall give a second proof of the 
Nullstellensatz. If we take for A a prime ideal then H, yields the 
following result: 

Hi: If p4s a prims ideal in P., then 3(U(p)) =p. l 

This is the most important consequence of the Nullstellensatz, 
since it shows that there exists a one-to-one correspondence between 
the irreducible varieties in S, and the prime ideals in $,. It is there- 
fore desirable to prove H} directly. On the other hand it is easy to 
deduce from Hj the full Nullstellensatz. In fact, HZ implies that if 
p (1) then U(p) is not empty. Since any ideal Ain P, which is differ- 
ent from the unit ideal is contained in some prime ideal p (1) (for 
instance in a maximal ideal), we see that from Hj follows Hg, that is, 
the full Nullstellensatz. 

We shall prove H? by induction with respect to #, since Hy is 
trivial. The proof will be based on the following lemma: 


LEMMA 1. Let Q be an integral domain and let R be an integral domatn 
contained in Q. If Q is a simple ring extension of R: Q= R[|w], then there 
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exisis in R an element a0 with the following property: if p 4s a prime 
ideal in R such that a¢y, then Q-p><(1). 


Proor. We shall use small Latin and Greek letters to indicate re- 
spectively elements of R and Q. In the proof we may assume that w 
is algebraic over R, since otherwise the assertion of the lemma is 
trivial (if w is a transcendental over R then QA = (1) for any ideal A 
in R, A= (1)). Let 


(1) bys? + byw t + ++ + by = 0, be 0, KER, 


be an equation of least degree y which w satisfies over R. If A is any 
ideal in R then any element ¢ of OY is of ‘the form: {=f(w), where f 
is a polynomial with coefficients in A. If we use (1) to reduce the de- 
-gree of f we see that there exists an integer p (depending on f) such that 


(2) tiago tee tase, aE A. 


If the element ¢ also belongs to R, say {=z, then (2) is a relation of 
algebraic dependence for w over R, of degree less than y. Hence neces- 
sarily a= +--+ =¢1=0 and 


(3) sho = 6, EA. 


If s=1 then (3) yields WEA, that is, bo is in the radical of W Hence if 
the radical of A does not contain by then QA = (1). It follows that the ele- 
ment bois an element a the existence of which is asserted in the lemma. 

We now come to the proof of HZ. Let f(x) be an element of 3(U(p)). 
We have to show that 


(4) f(z) E p. 

We pass to the ring of residual classes Q=B,/poK[é, fn, £a], 
where £, is the p-residue of x,. Let [=f(£). We have to show that 
(5) r= 0. 


The case p= (0) is trivial. Hence we may assume that p> (0). In this 
case there exists a non-identical algebraic relation between the ele- 


ments £;, &, --:, &, with coefficients in K. We may therefore assume 
that & is algebraically dependent on f:, &,---, & 1, over K. We 
set R=K[fi, &---, ţa]. To our present two rings R and Q we 


apply Lemma 1. Let a be an element of R, a0, the existence of which 
is asserted in the lemma. 

We shall now show that if Hj’ is granted, then the hypothesis 
that (5) is not satisfied leads to a contradiction. Every element of Q 
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is algebraic over R. In particular, let 
(6) dot" + dt! + -+e + da m= O, d E R, 


be a relation of algebraic dependence for ¢ over R. Let us assume that 

(5) is false: f0. Then we may also assume that d,~0. Since a and d, 

are in R, these elements can be expressed as polynomials in &, &, 
-, &1, with coefficients in K: 


(7) a = g(fi, fs, °° +, Set), a x Q; 
(7a) d, = ACh, Es, ` À "4 f,-1), d, » 0. 
Let filx) =g(x)A(x)CBa1, and let pi—pOB,1. It is clear that 
R&Yf,_1/piand that $, &, ---, a1 are the pi-residues of x1, #2, ©- , 
Xa- We shah show now that 
(8) filz) E 3(U(pi)). 

Let Pi(a1, as, ~*~, Qa) be any point of U(p.). If Pi is a zero of 


the polynomial g(x) there is nothing to prove. Assume then that P, 
is not a zero of g(x). The ideal 3(P:) is a maximal (prime) ideal in 
$1 which contains pı, since P;CU(p.). Hence if we set po = 3(P3)/pi, 
then po is a maximal prime ideal in R, and the assumption that P, 
is not a zero of g(x) signifies, in view of (7), that aGpo. Hence, by 
Lemma 1, the ideal Q-p, is not the unit ideal. Let pf be a maximal 
prime ideal in Q which contains the ideal Q-po. Since ppCp¢ and since 
Po is maximal in R, it follows that pf AR = po. Hence the pd -residues 
of $i, ġa, © © +, & 1. can be identified with their p,-residues, that is, with 
the algebraic quantities a1, a3, + > * , @a—ı respectively. Let a, be the 
pd -residue of n. Since K[a, œs, © © + , @-1, @a|=Q/pd is a field, a, is 
algebraically dependent on K[ai, as, - - +, 1], whence also a, is 
algebraic over K. Hence a= (a, as, © - © , @s—1, @a) i8 a point P of S,. 
Since the codrdinates of this point are residues of &, f,---, & and 
since K[&:, &, --:, &|=—./p, it follows that the point P belongs 
to U(p). Hence P is also a zero of the polynomial f(x), since, by hy- 
pothesis, f(x) vanishes on U(p). This implies that f(£), that is, t, be- 
longs to po. But then, in view of (6), also d, belongs to po, and there- 
fore, by (7a), kA(~) =0, and this establishes (8). 


3. An application. By the hypothesis Hi! of our induction it fol- 
lows from (8) that fi(x) belongs to pı. Hence f;(£) =0, that is, ad, =0, 
in contradiction with a40 and d,~0. This completes the proof of Hj. 

We shall now proceed to the proof of the theorem stated in 
the introduction. Let R be a finite integral domain over K: 
R=K[é, & ---, &], and let K’ be the set of elements of R which 
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are algebraic over K. It is clear that K’ is not only a ring but also 
a field, since if ~€K’ then K(a) =K [a]. Since we have R=K’[&:, &, 

--+, & ], we shall replace K by K’. We assume therefore that K 
4s maximally algebratc in R (that is, K=K’), 


Lemma 2. K is a maximal subfield of R. 


PROOF. Let p be a fixed maximal prime ideal in R and let x be any 
element of R which does not belong to K. By Hj the field R/p is an 
algebraic extension of K. Hence x satisfies a congruence of the form: 
f(x)=0 (mod p), where f is a polynomial with coefficients in K, not 
all zero. Since p= (1), f(x) is not a unit in R. On the other hand since K 
is maximally algebraicin Rand sincex¢K, x isa transcendental over K. 
Hence f(x) #0. This shows that K(x) is not contained in R. Since this 
is true for any element x of R which is not in K, the lemma follows. 


COROLLARY. If F tis any subfield of K such that R ts a finie integral 
domarin over F, then the algebraic closure of F in R coincides with K. 


For the algebraic closure of F in R is contained in K and on the 
other hand it must be a maximal] subfield of R, in view of Lemma 2. 
We shall need the following generalization of Lemma 1: 


LEMMA 3. If an tntegral domain Q is a finste ring extension of an in- 
tegral domain R, then for any element a tn Q, a0, there exists a corre- 
sponding element a in R, a0, having the following property: if the 
radical of an ideal A in R does not contain a, then the radical of OY 
does not contain a. 


ProoF. Let Q be an n-fold ring extension of R. We shall prove the 
lemma by induction with respect to #. 

Case n=1. We use the notation of the proof of Lemma 1 and we 
consider separately two cases, according as w is transcendental or al- 
gebraic with respect to R. 

(a) w 4s a transcendental over R. We have a=g(w), where g is a 
polynomial with coefficients in R. Let a be the leading coefficient of g, 
a0. If A is an ideal in R and if some power of @ belongs to Q-A, 
then the same power of a must belong to A. Hence this element a has 
the desired property. 

(b) w 4s algebrasc over R. In this case also a is algebraic over R. Let 
dæ tdia! --- +4,=0, dE R, d,~0, be an equation of algebraic 
dependence for œ over R. If some power a* of a belongs to Q-A, 
then also dj belongs to Q-A, since æ divides d, in Q. It follows 
from (3), for s=d;, that EEA, where p is a suitable integer. 
Therefore if some power of a belongs to QM then some power of 
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d.bo belongs to A. Consequently the element a=d,by has the desired 
property. 

Case n>1. Let Q=R[6,, $a, ta E, |, %=R[E, bs, RS | Exi], 80 
that Q=Q [n]. By the case n=1, the lemma is applicable if we re- 
place R by Q. Let a: be an element of Q, which plays now the role 
of a. By the case n—1, the lemma is applicable if we replace Q by Q, 
and æ by a. This yields an element a of R, a0, which has the de- 
sired property in relation to the rings R, Q and the given element a 
of Q. The proof of Lemma 3 is now complete. 

We now go back to our original finite integral domain R=K[¢,, &, 

-, $n], where we assume that K is maximally algebraic in R. We 
have to show that if F is a field contained in R then F is already con- 
tained in K. Let x be an arbitrary element of R which does not belong 
to K. We apply Lemma 3 to the two integral domains K[x] and R 
(these two rings now play respectively the role of the rings R and Q 
of the lemma). We take for a the element 1 of R (nevertheless it is 
clear that our inductive proof of Lemma 3 could not have been car- 
ried out if we had restricted ourselves to the special case a=1). In 
this special case, Lemma 3, and the fact that x is a transcendental 
over K, yield the following result: there exists a polynomial g(x) in 
K[x] such that any irreducible polynomial in K[x] which does not 
divide g(x) is a nonunit in R. Now let A be the intersection of the two 
fields K and F (the two fields have in common at least the prime sub- 
field of K). We can certainly find a polynomial in A[x] which is 
relatively prime to g(x) in K[x]. If f(x) is such a polynomial, then by 
the preceding result f(x) is a nonunit in R. Consequently f(x) does not 
belong to the field F, and since the coefficients of f(x) are in F 4# 
follows that x is not in F. Since x was an arbitrary element of R not 
belonging to K, we conclude that FCK, q.e.d. 

From the theorem just proved and from the corollary to Lemma 2 
we draw immediately the following consequence: 

If R ts a finste integral domain over a field K and if F ts any subfield 
of R such that R ts a finie integral domain also over F, then R has the 
same degree of transcendency over K as st has over F. 

This result is of course also a consequence of the fundamental theo- 
rem in the dimension theory of ideals in finite integral domains: $f r 
ts the degree of iranscendency of R over K then every minimal prime ideal 
tn R is of dimension r—1. On the other hand, the above result gives 
an a priori reason for the fact that when the dimension of a prime 
ideal in R is defined relative to K as ground field, the resulting dimen- 
sion theory is intrinsically related to R. 
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Introduction. If one attempts to make a systematic study of alge- 
bras with nonzero radical one soon realizes that the main difficulty 
is that of singling out a set of structural characteristics which could 
constitute a suitable center of interest in a general theory. In the 
study of simple and semisimple algebras, the full matrix algebras over 
the groundfield serve as models for the “perfect” structure, and the 
greatest departure from this which one has to consider consists in the 
ground field being replaced by a division algebra. On the other hand, 
even among the nilpotent algebras, it would be difficult to decide 
what type is to be regarded as representing the “perfect” structure. 

The first type that one might think of in this connection is the fol- 
lowing: There is a single element, x, with x*+!=0, for some positive 
integer n, whose powers x, x7,--+:, x" constitute a linear basis for 
the algebra. However, this is evidently far too special a type to serve 
as a standard. A natural generalization of this, which turns out to be 
more suitable, is obtained by replacing the one-dimensional subspace, 
(x), by a subspace of arbitrary dimension. With suitable additional 
requirements in the case of non-nilpotent algebras, we are led to the 
notion of a “quasicyclic” algebra whose radical has a considerably 
more transparent structure ‘than a general nilpotent algebra. 

We also introduce a more restrictive notion, that of a “maximal” 
algebra, and it will be shown that every algebra whose quotient ‘by 
the radical is separable or {o} is the homomorphic image of a “re- 
lated” maximal (quasicyclic) algebra. Since the structure of maximal 
algebras is determined completely by separable algebras and their 
representations our structure theory decomposes into two parts: The 
study of two-sided ideals contained in the radical of a maximal alge- 
bra, and the study of separable algebras and their representations. 

Throughout this paper we shall deal only with algebras whose quo- 
tients by the radical are either {0} or separable. In particular, this 
will be the case for all algebras over a perfect field. It is to be noted 
that in this approach there is no need for a general representation 
theory of non-semisimple algebras. 


1. Related algebras. We consider algebras B, with radical R, such 
that B/R is separable or {o}. Two such algebras, Bı and By, are said 
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to be related if: 

(1) Bi/ Ri Bs/R;. 

(2) The indices of nilpotency of Rı and R, are the same. 

By the index of nilpotency of a nilpotent algebra, R, we shall mean 
the least non-negative integer k for which R*+!= {o}. 

By Wedderburn’s structure theorem,! we know that B contains a 
subalgebra, A, which is mapped isomorphically onto B/R by the nat- 
ural homomorphism of B onto B/R. Then—as a vector space—B is 
the direct sum of A and R, and for any such decomposition the multi- 
plication in B induces the structure of a two-sided B /R-module? in B. 
Moreover, R? is a submodule of R, and the induced B/R-module 
structure in R/R? is determined uniquely by B, or even by B/F. 
Related algebras determine isomorphic modules R/R?. If we denote 
by T a model for the A-module R/R? and write the linear transforma- 
tions in T which correspond to an element aCA as i>a-land t—t-a, 
we obtain a model for B/R? whose underlying vector space is the di- 
rect sum (A, 7) of A and T, and where multiplication is defined by 
the formula i 


(G1, b) (aa, h) = (a103, t'lah: aa). 


For, if ¢ is an operator isomorphism of T onto R/R?, the mapping 
(a, t)a+e{t} , where & is the coset mod R? of a in B/R?, is evidently 
an isomorphism of this algebra onto B/R?. 

Later, we shall construct a maximal algebra related to B of which B 
is a homomorphic image by suitably “enlarging” the radical (0, T) 
of this algebra. For this construction we require a few auxiliary no- 
tions and a decomposition theorem for two-sided modules. These will 
be given in the next two sections. 


2. A-modules. Let A be an algebra over the field F, T a vector 
space over F. Let ¢ be a homomorphism of A into the algebra of lin- 
ear transformations of T, o* an antihomomorphism of A into this 
algebra. If, for all a4,GA, we have o{ai}o*{ar} =0*{a,}c{a:} we say 
that the set (A, T, ø, o*), or, simply, T is a (two-sided) A-module. 
If we write ({a}){#} =at, (o*{a}) {i} ot-a, we may express our 
conditions by saying that the - operations satisfy all the formal re- 
quirements for a multiplication. We define submodules and quotient 
modules in the usual manner. A module M is said to be semisimple if 
to every submodule K we can find a complementary submodule L 
such that M is the direct sum of K and L. M is called simple if {0} 

* See, for instance, N. Jacobson, The theory of rings, Mathematical Surveys, vol. 2, 


chap. 5, §20. 
2 CY. §2 of this paper. 
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and M are its only submodules. We shall require the following theo- 
rem: 


THEOREM 2.1. If A is separable then every two-sided A-module is 
semisimple. 


This is an easy generalization of the well known corresponding theo- 
rem concerning semisimple algebras and their representations, that is, 
their left modules.* In fact, denote by A* the algebra obtained by ad- 
joining a new identity element, 1, to A. Let e be the identity element 
of A. Then we have (1—e)A = {0} =A(1—e), and (1—6)?=1-e, 
whence we see that A* is the direct sum of A and the ground field F. 
Hence A* is separable. Now let A* be the algebra inversely isomorphic 
with A*. Then A* is evidently separable also, and hence, by well 
known results,‘ the Kronecker product A*XA* is separable, or, in 
particular, semisimple. Hence every left A*XA*-module is semi- 
simple. Now if M is any A-module we can define in M the structure 
of a left A*XA* module by setting 1-m=om=m-1, for every mC M, 
and (a:"X as") -m=al*-m-as*. The statement that this left 4*A*- 
module is semisimple is then evidently equivalent to the statement 
that the given two sided A-module M is semisimple. (Because of 
the 1, there is a 1-1 correspondence between two-sided submodules 
and one-sided submodules of M.) 


3. Remarks on Kronecker products. It will be convenient to review 
some basic facts concerning Kronecker products of vector spaces. 
Let Ii,---+, La be a set of (finite-dimensional) vector spaces over 
a field F. We denote by M(Ii,---, La) the vector space formed 
by the #-linear functions on the direct sum of these spaces, that 
is, by the functions f mapping (Z1,---, La) into F in such a way 
that f is linear on each Z; when the coordinates in the remaining 
L; are kept fixed. By the Kronecker product, 1X +--+ XL» of the Li 
is meant the vector space dual to M(Li, -+ + , La), that is, the vec- 
tor space whose elements are the linear mappings of M (Li, ` - - , La) 
into F. If (#,---+, s.)€(Ii1,-+-, La) we obtain an element 
mX: Xs, in LiX--- XL. by setting (3X --- Xs.) {f} 
=f{s, ee, i, for every fEM(Ii,---, La). Evidently, the 
mapping (s, ---, 2.)—7#:X --- Xs., is n-linear. Moreover, the 
images 31X : > Xs, span LıX --- XL, over F. It follows that the 
mapping (81X +++ X8», ZX °°: Xs) 81X ++ + Xs; induces a bi- 
linear mapping of (Zix ++ -XLrn LX +--+ -XLDy)intoliX -XL 


3 N. Jacobson, loc. cit. chap. 4, $12. 
1 See van der Waerden, Moderns Algebra, 1st ed., vol. 2, $119. 
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Moreover, this mapping is distributive. If wzC@lixX--- XL», and 
ELX -+:-+ KL, we shall denote the image of (u, v) under the 
above mapping by “Xv. Then it is easy to see that (uXv)xXwm 
=%<(oXw). Thus the mapping (#, 9) 4 Xo behaves like a multipli- 
cation. Indeed, we shall use this operation later in order to define a 
multiplication in a vector space which is the direct sum of Kronecker 
products. 


4, Maximal related extensions and quasicyclic algebras. Let B be 
an algebra, R the radical of B. We say that B is quasicyclic if the fol- 
lowing conditions are satisfied: 

(1) B contains a subalgebra A which is mapped isomorphically 
onto B/R by the natural homomorphism of B onto B/R, so that R 
becomes an A-module in the natural fashion. 

(2) R, as an A-module (two-sided), admits of a direct decomposi- 
tion into submodules Ri,-+-, Ra, where Ra is the ordinary kth 
power of R, and » is the index of nilpotency of R. 

If B is an algebra and £ is a homomorphism of B onto an algebra A, 
the pair (B, 8) is called an extension of A. (B, £) is called a related 
extension of A if B and A are related. A is called maximal if, in every 
related extension (B, 8) of A, 8 is an isomorphism. A related extension 
(B, B) of A is called maximal if B is maximal. 

Our main result is the following: 


THEOREM 4.1. Let B be an algebra with radical R such that B/R ts 
separable or {0 i. Then there extsts a maximal related extenston (C, Y) 
of B, such that Cts quasscycltc. If (Ci, Y.) 4s a maximal related extenston 
of B;,+—1, 2, and sf Bı and By are related, then Cı and Cy are tsomorphtc. 


ProoF. Let A be a subalgebra of B which is mapped isomorphically 
onto B/R by the natural homomorphism of B onto B/R. Now con- 
sider the 4-module R, and the submodule R*. By Theorem 2.1, there 
exists a complementary submodule T such that R, as an A-module, 
is the direct sum of T and R?. Let » be the least integer k such that 
R= = {0}. (We may assume » 21.) We form the Kronecker products 


T™® of T by itself k times, R=1,---, n. We can make each T™ 
into an A-module by setting a: (X --- Xi) =ah& --- Xt, and 
(hX ~- + Xh) GeiX - ++ Xtra, where at, and ta stand for the 


products in B, which lie in T, by our construction of T. We consider 
the direct sum, S, of these 7“. There is a unique linear mapping o 
of S into R such that o{4X +- © Xt} =h » - + ta Evidently, o is an 
operator homomorphism of the A-module S onto the A-module R. 
The fact that o is onto follows from the fact that every rER can be 
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written as a sum of products of elements in T. Now we make S mto 
a nilpotent algebra related to R by means of the Kronecker multi- 
plication discussed in §3. More precisely, for Sa ETOP and S,,ET™, 
we set Si, + Ss, ™ Sa X Sa, when ki +h:Sn, and 0 otherwise. Then e 
is evidently a homomorphism of the algebra S onto the algebra R. 
This still requires modification: 

Let Uy be the subspace of T® which is spanned by the elements of 
the form ka X4—h Xk, with €A, h, HET. If Uy is already defined 
as a subspace of T® we define Usu as the subspace of 7+» which 
is spanned by TX U» and UXT. Evidently, each U» is a submodule 
of T®, and is contained in the kernel of e. Now we can choose a sub- 
module V, of 7 which is complementary to Ui. Denote the pro- 
jection of T™ onto Va by xs. Write T= Vi, and let E= Vit -+y 
(this sum is direct). We define a multiplication in E by setting, for 
sE Vi 8 0 8,=14;{8,X8,}, when s+jSn, and 0 otherwise. This 
is evidently bilinear. Moreover, since Tipi Xs,} Xs — ZiXT jh 
{3X2} EUnpa when t+j+ksn, we have always (s, O 3;) O 8 
=g; O (2, 08s). Thus E has the structure of a nilpotent algebra. The 
mapping o induces a homomorphism of the algebra E onto the al- 
gebra R; in fact, o{s, o s,} =ø {sz,+z;}. Since the index of nilpo- 
tency of E is not greater than nm, by construction, and since o{E*} 
= R”, it follows that the index of nilpotency of E is exactly #. Evi- 
dently, E/E? Œ~ T = R/R*, whence £ is related to R. Finally, ø induces 
an operator homomorphism of the A-module E onto the A-module R. 

Now we construct an algebra, C, out of the direct sum (A, E) of 
the vector spaces of A and E by setting 


(G1, €1)(Ga, 62) = (G1d2, G1: 62 + 61°03 + 610 e3). 


Since E is an A-module and since, evidently, a- (6, 0 6) =(G-61) O és, 
and (¢ 0 é):a=610 (¢-a), the associativity condition reduces to 
(e114) o @2=¢1 O (a-e). This is satisfied in virtue of our definitions 
for the U, and x». If we define y{ (a, e)} =a+to{e}, we see immedi- 
ately that y is a homomorphism of C onto B. Moreover, y induces 
an isomorphism of C/E?=(A, T) onto B/R?. Hence C is related to B. 
Evidently, C is quasicyclic. For convenience of reference, let us call 
a related extension (C, Y) of B, which is obtained by a construction 
such as we have just described, a standard related extension of B. 

Now let Bı and By be any two related algebras with radicals Ri 
and Rs, respectively. Let p be an isomorphism of B,/RÌ onto B,/R3. 
Let (Ci, yi) and (Cs, ys) be standard related extensions of B; and Bs, 
respectively. We wish to show that Cı and Cy are isomorphic: 

We have, in a notation paralleling the above, B;=(A;, Ri), and 
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Ci= (A, E,), where A; is a subalgebra of B; which is mapped iso- 
morphically onto B,/R, by the natural homomorphism of B; onto 
B,/Ri. Since A;~B;/Ri, p induces an isomorphism à of A; onto Aa 
and an isomorphism yp of Tı = Rı/R onto Tœ R/R. For aG Ay, tCTh, 
we shall have u(at)—Ma)u(t) CE3 and pu(tc) —u(é)A(a) CE}, whence 
u(at) =A(a)u(t) and u(ta) =p (#)A(a). Evidently, p may be extended in 
a unique fashion to a linear isomorphism ĝ of (Ti,---, T®) onto 
(Ts, - +--+, T§™), such that, for t, ET), 


BX +++ X be) m uh) X-X ult). 


Clearly, 2 maps each U+, onto Us, where the U,,; are the subspaces 
of the T®, defined as were the U, in our construction above. It fol- 
lows that ĝ induces an isomorphism g of E, onto Ey, such that 
p(s) — A(s) E Us, for s TY. From this and the above it follows that 
H(a-e)=X(a)-B(e), and B(e:a) =p(e)-A(a), for all eC FE, and aGAy. 
Finally, the mapping (a, ¢)—>(A(a), B(e)) is evidently an isomorphism 
of Cı onto C3. 

Now let (C, y) be a standard extension of B. Let (D, 8) be any 
related extension of C, and construct a standard related extension 
(C*, y*) of D. Then, since D and B are related, it follows from what 
we have just proved that C* is isomorphic with C. Hence the homo- 
morphism éy* of C* onto C must be an isomorphism. A fortiori, 38 is 
an isomorphism. Hence C is maximal. This completes the proof of 
our theorem. 

We obtain immediately the following corollary: 


COROLLARY. Every maximal algebra +s quastcyclic. 


5. Some illustrative remarks. It is interesting that some algebras 
whose structure one would regard as nondegenerate on purely intui- 
tive grounds are, indeed, quasicyclic or even maximal. Thus, the alge- 
bra formed by all n by n matrices with zero coordinates above the 
main diagonal is maximal. The nilpotent algebra of matrices with zero 
coordinates on and above the main diagonal is quasicyclic, though 
evidently not maximal. 

A simple example of an algebra which is not quasicyclic is the fol- 
lowing: Let N be the maximal nilpotent algebra generated by an ele- 
ment x with x7=0, such that the set of powers (x, x?, -- - , x®) forms 
a linear basis for N. Let Z be the subalgebra generated by x? and x’. 
Then Z has a linear basis (x?, æ, xt, «8, x°), Z? has a basis (x4, x5, x5), 
while Z? is the one-dimensional vector space spanned by xë. If 
Z =Z: +Z +Z were a quasicyclic decomposition of Z, then Zı would 
have to contain an element of the form x?+ ax‘+ Bxt+tyx", Then Z? 


1947] THE STRUCTURE OF ALGEBRAS WITH NONZERO RADICAL 375 


would contain x6, that is, Z?DZ*, which gives a contradiction. Hence 
Z is not quasicyclic. 


6. An application. We shall apply the above methods to a particu- 
larly simple case in which a complete result can be obtained. 

Let B be an algebra over the field F, and let R be the radical of B. 
We consider the case in which B/R is a central simple algebra over F, 
that is, B/R is a full matrix ring of degree d (say) with coordinates in 
a division algebra ® over F, such that F is the center of $. Then there 
exists a subalgebra A of B which is mapped isomorphically onto 
B/R by the natural homomorphism of B onto B/R, and R is a two- 
sided A-module in the natural fashion. In addition to the above we 
shall assume that the quotient module R/R? is simple, and that it is 
not annihilated by A on either side. (This implies, in particular, that 
the identity element of A acts as the identity transformation in R/R’, 
both on the right and on the left.) Let A be the algebra anti-isomor- 
phic with A. Then, by well known results,’ A XÅ is simple (in fact, 
it is a full matrix algebra over F), and, as in the proof of Theorem 2.1, 
we may regard R/R? as a nontrivial simple left A < A-module. Now 
the algebra A itself may be regarded in the natural way as such a 
simple left A XA module, and since any two nontrivial simple left 
modules for a simple algebra are isomorphic, we may conclude that 
there exists an isomorphism à of R/R? onto A (as a vector space 
over F) such that \{a-?} =ad{F}, and A{7-a} =A{F}a, for every 
a€A, and every PC R/R?. Therefore, in constructing a maximal re- 
lated extension of B we may take for the space T of §4 a copy, A™, 
of A, and we shall have a:a = (aya,)™; aP -a= (asa) ®, where we 
indicate by aa a fixed isomorphism of A onto A“. 

Next, we shall have to compute the subspace U3 of TXT. For this 
purpose, we may as well use the isomorphic space A XA; Us will be 
the subspace of A“ A which corresponds to the subspace Uj of 
AXA spanned by all elements of the form aia; Xa3— 1 Xart. For a 
moment, it will be convenient to identify A with ®,, ànd to intro- 
duce the usual matrix units ¢,,; 1 < (4, J) Sd. Thus, each element of A 
may be written d=) 1,pu6i, with ¢4€®, and we have (Qs) (Hera). 
= 3,,¢h'e;,, where 5,, stands for the usual Kronecker symbol. Now w 


have i 
Crjtra X Cpa — Hig X Crebpy = Ojrtia X Cpe — Ôrpbig X bre 


For j=r and sp this gives ¢4 X¢,,, and for j=r and s=p we get 
buXbre— Cir Xr. It follows that every element of A XA is congruent 


s N. Jacobson, loc. cit. chap. 5, $13. 
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mod Uy to a sum of elements of the form den X'e1;. Furthermore, 
U; contains all elements of the form 


pihati X babi; — Qib X brsti. 


Take ġı=¢¢', dr=(6’)—-!, dy =o’; then we see that U? contains 
feu X'61;—hb eu Xey. Hence every element of AXA is congruent 
mod Uy toa sum of elements of the form ġe, Xes. 

Now consider the mapping a) Xds—a14. This induces a bilinear 
mapping of AXA into A which evidently annihilates Uj. Hence, 
if Xs uea X01,€ UZ, it follows that sits, =0, that is, œ; =0. 
Therefore, the above mapping induces an isomorphism of A XA/U;i 
onto A. Since (Pea Xeé1;)-b’ep¢=GOs1 Xb ttp Epp eu X61,69,( US ), 
and similar relations hold for the left operations, this isomorphism is 
actually an operator isomorphism. Therefore, we may identify V, 
(cf. §4) with a copy, A®, of A, with the same relations as we had 
obtained above for T and A“. Almost identical computations show 
that each V, may be identified with a copy A“) of A. 

It follows that, if (C, y) is a maximal related extension of B, Ci is igo- 
morphic with the algebra obtained as follows: Let A, A®,-.-)A@ 
Be er) copies of A, where » is the index of fil potency of R. Denie 
aP? o af) m (aa), for r+s <n; and 0 otherwise, and extend this 
by linearity to give tlie structure of an algebra over the direct sum 
of the vector spaces, A, ---, A‘), (Evidently, the radical of C is 
AM+...-+A4™) and we a A) (A), A still simpler de- 
scription of this algebra, C, is obtained by noting that C can be ob- 
tained from the polynomial ring A [x] by dividing out the two-sided 
ideal generated by x«*+1. 

Now let I be any nonzero two-sided ideal which is contained in 
the radical A® + ----+--+A™, Then the projections I“ of I onto 
the A 0» seesi daly sdbmodule of the A-module AV + ---+A(™), 
Let kọ be the least k for which Is<{0}. Since A“) is a simple 
module we must have [%0 =4 00, Now A-W o I ™C]. But 
AH) o [0 m A~, Hence we have TDA ™, We may now consider 
I/A™ in C/A ™ and conclude that [DA ‘*—, unless ky =, and so on. 
Finally, we conclude that =A + . . . +4, But this shows that 
the homomorphism y of C onto B must be an isomorphism, for other- 
wise we could take for I the kernel of y and conclude that B œ C/A %9, 
which contradicts the assumption that the index of nilpotency of R 
is n. Hence every algebra such as B is maximal and has the same sim- 
ple structure as the algebra C which we have constructed. 

In the general case, it is not difficult to construct the maximal alge- 
bras, starting from a decomposition of the A-module R/R? into a di- 
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rect sum of simple submodules. The real difficulties are met in the 
attempt to enumerate the two-sided ideals which are contained in the 
radical. 


HARVARD UNIVERSITY 


ON A CONJECTURE ABOUT INFINITE CLASS FIELDS 
GEORGE WHAPLES 


If we are given any algebraic extension field, of finite degree, of a 
given ground field, then the p-adic completion of the extension field, 
under any one of its valuations! (prime spots) is an algebraic extension 
of the completion of the ground field under the same valuation. Our 
original extension field (in the large) thus determines a set of algebraic 
extensions of p-adic ground fields. We shall refer to these extensions 
as the local components of the original field. If our extension field (in 
the large) is normal, then any two valuations of the extension field 
which induce the same valuation in the ground field determine iso- 
morphic local components; hence in case of a normal extension field 
we can think of a local component as determined by a valuation of the 
ground field. 

When our extension field is not of finite degree we must modify this 
definition, since the p-adic closure of such an extension field will in 
general not be algebraic over the ground field.? For a normal extension 
of infinite degree we define the local component as follows: The origi- 
nal extension is the splitting field? of a certain set of polynomials 
with coefficients in the ground field. Define the local component to 
be the splitting field of this same set of polynomials over the p-adic 
extension of the ground field. It is easy to show that this field is in- 
dependent of the set of polynomials used (indeed, one could use the 
set of all polynomials of the ground field which split in the extension 


Received by the editors August 12, 1946, and, in revised form, November 13, 1946. 
: 1 For theory of valuations, see E. Artin and G. Whaples, Axtomattc characterisation 
of fields by the product formula for valuations, Bull. Amer. Math. Soc. vol. 51 (1945) 
pp. 469-492, and the literature cited there. 

1 See Ostrowski, Uber einige Fragen der aligemoine K drperthsorio, Journal fur Math- 
ematik vol. 143 (1914) pp. 225-284. I am indebted to the referee for a correction of 
the first version of this paper and for this reference. 

1 The splitting jiold is the smallest subfield of the algebraic closure in which all the 
given polynomials split into linear factors. 
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field) and that it is equal to the product+ of the local components (in 
the original sense) of all subfields of finite degree of our original field. 

We restrict ourselves here to the case where the ground field is of 
finite degree over the rational field and the extension field is normal. 
' Itis known that when the extension field is of finite degree, it is com- 
pletely determined by its local components.’ To prove this, take any 
two non-isomorphic extension fields, consider one of them as ground 
field and their product as extension field, and apply the theorem: In 
any extension field there are an infinite number of primes of ground 
field which do not split completely. 

It has been conjectured’ that the same thing is true for abelian ex- 
tensions, even when they are of infinite degree. (One sees that the 
above proof does not work, for the field which would have to be con- 
sidered as ground field would now be of infinite degree.) The purpose 
of this note is to disprove the conjecture. First, we observe that the 
eonjecture is equivalent to the seemingly stronger statement: If one 
abelian extension includes another everywhere locally, ii includes it also 
in the large; that is, if we are given two abelian extensions (of infinite 
or finite degree) of a fixed ground field, such that at every valuation 
of the ground field the local component of the first includes (in sense 
of isomorphism) the local component of the second, then the first field 
includes the second. To show that the second conjecture follows from 
the first, take two abelian extension fields which satisfy the assump- 
tion that the local component of first field everywhere includes that 
of second. Form the product of the two fields. The local component 
of the product field is everywhere the same as that of first field; hence 
the original conjecture wou'd give: product field equals first field— 
hence second field is subfield of first." 

However, both conjectures are false; in fact, given any finite abelian 
extension field, an infinite abelian extension can be constructed which 
includes it everywhere locally, but not in the large. Namely, let a 
finite abelian extension field be given. Arrange the prime spots of the 
ground field in some definite order. Our infinite extension field will 


1 The product of a set of fields is the smallest subfield of the algebraic closure which 
includes them all. 

* This follows from a theorem of M. Bauer, Uber oinen Sais von Kronecker, Archiv 
der Mathematik und Physik vol. 6 (1904) pp. 218-219. For a modern, non-analytic 
proof of this theorem see Chevalley, La théorte du corps de classes, Ann. of Math. 
vol. 41 (1940) pp. 394-418. 

' C. Chevalley, Générakisation do la théoris de corps de classes pour les extensions 
tufimtes, Journal de Mathématiques pures et appliquées (9) vol. 15 (1936) pp. 359-371. 

1 The author owes thanks to Professor Chevalley for some simplification of this 
part of the argument, 
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be the product of a set of constituent fields, where one constituent 
corresponds to each prime spot of the ground field. The constituent 
corresponding to a given prime spot can be any finite abelian exten- 
sion satisfying the conditions: 

(a) Its local component includes the local component of the given 
field at the prime spot to which it corresponds. 

(b) Each of its cyclic subfields is ramified at some place at which 
all the preceding fields (that is, all the fields corresponding to preced- 
ing primes) are unramified. 

Grunwald’s theorem? shows that such constituent fields can be con- 
structed. (b) can be achieved by making a product of cyclic extension 
fields, each of which is totally ramified at at least one place where all 
the fields already constructed are unramified. Condition (a) implies 
that the product field includes the given field everywhere locally. But 
we shall show that (b) implies that every cyclic subfield of our product 
is ramified at some place where the given field is unramified; hence 
given field cannot be subfield. 

The proof is best carried out by means of group characters. Clearly 
we can replace our infinite product field by a product of a finite num- 
ber of the constituents, since every cyclic subfield of the field we have 
constructed is contained in such a product. (The introduction of this 
finite subfield could be avoided by using directly the characters of the 
whole field; yet it seems simpler this way.) 

Consider, then, any extension of our ground field which is formed 
by taking the product of a finite number of fields satisfying (a), (b) 
above. Its Galois group is abelian and finite. Each character of the 
Galois group determines a cyclic subfield under the correspondence: 
character goes into subfield of elements left fixed by the subgroup on 
which the character takes value 1; and every cyclic subfield is de- 
termined by some character. Call a character ramified (at a certain 
prime) if the subfield which it determines is ramified there. Clearly 
a character is ramified (at any spot) exactly when it is not identically 
1 on the ramification group (at that spot); so it follows that, at any 
fixed prime spot, a product of a ramified character and an unramified 
character is ramified. 

The characters of the constituent fields, that is, the characters 
which determine the fields described in (b), are evidently a basis for 
the group of all characters of the finite abelian group of our feld. 


sW. Grunwald, Eis allgomeines Hxistonsthecrem fir algebraische Zaklhorper, 
Journal fir Mathematik vol. 169 (1932) pp. 103-107. For a nonanalytic proof see 
Whaples, Nonomalyec class field theory and Grunwald’s Theorem, Duke Math. J. vol. 9 
(1942) pp. 455-473. 
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(Indeed, condition (b) implies that this group is simply the direct 
product of the groups of the constituent fields.) Any character can 
be expressed as a product of characters determining cyclic subfields 
of the constituent fields; in this product, all characters belonging to 
the same constituent can be united into a single one, and that char- 
acter which is not identically 1 and belongs to the latest of the con- 
stituents will be ramified at some spot where all the others are un- 
ramified, and where our given field is unramified. 


UMIVERSITY OF Wisconsin 


SEQUENCES OF IDEAL SOLUTIONS IN THE 
TARRY-ESCOTT PROBLEM 


H. L. DORWART 


1. Introduction. In the Tarry-Escott problem (sometimes called 
the problem of multi-degree equalities, or of equal sums of like pow- 
ers), one seeks integral solutions of the & equations 


(1) Lam D yn | =m i,2,---,k. 
iml foul 
The usual notation is to represent a solution of (1) by 


k 
(2) "OPREL, S P dy. 


Such a solution is called total if the a’s form a permutation of the b’s, 
and will be called sems-irsotal if any a,—a, or b;=b; A solution is said 
to be in reduced form when > a;=0, (a, bi) =1, and solutions having 
the same reduced form are called equsvalent solutions. 

It is easily shown that for nontrivial solutions, s>k. The case 
s= k+1, called the ideal or optimum case [1, 2],! is of particular inter- 
est in many applications [5]. For a given k, N(k) is defined as the 
least value of s for which (1) has nontrivial solutions. It is known in 
general [7] that N(k) S&(4+1)/2, but numerical examples [6] give 
N(k)=k+1 for k=1,2,---,9. 

In order to decrease the number of the equations (1), many writers 
have imposed the conditions 


(3) = — Yi i = 1,2,- , 8, for s odd, 
or 
(4) Zapi — i, Yera = — Yn %¢=1,2,--+-, 8/2, for s even. 


Solutions of (1) subject to (3) or (4) will be called symmetric solu- 
tions. It is evident that the conditions for symmetry are sufficient 
to assure that symmetric solutions are reduced. 

By use of the binomial theorem, one finds that (2) implies 


k 
(5) Ma + K,:--, Ma, +4 K = Mbi+ K,- , Mbe+ K, 
and 


Received by the editors January 17, 1946, and, in revised form, April 20, 1946, 
1 Numbers in brackets refer to the references cited at the end of the paper. 
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Gr '’t o, Gan bit k,e, bet h 


ee e DiGi heey ae 
where M, K and kare any integers. 

Equation (6) shows the existence of multi-degree equalities of arbi- 
trarily high degree, but in general each time the degree is raised by 
one, the number of terms on each side of the equality is doubled. How- 
ever, by taking for k a difference |a,—a,| or |b,—b;] which occurs t 
times, ¢ terms on one side will cancel with the same number of terms 
on the other side. The set of all differences | ¢,—a,| and |b:—2,| will 
be called the difference table for a given equality. 

If the process indicated in (6) is applied to a nontrivial ideal solu- 
tion and leads to another nontrivial ideal solution, these idea! solu- 
tions will be said to be én sequence. Thus for a nontrivial ideal equality 
of degree & to be in sequence with one of degree &+1, the value used 
for h in (6) must occur exactly 2(+1) —(k+2) =k times in the differ- 
ence table for the ideal equality of degree k. 

The following sequence of ideal solutions has been noted [5]. 


(6) 


1 
1,9 = 4, 6, 
2 
h= 2, 1, 8, 9 ='3, 4, 11, 
3 
(7) eect. 1, 5, 8, 12 = 2, 3, 10, 11, 
4 
har 1, 5, 9, 17, 18 = 2, 3, 11, 15, 19, 


5 
h=8, 1,5, 10, 18, 23, 27 = 2, 3, 13, 15, 25, 26. 


It is the purpose of this paper to determine all sequences of ideal 
solutions which begin with degrees one, two and three (the nonsym- 
metric case for degree three in not completed). The appearance of 
certain substitution groups in the solutions, apparently not previously 
observed, will be noted. These groups are then used to simplify many 
of the computations which would otherwise be very tedious. Although 
the methods of the paper do not lead to new solutions, it is believed 
that the tabulation of complete information concerning sequences be- 
ginning with low degrees sheds new light on the structure of existing 
solutions. 


2. Sequences beginning with the first degree. All reduced ideal solu- 
tions of first degree are of necessity in the symmetric form 
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1 
(8) g,—-a=b, — b. 


If we apply (6) with 4=2a¢ (h=20 gives similar results) and then (5) 
with M=1 and K = —a to (8), there results 


2 ; 
(9) a+ b,a — b, — 2a {= — a — b, — a -+ b, 2a. 


The difference table for this equality contains 3a +b, 3a—b and 26 
each repeated two times. Applying (6) to (9) with A= 3a +b, followed 
by (5) with M =2 and K = — 3a —b, we have 


(10) + (7a + b, a + 3b) 2 + (5a + 3b, Sa — b). 


The relationship of (10) and other solutions found in this and suc- 
ceeding sections to results given in [2] will be pointed out later. 

When the difference table for (10) is formed, it is found by equating 
all a,—a; with each other and with all 6;—, that for the same differ- 
ence to occur exactly three times (and thus lead to another nontrivial 
ideal solution), a/b must have one of the following sixteen values: 
3, 1/2, —5, 1/4, — 1/4, —3/7, —1/6, — 5/9, —3/11, —2/5, 1/7, —2, 
2,3/5, —2/3, —1/9. Fourteen distinct ideal equalities of degree 1 are 
obtained from these, leading to only six distinct ideal equalities of de- 
gree 2, which in turn give rise to four ideal equalities of degree 3. 
These imply two ideal equalities of degree 4 and finally three ideal 
equalities of degree 5. Here the sequences end. The relationship of 
these qualities to each other is shown in the accompanying chart 
(p. 390). 

The ideal equality 


5 


is the reduced form of the fifth degree equality in (7) and is of par- 
ticular interest. Two applications of (6) to the last equality of (7) give 


, 6 
h = 13, 1,5, 10, 16, 27, 28, 38, 39 = 2, 3, 13, 14, 25, 31, 36, 40, 


7 
kh = 11, 1,5, 10, 24, 28, 42, 47, 51 = 2, 3, 12, 21, 31, 40, 49, 50. 


Thus we have an example of an equality of degree 6 which, although 
not itself ideal, leads to an ideal equality of degree 7 (see [2, p. 632 
(C)]). This particular ideal equality of degree 7 was first found by 
Tarry and has been used as the basis of extensive calculations [8]. 
Until recently [6], it was not known if ideal equalities of degree 
greater than 7 existed. The best results for N(R), k>9, are still given 


384 H. L. DORWART [April 


by numerical examples rather than by theoretical methods. | 
Application of (6) to (9) with 4=3a—5 followed by (5) with M =2 
and K = —3a+b leads to 


3 
(11) + (7a — b, a — 3b) = + (5a — 38, 5a + b), 
and with 4=26 followed by (5) with M =1 and K = —b leads to 


(12) EE E E E a 


However, neither (11) nor (12) leads to further ideal solutions dif- 
fering from those in the chart. 

We now summarize the results of this section in the following theo- 
rem. 


THEOREM 1. Every reduced ideal equality of degree 1 is symmetric 
and implies an ideal equality of degree 2 of the form (9), which in turn 
smplies three ideal equalities of degree 3 of the form (10), (11) and (12). 
The only sequences beginning with degree 1 which extend to degrees 4 and 
5 are equsvalent to those of the chart; none extends beyond degree 5. 


3. Sequences beginning with the second degree. The general ideal 
solution of second degree [3, p. 52] is 


2 
(13) AG + BD, AD, BG=AD+ BG, AG, BD, 


where A, B, D, G are any integers. Let A =\B, G=yD, and (13) be- 
comes 


2 
(14) Au + 1, A, Bu™A+ yu, An, 1, 


where A and y are rational numbers. When (14) is put in reduced form 
by the application of (5) with M=3 and K=—du—A—p—1, it is 
found that the conditions for trivial solutions are \ or p=0, 1, and 
for symmetric solutions are A or p= —1, 2, 1/2. 

The symmetric ideal solutions of degree two are all equivalent to 


2 
(15) A, L1-~A, —1=—-A, A-1, 1, 


given directly by (14) with u= —1, with u=2 followed by (5) with 
M=1 and K=—d—1, or with p=1/2 followed by (5) with M=2 
and K=—)\—1. If \=(a+6)/2a, (15) reduces to (9), which is there- 
fore equivalent to the general symmetric solution of degree two. Also, 
we now see that there are no symmetric sequences which begin with 
degree two. 
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The fact that special cases of (14) are given by A orp=0, 1 and —1, 
2, 1/2 suggests a possible connection with the croas-ratio group Ge 
of projective geometry. It is easy to show that (15) is invariant under 
the substitutions A, 1—A, (A—1)/A, 1/A, 1/(1—X), A/A—1) which 
form this group. 

The difference table for (15) contains \-+1, A—2, 2A+ 1 each twice, 
and the equality in A which corresponds to (10) is 


(107 + (3.+1,2—-3) EA- 1LA+D. 


It is evident that (10’) is invariant under the substitutions of the 
group A, —A, 1/A, —1/. The values of A for which (10’) leads to an 
ideal equality of degree 4 (corresponding to the sixteen values of a/b 
given in the preceding section) are + 2/3, +3/2, +2/5, £5/2, +3/4, 
+4/3, +4, +1/4. Hence we now see why these sixteen values give 
only four distinct equalities of degree 3. 

Corresponding to (11) and (12) are 


(11’) + (3A — 4,242) 5 EAA A 
which is invariant under à, 2—A, A/(A—1), (A—2)/(A—1), and 


(12) + (A —1,2—-3)24 (4-3, a+), 


invariant under A, 1—A, A/(2A—1), A—1)/(2A—1). The groups for 
(109, (11’) and (12’) are abstractly the same Gi. 

If neither A nor u=0, +1, 1/2, 2 in (14) we have a nontrivial, non- 
symmetric solution. Forming the difference table, we find that for 
(14) to give rise to an ideal equality of degree 3, 


w=, Les 2, A/a 1), 1/r, 1/(1 = A), (A a 1)/A, 
A+1/(2—A), A—2)/21\—-1), (2—1D)/A+D, 
A+ 1/@2.—-1), (-—2a)/(2—-d), (2—A)/(1 +2). 

These substitutions form a Gy. The first six are, of course, the cross 

ratio subgroup, and lead to semi-trivial solutions. The remaining six 

all give 
2 

(16) A- 2A, —A7+1, 21-150, A? —A41, —A2 +A —1, 

which is invariant under the Gy». An examination of the difference 

table for (16) shows that a nontrivial equality of degree 3 can be 


formed from (16) by the application of (6) only if A=A?—A+1. Mak- 
ing this application followed by (5) with M=2 and K=—i?+A-1, 
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we have 


(177) 3N—3X+3, —A?7+5A—3, —3A?--A+1, A7—3A—1 


3 
=\?+3A—-1, —A?—-A+3, 3A?—-SA+1, —FA*+3A—3, 


which is also invariant under the Gis. 

The difference table for (17) is found to contain the same value 
three times (and one which will lead to a nontrivial equality of de- 
gree 4) for twelve numerical values of A. One of these is 3 and the 
others can be obtained by substituting 4=3 in the last eleven ele- 
ments of the Gi. The only sequence given is the following. 


2 
7,0, — 7 = 5,3, —8, 
3 
(18) k= 7, 3, 1S 23417, 13, = 0, 91, 


h m 22, 14,12, —4, — 5, — 17 : 16, 7,3, — 10, —.16. 
Replacing à by c/d in (16) and (17), we have the following theorem. 
THEOREM 2. The only sequences of ideal solutions beginning wtih de- 

gree two are nonsymmeiric and are equivalent to 
c? — 2cd, — c? + d’, 2d — a 0, c — cd + d’, — ê + cd — a’, 
3c? — 3cd + 3d’, — c? + Sed — 3d?, — 3a + cd H a’, 


ot 3ed — to ot + Sed — a, 
— ci — cd + 3d’, 3c? — Sed + a’, — 3e + 3cd — 3a", 
or to (18). 
4. Sequences beginning with the third degree. A. Symmetric case. 
The general symmetric solution of third degree is [2, (4) | 
(19) G1, G3, — G1, — Gy bi, by, — bi, — Ds 


where G1™ pipit Pipi, b1™ pipsa— Pata, G2™Pifs— Paps, br = Pipit papa. 
Solution (10’) is the special case pi—A, p1=3, p= p4—=1, (117) the 
case pi—=2, pa=A, pA —2, = —1, and (12’) the case fi=2A—1, 
faci, pı™ 2, pim — 1. 

Let fraps, pı Bp. Then (19) becomes 


3 
(20) + (æ + 8,1 — af) = + (a — P, 1 + ap) 
where æ and $ are rational, and where æ and 8 play an interchange- 
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able role. Equality (20) is trivial if æ or B=0, +1, and semi-trivial if 


fra, —a, 1/a, — 1/a, (1+ a)/(i — a), — (1+ a)/(1 — a), 
: (1 — a)/(1 + a), —(1—a)/(1+a). 


These substitutions form a Gs. Three equal differences leading to a 
nontrivial equality of degree 4 occur in the difference table for (20) 
iff, —B, 1/8, —1/B=(3a+1)/(a+1), (3a—1)/{a—1), (a+3)/(a+1), 
(a—3)/(a—1), (a+3)/(3a—1), (3a+1)/(3—«a). But since (20) is in- 
variant under 8, —$, 1/8, —1/8 we need consider only the six ex- 
pressions in æ. Finally, since the first four expressions are invariant 
under a, —a, 1/a, —1/a, and the last two under æ and 1/a, we need 
consider only 8 = (3@+1)/(a+1) and B=(a+3)/(3a—1). 
(i) Let B=(3a+1)/(a+1). Then (20) becomes 


3 
(21) + Ba + 2a + 1, a? — 2a — 1) = + (3a? — 1, a? + 4a + 1), 
which is trivial if a=0, +1, ~1/2, —1/3 and which is given by [2, 
(11)] with ¢=a?+4e+1, b=3a?+2a+1, and k=a!—2a—1. The 
only value for k leading to a nontrivial ideal equality of degree 4 is 
2a?—4a—2, giving 
2a?—a—1, a?+2a+1, —3a—1, —a?+2e+1, —2a? 


4 
=2a', a?—2a—1, 3a+1, —a?—2a—1, —2a?+a+1. 


(22) 


There are sixteen values of a for which the sequence continues, twelve 
of them (in three sets of four each) when substituted in (21) leading to 


(1) 24 (11,13, +6, 11 24079), 


+ (1, 13) Š + (11); 


all of which appear in the chart. The remaining four values, — 3/2, 
1/5, —1/7, —3/4 all give 


3 
4 
(23) k= 34, 18,17,—1, — 14, — 20 = 20, 14,1, — 17, — 18, 


k = 19, _ + (15, 47, 59) Zä (9, 53, 55). 
(ü) Let B= (a+3)/(3a—1). Then (20) becomes 


3 
(24) t (3a* + 3, a?+ 1) = + (3a? — 2a — 3, a? + 6a — 1), 
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which is trivial if a=0, +1, 2, —1/2, —3, 1/3, and which is given 
by [2, (13)] with #=3a?—2a—3, oma?+6a—1, Reat+1. For 
a= —2, (24) gives the fourth equality of degree 3 of the chart, 
namely 
3 
3 + (5, 15) = + (9, 13). 
The sequence beginning with (24) continues for k=a?+1 with 


(25) 2a?—a~ 1, a?+3a, —3a+1, —a?+at2, —2a?—2 


4 
=2a?+2, a?—a—2, 3a—1, —a@?—3a, —2a'+a+1, 
and then for k=a?—4a@—1 with 


2 __ 2 — = 2 
T + (Sat — 4a + 3, 3a? — 6a — 5, a? + 10a + 1) 


5 
= + (5a? — 6a — 3, 3æè + 4a + 5, œ? — 10a + 1), 
or for 4=2a'!+2a—2 with 


3 3— 2 = 
(27) + (Ba? + a + 1, 2a 3, œ? + 4a — 2) 


5 
= + (3a? — 2, 2a? + 4a-— 1, a?— a + 3). 


However, there are no real values of a giving an ideal equality of de- 
gree 6. 
B. Nonsymmetrtc case. The general nonsymmetric solution of third 
degree is [2, (10) ] | 
G= —mr+as+ th, bi = — 7r + s+ mn, 
G= mr—as th, b= r—s+ muni, 
(28) 
a, = mr $ ns — t, b= r+t+s— mni, 
Gm — mr — ns — i, b= —r—s— mn, 
where m and # are rational numbers not equal to 0, +1 and where 
rm — (m? — 1)nU? — 2(n#? — 1)UV + (m — I) nV’, 
s = (m? — 1)U? — 2(m* — 1)nUV — (w — 1)V’, 
i = (m? — 1)U? + (0? — 1)P?, 
with U and F relatively prime integers. 

Equality (17) is given by (28) with m =A, n =— A — 1)A, 
im —(A— 2), r=A\-+1, s=d(2ZA—1). The equality of degree 3 of (18) 
is given by m=5,n=3, U=1, V= —3. 

To determine sequences starting with (28), it is best to form the 
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difference table for the transformation used in [2, (6)]. This leads to 
a series of linear conditions which are then incorporated in [2, (8)] 
and finally in the parametric solution. The following example shows 
the existence of such sequences. With m =# =2, U=3, V =1, we have 


3 
31, 13, — 21, — 23 = 29, 11, — 7, — 33, 


4 
k= 18, 47,13, — 15, — 21, — 23 = 49, —3, —5, —7, — 33 


THEOREM 3. AH symmetric sequences beginning with degree three are 
equivalent to (21)(22), to (24)(25)(26) or (27) (în all of which a ts ra- 
tional), or to (23). Nonsymmetric sequences beginning with degree three 
extsi and can be determined by the method of this paper. 

5. Sequences beginning with higher than the third degree. Gen- 
eral parametric ideal solutions have not been found beyond the third 
degree, but many special solutions are known [1, 2, 4, 6]. Although 
probably only sequences beginning with low degrees extend for more 
than 2 or 3 steps, sequences beginning with high degrees do exist. 
This paper will be concluded with two numerical examples of se- 
quences which were obtained from known ideal equalities of degrees 
6 and 8 by the use of a theorem of Escott [5, page 617] which gives 
the predecessor of a given equality. In acne case can the sequence 
be extended in either direction. 

The firat example is 


4 
1, 18, 35, 59, 72 = 2, 15, 39, 56, 73, 
5 
k =œ 17, 1, 19, 32, 59, 72, 90 = 2, 15, 39, 52, 76, 89, 


6 
k= 13, 1, 19, 28, 59, 65, 90, 102 = 2, 14, 39, 45, 76, 85, 103, 


where the equality of degree 6 is due to Escott [5, p. 616]. 
The second example is 


1, 25, 31, 72, 87, 128, 134, 158 


7 
= 2, 18, 43, 59, 100, 116, 141, 157, 


k m 41, 
1, 25, 31, 84, 87, 134, 158, 182, 198 


8 
i = 2, 18, 42, 66, 113, 116, 169, 175, 199, 
where the equality of degree 8 is due to Letac [6, p. 48]. 
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THE NON-EXISTENCE OF A CERTAIN TYPE OF 
ODD PERFECT NUMBER 
R. J. LEVIT 


For any perfect number! expressed in the form m™Godi -.: - Gi, 
where 


Oo = po, Gi Pry Ge pe 
and po, fi, ° + + , p: are the distinct prime factors of n, it can be shown 
that a unique one of the prime powers a; has an even divisor sum 
o(a,). Throughout we shall suppose that the primes p, and hence the 
prime powers a, to be so numbered that 


(1) o(a) m 0; o(d) = Í 4m1,2,--:,}, (mod 2). 
Then with the abbreviations 
(2) Co = o(ao)/2; gi m a(t), i= 1,2,---,%, 


the condition for » to be perfect may be written in the form 
(3) o(m)/2 = ceo1 + ++ Of = God1° + Oy ™ p, 


For the even perfect numbers, which are the only kind known, it is 
well known that po=2*—1, an=1, fie 2, ar™q—1, t=1, where g is 
any prime such that 2*—1 is also prime. Then o1=2'—1=a, and 
gp™=2% 1:4, so that oo and c are the prime powers do and a; in re- 
reverse order. It is natural to inquire whether there may exist odd 
perfect numbers such that analogously Co, Cı, © > + , 7: are the prime 
powers Go, Gi, * ° © , Gi in a different arder. In the following it will be 
proved that no odd perfect numbers of this form can exist. 

We first establish an algebraic identity. Throughout this paper the 
product notation | [}_,x, is used with the convention that J [ex =1 
if a>b. 


Lemma J]. Let a, ca, °° © , Ce be any t2,2 tntegers (more generally, 
elements of a commutative ring with a unt element). Then, 


Presented to the Society, February 22, 1947; recelved by the editors September 16, 
1946. 

1For a summary of results concerning perfect numbers (including those cited 
above) with references see L. Dickson, History of the theory of numbers, vol. 1, 1919, 
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í f-1 t t t 
(4) 2i Ue — 1) I] al = Ha- Ie- n. 
f= tml tom t+-1 iml ton 
Proor. The identity holds for ¿=2, both members reducing 
to ¢1+¢,;—1. Proceeding by induction, assume the identity holds 
for =m. Multiplying both members by cay: and adding J[%,(c;—1), 
we have 


=e È| Tie II c | + Ien 
fail wot mH =I 
= emia Toe — IT = 1) |+ I~ 


tÍ 
mtl Hi 
= Ia — II (c — 1), 
t=] im] 


the first and last members of which are the members of the required 
identity for t=m+1, thus completing the induction. 

For an odd integer =a a1 - - - a, to be perfect a well known neces- 
sary condition is that with the p’s numbered according to (1) 
(5) œo wa po ™ 1 (mod 4). 
For such prime powers we have the following: 


LEMMA 2. Let ~w>1 be an integer and p a prime such that am p m 1 
(mod 4). Then o(p*) is divisible by at least two distinct odd primes. 


Proor. It is sufficient to exhibit two odd nontrivial divisors of 
o(p*) which are relatively prime. We have 


pott — 1 PHA 4 pnn] 
(6) © ofp) =a S 
p-1 2 p—-i1 
Then the required divisors are 
panga peri — 4 
FR ae AS oe e 
(7) a 


They are both odd since o(p*)=1+p+p2+ --- +pema+im2 
(mod 4). They are coprime, since 2d,—(p—1)d,;=2 so that if there 
were a common divisor of dı and ds, it would have to divide 2. Finally, 
they are nontrivial divisors since di>d,>1 for a>1. 

We are now able to prove our theorem. 
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THEOREM. Lei n=Go0, + + - G where 
Oy = po, G= pittt, d= py 
and po, Pi, `- > , p: are distinct odd primes. Then, if each of the quanti- 
ties o,,4=0,1,---, t, defined in (2) is a power of a prime, n is not a 
perfect number. 


Proor. Assume that » is perfect. Then (3) holds; and since the o; 
are prime powers, by the fundamental theorem of arithmetic, they 


must each equal one of the a; 4, j=0,---, # with tj, because 
o,=1x40 (mod ,). That is, oo,---, g, are the prime powers 
Go, °° © , œ 10 a different order. 


Without loss of generality we may suppose that the p's are num- 
bered recursively in the following manner: po has already been chosen 
in accord with (1) (or (5), which amounts to the same thing). Choose 
as pı that prime p, for which a,—¢o, as ps that prime p; for which 
G;=01, and in general choose as ba that prime pr for which G, =0a—. 
This process can be continued until a prime p, is reached such that 
o,= 4, with <k so that we cannot set ds41=0,%. We shall now show 
that this cannot occur until the primes have been completely num- 
bered; that is, when k=, and then /=0. First suppose 0</}/<kSi. 
Then we have both o,=a; and o;1=a; so that in the product, 
To’ O'O >*t Oy, Pi Occurs to at least the power 2a; contrary 
to (3). Next suppose /=0 but k <t. Then o,=4o, and 


(8) Gits °** Okto = O001°* * Th104. 

Hence from (3), numbering the pa, m=k+1, kR+2,---, tin any 
order, 

(9) Oh- ™ Chila’ OF. 


But this is impossible, since 


TETA TE E OY 
(10) a(l Phet ain ca: eee ee yin 
see (Les pe) > pat per pi 
= Or ilh he 


The only remaining possibility is, then, k=#, }=0. Thus the ’s, and 
hence the a’s, have been completely numbered as follows: 


(11) On = Cumi; mmii2,---, 8; dy ™ F. 


In view of (5) and Lemma 2, we must have æ= 1, since otherwise 
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oo would not be a power of a prime. 
Now, evaluating the o’s, equations (11) become 











ati 
+1 ai =1 
aa ; ae, m = 2,3,°°:, 8: 
2 Pani = 1 
(12) a;+1 
TE Ons 
0 D o t 
f:—1 
With the definitions, 
1 
(13) üm = pa, da , mal 2 e,t, 
Pu — 1 
equations (12) become 
(14) on ™ bait 1b 1 = bmi for m = 2, 3, a sg t, 
+1 
(15) a, = fi 5 } fo = Dipray — bi. 
Eliminating po from (15) gives 
(16) 201 ls biptti = bi. 
By repeated application of the recursion formula (14) we find that 
m—1 m—1l m—1 
(17) om = ( II ps) 1 - È bs LU bipi, m= 2, 3, e,t, 
i=l j=l tem} 
which is readily verified by induction. From (16) and (17) with m= 
t t t 
(18) 2a; — 1 m (I bpi) dı — >, b; [| bps 
fom] j=1 i= F+1 
or 
i t t 
(19) (Tp - 2) 01-8, Il b¢:+14 0. 
i=l j=l w= }+1 


Multiplying by [[i-,(p.—1) and using (13), (19) becomes 


tie -athn- so Ef fhe oh 
(20) 


iieis 
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Utilizing the identity (4), (20) becomes 

at) | I-21 a- 1) Jo-| IDs. - 211-0 |= 0 
im] {m1 i=] tml 


so that 


(22) -n| Ha- (G1) |= 0. 
ti i=l 

Hence, either 

(23) pi mg, = 1 

Or 

(24) II» = aJI (p, — 1). 


(23) is impossible since #23. (24) is also impossible, since the right 
member is even while the left member, being the product of odd 
primes, is odd. Thus the assumption that » is perfect leads to a con- 
tradiction, and the theorem is proved. 

Our results may evidently be restated in the following form: 


COROLLARY. If n= ag: + - - a; is an odd perfect number, at least two 
of the divisor sums o(a) must have a common factor greater than 1. 
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EXTENSIONS OF DIFFERENTIAL FIELDS. M 
E. R. KOLCHIN 


The purpose of the present note is to show how the point of view 
of a preceding paper? can be used in developing the concepts of resol- 
vent, dimension, and order introduced by J. F. Ritt in his theory of 
algebraic differential equations.? The present development, in addi- 
tion to being simpler in some instances, has the advantage of being 
valid for abstract differential fields as opposed to fields of meromor- 
phic functions of a complex variable, as used by Ritt. I shall also take 
the opportunity to correct mistakes in a related paper.’ The notation 
and definitions used will be as in Extensions I and II. 


1. Resolvents, dimension, and order. Let 7 be a differential field 


(ordinary or partial) of characteristic 0, and let y,---, Ya be un- 
knowns. If H is a prime differential ideal in F{y4,---, Ya} other 
than Fin, ae ya} itself then II has a generic solution m, - - - , 1a 

If the degree of differential transcendency of Flm, +--+, na) over 
J is g then 0Sq<n, and precisely g of the elements m,---, 7, are 
differentially algebraically independent over 7. Suppose, say, that 
1° °°, Ne are independent in this way, that is, that IL does not 
contain a nonzero differential polynomial in y1, - * > , Ye but does in 
Yu °°, Ja Y; for each j>g. In Ritt’s terminology yı +-->, yis 


a complete set of arbitrary unknowns for II. It is natural to call q 
the dimenston of II (in symbols, dim I). 

Suppose henceforth that 7 is ordinary. It is easy to see that the 
degree of transcendency of F(m,---, 1a) Over AC Ne) 
(both these differential fields being considered as fields) is finite. 
We denote the degree of transcendency of any field X over a sub- 
field G by 0°%¢/G. It will be seen that it is natural to call the integer 
ð F (m1, AAS A na)/ F (M my Ne) the order of II with respect to 
Yo ° °°, Ye (when the set of arbitrary unknowns is understood, for 
example when g=0, we use the notation: ord I). 


Presented to the Society, November 2, 1946; received by the editors October 10, 
1946. 

1 Kolchin, Extensions of differential fields, I, Ann. of Math. vol. 43 (1942) pp. 724- 
729. We shall refer to this paper as Extensions I. 

* The subject matter treated here, together with some of the material from Ezr- 
tensions I, is roughly parallel to the contents of §§24-31, 75 of Ritt, Differential equa- 
lions from the algebraic standpoint, Amer. Math. Soc. Colloquium Publications, vol. 14, 
New York, 1932. 

? Kolchin, Extensions of diferential fields, 11, Ann. of Math. vol. 45 (1944) pp. 358- 
361. We shall refer to this paper as Extensions II. 
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If Flm, ---, 1a contains a nonconstant (which is the case either 
when ¥ does or when g>0) then by Extensions I there is an w such 
that F(m, ++ +s nea ©) =F(m, +++, Mm). Let A=A(m, +--+, na w) 
be an irreducible differential polynomial in Flm, +--+, no fw}, with 
solution w=w, of lowest possible order. Since w and its first ord HI de- 
rivatives must be algebraically dependent over F(m,---, na), the 
order of A is not greater than ord I. On the other hand, if the order 
of A is p then the pth derivative (and consequently all the deriva- 
tives) of w is algebraically dependent over ¥(m, +--+, nQ on w and its 
first p—1 derivatives, so that ord H =8°F (m +--+, ma)/F(m, > ++, Me) 
=0°F (my +++ Ne ©)/F(m, +++, Ne) Sp. Therefore the order of A 
in wis p=ord I. A(m, +--+, Ya W) is called a resolvent of I. (Ac- 
tually, this is a slight generalization of Ritt’s resolvent, which must be 
in Fin 5 Yo 10 | instead of merely in FO ee »¥a{wt.) 

Let G be a differential extension field of F, let {O} =LA - + - OL, 
be the decomposition into prime components (that is, prime dif- 
ferential ideals none of which contains another) of the perfect 
differential ideal generated by II in G{y,--+-, ya}, and let 
Alys Ya W): Artt, Ya w) be the complete fac- 
torization of A(y1,--+, Ye w) in Gin,---, ye){w}. Each 
Ain, + * +, Ya W) is of order $ in w, for a factor of A (yı, ++, Ya W) 
of order less than p would be a common factor of the coefficients in 
A(yi,° °°) Ya W) when A (yrn +--+, Ya wW) is considered as a poly- 
nomial in w,, the pth derivative of w. We shall now establish Ritt’s 
result that r =s and each Ai(y1, ---, Ya w) is a resolvent of one Il;. 
This result implies that II decomposes if and only if A (J, © © ©, Ya w) 
factors, and that each prime component in the decomposition has the 
same order as' l has. 

Let nf, -- +, bea generic solution of Il. Then (by Extensions I, 
$1) ni, +--+, 1 i8 a generic solution of I, so that nf >n, ---,71 a 
generates an isomorphism of F{m/,---, 7.) onto F({m,---, ma). 
Therefore if we let w’ be the same differential rational function over F 
of n{,---, 2 that wis of m,---, 1a, we shall have 


Flnr, a Nes) a Fini , ca Te). 


Now w’ is a solution of A’=A(ni,---,¢, w), and therefore of 
some A, =—A,(ni,--+, ng, w), say of AY. Furthermore, w’ is not 
a solution of two different Ai’s, for w’ does not annul the separant 
0A’/Ow,=d0(Ai ---A,)/dw,. Let w” be a generic solution of the 
prime component of {Af } in Gini,---, n¢£){w} not containing 
the separant ðA! /dw,. Then w’ is a generic solution of the prime 
component of {A’} in F(nf,---, n¢){w} not containing the 
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separant 0A’/dw;, so that w’’—>w’ generates an isomorphism of 
Fin ee Nes w) onto Tmi, TSi Ne: w’), and a homomorphism 
of Gini, -- +, nd){w'’} onto Gini, «++, né) {w}. Therefore, if for 
each i>q we let nf’ be the same differential rational function 
over Fin, A. Ne) of w’’ as nd is of w’, then T, Tta Nes 
Nett °° ts Mx is a generic solution of II and a solution of some Hi. 
Since ni, +++, 7 must be a solution of the same Lj, and since one 
Ii; does not contain another, ni, °° +, Na: N41. ° °°: Me is a solu- 
tion of Il, and indeed a generic one. 

Therefore ni3—>¢qu, °° * > Na —hNa generates an isomorphism of 
Gini, aa a Nes Nett) eta na‘) onto Gini, a Ne )s Ai is an ir- 
reducible differential polynomial in G (nf, ---,¢){w}, with solu- 
tion w=w', of minimal degree, and Ai(y1, -- ©, Ya w) is a resolvent 
of D. In the same way, every L; has an Aj,(41, - + >, Ya W) as a resol- 
vent, so that r&s. To show that there is no Aj(y1,---, Ya wW) left 
over, for any 7 let w; be a generic solution of the prime component 
of {Af \ in Gint,-+-, nd ){w} not containing 0Aj;/dw,. For 
each #>q let nj; be the same differential rational function over 
Fim | mes y ne ) of was nf is of w”. Then nr, a) Nes Niati * ° ° Nin 
is a generic solution of I and therefore a solution of some IL,, say I,, 
Therefore w; is a solution of the Ay for which As(m, - + -, Ya wW) i8 
a resolvent of Il. This implies that Ai(w, - © - , Ya w) is divisible by 
Ai(1, °° *,¥q W), 80 that k =j and A,(y1, © ++, Ya w) is a resolvent 
ofa I. 

If g=0 and F consists solely of constants it is still true that each 
prime component of {II} has the same order as I. To see this intro- 
duce a new unknown y and let F’ = F(u), G’ = G (#}. The perfect dif- 
ferential ideal generated by I in F’ {yu > +--+, Yat is clearly prime and 
has the same order as IJ has. The prime components of the perfect 
differential ideal generated by II in G’ {yı -+ +, Ya} are the perfect 
differential ideals generated by Ih, - - - ,I,, and have the same order. 
Therefore ord I,=ord Il for each 4. - 


2. Corrections to Extensions JJ. We refer now to the proof on page 
359 of Extensions II. The derivation of the equation wK(s)—H(s) 
= œA (g) is incorrect, for it rests on the unjustified assumption (see 
lines 18 and 17 from the bottom) that ðA (s)/dy,EG{s}. To save the 
proof we delete in toto lines 22-4 from the bottom (“Denote the 
- ++ A(s):"), and replace them by the following considerations. 

Let w= H(y)/K(y) be any coefficient in A (z) not merely an element 
of ¥, with H(y), K(y) free of common divisor. Clearly wK(s) —H(s) 
Cz. 
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Denote the lowest common denominator of the coefficients in A (s) 
by D(y), and let Bly, s)=D(y)A(s). Then Bly, s)EF{y, z}, and 
By, y) =0. Since A(s) is irreducible and one of the coefficients in 
A(z) is unity, the irreducible factors of B(y, z) are distinct and all 
have the same order in s as A(z) has. 

Denoting the order of B(y, z) in y by p, let Bi(y, s) be an irreducible 
factor of B(y, z) of order p in y. Let Ai be the prime component of 
Í Buy, g) } which contains neither of the separants of Bi(y, z). No 
other irreducible factor of B(y, z) is in Ai, for such a factor would have 
the same order in s as Bi(y, s) and would be divisible by B,(y, 3). 
Let y, {1 be a generic solution of Ai. B(y, s) EA; but the separant of 
By, z) with respect to s is not in A; (for otherwise the separant of 
Bi(y, 8) would be in Ai). Therefore { is a nonsingular solution of A(s), 
a solution of 2, and a solution of wK(s)—HA(s). Thus H(y)K(s) 
— K(y)H(s) vanishes for the generic solution y, {; of Ai, and is in Aj. 
With order in y clearly not greater than p, H(y)K(s) —K(y)H(s) must 
be divisible by Bi(y, s). 

Similarly, H(y)K(s) —K(y)A(s) is divisible by all the irreducible 
factors Bi(y, 2), - -+ , B.(y, 3) of By, s) which have order p in y. 
Since all these B,(y, s)’s are distinct we may write 


H(y)K(s) — K(y)H(s) = L(y, s)Bily, 8) +--+ Bay, 5), 


where L(y, s) CF ly, s}. Moreover, if we denote the degree of B(y, 3) 
in yp (the pth derivative of y) by d, we see that the degree of 
A(y)K(s)—K(y)H(s) in y, is not greater than d, that of Bi(y, 8) 
- - - B,(y, 8) is d, so that L(y, z) is of degree 0 in y,, that is, of order 
not greater than p—1 in y. l 
Let Biii(y, s) be an irreducible factor of B(y, 2) of order p—1 in y, 
let Asp be the prime component of { Byii(y, s) | not containing the 
separants of Bap(y, z), and let y, fı be a generic solution of A. 
As with y, {1 before, we see that y, fən is a solution of H(y)K(s) 
—K(y)A(s). But y, fe is not a solution of any B,(y, z) with ¢Ss, 
for no such B,(y, £) is in An. Hence y, fa is a solution of L(y, z), 
and L(y, s)€ Ass. This implies, since the order of L(y, s) in y is not 
greater than p—1, that L(y, z) is divisible by Byi1(y, 8). 
Similarly, L(y, s) is divisible by all the irreducible factors B,4:(y, 8), 
-, Bi(y, 2) of order p—1 in y, so that 


H(y)K(s) — K(y)H(s) = M(y, 8)Bily, £) -- - Bily, 8), 


where M(y, s)EF{y, s}. Moreover, if we denote the degree of 
B(y, 8) in Yp, Yp by 6, we see that the degree of H(y)K(s) —K(y)H(s) 
in Y» Yı 18 not greater than e, that of Bi(y, s) --- Bily, 3) is e, 
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so that M(¥y, z) is of degree 0 in Yp, Ypi that is, of order not greater 
than p—2 in y. 
Continuing in this way we finally arrive at an equation 


H(y)K(s) — K(y)H(s) = P(s)Bily, 5) --- Baly, x), 


where Bi(y, z), -- - , Be(y, z) are all the irreducible factors of B(y, 8). 
Since H(z), K(s) have no common divisor, H(y)K(s)—K(y)H(s) has 
no factor free of y that is not also free of s. Therefore P(s) C7, and 
A(y)K(s) -—K(y)H(s) =aB(y, 3), where a€ 7. The desired equation 
wK(s)—H(s) =@A(s) immediately follows. 

The rest of the proof of the theorem as given in Extensions II is 
apparently correct. 

Of the two examples given in Extenstons II, the proof for Example 2 
is incorrect, and I do not yet know whether that example is valid. 


COLUMBIA UNIVERSITY 


TWO-DIMENSIONAL GEOMETRIES WITH 
ELEMENTARY AREAS 


HERBERT BUSEMANN 


Whereas area in spaces with a smooth Riemann metric has been 
widely studied, very little is known regarding area in spaces with gen- 
eral metrics. It is natural to ask, first, in which general spaces the 
most familiar types of formulas for area hold. - 

The present note answers this question in two cases for two-dimen- 
sional spaces in which the geodesic connection is locally unique.! It 
shows under very weak assumptions regarding the nature of area: 

I. If (and-only +f) locally an area exists for which triangles with equal 
sides have equal area, then the space is a locally isomeiric map of esther 
the euclidean plane, or a hyperbolic plane, or a sphere. 

Consequently, Hero’s and the corresponding non-euclidean formu- 
las? are (up to constant factors) the only possible formulas for area 
in terms of the sides, and each formula is characteristic for its respec- 
tive geometry. 

Il. If (and only if) locally an area a exists such that the area of the 
irtangle pab depends only on p, the local branch of the geodesic g that 
contains the segment 8(a, b), and the distance ab (the euclidean geome- 
try is, of course, the special case a=pg-ab/2), then the space ts a 
locally isometric map of a Minkowski plane. 

The exact hypotheses regarding the space R are these: (1) R is a 
metric space. (2) R 4s finitely compact. (3) R is two-dimensional. (4) R 
is convex. If xy denotes the distance of x and y, let (xyz) denote the 
statement that the three points x, y, z are different and that xy +yz 
=xg. (5) Every poini p has a neighborhood U(p) such that for any two 
diferent points x, y in U(p) a poini z with (xys) extsts. (6) If (xyz), 
(xy) and ys: =y%, then 3, >." 

The following facts are known to hold in R: If S(p, p) denotes the 
set of points x with px <p, then a p(p) >0 exists such that: S(p, 3p(p)) 
is homeomorphic to a circular disk [1, p. 29]. The segment 8(a, b) 

Received by the editors October 10, 1946. 

1 The assumptions are formulated further on. They are equivalent to the condi- 
tions A, B, C, D in [1, pp. 11, 12]. Numbers in brackets refer to the references cited 
at the end of the paper. 

2 In spherical geometry L’Huilier’s formula for the defect can be used; for a proof 
see [4, p. 134]. The analogous hyperbolic formula may be obtained in the same man- 
ner. A slightly different form is found in [5, p. 129]. 

3 The requirements (5) and (6) are equivalent to D in [1, p. 12] or [2, p. 215], 
see [2, Theorem (4.1) ]. 
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is unique for any two points of S(p, 3p(p)) [2, (4.5) ]. If a, b are differ- 
ent points of S(p, p(p)), then 8(a, b)CS(p, 2p(p)) [2, (1.15) ] and 
8(a, b) is subsegment of a (unique) segment b(a, b)=8(a’, b’) with 
pa’=pb'=3p(p) and xp<3p(p) for (a’xb’). Three points ci, ca, c4 of 
S(p, 2p(p)) will be called collinear when c€ h(a, b) for suitable a <b. 

If a, b, c are three noncollinear points of S(p, p(p)), then the union 
of the three segments &(a, b), 8(b, c), 8(c, a) is a closed Jordan curve 
in S(b, 2p()) and, bounds exactly one convex subset T(abc) of 
S(p, 2p(p)). (Convexity of a set E means that a, bCE implies 8(a, b) 
CE.) Therefore a segment connecting two points of T(abc) is again 
in S(p, 2p(p)). 

A symmetric function a@,(a142d3) defined for any triple aj, a3, a3 in 
S(p, p(p)) is called an area if: 

A: 0Sa, (tar) <<, and a,(a1G203) =0 tf and only if Gi, Gs, ds are 
coltnear, 

B: If (asba,) them a(a102b) +a, (a1b0:) =arp(G1Gsds). 

Statement I will be proved by showing: | 

(1) If in S(p, 26(p)), 0< 8(p) Sp(p)/2, an area a(a1Gs03) exists such 
that a,¢,=a, as implies a(a14s43) =a(a/ ay aj), then S(p, 5(p)) is iso- 
metric to the interior of a circle of the euclidean plane, a hyperbolic 
plane or a sphere. 

Consider two different points a, b in S(p, 8()) and two points cı, a 
(not on 8(a, b)) in S(p, 8(p)) with ca=c,b such that 8(a, b) and 
8(ci, c3) intersect at a point q. Such c, exist, compare [1, Theorem III, 
2.5’]. Then 


(2) a(¢1cxa) = alcıcab). 
If am = mb =4ab/2, then 
(3) alcam) = a(c,bm), i= 1,2. 


These relations and properties A, B of æ imply that q coincides with m. 
For if tbis were not the case it may be assumed that (amq), because 
the triangle inequality implies that q cannot coincide with a or b. 
Then a(cymg)>0, but > s[a(c,am) +a(cymg) | => alcaq) =alaca) 
=a(c1e2b) =} alc) =); [a(c,mb) —a(c,mg) |, which contradicts (3). 
Hence the points cı, cs, m are collinear. 

Let c be any other point in S(p, 8()) which is on the bisector 
B(a, b) of a and b, that is the locus xa=xb. Then either 8(c1, c) or 
8(cs, c) intersects 8(a, b), compare [1, Theorem III, 2.5’]. Therefore 
c is collinear either with cı and m or with cs and m. Hence cE h(a, ca) 
so that B(a, b) is linear. (1) follows then from [2, (15.2) ]. 

Theorem J would become meaningless if the passage: “an area 


404 HERBERT BUSEMANN [April 


exists” were replaced by “every area that satisfies A and B.” For in- 
stance, if #(£, 7) is any nonconstant positive continuous function in 
the euclidean plane, then a(abc)=fryesyh(E, n)dgdn will satisfy A 
and B but not the relation a(a/ aj af) =a(aiasas) for any two triangles 
with equal (euclidean) sides. This remark applies also to Theorem IF. 

This theorem will be proved in the following form: 

(4) If every point p of R has a neighborhood S(p, 28(p)), 0<8(p) 
S p(p)/2, such that in S(p, 28(p)) an area a,(xab) exists which depends 
only on x, h(a, b),* and ab, then the universal covering space of Risa 
Minkowski plane. 

The proof for (4) is not as easy as for (1). If (abc), then §(a, b) 
= (0, c). Property B of area and standard arguments’ show that for 
any point x not on b(a, b) 


(5) a(2ab):a(xbc) = ab: be, 


where æ stands for ary. p 

Consider now three noncollinear points a, bı, by in S(p, 8(p)). Let m 
be the center of 8(b, bı), (mga) and put a=B(h, ¢g)M8(h, a), 
ca= h(bi, g)18(ba, a), 2 = 8(a, m)O8(c1, ca). Then (ang). 





The relation (5) yields a(abym) =a(abım) and a(qbim) =a(qbym), 


hence 
(6) a(qbia) = a(gbsa) 


1 Ņ(a, b) is the exact form of the term “local branch of the geodesic that contains 
8(c, b)” employed in II. It is necessary to use that branch instead of the geodesic itself 
because the example of a torus with a euclidean metric shows that a geodesic may 
cross an arbitrary nei bochood of a given point infinitely often. 

ë See for instance [6, pp. 1, 2]. 
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so that by (5) 
aæ(qbıcı) bıcı æ(bsbıc1) a(gbibs) + alqbıcı) a(qbibs) 
a(gce1a) C14 a(b3C14) a(qbsa) + «(qera) a(qb:0) 


and in the same way 














a(qbscs) bets a(qbıbı) 
a(qcaa) csa  aļlqbıa) 
Therefore it follows from (6) that 


(7) bıcı: c10 ™ Deca: Cas, 
(8) alqbıcı) = a(gbecs), and a(gcia) = a(gesa). 
Now (5) yields 


alacın) an alacam) 
alqon) qa algem) 


hence, by (8), a(acın) =a(acın) and then by (5) 





(9) Cin m Cen. 

Applying (9) and (5) 
a(acıba) E 2a(anc:) + 2a(banca) m 
a(ands) a(ancs) + albanci) 





so that 
an 2a(anbs) alacibs) acy 
om a(ombs) a(cbibs) ahi 


Successive dyadic subdivisions of &(b:, b») and applications of (9) and 
(10) yield: 

(11) If (bby) and 8(a, x)M8(a, a) =y then ay:ax=ac,:ab; and 
Cry: Cay = Die: bye. 

This leads to: ` 

(12) If s, % are points of h(a, b)OS(p, 8(f)) then a(sisxy) is con- 
stant for fixed s; and yEh(a, a)OS(p, 25(p)). 

For 


(10) 


a(ab1bs) abı GT a(ab;x) o(abybs) 
(616163) 6101 yx a(¥b,2) a(yb1bs) 


so that a(b,byy) is constant. The general statement follows easily 
from (5). 
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_ We call th=5(c1, ca) parallel to f= 5(0:, b). (8) and (9) show 
a(¢s¢xb1) =a(cıcsb:) so that also b is parallel to h. The relation (5) 
yields: 

(13) Let h be a parallel to h} and between þ and fh, and si Ebs 
(titala), (S153513), then 515915351 = hih: iti. Hence hs is also parallel to fy. 

Every point x of S(p, 8(p)), in particular p itself, is an interior - 
point of a parallelogram with vertices in S (p, 5(p)), where parallelo- 
gram is defined as a quadrangle in which opposite sides lie on parallels 
in the present sense. For, if 8(a, c) and 8(b, d) are noncollinear seg- 
ments with the same center, then (13) shows that abcd is a parallelo- 
gram. 

Call P the closed convex set in S(p, 28(p)) bounded by the paral- 
lelogram outwv, where the vertices are in S(p, 5(p)) and w is opposite 
to o. Coordinates £, 7 can be introduced in P as follows: The parallels 
to (0, v) and §(0, #) through a given point qE&P may intersect s(o, u) 
and s(o, v) in qı and @ respectively. Then ogi and oq:=n are the 
coordinates of g. A line L=}(a, b)(\P 0 intersects the boundary 
of P. Let, for instance, 8(0, #)QL =a = (6, 0). Choose any two differ- 
ent points go= ($o, 7) and g=(£, n) on L which are different from a. 
If &=8, then §=8 is the equation of L. If o »£B8 let the parallel to 
(0, v) through a intersect the parallels to p(o, u) through g and q 
at bo and b respectively. Then by (11) and (13) 

E-B aq ab n 
fo — B ap abo w 
-80 that $ and 7 satisfy a linear equation. 

Besides the given distance gig: introduce in P a euclidean metric 
(gs, 92) = [(:— &)*-+(m—t)2]"" where g= (Es, n,). Then the lines L 
coincide with the euclidean straight line pieces in P; moreover be- 
cause of (13), the distances e(qı, qa) and gig: are proportional when 
gi, ha vary on a fixed line L. 

This and (13) imply that the universal covering space Ñ of R is the 
whole euclidean plane with the euclidean straight lines as geodesics, 
and that on each straight line the distance qa in X is proportional 
to the euclidean distance e(g,, ga). Therefore (13) holds for R, the 
parallels now meaning ordinary euclidean lines. It also follows that 
the circles f£=p about a fixed point p are homothetic. To see that 
the metric in R is Minkowskian it must be shown that circles with 
different centers $1, Ps are also homothetic. 

Consider two parallel lines Z, and Ty and a point Ø between them. 
Let fı be a foot of p on L and let the line through $ and fi intersect 
I, at Jı. Let another line through # intersect I4 at 4. Then by (13) 
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1>$f;/fP4.—P):/Hds, hence fs is a foot of p on Ia. If (öfa), then Js 
is the only foot of p on Ta (see [2, (7.9) |), and by the preceding argu- 
ment f; is a foot of gon Ty, hence A is the only foot of ø on L. This 
means that the circles in R are convex [1, Theorems IV, 3.1, 3]. If 
the lines through #, and Jı and through fı and fz are parallel, and 
T, is a supporting line to the circle #14 = fy, at fi, then the parallel to Lı 
through jf, is a supporting line of paž =fa]a [1, Theorem IV, 7.1]. 
Therefore the two circles are homothetic and the metric of R is Min- 
kowskian. 

The “only if” part in II follows from the fact that in a Minkowskian 
plane the ordinary area of a euclidean plane with the same geodesics 
will satisfy A and B. 

The plane, cylinder, torus, Moebius strip, and the one-sided torus are 
the only two-dimensional manifolds that can carry locally euclidean 
metrics (compare [3, Chapter III, §VII]). The arguments used to 
prove this fact show also that these are the only manifolds that can 
carry locally Minkowsktan metrics. If a Minkowski metric is given, 
then cylinders and tori exist which have locally this metric. But a 
Moebius strip and a one-sided torus with thes metric exist, if and only 
if the Minkowski metric admits a reflectton in some stratghi line, see 
[3, pp. 81-85 ]. 

The preceding discussion suggests the question: in which geometries 
is the locus of the vertex x of a triangle xab with the fixed base 8(a, b), 
azćb, a fixed area, and on a given side of §(a, b) a straight line? How- 
ever, as long as area only satisfies A and B, this question is not reason- 
able, as the following example shows: Represent the hyperbolic plane 
by a euclidean model, in which the straight line pieces in the interior 
K of the euclidean unit circle are the hyperbolic geodesics. For three 
points a, b, cin K define a(abc) as the content of the triangle in the 
sense of the imbedding euclidean metric. Then æ satisfies A and B 
and the above condition. 
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SMITH COLLEGE 


ON PRINCIPAL LINES AND PRINCIPAL POINTS 
SHU-CHU FONG 


Recently Chang! has enriched the contact theory of two plane 
curves by virtue of many projective correspondences. The object of 
this paper is to establish some analogous results regarding the contact 
theory of two space curves. 

In an appendix to Fubini and Cech’s book? Bompiani remarked 
that the contact theory of two space curves can be treated by consid- 
ering a double ratio analogous to that of C. Segre.* Accordingly Pa- 
lozzit has obtained principal lines and principal points associated with 
two space curves which are tangent but have distinct osculating 
planes or possess a contact of higher order at an ordinary point. But 
in the latter case Stouffer® has shown that neither principal lines nor 
principal points exist when the principal plane becomes the common 
osculating plane of the two curves. Naturally in Stouffer's case we 
should require new covariant figures. We solve this problem by ob- 
taining a new covariant line. 

Between the points P and P of the two space curves C and C, which 
are tangent or intersect at an ordinary point, we define a correspond- 
ence G, such that the tangents to C and C at corresponding points 
of G intersect. This correspondence plays an important role in this 
paper because the joins of the corresponding points of G constitute 
developables. We can deduce from G new definitions of Bompiani’s* 
principal lines and principal points for two intersecting space curves. 

Two space curves C and C intersecting at an ordinary point 
O(0, 0, 0) with distinct osculating planes may be represented by the 


Received by the editors December 10, 1945, and, in revised form March 8, 1946, 
and June 13, 1946. 

* Chang, A new definition of Bompiani line and its peneralisation, in the hands of 
The International Cultural Service of China. 
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expansions 
(1) y =a tbri t. smr Hs p 
(2) x= Gyit byf tees saft 


respectively, where x, y, s are nonhomogeneous coordinates of a point 
in space. After denoting the coordinates of the corresponding points 
P and P by (x, y, s) and (£, 9, 2), where 

2 = O59? + byt + --- 
and 

Bo FH + HIT --- ’ 
we easily see from the vanishing of the determinant 





x y Z 1 
1 dy/dx ds/dx 0 
(3) 
z 5 3 1 
dz/dp5 1 d/d 0 
that the correspondence G is given by 
(4) E T L E 
where ' 
FNN? si —§ 
(5) T= t (=) Ta = : 
f —fTi 
The line PP has the equation 


X—x Y-—-y Z-s 
-r J— y 2—3 


(6) 











) 


which evidently approaches the principal line’ 
(7) A= — v1Y, Z=0 


as x—0, X, Y, Z being the current coordinates of a point. In addition, 
the edges of regression of the developables constituted by the lines (6) 
pass through 


® (Sa seat) peal) 
Zst Zst ’ , T1 5 , 


1 Bompiani, loc. cit. 
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respectively. We have, therefore, reached the following theorem. 


THEOREM 1. When C and Č intersect at an ordinary poini O with 
dsstinct tangents, there are two and only two developables containing both 
C and Č. The edges of regression of these two developables are tangent 
to ihe two principal lines at the two principal points. 

Let M be a moving point on C. We denote the two edges of regres- 
sion in the above theorem by En and En. If the tangents of Ey and 
fy at their points My and Mi, pass through M, then the line Mu Ms 
constitutes a developable with edge of regression Ex, as M varies on C. 
Similarly we obtain Em by substituting C for C. Clearly on Ex 
(s—1, 2) there is a point My; at which the tangent to Es passes 
through Mu and the line MiMi constitutes a developable with edge 
of regression En when Mu varies on Ey. Thus we obtain Ey 
(k=1, 2,3, : -< - ;4=1, 2). For brevity we denote En and Ew by (Er) 
and call (Hy) the G-transform of (Ey). 

Since G is one-to-two, a point P on C corresponds to two points 
P, and P; on C. We denote the locus of the points of intersection Nu 
and Ni; between the tangent of C at P and those of C at P, and P, 
by Fu and Fiz. When P moves along C, the point of intersection of 
the tangents of Fu and Fy at Nu and Ny is a new curve Fu. The 
interchange between Č and C gives Fx. In this way we obtain the 
curves Fy; (k=1, 2, - - - ;į¢=1, 2), where (F,), which denotes the two 
curves Fu and Frs, is evidently the G-transform of (Fy). 


THEOREM 2. With regard to the curves (1) and (2) there is an infinite 
sequence of pairs of curves 


sts, (Fs), Par), -++, Fy, (C, ©), (Ed), (Ea), +++, (Ea), +> 


including the pair C and C such that every pair és the G-iransform of the 
preceding patr. 


In case the osculating planes of C and C at O coincide, the expan- 
sions (1) and (2) should be replaced by 


(9) y = a +b? +... , smr 4- srito, 
and — 

(10) saap byt, perry tay... 
respectively. Now (4) becomes 

(11) cm uit uj? +--- 


where 


1947] PRINCIPAL LINES AND PRINCIPAL POINTS 411 


2 Ff el 4 2 
(12) Wi 7) w= = suı + afu + 3 — ärm). 
T 2ruł 

Here the correspondence G is one-to-three. Clearly the joins of the 
corresponding points of G approach principal lines when P approaches 
O and constitute three developables whose edges of regression Ei» 
(k=1, 2, 3) pass through the three principal points respectively. 

With respect to two roots of wi=#/r we obtain through (11) two 
correspondences between points of C and C. In virtue of them we 
may determine a sequence of pairs of curves 


s pore O Opetesh, a 

(k = 1,2,-+- 3} = 1, 2, 3), 
analogous to that of Theorem 2. Consequently we obtain a total 
of three sequences of transforms. 


We call the point of contact of the join PP and Ey; the correspond- 
ing point of P or P on En. We have arrived at the following theorem. 


(13) 


THEOREM 3. When C and Č intersect at an ordinary point O with dis- 
tinct tangents but common osculating plane, there are three developables 
passing through C and Č and three sequences of G-transforms (13). In 
particular the points corresponding to O on the G-transforms of C and C 
are the three principal points. 


If C and C have a common tangent at O, we take it for the x-axis. 
The expansions-of C and C now become 


(14) y = >) a,x", go DD biz‘ 
Q 0 

and 

(15) ym xt hari, s = xt) bizi, 
0 0 


If the osculating planes at O of Cand C are distinct, the correspond- 
ence G is analytically given by 


(16) s= fitm tartte, 


where 


1 
m = ETE [(bo 7a bo) (G1 — a) Ka (to 7 Go) (bı = bı) ], 
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— mt — [2g — abo) + 3(a:Bo — debs) 
p m m ab ad 1 G100 4106 1 
+ (dob; — dibo) | 
1 
T TE ap, (e — h) — (Gn — de) (Bn — ba) 


Clearly the limit of the join of the corresponding points P and P when 
P—0 is the principal line® 





1 
(17) pan 


m. 


Since the Halphen plane?’ osculates the edge of regression of the de- 
velopable consisting of the joins PP at the principal point,” we have 
proved the following theorem. 


THEOREM 4. There is a unique developable passing through iwo 
space curves which are tangent at an ordinary poini with distinc osculat- 
ing planes. The edge of regression of this developable passes through the 
principal poini, ts tangent to the principal line, and osculates the Hal- 
phen plane. 

Now the sequence of G-transforms of C and C are terminated on 
both sides. Both E and F, contain one curve only. In particular, F; 
has at O a point of inflexion!! with the hyperosculating plane 


beY — aol Gob; — ayo 
bY — Z dobi — dibo 


which is a new covartant plane. 
If C and C have at O contact of order k+2, then (14) and (15) be- 


come 





X. 


(18) 


(19) ym r?) azi, gm Y bist, 
0 0 


and 


3 Palorzi, loc. cit. 

° Palozni, loc. cit. 

18 Palorz, loc. cit. 

11 Chang, Contributions to projective theory of singular pomis of space curves, in the 
hands of The International Cultural Service of China. 
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(20) ym xt >) Oat, g= xt)” By xt, 
(] 0 
where 
am 8; (1=0,1,---, k); bumba (m= 0,1,- ,k— 1). 


Here either Gr 4,41 or basá ba must be true. By a little considera- 
tion of the transformation 


T = Ẹ, yu 1 i= (ba Se ba) y a3 (r1 _ Bp41)8, 


we find two cases are essential to consider: firstly, Gs} = Gay, ba ba 
and secondly, G 2441, ba = 5y. In the latter case the Halphen plane 
and Z=0 coincide but in the former they do not. 

For the case by > by, Gm1 = är the correspondence G may be ana- 
lytically given by 


(21) amet J, Ca, 
pom b-2 
where 


1 
Cra = — —— (Grs — ða), 
20 


1 ' 
22 Cra = — — äna) (bs — 8 
(22) H= nl — Bw (Guia — ma) (bii — Oia) 
3ai(k + 2 — å 
x ay( ) Ce ee 
ia? to 


After a little consideration we can prove the following theorem. 


THEOREM 5. If C and Č have at O contact of order k42 (B21) and 
if Gry ™ ås, barby, then the edge of regression E of the unique develop- 
able containing C and C passes through the principal point T. Further- 
more, the tangent of E at T ts the principal line and the osculating plane 
of E at T coincides with the Halphen plane of C and C. 


If in the last two paragraphs we put k =0, then the correspondence 
G is one-to-four and (21) should be replaced by 


(23) om af -h Cila, ) 2? + Cila) 2* p. (i = 1, 2, 3, 4), 
where a; (¢=1, 2, 3, 4) are the four roots of the biquadratic equation 
bott — Abel? + (3bo + 3be)# — 4bot + bo = O. 
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It is very easy to prove the following theorem. 


THEOREM 6. If C and Č have at O contact of order two where bzx bo, 
then there are four developables passing through C and C. Only one of 
these four developables is not tangent to the plane Z=0 bui tangent to 
the Halphen plane of C and C along the principal line. The edge of re- 
gression of thts particular developable passes through the principal poini. 


By virtue of every two correspondences of (23) we can derive a 
sequence of G-transforms associated with C and C. Therefore we have 
six sequences. 

Now we consider the special case that C and C are tangent and that 
their osculating planes at the point of contact are coincident. The ex- 
pansions of C and C are (19) and (20) where aa dy. The correspond- 
ence G is also one-to-four and may be expressed by 


(24) z= B:2 + D,(8,)227+ Db) +- (i = 1, 2, 3, 4), 
where 8; (¢=1, 2, 3, 4) are the roots of 
(25) dobot — 4agbot* + 3(äobo + aobo) — 4aobat + dobo = O. 


In general ¿x41 and we arrive at the following theorem. 


THEOREM 7. There are four developables passing through the two space 
curves (19) and (20) which are tangent ai an ordinary point with common 
osculaiing plane. 


Naturally we can derive six sequences of curves by G-transforms. 
In general, all of these curves pass through O and possess common 
tangent Y=0, Z=0 and common osculating plane Z=0. 

In the last three paragraphs bp = bo. If the projecting cones of C and 
C with common vertex on Z =0 have contact of third order, we have 


bo = bo. 


Since God, a single root of (25) is 1, and one of-the expressions (24) 
becomes 


(26) a o i ett 
a cI — 2 æ. œ > 
35; 


The developable consisting of the joins of the points of C and Č corre- 
sponding under (26) is tangent to Z =0 along the generator 


xX 4 Y 
bi — 61  3bs(ao — ao) 





(27) Z = 0, 0. 
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Furthermore, the edge of regression of this developable intersects Z=0 
ai a new covariant potni. 

The plane Z =0 intersects the developables of C and C in two plane 
curves 








(28) TETTES Mato, s= 0 

and 

(29) E T E OO aoe z= 0, 
4 8 bo 


which have at O contact of order one and, therefore, possess a co- 
variant line rot? which is coincident with (27). Hence we have reached 
the following theorem. 


THEOREM 8. If on any plane through Y=0, Z=0 the projections of 
the curves (19) and (20) from any point on Z=0 have at O contact of 
order three, one of the four developables mentioned in Theorem 7 does not 
pass through Y=0, Z=0 but through the covartani line r, of the curves 
(28) and (29). 

If by x bo, the To of (28) and (29) 45 found to be 


bi bi 
(30) Z = 0, 5(t = 0X + ("= )¥ =o, 
bo bo 


which is an important covartant line associated with the curves (19) and 
(20). 

Now we deal with the remaining case that the coefficients in (19) 
and (20) are connected by the relations 
(31) Gn = a, bu m be (m= 0,1,---, k), 
where Gu ð (k20). (21) should be replaced by 
(32) am e+ >) D,a, 

prom k-41 
where D ipie = Detit Dra) (r>0) and 
Dupi l6bolas — är) — 2ao(darr — Ber)] 


(33) + (arm — äm) (ba — be) = O. 


™ Bompiani, loc. cit. Chang, loc. cit. footnote 1. 


bs oe 
ee eet “ ra wale os . P o 
= ’ í i ei 7 Py . “Te 
“Ai. SHU-CHU-FONG sh ke Se 


- 7 n 
1 he m = 


Conseauiatly we have proved the PEE en 


THEOREM 9. If C and T have at O contaci of order k-+2 (20) where 


Ory äs, ba= by, thon there is a unique developable passing through 
these two curves. 


"te 


The edge of regression E* of this developable passes through O. 
Since E* and C (or C) have at O a common tangent Y=0, Z =0 and 
common osculating plane Z = 0, the application of our results of Theo- 
rems 7 and 8 to E* and C (or C) leads to a covariant line. But we 
particularly remark that the developable of Theorem 9 is ss to 
Z=Q along 

X Y 
Z=0,  —— + = 0 
bara — Dats = 3be(Gai1 — är) 
when Desi = bayi, Dyin bai. 

A direct analogy of Chang’s correspondence” F is that the oeculat- 
ing planes of two space curves at their corresponding points pass 
through one and the same point on the common tangent of these two 
curves. In general, there are two ways to generalize the correspond- 
` ence F. Firstly, let the points P and P of the curves C and C in N-di- 
mensional space so correspond that a prescribed (N—1—2,)-dimen- 
sional space (2u-++1<N) and the osculating linear spaces S,(P) and 
S,(P) of C and Č at P and P belong to one and the same hyperplane, 
and secondly, let P and P so correspond that the common part of the 
osculating linear spaces S,(P) and S,(P) of » dimensions, where 
27a N, are linearly dependent with a given (2N— 2y)-dimensional 
space. These will be, however, established on another occasion. 
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SOME PROBLEMS IN CONFORMAL MAPPING 
D. C. SPENCER 


1. Introduction. Attention will be confined to a group of problems 
centering around so-called schlicht functions—that is, functions regu- 
lar in a given domain and assuming no value there more than once. 
The type of problem we consider involves determination of precise 
bounds for certain quantities depending on the function f, as f ranges 
over the schlicht functions in question. Since, for suitable normaliza- 
tion of the functions at some fixed point of the domain, the resulting 
family of functions is compact or normal, the extremal schlicht func- 
tions always exist and the problem is to characterize them. - 

Interest was focused on this category of questions by the work of 
Koebe in the years 1907—1909, who established for the family of func- 
tions f of the form f(s) =z+as?+a8 + - - - , schlicht and regular in 
|s| <1, a series of properties, among them the theorem of distortion 
bearing Koebe’s name. This theorem asserts the existence of bounds ‘ 
for the absolute value'of the derivative f’(s), these bounds depending 
only on |s] . Further efforts were directed toward finding the precise 
values of the bounds asserted by Koebe’s theorem, but success was 
not attained until 1916 when Bieberbach, Faber, Pick and others 
' gave a final form to the theorem of distortion. At the same time the 
precise bound for | a| was given, namely 2, and the now famous con- 
jecture was made that la, Sn for every n. Since 1916 this group of 
- problems has attracted the attention of many, and there is now a con- 
siderable literature. 

The present state of this sphere of questions will be described briefly 
in a general sort of way, and a few outstanding problems will be indi- 
cated, but no attempt at completeness has been made. 


2. The coefficient problem. Let S be the family of functions 


(2.1) POETENE + 
which are regular and schlicht in |s| <1. The most famous problem 
concerning these functions is whether |an] Sn (n=2, 3,» )s with 
equality for any n only in the case when 
. . 
(2.2) f(s) = — = s + 2nst + 3m Ht, [n] = 1. 
l (1 — ns)? 


An address delivered before the Los Angeles meeting of the Society on November 
30, 1946, by invitation of the Committee to Select Hour Speakers for Far Western 
Sectional Meetings; received by the editors December 30, 1946. 
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It is this problem which has stimulated much of the research leading 
to the various methods, in particular the method of parametric repre- 
sentation given by Löwner [7]! in 1923 and the recent methods (see 
[11, 12]) in which the extremal function is compared with infinites- 
imal variations more general than those provided by Ldwner’s 
method. 

There are several short proofs that |a,| Sm (n=2, 3,---) when 
all the coefficients are real, and a simple proof, due to Rogosinski [10], 
will be sketched here. Without loss of generality we may assume that 
f is regular and echlicht in |s| 31, for every schlicht function is the 
limit of such functions. Since f has real coefficients, it takes conjugate 
values for conjugate values of s and so the map of |s| <1.by f is sym- 
métrical with respect to the real axis. Since f is schlicht, Im f and 
Im s have the.same sign in |s| $1. The function 

1 — s? 


(2.3) 





f(s) = ple) . 


g . 
therefore has a positive real part in |s| <1 since on the boundary we 
have, writing z =e, Re p(e#) =2 sin @-Im f(e") 20. It follows that 
the coefficients of p are majorized by those of the function 

i+s 

1—s 

Since the coefficients of this function as well as the coefficients of the 
function 





= 1+ 25+ 2s*+----. 





(2.4) esHs HsH 


1 — 3? 
are positive, we see at once, multiplying both sides of (2.3) by (2.4), 
that the coefficients of f are majorized by the coefficients of the func- 
tion ` a 


P 
2: — = 23% -.3g? 6 ase 
(2.5) Gs s+ ae 
Similarly, |an] <n when f maps |s| <1 on a star-like domain. In both 
cases equality is attained only when f is of the form (2.2). We see 
here a connection between schlicht functions and functions with posi- 
tive real part, a connection that will. be further emphasized in §3 
below. l l 

In the general case |a| <e: n (see [6(a)]), but the only known pre- 


- 1 Numbers in brackets refer to the bibliography at the end of the paper. 
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cise inequalities are: | asl S 2 and | as} 33, with equality in either case 
only if f has the form (2.2). It is comparatively easy to prove that 
ajs 2, and many proofs of this result are known. The inequality 
d| S3 lies much deeper, only two essentially different proofs being 
known. The first proof was given by Löwner [7] in 1923, using his 
method of parametric representation; the second, recently given, 
, makes use of methods quite different from Löwner’s (see [11(a) ]). 
Although the problem of obtaining precise bounds: for the coeffi- 
cients has attracted the most attention, the central problem of the 
theory is really the so-called coefhicient problem.. Given the point 
(ds, dz, ° + +, Ga), we say that 


f(s) = s + dys? + bys? + --- 


belongs to the point (as, a3, - ++, G») if f is regular and schlicht in 
|s | <1 and if 





- 


by = Ga, by = Gy, ++ , ba = Ga. 


Conversely we say that the point belongs to f. The #th region of varia- 

bility S, is the set of points (as, Gs, - + -, Gx) in a Euclidean space of 

2 —2 real dimensions each of which belongs to some f(s). The in- 

terior of S, is a pees simply-connected domain containing the 

origin da=0, dg—=0, ` -- , G= 0, and Sa is the closure of its interior. 

lol only one of He regions which is trivial is S,, and it is the circle 
G2} 5&2. 

The coefficient problem is the problem of finding S,forn=2,3,---: 
this problem was introduced by Bieberbach. 

A method has recently been developed which characterizes Sa for 
general »—explicitly for n=3 and implicitly for # > 3.1 The boundary 
of S; may be expressed by equations involving only elementary funt- 
tions, but for »>3 the boundary is complicated and cannot be so ex- 
pressed. We therefore state the result only for # =3. 

We begin with the trivial observation that, given any schlicht func- 
tion f(s) =s-+ass’+a,s*-++ ---, the function 


e-*f(el#s) mg + ares? + ntt +... 


is also normalized and schlicht; Hence if S® is the subset of S, for 
which a, is real, the whole of S, is the set of points (aeh, a), 
0 <0 <r, where (as, a3) belongs to S®. In other words, S; is obtained 
from S® by rotations. Since the region S® is symmetrical with re- 
2 See [11(c) ]. The region of variability of (as, a4) when a; and as are both real had 
been given previously by Peschl [8]. 
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spect to the plane a,=0, it is sufficient to consider the part of the 
boundary of S® which lies in the half-space a420. This portion of 
the boundary of S® is made up of the following two analytic surfaces 
plus their intersection: 

(1) Suppose that 0 Sa S r/2. Let —2(sin œ — acosa) Sp 
S2(sin a—a cosa) and define à =2 cos a{log (cos a)—1}. Then 
one of the two surfaces is defined by | 


a (AE at 


(2.6) A— th 


A + tu 
Any function w=f(s) belonging to a point of this surface generally 
maps |s] <1 on the w-plane minus a forked slit composed ‘of a ray 
arg (w) =constant extending from w= œ to some finite point where 
there is a fork composed of two prongs which form angles 24/3 with 
the ray. On the edge of this surface one or both prongs degenerate 
to a point. If a=x/2, w=f(s) maps |s| <1 on the wplane minus two 
rays arg (w)=constant which make an angle r at w= œ; in this 
Case Gy, dy lie on the parabola a,=p, ag—p'—1, 0Su 32. 
(2) Suppose that 0<r<i, —14/2S¢84/2. Let 


p? = 1+ 6r? + 4+ 4¢(1 + r’) cos 26, 


apes 9 cone EE cont E, 














2r sin 2¢ ( =) 
tana = — —-—<a<—}, 
1 + 2r cos 26 + r? 2 2 
1 : 1— r) 
Gat T cos ¢, c, = | Lie 
2r 
p 
A= C: log aaa tee eee 


p oi 
Bt CE es ae G 


The second analytic surface is defined by 
dy = (A? + pt) 
a = X + u’ t (Cit iC) — iu) 


(2.7) 
1 

+ (+ +— +0824) 
d 


A — th 
A + iu 
If f(s) belongs to a point on this boundary surface of S®, then 
w= f(z) maps |s| <1 on the w-plane minus a single curved analytic 





1947] SOME PROBLEMS IN CONFORMAL MAPPING 421 
slit extending from w= œ to some finite point. As r—0, the slit tends 
to a straight line arg (w) =constant and the corresponding f tends to 
s/(1+e-*s)*, As r—1, 


à — 2 cos $ {log (cos ¢) — 1}, u — 2(sin d — @ cos ẹ). 


That is, r=1 corresponds to the edge of intersection of the two sur- 
faces. For functions w=f(s) belonging to this edge, one of the two 
prongs of the fork is absent. 

Even in the case n=3 we observe that the equations defining the 
boundary of S; are sufficiently complicated that it is difficult to in- 
fer directly from them that lal <3. Since for »>3 the situation is 
much more complicated, the precise bounds: for the coefficients, a 
specific question about these regions, remain undetermined. Other 
questions concerning these regions may be asked; for example, what 
are the maximum and minimum distances of the boundary of S, from 
the origin (distance from the origin being*equal to Os a,|*)1/), 
In the case of S, the maximum distance of the boundary from the 
origin ig (22+33)"?=13"2, attained only for functions of the ‘form 
(2.2), and the minimum distance of the boundary from the origin is 
311/2, attained only for functions of the form 


Z 1 1 
a ocean a ee 
To each boundary point (as, Gs, * * ©, Ga) of S, there belongs one 


and only one function w = f(s), and this function mape the unit circle 
on the w-plane minus piecewise analytic slits. Given any complex 


numbers ps, f3,° °°, Pa pe p,\4=1, let 
L = Re (pda + fade + +++ + pada) 
em (pada + Pala + -e + pada + Pade) /2. 


If the maximum value of Z in S, is M, then S, lies entirely on one 
side of the (2n—3)-dimensional hyperplane L= M. Since S, cannot 
be convex for »>2, such a supporting hyperplane can touch the 
boundary only at a well-defined subset of boundary points of S,. Any 
function w =f belonging to a point of this subset-maps |s| <1 on the 
w-plane minus one or more analytic slits meeting at infinity and each 
of these slits has no finite critical points and is therefore unforked. 

If for two different sets of numbers pa, ps, - © © , Pa the correspond- 
ing L’s given by (2.9) both have a local extremum at the same bound- 
ary point (a2, ds, -- - , Ga) of Sa, then the function f belonging to this 
point is algebraic. These algebraic boundary functions map-|s| <1 








(2.9) 
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onto the plane minus slits. It would be interesting to study the char- 
acter of algebraic schlicht functions which map onto slit regions. 

The method used to characterize S, has been sketched in [11(c) | 
and a detailed exposition is in course of preparation by A. C. Schaeffer 
_and the author. Therefore, no attempt will be made to describe the 
method here. We remark only that the starting point of the method is 
to maximize a certain function F(a, ds, Gs än +++, Gs, Ga) in Sy, 
the maximum being attained at a boundary point (as, Gs ° ++, Ga). 
If f belongs to this boundary point, a differential equation for f is ob- 
tained by making infinitesimal variations of this extremal function. 
The method then consists of a study of the resulting differential equa- ` 
tion. 

In the next section (§3), Lowner’s method of parametric represen- 
tation will be briefly discussed. This method provides an «variation 
of any schlicht function, but the variation is one-sided in that e€ can’ 
have only one sign. This defect does not occur in the more powerful 
variational methods recently developed (see [11] and [12]). 


3. Relations between coefficients of schlicht functions and coeff- 
cients of functions with positive real part. In the case of functions 
with positive real part, the regions of variability of the coefficients 
have been obtained by Carathéodory [1], Toeplitz [13], and others. 


If numbers Yu Ya °° *, Ya are given, then there is a function 
(3.1) te) = 1425 c 
Pæ] 
which is regular and has positive real part in |s| <1 with 
` C1 Yi, Ca = Yay Cnt Ya 
if and only if the Hermitian form 
(3.2) 2 H = 2 a Yr-1 uty 
7 Aml rml 


is positive semi-definite, where Yo = 1 and y_,=7, is the complex con- 
jugate of yy In geometrical language, there is a function p(s) with 
Re (s)>0 in |s| <1 if and only if (Yn Yn +-->, Y.—1) lies inside or 
on the boundary of the smallest convex region containing the curve 
6”, etH, -+ , eile D8 (0 real}, and the interior of this region is charac- 
terized by the property that H is positive definite there. The #th re- 
gion of variability P, is the set of points (c1, ca, * + ©, C1) each of 
which belongs to some p(s). The points of P, have the one-to-one 
parametric representation 
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‘ 


a—1 i 
cam nya, 1SkSn—lu;zZ0, 
(3.3) ai 


1 
! Dw S 1, a 0 S9, < 2r, 
jil 
and the boundary of P, is characterized by the condition that 


> 72 1u;=1. To each boundary point defined by (3.3) there belongs 
only one function, ey 


. a—il 1 + é zis a1 - 
(3.4) 2) = D T 2mm 1 
ea 


“ Rogosinski [10] has studied the tne functions 
f(s) = s + Gy? + ai +e 


which are regular for |s| <1 and have the property that Im f and 
Im s have the same sign in [sk<1, a property which implies that all 
the coefficients are real. We have seen that schlicht functions with 
real coefficients have this property, and the argument used above to 
prove that |a,| S for schlicht functions with real coefficients ex- 
tends at once to this wider class of power series, a class of functions 
which P OPEREN has called “typically-real.” In fact, if f is typically- 
real then 





es g? 

(3.5) f(s) = p(s) 
is a function of positive real part, and conversely. From this simple 
relation the variability regions T, for the coefficients of typically-real 
functions are easily obtained from the corresponding regions P, for 
functions with positive real part. It is readily seen that T, is the small- 
est convex region containing the #th variability region for schlicht 
functions all of whose coefficients are real. This raises an interesting 
question: what is the smallest convex region containing S, itself? 

A domain containing »=0 is said to be star-like (with respect to - 
w=0) if any point of it can be joined to the origin by a straight-line 
segment which lies in the domain. The variability regions S. for the 
subfamily of schlicht functions which map |z| <1 onto star-like do- 
mains are also related to the regions P, in a simple way. This follows 
from the fact that if f maps |s <1 onto a star-lke domain, then 


f(x) 
7 zf’ (s) 





(3.6) = p(s), 
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where p(s) is regular and has positive real part in |a| <1. Conversely, 
if p(s) is regular and has positive real part in |s| <1, then 
En 
pC) it 
tpt) - 


' is regular in |s| <1 and maps the unit circle on a star-like domain. 
Writing ` 


3.7) (9) = x exp f 


~ 


p(s) = 1429, c2, 
pom 


we have 
2 
G; | — 2¢1, G3 = — ¢y + 4e1, 


3.8 
i a = (— 2c} + Han = e 342. 


The parametric representation of P, given by (3.3) may be used to 
define a parametric representation of S,*. Let 


(3.9) | Oy = Galbi, 03, ° + + , Ona ma, Un + y Met) 
be the kth coefficient of the function 


i £ »—1 
(3.10) T #0 Dim S 1, 
Pum] 


TI (1 — es) 
pom Í 


which maps |3] <1 on a star-like domain. As the parameters vary 
over the parameter space, the point (as, ds, - - + , Gs) sweeps out S,". 
The boundary of .S,* is characterized by the condition 


a—l1 
(3.11) par = Í, 
pm] 


and to each boundary point defined in this way there belongs the 
unique function given by (3.10). In this case the function (3.10) maps 
|s| <1 on the plane minus q (1 Sq Sn—1) straight-line slits pointing 
toward the origin, and adjacent slits form at œ an angle equal to 2U,T. 

The intersection of the boundary of S, with S,* is the subset of the 
boundary of S,* for which 


Ti, a—l 


3.12 >= mm k— i, 
(3.12) aE 2 





where m, and k are integers, m,20, 2 SkSn. 


< 


1947] SOME PROBLEMS IN CONFORMAL MAPPING 425 


The method of Löwner [7] provides a deeper connection between 
schlicht functions and functions with positive real part. Heuristically, 
the method may be briefly described as follows. 

For each 7, OSrST (T>0), let S(s, T), S(O, 7) =0, be a schlicht 
function mapping |a] <1 onto a star-like domain D*. Then for any 
t>0, the values of the function 6—4S(s, r) lie inside D* and so the 
function ġ =¢(s, t, T) =.S-1(e-4S(s, T), T), where S~! denotes the func- l 
tion inverse to S, is regular, schlicht and bounded by 1 in |z] <1. We 
have i i 


— 





dọ ae S(s, T) 
dla SE 
and so 
REIS . SA 
(3.13) STe“tSis,f, A =s S's) At a o(Af). 


Now let us define a one-parameter family of functions 

(3. 14) Elz, i) = y(@)(s + alhs? + a(x? + ---), y} > 0, 
which are regular and schlicht in |s| <1 for 0S#ST and such-that 
(3.15) gls, # + Af) = g(S—(e-445(s, À, À, À. 

By (3.13) 


(3.16) g(s, t + At) = g(s, #) — Ee pis DAE + o(Af) š 


where p(s, #)=S(s, #)/(sS’(s, #)) has positive real part in |s] <1. Di- ~ 

viding by A# and letting At approach zero, we obtain the differential 

equation 

dg(s, +) 
oF 


(3.17) eee 
O£ 


f(s, À. 


If we divide both sides of (3.17) by s and then take s=0, we have 


dy(t) 
di 





(3.18) = = (H, yH = vOe. 

The equation (3.17) may also be given a direct geometrical inter- 
pretation. Suppose that g(z, #) and p(s, #) are both regular and 
Re p>0 in |s <1 for 0SiST. Taking s=et in (3.16) we have 
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fe , $) 
(3.19) gle”, t+ At) = gle”, N + i —— ple", HAt + a. 


The map D, of |s| <1 by g(s, i) is a domain bounded by an analytic 
curve; the quantity 4dg(e", #)/d0 has the direction of the inner normal 
to the boundary of D; at the point w=g(e*, t) and sdg(e*, t) /00- ple”, t) 
is a vector which makes an angle less than x/. 2 with this inner normal. 

Equation (3.19) states that the boundary point g(e¥, ¢+Af) of the do- 
main Dae lies inside Di. Thus, as ? increases from 0 to T, the domain 
D: shrinks and, if ¢’ <r Dyer CD y. Writing ~ 


(3.20) p(s) 1 +2¥ olde”, 
and equating coefficients of s*(" 2&2) in (3.17), we obtain 
(3.21) a ——. + (n — l)n = — 25 PA De: 


Integrating this — between the limits #’ and #’’, OS?’ <i?’ ST, 


eD (EN — edt al) 


3.22 2 G iff a—l 
i ~ ) - — 2f er > pa,(4r) Cy_»(r) ar. 
: p 


æl 


In particular, 


sax) — ealt) = — 2 f CU 
(3.23) e aa) — e aal) 


' = — 2 e%cy(r) dr + et alt) — 62’ alt). 
(ad 
If the sense of the parameter ż is reversed by replacing ¢# by T—4, 
and if (for simplicity) we again write c,(#) for c,(T—#), a,(#) for 
a,(7'—#), the formula (3.22) becomes 


D al — gD Gg (P) 
3.24 pe 1 = 
2) w3 f 6D >” ya, (7) Gy» (4) dr. 

i ad ~ yæl 


Sometimes one, sometimes the other, of these two formulas is more 
convenient, 
The above method establishes a curve (a,(#), as(#), - © © , dn(#)) con- 
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necting two points of S,, and this curve is the transform of a corre- 
sponding curve (alr), a(r),- °°, ¢x—1(7) in the coefficient region P, 
of functions having positive real part in A <h 

In Löwner’s formulation (see [7]) the function p(s, À is restricted 
to be of the form 


(3.25) p(s, #) = (1 + w@)s)/(1 — x(a), 


where x(#) is a continuous function of {, BOJ =1. In this case the - 


iteration defined by (3.15) introduces a continually lengthening 
Jordan-arc slit; that is,'if ¢’’>2’, then De, (the map of |s| <1 by 
g(s, #’")) is obtained by removal of a slit from Dy (the map of |s | <1 
by g(s, #’)). Actually, Löwner’s parameter # moves in the opposite 
sense (corresponding to (3.24)), in which case the inclusion relation 
between Dy and Dy is reversed, and he showed that any schlicht 
function.of an everywhere dense set can be connected to the function 
f(s) =s by a curve corresponding to a function p(s, #) of the form 
(3.25) which depends continuously on £. If the functions p(s, t) are 
not restricted to be of-the. form (3.25) and if the continuity in t is 
dropped, then? it can be shown that any schlicht function can be 
connected to f(s)=s, but it is not known that this can be done 
using only functions of the form (3.25), even without continuity. 
Take = T, ¢’=0Q in (3.24), and let the value T of the parameter 
correspond to f(s) =s, in which case a,(T) =0 (k=2, 3, <- - ). Writing 
ax(0) =a, (k =2, 3, «+ +), we then obtain, by recursion, the formulas : 


| 
(3.26) t= — 2f e"ci(r)dr, 
l 0 
ants T T i 2 
(3.27) . aga — 2f 6-¢y(r)dr + 4 (f realr)ar] À 
0 0 
T p r T 
A= — 2 f 6 *¢5(r)dr + 12 f o-*"c3(r)dr- f oey(r) dr 
0 0 0 


` T a? 
(3.28) si f f eimmelr)elr drr, 
0 Tir s 


TE T (fo atar), 


? An unpublished result of A. C. Schaeffer and the author. 


N 
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On = >. (— DT raria 


Bda da 


s[e] 


(3.29) le 
. II Ca,(Tr)dTidT2° ++ dra, 
pen I 
where 
Laan- a = 2°( — aln — ai — a:e (8 — a — ag — + — ar), 
the a, as, + --, a, being positive integers with sum n—1. 


Now the interior points of S. are characterized by the property 
that bounded functions belong to them. Given an interior point 
(da, G3, °° +, Gn) of Sa, Jet the minimum maximum modulus of all 
functions f belonging to this point be e'(#20). The set of points of 
Sa which are representable by the formulas (3.26) to (3.29), in which 
the c,(r) (p=1, 2, +--+, n—1) are measurable functions of r, is ex- 
actly the set of interior points of S, corresponding to the values i ST. 
If, therefore, we take T = œ in these formulas, any point of S, may 
be given this integral representation for suitable choice of the curve 
(alr), alr), + + +, Ces(7)). More generally, given any schlicht func- 
tion f(s) = s + ays? + ay? + ---, there is a function p(s, T) 
=1+25°".,c,(r)z” such that the coefficients a, (n=2, 3,+--) are 
given by (3.29). Conversely, given any function p(s, r), the coeff- 
cients defined by (3.29) belong to a schlicht function. The correspond- 
ence between functions f(z) and p(s, r) is not one-to-one; in general 
infinitely many p(s, T) correspond to a schlicht function f. 

To any f which has real coefficients, there is a corresponding p(s, T) 
which has real coefficients. Now if c1, Ca, ca, -- - belong to a function 
with positive real part, so do the numbers 


Re c, Re c Re a. 


(this follows from the convexity of the family of functions 2). Thus 
if in (3.29) we replace the c,(r) by their real parts, the resulting a, 
belongs to a schlicht function with real coefficients. From this re- 
mark, it follows at once that | aa] <2, | as| $3, for complex coefh- 
cients. For example, to show that | a| <3, we may suppose without 
loss of generality that a,>0. For, given any schlicht function f, we 
have only to consider the function 


ef (ets) = s + ars? + as! + - 
which, for suitable choice of 0, will have a real non-negative third co- 
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efficient. But if a; is real we have from (3.27) (with T= œ) 


n=-2 J j 
2 ( f et im a(d) 


s- 2f e Re ¢3(r)dr + 4 (foe Re alar). 


‘ a 2 
e~?" Re ¢3(r)dr + 4 ( Í e* Re a(r)ar) 
E 0 


The expression on the right of this inequality is. the third coefficient 
of some function with all coefficients real, and therefore as we have 
seen bounded by 3. This argument fails for ay. 

When the ¢,(r) (v= 1, 2, - - -) are independent of r, the coefficients 
given by (3.26)—(3.29) belong to the function 


f(s) = 61S- TS(8)) 


where S(s)/(sS’(s)) =p(2)=1 +} ics”. In particular, for T=o, 
f(s) = S(z) and the formulas reduce to (3.8). 

Finally, let (a:(4), as(#),---, o@.(é)), OS#ST, be a curve lying 
on the boundary of Sa. Then it is obvious that the curve (a(r), 
(rT), +++, Caa(T)), of which (as(t), aalt), ---, Gn(#)) is the trans- 
form, must lie on the boundary of P,, at least for almost all 7. 
On the other hand, if (a:(0), a.(0),---, a.(0)) is a boundary 
point of S, and if (ci(r), c2(r), - * + , Ca—1(7)) lies on the boundary of P, 
for every 7, it does not necessarily follow that (as(#), aa(#), © © - , a,(2)) 
is on the boundary of S,for0<iST. The curve (as(#), s(t), - © +, aal) 
lies on the boundary only if (c:(r), a@(r), -+ +, ¢ss(r)) is a curve of 
special form. i ; 

For example, in the case #n=3, the region S, is bounded by two 
hypersurfaces H; and H; plus their intersection, where Hı and Hare 
the hypersurfaces generated by rotating the surfaces (2.6) and (2.7) 
respectively. Let (a:(0), a3(0)), the initial point of the curve, be an 
interior point of H}. Then 


` 


e'a(f) = a(0) — 2 f “gral dr, 
(3.30) i 
etali) = a4(0) — a(0)! + etah — 2 f atrgtie gy 


ig a curve lying on Hy, only if e#4” satisfies the equation © 
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(3.31) Im {Ae et¥(r) + Batto) = 0, 


where Ay and By are numbers which can be given explicitly in terms 
of the point (a3(0), a3(0)). As # tends to infinity, (aat), a3(#)} tends to 
(27, 37?) for some n, E | = 1, a point on the intersection of H, and Hy 
belonging to the function f(s) =s/(1—ys)?. No interior point of Ay 
can be connected to a point on the intersection of Hı and Hy by a 
curve corresponding to a finite range of the parameter £. 

Next, set f 


efa(#) = —2—2 f rere 
0 ie 


(3.32) | 
etali) = — 1 + e%*ag(s)? — 2 f 6 cy(7r) dr 
0 
and take 
fa(r) . 0 ; 
(3.33) BS $ A 
cos a(r) + iC, - bh#<r<o, 
gral), 0S7 <s bo, 
(3.34) alr) = d : 3 
cos 2a(7) + 24C cos a(r), b<r<o, 


where cos a(r) =6, 0Sa(r).<x/2, C is a constant, OSCS1, and h 
is uniquely defined by sin a(tj)—a(t) cos æ(to) =C.. The function 
p(s, T) corresponding to this curve is 


1+ otg 1 + 2¢ sin a(r)s — z? 

1 — eMis p 1 — 2 cos a(r)s + s? 
1 + 21Cs — z? 3 

1 — 2 cos a(r)s + 8°. 


For ¢=0, (a:(0), a,(0)) =(—2, 3); this point belongs to the function 
f(s) ~s/(1+8)*. As t increases from 0 to h, the point (as(#), a3(é)) 
moves on the intersection of H, and H3; as t increases from te to œ, 
(as(¢), as(#)) moves on A; and as ¢ tends to infinity approaches the 
‘point (—24C, 1—4C*) belonging to f(s) =s/(1+-2#Cs—s?). Any point 
on H, or on the intersection of Hı and Hy, is representable in one of the 
two forms (aa(t)e*, as(#)e*™), (a(i), d3(#)e-2”), for suitable choice 
of 0, Cand #, OS?S ©. That is, any point on Aj, or any point on the 
intersection of H, and Hs, may be obtained from (3.32) by a rotation, 


) OS?Sh, 
(3.35) p(s, 7) = 
bh<r< , 


pe 


1947] SOME PROBLEMS IN CONFORMAL MAPPING 431 


or by a reflection on the axis-plane Im a= Im a;=0, or by both. 

We observe that the points (— 24C, 1—4C*), OSC S1, which lie on 
the boundary of S,*, correspond to f= ©. Rotating through the angles 
+o/2, these points become (2C, 4C?—1), —1 SC 41, and they lie on 
the parabola a;=a,—1, —2 Sa <2. This parabola plus its rotations 
is the intersection of the boundary of S; with S,*. The parabola is 
obtained from (3.32) by taking a(r)=——1, a(r)=1. As # tends to 
infinity, (a2(é), as(#)) approaches the point (2,3) belonging to f(s) 
=s/(1—s)?,a rotation of the function s/(1-++3)* corresponding to #=0. 
Hence every point of Hı can be connected to this function, or toa 
rotation of it, by a curve corresponding to a finite range of the pa- 
rameter. This is a consequence of the fact that for functions w =f be- 
long to’ Hı, the portion of the boundary in the w-plane near w= o 
is a straight line arg (w) =constant (see §2). 

The form of these curves lying-on the boundary-of S; has been cal- 
culated from the formulas (2.6) and (2.7). A derivation based on 
Löwner’s method alone would be interesting. 


4. Maps of the coefficient regions S,. Let 


(4.1) Un = T(Sa) 


be a continuous mapping of S, on a region U,. When U, has the same 
dimensionality as S,, a common type of map has the special form in 


which, if (bs, b3, ---, ba) is the image of the point (as, a3, +--+, Ga) 
of S,, then 

(4.2) b, = b, (Gs, G3, "°° *% 4 Gy); 

that is, b, depends only on the coefficients ay, Gs, - +: , Gr 


This type of map frequently arises when we consider the coefh- 
cients of the powers of s of some functional F of f, ; 


(4.3) g= FU), 
where g depends on s in an analytic way. Thus we may take 
(4.4) g = (G) = a + Bas? + ban Peer). 


In the case = —1, 


f 3 
(4:5) ba = — Ga, bi = a3 — Gs, by = 2003 — a — Oy 


or, generally, 
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bay (= 5 í (— Dn 
HZ0, MEO, -E0 hbr +b, =r 
(kit kat- +k)! ghee. git 
Hiei Gos 

_ We also obtain a mapping (4.2) if we set 
; f(s) 

(4.6) - g = —— = g-+ dgs? + bg’ t... 

f(s) 


which gives 

(4.7) b= — ay, by = 2(as — G3), bi = 100; — day — 3G4,°°° 
Another important case of (4.2) is defined by 

(4.8) fale) (JEA) s+ bh + bust fe, 

k being a positive integer. Here 


Gs 1 k— 1 
ee abl tte 
(4.9) 


4 k—1 _ = D-1) ) 
o-— ao OO ad — i — pes 
RNG oe 6k 2 


The function f, is schlicht (conversely if a function fa of the form 
(4.8) is schlicht, so is the function {fi(g"/*)}*) and-hence (4.9) is a 
mapping of S, on a subset of itself. Finally let l 


(4.10) s = f(w) = w + biw + biw t- 


where 
(4.11) bs = — ay, AET ERA by = 5814; — Sa, — a, >- > ; 


The maps defined by (4.5), (4.7), (4.9) and (4.11) have been studied 
by various authors, mainly from the point of view of obtaining pre- 
cise upper bounds for the coefficients b,. In the case (4.5), precise 
bounds are known only for v =2, 3 and 4, namely, | bal s2, | bs| si, 
| «| S$2/3 (see [12(a)] and [3(c)]). In this case the conjecture has 
been suggested that | bal S2/(n—1). 

In the case (4.7), it is obvious that |b,| $2 (=2, 3,---) when f 

. maps |s| <1 on a star-like domain. However, there are points 
. © (da, G3, d4) of Sy outside Sif for which |b| >2 (eee [11(b)]) and this in 
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fact occurs even for points (ds, Gs, a4) belonging to schlicht functions 
with all coefficients real. The region B, of points (bs, bs, - - =, ba) de- 
fined by (4.7) was studied by Peschl [8] in preference to S, itself, 
for the reason that B, has a slightly simpler relationship to P, than 
Sa has. 

In (4.9) precise bounds of b, are known only for »=2, 3. It is clear 
that |b:| $2/k, and the precise inequality for b, is (see [2]) l 


Meta (j 


The precise upper, bounds for the b, defined by (4.11) were obtained 
by Löwner [7] using his method of parametric representation (these 
bounds may also be obtained in a different way e [11(b)])). The 
. inequalities are: 


13-5--+ (2x7 — 1) | 
me ee pa 
TE ET 
Equality is attained for any p only if f(s) +s/(1—7s)?, |n] =]. 
Of particular importance is the case in which the mapping (4.2) is 
linear in G3, G, ---, Gn that is when © 


(4.12) b, = 6; + 6161 +--+ + 6,a,.. 


A linear mapping of this type arises whenever we consider the coeff- 
cients of the powers of { in the expansion 


(4.13) EC) = SOG) = bt + dk? + df? + --- 
where i 
(4.14) z= $(f) = Bit + B HBH 


area nan ehborioodo e Wio 
Z k) y 
TONNE Ze, ve 
we see that 


(1) (3) (P) 


(4.15) b, = 8, a a oy + B‘ Gte. - +8, Gy (= 1,2,---) 


where BX =B,, BS” =6i. 
Suppose first that fı = 1 in (4.14) and let s=@({) map some domain 


=- 


- 
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G on |s| <1.4 Then the variability region of (bs, bs, -- +, ba) is the 
nth coefficient region S,(G) of functions regular and schlicht in G. 

Roughly speaking, the coefficient problem is easier the larger G is.’ 
For example, let A be a small number, 0<<1, and let G=G(A) be 
the exterior of the circle orthogonal to the real axis and cutting it 
at A(1+A)~! and A(t —A)—). Then if À =à, is small enough, the precise 
upper bound for b. can be determined (see [11(b)]). However, these 
regions depend on n. 

In particular, consider the class C of domains G which are gen- 
erated from the unit circle by the family of normalized schlicht func- 
tions f. The interior of the unit.circle itself belongs to C, and we de- 
note it by E. If S(G) is the family of functions (4.13) which are regu- 
lar and schlicht in G, we define 


a " G) = be 
a, = a,.(G sup | | 


£ 


and write 


a = inf ; ry a ; 
Y rE oo ee) 


Pen (es [11(a) ]) 


an(E) = Yn. 
But, given », there are other domains G (depending on n) for which 
Gy. Moreover, if a,(E) =n (n= 2, See J; we have I, =4%! 


(n=2,3,---). Hence æ,(E)en (n=2,3,---) implies that the in- 
equality 


# S aG) S 477 


is valid throughout C. 

Let us drop the restriction that f,=1, and suppose instead that 
(t) is regular and bounded by 1 in fd <1. The family of functions 
g(t) givèn by (4.13) as f and @ vary is then the family of functions 
which are subordinate to schlicht functions, and the region of varia- 
bility of the point (bs, &,---, ba) contains Sa. Concerning precise 
bounds for the b, it is ae only that | bal <2. However, if f (in 


4 The domain may contain ©. We suppose that G is achlicht although a more gen- 
eral problem is obtained by allowing G to be a multiply-connected Riemann domain. 
It is also clear that we may formulate the coefficient problem for points of G other 
than the origin. 

5 If Gis the whole plane minus a single point (in which case no function (t) exists), 
there is only one normalized function g(f) which is regular and schlicht in G; in this 
case the problem !s completely trivial. 


e: ~ 
~ 
N a 
$ 
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(4.13)) has real coefficients or maps |s| <1 on a star-like domain, ` 
then | d,| S» (y=2, 3, - ) (see [6(b)], where an excellent exposition 
of this family is ce 


5. Variability regions in general. Let y be a closed set in |s] <1, 
and let 


F = F(f(s), TE O FO a O), Tg | 7) 


be a functional depending on-the values taken by f(s), f’(s), - - °, f(s) 
in y. The value of F is a number which may be complex, ane we sup- 
pose that F is defined and continuous whenever f belongs to the | 
family S of schlicht functions. Moreover, writing f™ (3) =x,+4y,, let 
F be “differentiable” (for example, in the sense of Volterra) with re- 
spect to x, and y, (u=0, 1, - - +, ) when the functions are regarded 
as independent and only'one of them is given an increment. However, 
we do not need to be precise since we shall be concerned here only 
with specific and rather trivial examples of functionals F. Now let 
U{=(U Us, + - +, Un) be the point in euclidean space defined by m 
functionals of this type: 


(5.1) U, = Fi (f(s), Jis), PEREN f(s), O (s) | Ya). 


_ The region of variability V of U is the closed set of points U as f 


ranges over the family S of schlicht functions. 
Thus, the nth region S, of the coefficients is obtained by taking © 
U,=f®(0)/kI (k= 2, 3,- ++, n). On the other hand the region of 
variability of the point | l 
(o ro foe) 
rO r® TO? 
for fixed s,0S |s| <1, is a linear map of S, of the type (4.12). For let 


s(t) -s5 - Za (FE) Tat’, 


(5.2) 

















1+ # met . \L + zt ra 
where ay) =g(0) =f(s), a: = g’ (0) =f’(s)(1— | 3| 2), Then the function 
sa > =r, 


` 


is a normalized schlicht function, and so the point (as/a1, @s/@r, ++ +, 
@a/a) belongs to S,. We have 


=e TA - La, (= 


“a 











f(s) = È K(k, 7, 3) 
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where K(k, r, 2) depends only on k, y» and s; hence 











f(s) 7. a _: 
= > i — K(k, r, r= 2,3, 
f(s) (1 |s] ) 2, a (k, r, 3) ( 23 ) 
If U=f(s), z fixed, the region of variability is defined by 
i 1— [s] 


(see [4, 3(d)]), where log (f(2)/s) is the branch which vanishes for 
s=0. Taking U=f(s)/f’(s), the corresponding region V is given by 


Je) ` 1+|s| 
era) ees [| 


(see [8, 3(b) ]), where log (f(s) /zf’(s)) is the branch vanishing for s=0. 
From (5.3) and (5.4) we obtain at once the two classical inequalities 


|| 


(5.4) 














l |z r 
5:5 —— -3 —,; 
(5.5) agh lOl S Gop 
i 1- |s] 1+|s| 

5.6 —- ——— z — m. 
= arta S 
If we choose U = arg f’(s) (arg f’(0) =0) then 

4 arcsin | s|, |s| s 1/27, 
(5.7) - | arg f) | < rt log, 1/2r<ls] <1. 

— |s 


It is worth noting that although (5.6) was the starting point of these 
investigations, (5.7) was not proved until twenty years later when 
Golusin [3(a)] established it by using Ldwner’s method. Inequalities 
(5.6) and (5.7) constitute what are called the distortion and rotation 
theorems. 

An interesting problem arises if we set U= (z| l |z] ). This problem 
has been solved by Robinson [9]. 

We may also take U= (f(s), f(—8)), or U = (f' (s), f'(—82)), where s 
is a fixed point of |s| <1. Aspects of this problem have recently been 
studied by Golusin (see, for example, [3(e), (f), (g)]). 

Another type of problem is obtained by setting 


(5.8) v= {| sen) Iada, M>0,0<r<i. 
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In this case the precise upper bound is unknown. Or take 
(5.9) U =f Í | Cpe") |3odpd9 = x D> n | n |37. 
0 —3 fon] 


Here U is the area of the map of |s] <r by f. It is obvious that this 
area-is not less than ~r? (with equality only if f =s), but the precise 
upper bound is not known. 

A rough classification of the above types of problems is provided 
by the order of the highest derivative involved. The existing litera- 
ture (apart from papers on the coefficient problem) is mainly con- 
cerned with problems involving first and second derivatives only. 


6. Generalizations. Two natural generalizations are obtained by: 
(i) relaxing the restrictions that the domain G, of the variable s is 
schlicht and simply-connected; (ii) relaxing the restriction that the 
domain G, of values w=f(z) is schlicht. Both have been considered. 
We shall comment briefly on these two generalizations, and we dis- 
cuss (i) first. f r 

For simplicity, let us suppose that G, is schlicht but possibly multi- 
ply-connected. We may thęn consider extremal properties of the fam- 
ily of functions f(s) which are regular, single-valued and schlicht in 
G, and which are properly normalized at some interior point % of the 
region. Problems of this type have been investigated in numerous 
papers of H. Gr&tzsch.* The method used by Grdtzsch was simplified 
and improved by H. Grunsky [5], and was later simplified further 
by G. Golusin ([3(b)]) who applied it to a series of problems in the 
schlicht conformal mapping of multiply-connected regions. In some 
instances these investigations have led to new and more complete 
results for simply-connected regions. “ 

The method used is one of comparison with functions which map 
G, onto the w-plane slit along finite arcs of logorithmic spirals which 
are obtained from the equation Im (e-* log w) =c by holding @ fixed 
and varying c. Similar comparisons can be made with functions which 
map G, on the plane minus parallel straight-line slits. 

More recently, problems of this type have been successfully at- ` 
tacked by variational methods in which the comparison functions are 
«variations of the extremals (see [12(b) ]). 

A generalization of type (ii) is obtained by considering the family 
of pvalent functions f which are regular in |s| <1 and normalized 
in some way at s=0 and which take no value in |s| <1 more than p 


t See Berichte der Akademie der Wissenschaften, Leipzig, 1928-1932. 
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times, where p is some fixed positive integer. Although these functions 
Have been intensively studied, few precise bounds for the family are 
known when p>1; most results obtained so far are statements about 

order of magnitude only. l 
The concept of p-valency may be generalized to fractional values 
of p as follows. Let w=f(s) be regular in |s| <1, and let A(R) denote 
the area (regions covered multiply being counted multiply) of that 
ion of the map of the unit circle by w= f(s) which lies in the circle 


w| SR. If a ; 
A(R) S prR? i 


- for all R>0, where p is a positive (though not necessarily integral) 
number, we say that f is mean p-valent. With suitable normalization ” 
at s=0, the family of mean p-valent functions ($ fixed) is compact; 
and it can be shown that ) 


61 FONET — [8] > ($ > 0), 
(6.2) || S Bate (p > 1/4), 


where A and B are constants. (Here a, is the coefficient of s* in the 
expansion about s=0.) 

The most interesting class of mean p-valent functions is the class 
of mean 1-valent functions f of the form 


f(s) = 1 + as? + att... - 


For this family |as] m2 with equality only if f=s/(1—7s)3, E =i, 
but there are mean 1-valent functions f for which | as| >3.7 However, 
these functions resemble schlicht functions so far as orders of magni- 
_ tude are concerned. : 
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STANFORD UNIVERSITY 


JACOB DAVID TAMARKIN—HIS LIFE AND WORK 
EINAR HILLE 


Few members of our Society enjoyed such a firmly established and 
well deserved popularity as Jacob David Tamarkin during the 
twenty years that he stood in our midst. J. D., as his friends called 
him, was a personality and a colorful one; those who knew him well 
held him in fond affection and everybody respected his integrity and 
selfless service. The interest which he took in his fellowmen was most 
helpful and he stimulated mathematical activity wherever he went. 
His erudition and wise counsel were at the service of young and old; 
many of us are grateful to him for a start or a helping hand at a criti- 
cal moment. He lived intensely and enjoyed it; he kept open house 
to his friends, and all mathematicians and musicians were his friends. 
He was the life of every mathematical gathering where his contagious 
laughter and roaring voice carried far and wide. It is a sad task to 
write his life; it is also a difficult one because so much of his colorful 
past is either hidden behind the famous curtain or cannot be told. 

J. D. was born in Chernigov (northern Ukraine: Russia) on June 28 
(old style=July 11), 1888. His father was a physician, his mother 
belonged to the landed gentry, and he was their only child. His par- 
ents later moved to St. Petersburg where J. D. graduated from the 
Second Gymnasium in 1906. Among his classmates was Alexander 
. Alexandrovich Friedmann, the future physicist.’ They were bosom 
friends; they worked together in school and were destined to remain 
closely associated until the final separation in 1925. Their early inter- 
est went to number theory and resulted in a joint paper on quadratic 
congruences and the numbers of Bernoulli ({1] in the appended bib- 
liography) which was dated October 5, 1905 and appeared in the 
Mathematische Annalen the following year. This was J. D.’s first 
paper and Friedmann became the first of his many collaborators of 
which at least twenty have been identified.? The authorities of the 
school thought that the achievement deserved special recognition and 
awarded them gold medals. 


i 1 I am grateful to Professores C. R. Adams, R. C. Archibald, L. L. Silverman, 
S. Timoshenko, J. V. Uspensky (since deceased), and G. Vernadsky for valuable in- 
formation bearing on various phases of J. D.’s life and work. 

? Born June 17, 1888, died September 16, 1925. The facts concerning Friedmann’s 
life, used in the following, are taken from his curriculum vitae in the Receuil de 
Géophysique, Leningrad, vol. 5 (1927) pp. 11-15. f 

? See the list before the Bibliography proper. Cf. footnote 6 according to which 
the names of N. M. Günther and J. V. Uspensky should be added to the list. 
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The two friends entered the St. Petersburg University in 1906 
where they continued their work on number theory: the physico- 
mathematical faculty also responded with gold medals. In January 
1908 they wrote a letter to K. Hensel, an extract of which appeared 
in Crelle’s Journal in 1909 [2]. This paper brought their work on 
number theory to a finish. They had now come under the inspiring 
influence of V. A. Steklov who made them interested in mathematical 
physics: J. D. turned to boundary value problems, Friedmann to fluid 
mechanics. J. D. applied the method of Steklov to a study of the 
transversal vibrations of an elastic homogeneous rod in [3] which ap- 
peared in 1910; his joint paper with Steklov [4] is dated the same 
year. It was followed by a short note [5] on the heterogeneous case in 
1912, but J. D. does not seem to have carried out his intention of pub- 
lishing a detailed paper. By this time he was stalking bigger game. 

He graduated‘ from the University in 1910 and got his first aca- 
demic positions there and at the School of Communications* the same 
year and, incidentally, so did Friedmann. They continued working 
for the Magister degree in Applied Mathematics for a few years; 
Friedmann passed the examination in 1913, J. D. probably in 1912. 
Their dissertations were delayed by the war, J. D.’s 322 page book [I] 
on boundary value problems appeared in 1917, Friedmann’s 516 page 
book on hydromechanics in 1922. In 1913 J. D. also became instructor 
(privatdocent?) at the Electro-Technical School and in 1917 (extraor- 
dinary?) professor at all three institutions in Petrograd. He married 
Helen Weichart in 1919; their son Paul was born in 1922. > 

J. D.’s research during this period was concentrated on the theory 
of boundary value problems for linear differential equations, leading 


‘ Professors Timoshenko and Vernadsky have furnished the following information 
concerning Russian university conditions before 1918 which will help the reader to 
get the proper perspective. The student took a four year course and received a diploma 
of the first or the second class upon graduation. The requirements would correspond 
roughly to an American M.A. degree. The best students were encouraged to stay on 
and became candidates for degrees of which there were two, Magister and Doctor. 
The requirements for the latter were so severe that very few bothered to take it. The 
Magister degree was hard enough; it involved an examination and the writing and 
public defense of a dissertation. All academic degrees were abolished in 1918. A candi- 
date who had passed the Magister examination could obtain the venia legendi and 
the title of privatdocent by giving a babilitation lecture on a preassigned topic. The 
number of ordinary professorships (cathedrae) was small, one started out with an ex- 
traordinary position. 

s Instituta Inzheneroy Pootet Sodbahcheniya. J. D. used to refer to this institute 
as the School of Railroads; he may have had students from the railroad sectien. In 
1912 he was appointed member of a Russian Government committee to study stresses 
in rails. i 
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up to his dissertation. Later he became interested in questions of ap- 
proximation (methods of W. Ritz and of C. Stdrmer, interpolation 
and mechanical quadratures) possibly through N. Krylov with whom 
he wrote three papers. 

The very bad eyesight of J. D. presumably kept him out of the 
first world war. Friedmann on the other hand, who had written about 
airplane theory in 1911 and also had studied dynamical meteorology, 
saw active service with the Russian Air Force in 1914-1915 and later 
had a hand in research connected with aerial warfare. In 1918 Fried- 
mann was called to the new university of Perm as professor of me- 
chanics where he stayed for two years. J. D. accepted a call to Perm 
in 1920 and also stayed for two years as professor and dean. At this 
time starvation was widespread in Russia; living in Perm was easier 
than in Petrograd, but the climate was severe and J. D. nearly suc- 
cumbed to an attack of pneumonia. 

In 1922 we find J. D. back in Petrograd; to his three old professor- 
ships he has now added a fourth one at the Naval Academy. He also 
held consultantships with the Central Weather Bureau, the Optical ` 
and the Physico-Technical Institutes. The salaries were probably a 
-minor consideration, but with each position went a set of ration cards 
which counted heavily in the household economy. The drawback of 
the many positions was that he had to spend his time on overcrowded 
trolley cars going from one institution to another all day Jong. During 
the three years that he remained in Petrograd, later called Leningrad, 
he produced an enormous amount of work. Comparatively little was 
pure mathematics, though the papers [14-16, 20, 21] were written 
during this time, [14] in collaboration with A. Besicovich and [15, 
16] with Krylov. More effort must have gone into applied. mathe- 
matics in collaboration with Friedmann [17-19] and still more into 
the three books [O, II, IV] with the co-authors J. S. Besicovich, 
G. Fichtenholz, A. Friedmann, and V. Smirnov.* <“ i 

J. D. had been very well-to-do before the revolution razed all val- 
ues. That his mathematical library was first rate, is not surprising, 


* According to the Jahrbuch über die Fortschritte der Mathematik vol. 50 (1924) 
p. 149, the department of mathematics of the School of Communications published a 
collection‘of problems in higher mathematics to be used in the school The authors 
are listed as A. A. Friedmann, N. M. Gunther, J. D. Tamarkin, and J. V. Uspensky. 
This would add two more names to J. D.'s list of collaborators. J. D. apparently did 
- not get much credit for his books. [IT] has been issued in several editions; Smirnov 
added two more volumes to the book and J. D.'s name was omitted in the later edi- 
tions. Neither [OI] nor [IV] appeared with his name on the title page. According to 
J. D., [M] was awarded a prize by the Russian State Research Council and he got 

his share of the prize, 
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but he was also intensely fond of music and he possessed a musical 
library of some 6000 items including a complete collection of Russian 
music. He used to engage a string quartet to play at his home weekly; 
, the concert lasted from eight in the evening until five or six in the 
morning with an intermission for a grand supper at midnight and a 
good breakfast in the morning. Shostakovich, at the age. of sixteen, 
played part of his first symphony at one of. these concerts in 1924. 
Life was precarious, however, and for a person with J. D.’s back- 
ground Leningrad was becoming unhealthy: there was always the 
haunting fear of starvation—he lost ninety pounds during the revolu- 
tion—and there was also the secret police. J. D. was a menshevik 
(social democrat) and as such he was fair game both to the okhrana 
of the czar and the cheka after the October revolution. In 1924 he 
decided to leave Rusaia; he arrived in this country in March 1925 and 
was joined by his wife and son a year later. One of J. D.’s best stories 
told how he tried to convince the American consul in Riga of his 
identity: the consul attempted to examine him in analytic geometry, 
but ran out of questions and gave up when J. D. threatened to take 
"over the examination. 

J. D. found asylum at Dartmouth College when he came over and 
stayed there for two years as visiting lecturer. He used these two years 
well as may be seen from the Bibliography [22-32]. It is still, in the 
main, boundary value problems and integral equations which inter- 
ested him and in these fields he found new collaborators in Ch. E. 
Wilder and R. E. Langer who also urged him to write an English 
version of his dissertation [25]. His association with L. L. Silverman 
resulted in a paper [32] on Abel’s theorem for Nérlund and Hausdorff 
means which was the point of departure of much of his later work. 

He was called to Brown University in 1927 and here his scientific 
activities really flourished. His first seven years at Brown were proba- 
bly the happiest in his life. He had security and his pent-up energies 
. overflowed in all directions. He threw himself wholeheartedly into 
his new surroundings where he soon became a driving force; as Brown 
was pushed into the mathematical front rank, good students were 
attracted and were well trained (J. D. alone accounted for some 
twenty-two Ph.D.’s during his eighteen years of active service). His 
stimulating lectures were highly polished and represented up-to-date 
research in the field in question; mimeographed copies of his lecture 
notes were widely circulated and quoted. He read passionately and 
his students as well as his friends profited much from his oun 
criticism. ` 

His critical ability and eal erudition were soon put to use. He 
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became an associate editor of the Transactions in 1927, of the Annals 
in 1928, and of the Zentralblatt in 1932. He became one of the editors 
of the Transactions in 1932, but transferred to the Colloquium Com- 
mittee in 1937. He was one of the editors of the Mathematical Re- 
views when it started in 1940 and of the Mathematical Surveys in 
1945. J. D. was also one of the moving forces of the Organizing Com- 
mittee for the International Congress which was to have been held 
in 1940. He was an influential and much trusted member of the Coun- 
cil of the Séciety since 1931 and Vice President in 1942-1943. 

J. D. wrote his first letter to me in June 1925; we met in person at 
the Cornell meeting of the same year and remained in steady contact 
for the rest of his life. Our active collaboration started in the late 
fall of 1927, the first research project being the frequency of the char- 
acteristic values of an analytical kernel. This program was soon ex- 
panded to more general problems in the theory of linear integral 
equations, but our ambitious plans of writing the book in the field 
never materialized. In April 1928 we added Nérlund summability of 
Fourier series and in May Hausdorff summability. The latter also 
included questions of relative inclusion and turned out to be particu- 
larly fruitful since it led us into the theory of Fourier transforms and 
Laplace-Stieltjes integrals. A number of results never got beyond 
the stage of preliminary communications, however. A memoir on 
R. Schmidt summability which should have concluded the applica- 
tions to Fourier series was put off indefinitely. Likewise planned mem- 
oirs on Hausdorff summability and on Laplace-Stieltjes integrals were 
postponed for various reasons. During the seven years that we worked 
together constantly we produced 24 notes and papers; to this should 
be added a paper with A. C. Offord [66] and one with G. Szego [69]. 
Though J. D. devoted most of his energies to our joint work during 
this period, he wrote six short but good papers of his own and also 
found time to collaborate with H. L. Krall, S. Saks, and M. H. Stone. 
This was the time when the new functional analysis broke through 
in this country and J. D. in his writings and, perhaps still more, in 
his teaching became a strong and influential protagonist of the new 
ideas. 

The happiness of J. D. came to an end in June 1934 with the sudden 
death of his wife and from this blow he never recovered. The effect 
on his scientific life was immediate and destructive. He published 
only four papers after 1935, but a great effort still went into his lec- 
ture notes and some of his best students belong to this later period. 
After the outbreak of the war, most of his energy was consumed by 
the course in partial differential equations [E] which he and W. Feller 
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gave in the School of Applied Mechanics at Brown. He found time, 
however, to finish an excellent book on the moment problem [V], the 
first volume in the Mathematical Surveys, which he wrote with his 
old friend and university mate J. Shohat. His other co-authors during 
this period, in addition to those previously mentioned, are N. Dun- 
ford and A. Zygmund. 

J. D.’s constitution had a auc of weak vee which gradually 
became more serious; in February 1945 his heart threatened to give 
in completely, but he recovered and took part in the April meeting 
of the Council in his old vigorous manner. A trip to his beloved Cali- 
fornia broke him down again and he died in Washington, D. C. on 
November 18, 1945. He is survived by his son. 

After this sketch of J. D.’s life, I shall proceed to a brief account 
of his scientific production which will be grouped according to sub- 
jects. If I should be found guilty of writing more fully about the in- 
vestigations in which I have participated, this is due to my having a 
much better understanding of the ideas involved in these papers. 
J. D. published 71 research papers and 3 of his books are also of re- 
search character. He wrote 36 reviews in this BULLETIN as well as 
many reviews in the Zentralblatt and the Mathematical Reviews. 
These frequently contain original contributions and the same is true 
of his lecture notes. 


1. Number theory [1, 2]. These papers were mentioned above. It 
is enough to add that the main problem in [1] is to give an explicit 
solution of the congruence x*eag (mod $) for the case in which pm 1 
(mod 4). 


2. Calculus; functions of peal or complex variables [9, 22-24, 29, 
31, 39, 40, 47, 51]. Here [51] is an important contribution to the 
theory of conjugate functions in the case when p= 1 and extends work 
by M. Riesz, Hardy, Kolmogoroff, and Zygmund. The basic result 
ig an inequality for Se | v(re*)| d9, r<i, where v(s) is the imaginary 
part of a function holomorphic in the unit circle. The inequality 
has various important consequences and is, in a certain sense, the 
best of its kind. [29 | "is connected with [I] and [25] and is concerned 
with the distribution of the zeros of certain entire functions of expo- 
nential type which arise in the theory of boundary value problems. 
Among the papers on functions of a real variable it is enough to men- 
tion [24], which contains a new proof for the closure of the trigonomet- 
ric orthogonal system, and [39], which gives simple proofs of the 
basic properties of Lebesgue’s monotone function associated with the 
set of Cantor. 
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3. General theory of summability [32, 56, 65]. J. D.’s lively intet- 
est in questions of summability dates from his association with Silver- 


_ man. In [32] they proved that a series which is summable Hausdorff 


4 


[H, q(u) ] is not summable Abel if the corresponding moment function 
Joutdg(«) has a zero in the right half-plane, while every Norlund sum- 
mable series is also summable Abel. The Hausdorff—Abel problem 
was later solved and generalized by O. Henrikson in Math. Zeit. vol. 
39 (1935) pp. 501-510. J. D. found that N&rlund’s definition of sum- 
mability had been considered by G. F. Voronoi in a rare Russian 
publication from 1901, so he published an annotated translation of 
Voronoi’s note in Ann. of Math. (2) vol. 33 (1932) pp. 422-428. Some 
questions raised by J. D. in this connection were solved later_by 
R. E. Gilman and G. Szegé. In [56] J. D. and I. considered the ques- 
tion of relative inclusion of Hausdorff means: we reformulated Haus- 
dorff’s conditions in terms of moment functions and mass functions 
and applied the results to various special questions. Our conditions for 
[H, q(#) ]>(C, n) are not correctly formulated (see Garabedian, Hille, 
and Wall, Duke Math. J. vol. 8 (1941) pp. 193-213). The fascinating 
problem of the arithmetic of Hausdorff matrices and of moment func- 
tions, raised in [56], is still unsolved. In [65] J. D. showed, as a 
consequence of the uniform boundedness theorem, that a certain 
plausible extension of the notion of regularity in the theory of sum- 
mability actually reduces to the classical concept. 


4. Summability of Fourier series [34-38, 50, 52-55]. In [36] and 
later papers we introduced various notions of effectiveness of a 
method of summability with respect to Fourier series, conjugate se- 
ries, derived series, and so on. In [34] and [50] we determined suffi- 
cient conditions for different types of effectiveness of a N6rlund 
method of summation; in the most important case of positive mono- 
tone decreasing weight factors the conditions are also necessary. The 
corresponding problem for Hausdorff means was tackled in [34-37, 
55]. A necessary condition for (F)-effectiveness was found to be that 
C(s)EL(— ©, ©) where C(s) is the cosine transform of the function 
which equals q(x) —# in (0, 1) and zero elsewhere. That this condition 
is also sufficient is indicated in a footnote in [55], but the proof is 
still unpublished, and the sufficiency proof in [55] involves an addi- 
tional restrictive end point condition on q(u). If the latter holds and 
if | C(s)| is dominated by a monotone function in L(0, œ), then the 
method is also (L)-effective, that is, sums the Fourier series of f(x) 
to the sum f(x) in the Lebesgue set of the function. For the conjugate 
series the corresponding sine transform plays a similar role. 
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Dirag 1931-1933 we jnvestigated the (F)-effectiveness of many 
methods of summation and were frequently led to a condition in- 
volving the integrability over (— œ, ©) of the Fourier transform of a 
kernel associated with the method. A number of such results wete an- 
nounced in my symposium address on the summation of Fourier 
series in Bull. Amer. Math. Soc. vol. 38 (1932) pp. 505-528, but the 
detailed discussion which we had planned was not published when it 
was found that the main result of [38] was erroneous in the generality 
there stated. . 

In [54] we discussed a method of summability i convergence fac- 
tors defined by a regular matrix in which each row is a factor se- . 
quence of type (Z,, Lp) with respect to a given orthogonal system. 
If the method is (L,)-effective, it was shown to be (L, -effective for 
PSqSp., and all (Z1)-effective methods were determined for trigo- 
nometric Fourier series. The main tool was the convexity theorem of 
M. Riesz for bilinear forms. 


5. Moment problems; Fourier and Laplace transforms [V, 48, 58- 
63, 66, 67|. There are many moment problems in the literature; they 
may look artificial to the outsider, but they have led to the introduc- 
tion of many new fruitful ideas in analysis and they have a bearing 
on a great variety of problems (continued fractions, functions of posi- 
tive real part, positive functionals, quasi-analytic functions, and so 
on). The Hausdorff means are based on a sequence of moments for the 
interval [0, 1] and lead to the Hausdorff moment problem: determine 
a function q(#) never decreasing and bounded in [0, 1] or of ies 
variation in [0, 1] such that the moments fọu"dg(u), #=0, 1, 2, 
have given values. [48] is a contribution to this problem; J. D. ie 
a new proof of the Hausdorff-Bernstein-Widder theorem according 
to which a'function completely monotone in [0, ©) is the Laplace- 
Stieltjes transform of a monotone bounded function. In [V] he and 
J. Shohat gave a survey of the theory of moment problems including 
history, general problems and methods, the Hamburger moment 
problem for (— œ, œ), various modified problems, and the related 
theory of mechanical quadratures with an extensive bibliography. 

The theories of Fourier and Laplace transforms are closely related 
to each other and to the theory of functions holomorphic in a half- 
plane, having boundary values in L,(— œ, œ) in terms of which the 
functions are representable by their proper Cauchy and Poisson in- 
tegrals. One may ask when a given function f(x) is such a boundary 
function; for p=2 the answer has been given by Paley and Wiener 
and we extended their work to the range 1S p82 in [58]. We solved 
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a similar question in [62] where f(x) is gupposed to be a Fourier 
transform. Related questions also occur in [67], but here the main 
problem is to give sufficient conditions under which the Fourier trans- 
form of the boundary function belongs to L(— œ, œ). It was re- 
marked above that the question of when a Fourier transform belongs 
to L is basic for the summation theory of Fourier series: a number of 
sufficient conditions were also proved in [55]. 

If f(u) CL,y, 1<p<2, Titchmarsh proved that the Fourier trans- 
form F(#) of f(u) exists as'a limit in the mean of order p’; in [61] we 
proved conversely that f(u) is the limit in the mean of order p, when 


- g-+, of the Fourier transform of the function which equals F(—?) 


in (j—a, a) and zero outside. This is no longer true when p=1. The 
note also gave basic properties of the Dirichlet transform of f(u) and 
served as the point of departure for later work on this transform by 


_H. Kober and by myself. Note [66] contains the essence of a corre- 


spondence with A. C. Offord; it was observed, among other things, 
that for a fixed p>2 the elements of L, having a Fourier transform in 
any L, form a set of the first category in the metric space Ly. 

The remaining papers under this heading deal with Laplace- 
Stieltjes integrals and are closely connected with [56]. The initial 
question is when an analytic function is a moment function, that is, 
the Laplace-Stieltjes transform of a function of bounded variation in 
[0, ©). Some sufficient conditions are stated in [59], but the main 
result here is that every function f(s)CH,, 1S$S2, that is, such 
that S2a|fle+iy)| ?dy SM for x>0, is the Laplace transform of a 
function F(é) in Ly(0, ©) (for p=1 proved by Bochner, for p=2 by 
Paley-Wiener, the general case was later discussed in detail by 
G. Doetsch along the lines indicated by us). When 2< p, the situa- 
tion is entirely different. In this case f(s) is the Laplace-Stieltjes 
transform of a continuous function A(t) and the functions f(s) for 
which A (#) is of bounded variation in any interval form a set of the 
first category in the metric space H,. In [63] we introduced a new 
idea in the theory of summability of Laplace integrals based upon the 
trivial identity f(s) = [g(s) ]-1¢(s)f(s), where the multiplier g(z) is sup- 
posed to be holomorphic, different from zero, and representable by 
an absolutely convergent Laplace-Stieltjes integral in a given half- 
plane R(s)>§. If f(s) admits of a representation by an absolutely 
convergent Laplace-Stieltjes integral for R(s) >s, so does g(s)f(sz), 
provided ø =$, so that the transformation by multipliers is conver- 
gence preserving. If, in particular, g(z) = s~, then the resulting repre- 
sentation for f(s) is equivalent to that furnished by (C, a)-summabil- 
ity as long as R(s)>0. These ideas were developed somewhat further 
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in my address on Laplace integrals in the Proceedings of the Eighth 
Scandinavian Mathematical Congress in Stockholm 1934, but de- 
tailed proofs are still missing. 


6. Differential equations [12, 14, 30, 41]. Here [12] contains a 
uniqueness theorem, [14] uses results of Besicovich to extend the 
asymptotic form of the solution of a linear differential system from 
real to complex values of a parameter, and [30] is mainly of didactic 
interest. Finally [41] contains a very useful estimate of the variation 
of the solution of a differential system with the coefficients of the 
system. ’ 


7. Boundary value problems; Green’s function [I, 3—8, 25, 27, 43, 
46]. This is the field which formed the center of J. D.’s interest during 
a period of almost twenty years. In [3—5] he is concerned with the 
problem of the transversal uence of a clamped rod which leads 
to a fourth order problem 


y] = Ap(z)V, Via) = vé) = v(a) = V(b) = 0. 


If the rod is homogeneous, p(x) and g(x) are positive constants and 
the problem is much simplified. J. D. proved that any twice differen- 
tiable function satisfying the boundary conditions can be represented 
as a uniformly convergent series in terms of characteristic functions. 
In these investigations he used the methods of Steklov which are re- 
stricted to self-adjoint problems. | 

In 1911-1912 he got the idea of attacking the boundary value prob- 
lem for a general nth order linear differential equation by the method 
of Cauchy-Poincaré. This method requires a fairly accurate knowl- 
edge of the asymptotic’character of the solutions for large values of 
the parameter as well as of the distribution of the characteristic val- 
ues. J. D. proceeded to derive the required information and to apply 
it to the boundary value and expansion problem. During this process 
he found, much to his chagrin, that the problem had already been 
attacked by G. D. Birkhoff, using the same method, in Trans. Amer. 
Math. Soc. vol. 9 (1908) pp. 219-231, 373-395. He decided neverthe- © 


` lesa to publish his results for the expansion problem in [6], replacing 


G 


his own discussion of the asymptotic formulas by Birkhoff’s. J. D. 
thought that Birkhoff’s treatment of the expansion problem was in- 
sufficient and said so. Birkhoff supplied the omitted details in a paper 
which appeared a year later in the same journal (Rend. Circ. Mat. 
Palermo vol. 36 (1913) pp. 115-126) and J. D. acknowledged the suff- 
ciency of the supplementary-argument in [8]. For further details in 
this matter, I refer to Marston Morse, George David Birkhoff and hss 
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mathematscal work, Bull. Amer. Math. Soc. vol. 52 (1946), especially 
pp. 360-362. One observation should be made, however. Birkhoff re- 
stricts himself to a function f(x) which is made up of a finite number 
of pieces, each real, continuous, and with continuous derivative, and 
proves that the expansion converges to |f(x—0)+f(x+0)]/2 at all 
interior points and to certain linear combinations of f(a+0) and 
f(6—0) at the end points. Tamarkin, on the other hand, proves con- 
vergence to [f(x—0)+f(x+0) ]/2 at interior points if f(x) is merely 
of bounded variation and he also shows that the expansion is equi- 
convergent and equi-summable (C, 1) with the trigondmetric Fourier 
series of f(x) in (a, b) when f(x) is merely integrable. He does not say 
in what sense f(x) is to be integrable, but even if he means Riemann 
integrable, his results contain those of Birkhoff for interior points as 
a very special case. ; . 

. He continued these investigations in his dissertation [I] which is 
dated April, 1917. This is a practically self-contained, very detailed 
discussion of boundary value problems for linear differential systems. 
Starting with an outline of the theory of matrices, Lebesgue integra- 
tion, and existence theorems, he proceeds to a discussion of the char- 
acter of the solutions for large values of the complex parameter p, 
assuming the coefficient matrix to be analytic in p outside a eircle, ex- 
cept for a pole at infinity. The boundary conditions for the interval 
(a, b) are of a very general nature, Uly] =c», #=1,2,---+,. In the 
revised version [25] of 1927 his U,[y] are what in modern language 
would be called linear bounded functionals on the space C*- [a, b], 
that is, 

a-1 pb 


Uly] p> Y (B)dorm(t), 


but in [I] he restricts himself to the case in which each ayx(#) is the 
sum of a step function with a finite number of steps and an absolutely 
continuous function. The function of Green, the distribution of the 
characteristic values, and the expansion problem are studied in great 
detail. He proves the same type of equi-convergence and equi-sum- 
mability theorems as in [6], but now explicitly for functions integra- 
ble in Lebesgue’s sense. J. D.’s results in [I] represented the last word ° 
in the field for a number of years. These results, however, remained 
unknown outside of Russia practically until J. D. issued the English 
condensed and revised edition [25]. 

Papers [27] and [28] together with [43] mark different stages in 
the transition of J. D.’s interest from boundary value problems to the 
theory of integral equations. In [27] he shows that to a given integro- 


t 
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differential.system you can construct a Green’s function and the char- 
acteristic values of the problem are asymptotic to the characteristic 
values of a related differential system in such a manner that expan- 
sions in terms of fundamental functions of the two problems are equi- 
convergent and equi-summable. In [28] he and R. E. Langer show 
that certain integral equations are equivalent to integro-differential 
problems and hence soluble. 


8. Integral equations [20, 21, 28, 33, 42, 44, 45, 64]. The papers 
[20, 21] were written in Petrograd in 1924 and published in this coun- 
try two years later. The first is concerned with the inversion of 
Laplace’s integral, the second with a generalization of Volterra’s 
equation. In [26] J. D. is concerned with an integral equation whose 
kernel K(x, #, A) is a holomorphic function of A in a domain A for 
almost all ž, t. If the kernel is quadratically integrable for each A in A, 
uniformly with respect to à in any fixed closed subset of A, then either 
the resolvent kernel exists as a meromorphic function of A in A or the 
resolvent does not exist for any \ in A. The basic tool is the theory 
of infinite determinants. [28] was discussed above. In [42] J. D. gave 
a careful modern treatment of Abel’s integral equation. 

The remaining papers are chiefly concerned with the frequency of 
the characteristic values. T. Carleman, generalizing a result of 
i. Schur, had proved the inequality DlIm Sy K(x, #)| *dxdt and 
had shown that the exponent of convergence could not be replaced 
by any smaller number than two even for continuous kernels. If, 
however, the kernel satisfies addition restrictions, it was known in 
some cases that better estimates hold. In [33, 45] we made a system- - 
atic investigation of the frequency problem under a large number of 
different assumptions of continuity, differentiability or analyticity. 
We replaced the integral equation by an equivalent system of linear 
equations for the Fourier coefficients of the solution in a suitable 
orthogonal system and discussed the equations with the aid of the 
theory-of infinite determinants. We seem to have found this mode of 
attack independently of each other as well as the first crude esti- 
mates, but for the refined analysis the estimates given in [26] turned 
out to be very useful. J. D. also contributed the decisive artifice of 
modifying an optimum number of equations. This is probably our 
best joint paper, largely due to the ingenuity, knowledge, and tech- 
nical skill displayed by J. D. In this investigation the kernel is sup- 
posed to be at least quadratically integrable. If merely the pth power 
is integrable for some p with 19 <2, the situation is strikingly dif- 
ferent. In [44] we exhibited a symmetric kernel in L, whose spectrum 
is dense on the real axis as well as an unsymmetric kernel for which 
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every \»40 is in the point spectrum. In [64] we showed that the trans- 
formation g(x) =f? «K(x, f(d is completely continuous (=com- 
pact) on L, to itself when f[/| K(x, i)| »'dt|?/?'dx < œ, provided p>1. 

An example of J. von Neumann shows — this is no longer true for 
p=1. Both [44] and [64] contain a number of additional results con- 
cerning special integral equations. 

9. Mathematical physics [17-19]. These three papers arose from 
his collaboration with Friedmann in 1922-1924. I regret that I can- 
not read [17] which is concerned with the propagation of discontinui- 
ties in a compressible fluid. The results of this paper seem to have an 
important bearing on the problem of the vertical motion of the at- 
mosphere, a problem to which Friedmann had. given a number of 
contributions. This connection is stated in [18] which also contains 
some numerical observations bearing out the theoretical conclusions. 
[19] is not available to me and does not seem to have been reviewed 
in either mathematical or physical abstract journals. 


10. Approximations [III, 10, 11, 13, 15, 16]. Of these [M] and 
[15] are not available to me. [10] i is an elaboration of the method of 
W. Ritz written together with N. Krylov; the extensive corrections - 
[11] are signed by J. D. alone. [13] deals with C. Stérmer’s method 
of approximate integration of ordinary differential equations; J. D. 
shows that the procedure is not merely suitable for numerical com- 
 putations but is actually convergent. In [16] he and Krylov consid- 
ered an interesting interpolation formula based upon the partial frac- 
‘ tion expansions of the odd order derivatives of the cotangent; they 
establish convergence of the procedure at points of continuity and - 
determine degree of approximation, and so on. 


11. Abstract spaces [49, 57, 68-71]. These six notes are entirely 
unrelated. In [49] J. D. gave necessary and sufficient cenditions in 
order that a subset of-L, be compact. He generalized results of Kol- 
mogoroff; other conditions were later given by M. Riesz. In [57] he - 
- and S. Saks studied operators of the form /?f(#)d,H(z, À = U [f], where 
H (x, t) is normalized and of bounded variation in ¢ for almost all x. 
They show that if U[f] is essentially bounded in x for each continu- 
ous f(#), then the total variation of H(x, #) is an essentially bounded ` 
- function of x. [68] is written with M. H. Stone. The complex Eu- 
clidean spaces contain Hilbert space as a special case; the theorems 
refer to weak and strong forms of boundedness, completeness, and 
compactness and to conditions under which an operator or a matrix is 
bounded. In 1935-1936 J. D. lectured on polynomials of approxima- 
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tion [C], and [69] is an outgrowth of this course. The problem is that 
of estimating the ratio of the L,-norms of f'(x) and f(x) when f(x) isa 
polynomial of degree nm. J. D. had found that the ratio is O(#?) and 


’ G. Szegd showed that this is the right order, but the best constant . - 


could not be found except when p=2 in which case the problem had 
already been solved by. E. Schmidt. [70] is written with Nelson Dun- 
ford and its purpose is to establish theorems of the Fubini-Jessen 
type for abstract-valued functions. [71], written with A. Zygmund, 
is J. D.’s last publication. It contains a simplified proof of Thorin’s 
extension of M. Riesz’s convexity theorem from bilinear forms to en- 
tire functions of several complex variables. 


~ 


collaborators. — 
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On some of a theorem of A. Markoff, Duke Math. J. vol. 3 


A principle of Jessen and general Fubiné theores-s, Duke Math. J. vol. 8 
(1941) pp. 743-749. 

Proof of a theorem of Thorin, Bull. Amer, Math. Soc. vol. 50 (1944) pp. 279- 
282. - 


MiMEOGRAPHED LECTURE NOTES Pi 
Integral equations, Lectures delivered at Brown University during 1931- 
1932, Providence, 1932, iH +368 pp. 
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Theory of Fourier serias, Lectures delivered at Brown University during 
1932-1933, Providence, 1933, vi +319 pp. 

On the theory of polynowsials of approximation, EPERE EER at Ben 
University during 1935-1936, Providence, 1936, 186 pp. 

Theory of abstract spaces, Lectures delivered at Brown University during 
1936-1937, Providence, 1937, 215 pp. : 

Partial defferenkeal equations, Brown University, Summer Session for Ad- 
vanced Instruction and Research in Mechanics, 1941, x-+-268 pp. [Chap- 
ters I-III by J.D.T., chapters IV-VII by WF. ] R 
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THE FEBRUARY MEETING IN NEW YORK 


The four hundred twenty-third meeting of the American Mathe- 
matical Society was held at Columbia University on Saturday, 
February 22, 1947. The attendance was approximately two hundred 


including the following one hundred seventy-six members of the So- 
ciety: uo g ' 

Milton Abramowitz, C. R. Adams, Leonidas Alaoglu, E. B. Allen, Warren Am- 
brose, T. W. Anderson, R. G. Archibald, R. F. Arens, L, A. Aroian, R. N. Ascher, 
W. A. Asprey, P. T. Bateman, M. F. Becker, Stefan Bergman, Arthur Bernstein, 
Lipman Bers, J. H. Bigelow, Gertrude Blanch, J. H. Blau, R. P. Boas, H. W. Bode, 
G. L. Bolton, W. H. Bradford, A. B. Brown, Bailey Brown, Hobart Bushey, J. H. 
Bushey, H. H. Campaigne, J. D. Campbell, Herman Chernoff, M. D. Clement, I. S. 
Cohen, J. E. Crawford, Franco Croci, H, M. Dadourian, John DeCicco, J. B. Dfaz, 
S. P. Diliberto, J. L. Doob, C. H. Dowker, Y. N. Dowker, T. L. Downs, Arnold 
Dresden, Jacques Dutka, Bernard Epstein, Paul Erdos, Luis Esteban-Carrasco, 
W. H. Fagerstrom, J. M. Feld, A. D. Fialkow, Emanuel Fischer, D. A. Flanders, 
R. M. Foster, F. H. Fowler, G. A. Foyle, Gerald Freilich, L. J. Gårding, Abe Gelbart, 
B. P. Gill, Joseph Gillis, A. W. Goodman, H. J. Greenberg, E. J. Gumbel, F. C. 
Hal], Philip Hartman, K. E. Hazard, C. M. Hebbert, Alex Heller, A. D. Hestenes, 
Edwin Hewitt, Einar Hille, P. G. Hoel, A J. Hoffman, T. R. Hollcroft, E. M. Hull, 
L. C. Hutchinson, Robert Jastrow, A. W. Jones, Bjarni Jénseon, Aida Kalish, Samuel 
Kaplan, Edward Kaaner, M. E. Kellar, L. S. Kennison, D. E. Kibbey, H. S. Kieval, 
J. R- Kline, Morris Kline, E. R. Kolchin, B. O. Koopman, M. Z. Krzywoblocki, 
Jack Laderman, Joseph Lehner, R. A. Leibler, Benjamin Lepeon, R. J. Levit, J. H. 
Lewis, Marie Litzinger, Charles Loewner, E. R. Lorch, Lee Lorch, A. N. Lowan, 
N. H. McCoy, Janet McDonald, A. W. McMillan, Brockway McMillan, L. A. 
MacColl, H. F. MacNeish, W. T. Martin, Imanuel Marx, F. I. Mautner, A. N. 
Milgram, Don Mittleman, G. F. Morecroft, I..R. Moses, Z. I. Moseon, D. S. 
Nathan, C. A. Nelson, A. V. Newton, P. B. Norman, C. O. Oakley, L. G. Peck, 
A. M. Peiser, Anna Pell-Wheeler, R. S. Phillipe, Everett Pitcher, E. L. Post, Walter 
Prenowitz, M. H. Protter, G. N. Raney, H. W. Reddick, R. G. D. Richardson, 
J. F. Ritt, H. E. Robbins, J. H. Roberts, H. E. Salzer, Pierre Samuel, Arthur Sard, 
A. T. Schafer, R. D. Schafer, I. E. Segal, C. E. Shannon, R. H. Shaw, Max Shiffman, 
D. N. Silver, David Singer, James Singer, P. A. Smith, Fritz Steinhardt, E. G. Straus, 
L. M. Straus, M. M. Sullivan, Fred Supnick, J. H. Taylor, Feodor Theilheimer, W. R. 
Transue, C. A. Truesdell, J. W. Tukey, Cengiz Uluçay, Philon Vasiliou, A. E. 
Ventriglia, A. D. Wallace, R. M. Walter, W. G. Warnock, Alan Wayne, Louis 
Weisner, F. P. Welch, G. W. Whitehead, Albert Wilansky, J. E. Wilkins, John 
Williamson, Jacob Wolfowitz, Bertram Yood, H. J. Zimmerberg, Leo Zippin, Antoni 
Zyground., 

A 

The meeting Saturday morning was divided into two sections, one 
for papers in Analysis, Geometry and Topology, at which Professor 
Anna Pell-Wheeler presided, and one for papers in Algebra, Applied 
Mathematics, and Statistics, at which Professors W. T. Martin and 
E. R. Lorch presided. 
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The afternoon session, at which President Einar Hille presided, con- 
sisted of a business meeting and an invited address. 

At the business meeting, Secretary J. R. Kline presented the follow- 
ing two changes in by-laws of the Society which had been voted by the 
Council and approved by the Board of Trustees. - 


ARTILE V. ELECTIONS AND TERMS OF OFFICERS 


Sani, ite erin Gh E P EEE EE the E the 
Vice Presidents, the Secretary, the Associate Secretaries, and the Treasurer; three 
years in the case of the Librarian and the members of the Editorial Committees. The 
term of office for members at large of the Council shall be three years, five of the 
members at large retiring annually. In every case, however, the officials specified in 
Articles I, II, III, and IV shall continue to serve until their successors have been 
duly elected and qualified. 

The term of office in the case of the trustees to be elected at the annual meeting ~ 
to be held between the fifteenth of December, 1948 and the fifteenth of January, 1949, 
shall be three years in the case of two of the trustees to be elected and shall be two 
years in the case of three of the trustees to be elected. Upon the expiration of the terms 
of office of the trustees elected at the annual meeting to be held between the fifteenth 
of December, 1948 and the fifteenth of January, 1949, the term of office of all trustees 
shall be two years. 


On motion, this change in the by-laws was approved by the mem- 
bers of the Society. 


~- 


ARTICLE VII. Duss- 


Section 2. The annual dues of persons elected by the Council to ordinary inbes 
ship under the provisions of Article VI, Section 5, shall be ten dollars, with the follow- 
ing exceptions: (1) during the first two years of membership, the annual dues shall be 
six dollars; during the third and fourth years of membership, the annual dues shall be 
eight dollars; a person shall be considered to have completed his first year of member- 
ship on January 1 following his election; (2) the amount of dues may be altered by 
reciprocity agreements with other societies; (3) the Council may make special rulings 
in exceptional cases, with the approval of the Board of Trustees. Each new member 
shall pay in proportion to the unexpired fraction of the year at the time of his election. 

Section 3. Five dollars and fifty cents of the annual dues of those members who re- 
ceive the Bulletin under the provisions of Article VI shall be allocated in payment 
therefore. 

Section 7. Persons elected to ordinary membership as nominees of sustaining mem- 
bers or institutional contributing members under the provisions of Article VI, Sec- 
tions 3-4, shall not be required to pay an initiation fee. They shall not be required 
to pay dues, so long as it is agreed that they are designated by the sustaining member 
or institutional contributing member under these provisions. If a nominee of a sustain- 
ing member or an institutional contributing member later becomes a dues-paying 
member, he shall pay dues at the appropriate rate per year (as provided in Section 2 
of this Article) for the remainder (if any) of his first four years of membership, and 
ten dollars a year thereafter. 


On motion, this change in the by-laws was approved by the mem- 
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bers of the Society. 

Professor N. H. McCoy of Smith College gave an address entitled 
Subdirect sums of rings. 

Titles and cross references to the papers read follow below. Papers 
whose abstract numbers are followed by the letter “#” were read by 
title. Papers numbered 1—6 were presented in the section for Analysis, 
Geometry, and Topology, papers 7-12 in the section for Algebra, 
Applied Mathematics, and Statistics, papers 13-30 were presented by 
title. Paper 1 was read by Mr. Bradford, paper 3 by Professor Kasner, 
paper 8 by Professor Robbins, and paper 11 by Professor Díaz. Dr. 
Barsotti was introduced by Professor A. A. Albert, Professor Chang 
by Professor Oscar Zariski, Mr. Gerst by Professor J. F. Ritt, and 
Professor Samuelson by Dr. Frederick Mosteller. 

1. R. N. Haskell and W. H. Bradford: Sub-btharmonic functions. 
Preliminary report. (Abstract 53-3-130.) ` 

2. John DeCicco: New proofs of the theorems of Kasner concerning 
the infinitesimal contact transformations of mechanics. (Abstract 53-3- 
151.) 

"3. Edward Kasner and John DeCicco: New theorems in the polar 
theory of a general algebraic curve. (Abstract 53-3-154.) 
~ 4. Everett Pitcher: Cech homology invariants of continuous maps. 
(Abstract 53-3-159.) 

5. Edwin Hewitt: A characterizaiton of rings of continuous real- 
valued funcitons. (Abstract 53-5-171.)° 

6. J. H. Pee: A aie in dimension theory. (Abstract 53-3- 
160.) 

7. R J. Levit: T'he non-ecistence of a cerloin type of odd perfec 
number. (Abstract 53-3-117.) 

8. P. L. Hsu and H. E. Robbins: Complete convergence and felig of 
large numbers. (Abstract 53-3-156.) ~ 

9. Fred Supnick: Cooperativos phenomena. II. Structure of the two- 
dimensional Ising model. (Abstract 53-3-149.) 

, 10. H. J. Greenberg: The determination of upper and lower bounds 
for the solution of the Dirichlet problem. (Abstract 53-3-144.) - 

11. J. B. Díaz and H. J. Greenberg: Upper and lower bounds for the 
solution of the general biharmonic boundary value problem. (Abstract 
53-3-126.) 

12. M. Z. Krzywoblocki: On certain cases of simple solutions of flow 
equaitons in compressible fluid with particular conditons. (Abstract 53- 
3-145.) 

13. Iacobo Barsotti: Struciure theorems for algebraic meres wiih- 
oui a finste basis. (Abstract 53-3-107-t.) 
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14. Jacobo Barsotti: Valuations in division algebras without a finite - 
basis. (Abstract 53-3-108-4.)- 

15. S. C. Chang: Contributions to projective theory of singular povis 
of space curves. (Abstract 53-1-81-#:) 

16. V. F. Cowling: Some resulis for Dirichlet sertes. (Abstract 53-3- 
125-#.) 

17. J.J. Gergen and F. G. Dressel: Á minimal problem for harmonic 
funchons. (Abstract 53-3-128-t.) l 

18. Irving Gerst: Meromorphic functions with simultaneous multi- 
plication and addition theorems. (Abstract 53-3-129-1.) 

19. Edward Kasner and John DeCicco: A partial differential equa- 
tion of fourth order connected with rational funciions of a complex varia- 
ble. (Abstract-53-1-83-Ł.) 

20. Edward Kasner and John DeCicco: Harmonic transformations 
and velocity systems. (Abstract 53-3-153-2) 

- 21. L. B. Robinson: Generaiton of an infinite system of functions _ 
with the unti circle as singular line from the Garvin series. (Abstract 
53-3-132-t.) 

22. H. E. Salzer: The approximation of numbers as sums of rectpro- 
cals. (Abstract 53-3-133-t.) 

23. H. E. Salzer: Table of coefficients for inierpolaiing in functions 
of two variables. (Abstract 53-3-146-t.) l 

24. P. A. Samuelson: A generalized Newton Sroki: (Abstract 53- 
3-147-t.) 

25. P. A. Samuelson: Generalisation of the Laplace ansTorn for any 
operator. (Abstract 53-3-148-4.) 

26. I. E. Segal: Postulates for general quanium mechanics. eae 
53-3-134-4.) 

27. E. G. Straus: On the existence of square-fres numbers of the form 
ax*+. (Abstract 53-3-118-2) . 

28. D. V. Widder: Inversion formulas for convolution transforms. 
(Abstract 53-5-239-2.) 

29. Bertram Yood: On ideals in operator rings over Banach sacks 
Preliminary report. (Abstract 53-3-138-t.) 

30. H. J. Zimmerberg: Meee integral systems. (Abstract 53- -3- 
` 1404. ) 


T. R. HOLLCROFT, 
Associate Secretary 


BOOK REVIEWS 
Lectures on the calculus of vartaitons. By G. A. Bliss. University of 
Chicago Press, 1946. 94296 pp. $5.0C. 


Calculus of variations is in the main the study of properties of a 
real-valued function on a class Jt with particular dttention to maxi- 
mizing and minimizing properties of certain elements in M. Normally 
the elements of Mt are curves or surfaces embedded in an euclidean 
space. There are two main problems in the calculus of variations, 
problems in the large and problems in the small. The first of these is 
concerned with existence theorems of minimizing elements of various 
types, the classification and the counting of these elements and the 
connections between these minimizing elements and the topology of | 
M. The calculus of variations in the small is concerned primarily with 
the properties of a particular minimizing element and the determina- 
tion of those properties that will insure a minimum. Besides these two 
aspects, there is the fascinating study of the relations between the 
calculus of variations ana diferential equations, geometry, physical 
applications, and the like. 

The book under review is concerned with the problem in dis small. 
It contains the best introduction to the calculus of variations known 
to the reviewer, no matter what phase of the subject one wishes to 
pursue. The book undoubtedly will become the standard text for the 
beginner and will be used by the specialist as a source of material and 
ideas. 

Professor Bliss resis himself to the case in which the class Mt re- 
ferred to above is a class of continuous arcs C: yi(x) (x1 Sx Sx) 
(¢—=1,--°-,) in euclidean (x, Yı, - © * , Ya)-space. These arcs are as- 
sumed to have a piecewise continuously turning tangent with ele- 
ments (x, y, y’) in a prescribed region R of (x, y, y’)-space. Professor 
Bliss begins first with the case when the end valued [x1, y(x1), xa, y(x) | 
are fixed and develops the theory in a simple and direct manner. 
Later he permits these end values to lie on a prescribed end manifold. 
Finally he requires the arcs to satisfy in addition a given set of differ- 
ential equations d(x, y, y’)=0 (B=m1,---,m<n). The function to 
be minimized is of the form 


i M 
I(C) = gli, y(x1), x2, y(x) | +f f(z, y, yda, 
s 


with gm0 in the fixed end point case. By this procedure the author 
begins with the simplest problem in the calculus of variations and 
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skillfully leads the reader step by step to the development of the the- 
ory of the most comprehensive problem, known as the problem of 
Bolza, for which there exists a satisfactory theory of maxima and 
minima. In fact the book under review contains the first published 
account of this theory that 1s relatively complete. The problem of 
Bolza contains as special cases all but a very few of the hitherto 
formulated problems involving simple integrals. The development of 


its theory is largely due to Professor Bliss and his students, inspired 
by him. 


The book is divided into two parts. Part I deals with the simpler , 


problems and Part II with the problem of Bolza. Part I is divided 
into six chapters. The author has chosen to begin with the fixed end 
point problem in three dimensions. This is the simplest problem that 
is general in the sense that the extension to higher-dimensional spaces 
represents little more than formal notational changes. 

Chapter I is concerned with necessary conditions for a minimum 
together with properties of the extremal family. Sufficient conditions 
for a minimum are established in Chapter IJ. In Chapter III a de- 
tailed discussion of the Hamiltonian theory is given, together with a 
discussion of Hamilton’s principle in mechanics. These results are ex- 
tended in Chapter IV to the plane and to spaces of higher diménsions. 
A similar extension is made in Chapter V to parametric problems. 
The case when the end points of the arc are allowed to-vary is treated 
in Chapter VI. 

The last- three chapters, which constitute Part II, are concerned 
with the general problem of Bolza. In this part the author develops 
a theory of minima that is analogous to the theory developed for the 
simpler problem. It is the only published account of this theory that 
is relatively complete. The presence of differential equations intro- 
duces a concept of normality that is absent in the simpler case. The 
discussion of this concept, given in this book, is the clearest published 
exposition of this important topic. The author restricts himself for the 
most part to the normal case. This is the moet interesting case since 
it includes most of the important problems of the Bolza type. 

At the end of the book is found a bibliography for the problem of 
Bolza. In the papers here listed one can find additjonal material on 


the problem of Bolza. There is also found in the appendix a simple and 


elegant treatment of implicit function theorems and existence theo- 
rems for differential equations. These theorems are formulated 80 as 
to be conveniently applicable in the calculus of variations. 

The book is exceptionally well written and easy to read. The author 
has succeeded in setting forth the theory of the calculus of variations 
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in a simple and appealing manner. The reviewer's only regret is that 
Professor ‘Bliss did not have occasion to include various other topics 
in the calculus of variations in which he has been interested and to 
which he has madenumerous contributions. The book is a valuable 
addition to a mathematician’s library. 

i i M. R. HESTENES 


? 


The theory of potenistal and spherical harmonics. By W. J. Sternberg 
and T. L. Smith. (Mathematical Expositions, No. 3.) The Uni- 
versity of Toronto Press, 1944. 312 pp. $3.35. 


This is a book on a classical field of analysis treated in the classical 

way and restricted to classica] theorems. Potential theory in the 19th 
‘century sense is no longer a familiar subject in a mathematical cur- 
riculum, and so the value of such a publication is to be considered 
with respect to a rather special audience. Its needs might equally 
well be served by a compact presentation in English covering the . 
fundamental notions similar, for instance, to that in Courant-Hilbert, 

, volume 2 (which actually presents a more complete picture as well) 
or the third volume of Goursat's Cours d'analyse with its illuminating 
problems. The preface suggests the research worker may find some 
ideas here but this is not borne out by the contents. 

The chapter headings indicate the topics taken up: The Newtonian 
law of gravity, concept of the potential, the integral theorems of po- 
tential theory, analytic character of the potential, spherical harmon- 
ics, behavior of the potentia] at points of the mass, relation of 
potential to theory of functions, the boundary value problems of po- 
tential theory, the Poisson integral i in the plane, the Poisson integral 
in space, the Fredholm theory of integral equations, general solution 
of the boundary value problem. The last chapters deserve commenda- 
tion, especially for the excellent presentation of the Fredholm the- 
ory. The Riemann integral is used exclusively, and only an elementary 
acquaintance with real variable theory and the rudiments of funétions 
of a complex variable is needed as a prerequisite. The book can be 
read by the first year graduate student in an American university. 

The exposition is notably lucid, and in fact almost conversational 
in its naturalness, though there is little emphasis. Perhaps the prin- 
cipal results could have been singled out ‘and more said about the 
power, and generality of these theorems. The preface remarks on a 
“consistent” use of vector analysis. Without implying any criticism, 
it should be noted, however, that the treatment is not vectorial in 
spirit. The vectors are usually brought in as shorthand notations for 
the more complicated Cartesian expressions actually manipulated. 
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A carping pedant could find details to criticize. We list a few drawn 
at random. The writers never define portton of a region, and presuma- 
bly intend subregion; they refer to a one-sided surface where one side 
of a two-sided surface is meant. There is a familiar lacuna-on page 
175; a line integral is first shown to vanish on all simple closed curves 
of class C’, but this result is later quoted as having been established 
for a} simple closed curves. In the reviewer’s mind, such‘ defects are 
of minor importance at this level of maturity. 

The criticisms mentioned below are not too serious and can be met 
by the addition of a few pagesof material in a later edition. They 
may be interpreted in the spirit of the authors’ invitation for “sugges- 
tions for improving the text,” though it will be clear that they derive 
in part from a somewhat different conception of values in this field. 
Selection of material is, of course, the author’s pretogative and one 
cannot quarrel with a decision to leave out such topics as tesseral 
and toroidal harmonics. However, it seems to the reviewer that the 
book is not complete with an exposition of the classical viewpoint - 
alone, and it is eminently desirable that the reader be given an un- 
derstanding of what modern work in potential theory deals with and 
what some of the underlying difficulties are. (The last two chapters. 
constitute a step in this direction, but they require considerably more 
sophistication than the rest of the book.) In this connection one may - 
perhaps go too far in stressing pathological aspects, but surely a stu- , 
dent cannot appreciate potential theory if no pathology is mentioned. 
Thus, for instance, the simple example of zero Dirichlet data, except 
at one point where the value is not defined, is omitted, nor is the 
Zaremba example ‘cited. There is no mention of the Lebesgue spine, 
or on a higher level, the necessity for analogues of primends. Simi- 
larly, the reviewer feels Hadamard’s classic example of the failure of 
the Dirichlet principle should have been given. Nothing is said about 
the possibility of definitions of assumption of boundary values other 
than the obvious one, and so the reader remains unaware of the spirit 
of so many of the contributions of the last 40 years. Here a single 
result such as that of A. J. Maria’s, 1932, Bulletin note, would clarify 
the subject. The writers do not call attention to the role of convexity 
which appears already in such early methods as those of Schwarz. 
In this connection an example of the sort of region for which Poin- 
caré’s inequality is invalid would bring home the meaning of the re- 
strictions made throughout the book. Even though Stieltjes or Radon 
integrals do not appear, perhaps something might have been said 
about singular types of mass distribution, and some mention made of 
sub- and superharmonic functions and their implications. 
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Some small natural additions in connection with applications would 
have increased the utility of the book considerably for the reader in- 
terested in physics. Thus for instance the method of images requires 
more complete treatment. Practically all the theory is available in the 
book for consideration of charge distribution on conductors and per- 
haps even polarization. Considering the details introduced in the 
treatment of conformal mapping, the Schwarz-Christoffel formula 
might well have been introduced in view of the applications in hydro- 
dynamics and in the’determination of the field in modern physical 
apparatus such as the cyclotron. 

The problems are, in the main, formal exercises. At least a few 
interesting ones should have been included, say comparable to the re- 
viewer's favorite: the proof of Maxwell’s assertion that the inverse 
nth power law of attraction is singled out by the requirement that 
“similar bodies be similarly charged.” 

The index could stand amplification. Thus, for example, so impor- 
tant a term as “region” does not occur in the index and indeed is 
defined just once in the book in a footnote. On the whole, however, the 
book is meritorious and can be recommended to a student. 

. D. G. Bourcin 


Elementary matrices and some applications to dynamics and differential 
equattons. By R. A. Frazer, W. J. Duncan, and A. R. Collar. Cam- 
bridge University Press, 1946. 14+416 pp. $4.00. 


This is a reprint of the book which was first published in 1938 and - 
reviewed in Bull. Amer. Math. Soc. vol. 45 (1939) p. 825: During the 
past eight years the use of matrices in problems’ of applied mathe- 
matics has become more widespread and part of the credit for this is 
due the book under review. The theory is well presented but it is 
regrettable that the authors have felt it necessary, in order to main- 
tain the elementary level mentioned in the title, to refrain from a 
discussion of the canonical form of a matrix under change of basis and 
from the proof of the theorem that the number of linearly independ- 
ent solutions of a system of linear differential equations with constant 
coefficients is the degree of the determinant of the system. The ap- 
plications to dynamics (particularly those dealing with flutter prob- 
lems in aerodynamics) are well chosen and realistic and the book may 
be recommended to anyone who wishes.to know how matrices may 
be used to advantage in applied mathematics. The printing main- 
tains the high standard set long ago by the Cambridge Baer 
Press. 


F. D. Teer 


NOTES 


For members of the Society who would like to have the photograph 
of the late George David Birkhoff and the tribute written by Rudolph 
Ernest Langer which appeared at the beginning of volume 60 of the 
TRANSACTIONS of the American Mathematical Society, the’ Society 
has had prepared some reprints which contain the photograph, dedi- 
cation and eulogy between covers. Memibers may obtain a copy by 
sending a request to the Society accompanied by fifteen cents in 
stamps. l 

A mathematical institute, Mathematisch Centrum, was organized. 

in Amsterdam in February, 1946, as a private foundation with sup- 
port from the government of the Netherlands and of the city of Am- 
sterdam. The general aim is to contribute to the development of pure 
and applied mathematics by arranging lectures and conferences, by 
supporting mathematical publications, by initiating and organizing 
mathematical research, and by providing a library and research cen- 
ter. ' 
Professors Garrett Birkhoff and J. H. Van Vleck of Harvard Uni- 
versity are members of the Advisory Committee of the recently or- 
ganized American Institute of France, Incorporated. The Institute is 
designed to provide opportunities to American students and younger 
scholars to study in French institutions of learning, and to French 
scholars to study in American institutions. It also aims to provide 
specialized assistance to individual students and scholars, and to eval- 
uate systematically work done abroad so that students may be prop- 
erly accredited upon returning to their respective countries. 

The University of Michigan announces a Conference on Algebra to 
be held Friday to Monday, July 25-28, 1947. Those who wish to pre- 
sent papers at the Conference, or who wish further information about 
it, are invited to communicate with R. M. Thrall, Department of 
Mathematics, University of Michigan. 

The Institute of Mathematical Statistics has announced the elec- 
tion of these officers: President, Professor William Feller of Cornell! 
University; Vice Presidents, Dr. J. H. Curtiss, Assistant to the Di- 
rector of the National Bureau of Standards, and Mr. M. H. Hansen 
of the Bureau of the Census; Secretary-Treasurer, Professor P. S. 
Dwyer of the University of Michigan. 

- Professor Harald Cramér of the University of Stockholm has been 

awarded an honorary doctorate of science by Princeton University. 
During the spring term he has been visiting professor at Yale Uni- 
versity. l 
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Professor Heinz Hopf of the University of Zurich has been awarded 
an honorary doctorate of science by Princeton University. He is now 
visiting professor at Princeton University. : 

Professor J. W. Alexander of the Institute for Advanced Study has 
been awarded an honorary doctorate of science by Princeton Univer- 
sity. 

Professor J. R. Kline of the University of Pennsylvania has been. 
elected to membership in the Society of Science and Letters at War- 
saw. - 

Mr. W. D. Lambert of the United States Coast and Geodetic Sur- 
vey has been elected correspondent of the French Academy of Sci- 
, ences. 
Mr. Milton Abramowitz of the Mathematical Tables Project, New 
“York City, has received a Certificate of Award from the Navy De- 
partment. : 

Dr. A. S. Householder of the Monsanto Chemical Company has 
received a Bureau of Ordnance development award. 

Mr. Jack Laderman of the Mathematical Tables Project, New 
York City, has received an award from the War Department. 

Professor E. B. Wilson of the School of Public Health, Harvard 
University, has retired with the title emeritus. 

Dr. A. Erdélyi of the University of Edinburgh has been appointed 
to a visiting professorship at the California Institute of Technology 
for the year 1947-1948. He will complete and edit certain works of 
the late Professor Harry Bateman. 

Professor -Cristobal de Losada y Puga of the Catholic University 
of Peru has been nominated by the President of the Republic of Peru 
as Minister of Public Education. 
= Dr. A. G. Walker of the University of Liverpool has been appointed 
to a professorship at the University of Sheffield. : 

= Dr. P. H. Anderson, formerly with the War Assets Administration, 

has been appointed economic analyst with the Marketing Division, 

Office of Domestic Commerce, Commerce Department. 

Dr. R. P. Bailey has been appointed to an associate professorship 
at the United States Naval Academy. This appointment was incor- 

rectly announced in the January 1947 issue of this Bulletin, 

Assistant Professor Herbert Busemann of Smith College has been 
appointed to a professorship at the University of Southern California. 

Mr. Albert Cahn has accepted a position as mathematician with 
the Machinery Development Section of the National Bureau of 
Standards. ‘ i 

Mr. F. M. Carpenter of the State University of Iowa has been 
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appointed to an assistant professorship at Missouri School of Mines, 
Rolla, Missouri. 

Assistant Professor Lola M. Christy of Westminister College, New 
Wilmington, Pennsylvania, has retired. 

Associate Professor H. S. M. Coxeter of the a E of Toronto 
has been appointed visiting professor at the University of Notre 
Dame. 

Mr. Paul Cramer of Huron College, Huron, South Dakota, has 
been appointed to an assistant professorship at Monmouth College, 
Monmouth, Illinois. . 

Dr. R. H. Downing of Fleetwings, ‘Taearporated: Bristol, Penn- 
sylvania, has been appointed to a professorship at the Army Air 
Forces Institute of Technology, Wright Field, Dayton, Ohio. 

Assistant Professor B. H. Gere of the United States Naval .Acad- 
emy has been appointed to an associate professorship at Hamilton 
College. 

-Assistant Professor M. J. Gottlieb of Washington University is on 
leave of absence this term tọ work at the Institute for Advanced 
Study. 

Professor L. E. Gurney of the University of Southern California 
has retired. 

Assistant Professor Jj. F. Heyda of Franklin and-Marehall College 
has accepted a position ds a research mathematician at the Naval 
Ordnance Plant, Indianapolis, Indiana. 

Dr. Herbert Jehle of the Franklin Instityte has or appointed to 
an assistant professorship in the physics department of the University 
of Pennsylvania. 

Professor Theodore Lindquist of Michigan State Normal College, 
Ypsilanti, Michigan, has retired. 

Dr. J. K. L. MacDonald has been appointed to a professorship of 
mathematical physics at New York University. 

Dr. Z. I. Mosesson of the Prudential Insurance Company of Ameri- 
ca, Newark, New Jersey, has been appointed assistant mathemati- 

Dr. P. F. Neményi has accepted a position as physicist with the 
Naval Ordnance Laboratory at White Oak, Silver Spring, Maryland. 

Professor Oystein Ore of Yale University has been on leave of ab- 
sence this term. 

Professor H. E. Spencer of Presbyterian College, Clinton, South 
Carolina, has been appointed to an assistant profeseorship at Virginia 
Polytechnic Institute. Z 

The following promotions are announced: 
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O. K. Bower, University of Illinois, to an assistant professorship. 

K. A. Bush, Mohawk College, to an associate professorghip. 

E. A. Cameron, University of North Carolina, to a professorship. 

C. M. Erikson, Michigan State Normal College, Ypeilanti, Michi- 
gan, to a professorship. 

V. A. Hoyle, University of North Carolina, to a professorship. 

J. C. C. McKinsey, Oklahoma Agricultural and Mechanical Col- 
lege, to a professorship. 

E. N. Oberg, State University of Iowa, to an associate professor- 
ship. 

E. L. Welker, University of Hids, to an associate professorship. 

The following appointments to instructorships are announced: Uni- 
versity of Arkansas: Mr. E. L. Eagle; University of Buffalo: Miss 
Helen M. Mazzuca, Mr. L. O. Ramer; University of Illinois: Miss 
Vivian R. Nuess, Dr. Jewell E. Schubert; Iowa State College of 
Agriculture and Mechanical Arts: Mrs. R. S. Banton, Mrs. J. V. Carr, 
Miss Bette L. Flatland, Mr. J. W. Markey, Mr. J. H. Watson; Ohio 
State University: Dr. ‘Marjorie Alden; Queens College: Mr. Jack 
Moshman; United States Naval Academy: Mr. B. H. Buikstra; 
Westminster College, New Wilmington, Pennsylvania: Mr. W. A. 
Gibson; University of Wisconsin at Rhinelander: Miss Lillian Zarling. 

Word has been received of the death of Professor Ettore Bortolotti 
of the University of Bologna on February 17, 1947, at the age of 
eighty years. 

Professor H. M. Ackley of Western Michigan College of Education, 
Kalamazoo, Michigan, died February 8, 1947. 

Mr. H. G. Avers of the United States Coast and Geodetic Survey 
died January 19, 1947. 

Associate Professor J. F. Butler of the University of Detroit died - 
February 18, 1947, at the age of fifty-one years. He had been a mem- 
ber of the Society since 1932. 

Mr. R. V. A. Carpenter died on March 11, 1947. He had been a 
member of the Society since 1921. 

Professor Emeritus B. F. Finkel of Drury College died on February 
5, 1947. He had been a member of the Society since 1891. 

Professor Emeritus W. A. Moody of Bowdoin Collegé died on 
February 3, 1947. He joined the Society in 1891. 

Mr. William Orange of Los Angeles City College died December 9, 
1946. 

Professor Emeritus B. L. Remick of Kansas State College died on 
March 18, 1947, at the age of seventy-nine years. He had been a 
member of the Society since 1913. 
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Professor J. V. Uspensky of Stanford University died on January 
27, 1947. He had been a member of the Society since 1929. 

Reverend G. L. Winkelmann of St. John’s University, ames 
Minnesota, died January 23, 1947. 

The following fifty-seven doctorates, with mathematics or mathe- 
matical physics as a major subject, were conferred during 1946 in 
universities in the United States and Canada; the major subject is 
mathematics unless otherwise specifed. The university, month in 
which degree was conferred, minor subject (other than mathematics) 
and the title of the dissertation are given in each case if available. 

E. W. Barankin, California, June, The characteristic values of linear 
- transformations. 

P. T. Bateman, Pennsylvania, September, On the representations of 
a number as the sum of three squares. 

Grace E. Bates, Illinois, June, Free loops and nets and their general- 

Richard Bellman, Princeton, October, On the boundedness of solu- 
ttons of non-linear difference equations. 

Kathleen E. Butcher, Michigan, October, Topology of conisguous 
pont spaces. 

J. D. Campbell, Illinois, June, The parametric theory of singular 
parabolic parisal diferential equations. 

R.E. Carr, Iowa State, December, minor in chemistry and mathe- 
matical physics, Enanitomorphism in mathematical models of organic 
molecules. 

S. H. Crandall, Massachusetts Institute of Technology, February, 
minor in electrical engineering, On the Fourter sertes of the square of a 
funciton. 

D. R. Crosby, Princeton, October, Tensor analysts in Finsler space 
and the problem of a unified theory of graviaiton and eleciromagnetism. 

G. B. Dantzig, California, June, I. Complete form Neyman-Pearson 
fundamental lemma. II. On the non-extstence of, tests of “student's” hy- ` 
pothesis having power funcitons independent of sigma. l 

M. H. M. Esser, Northwestern, May, minor in physics, Spectral 
expanston for self-adjoint dsfferenisal transformations and for arbtirary 
self-adjoint transformaitons. 

Sister M. Celine Fasenmeyer, Michigan, March, Some generalised 
hypergeometric polynomials. 

W. A. Ferguson, Illinois, June, minor in physics, On the classifica- 
tton of fintte metabelian groups with six generators. 

N. J. Fine, Pennsylvania, June, On the Walsh funcitons. 
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E. G. Fischer, Pittsburgh, June, minor in engineering, Shock-exctted 
lateral vibrations of a uniform bar with hinged ends. l 
H. J. Greenberg, Brown, October, The determination of upper-and ` 
lower bounds for the solution of the Dirichlet problem. 
Edison Greer, Kansas, November, A study of analytic surfaces by 
means of a projective theory gf envelopes. À 
G. H. Handelman, Brown, Jurie, I. Some problems in the study of 
thin-walled plastic sections. II. Aerodynamic pursui curves for overhead — 
attacks. l 
E. L. Harder, Pittsburgh, June, Solution of the general voltage regu- 
lator problem by electrical analogy. 
- F. F. Helton, Illinois, October, minor in physica, Quast-analyticity 
related to sets of positive measure of funcitons of a complex variable. 
Erik Hemmingsen, Pennsylvania, June, Some theorems in dimen- 
ston-theory for normal Hausdorff spaces. 
Alfred Horn, California, June, The asymptotic behavior of solutions 
of integral equations. l 
A. R. Jacoby, Chicago, December, Iterated integrals in the calculus 
of vartaitons. 
R. C. James, Galicia Institute of Technology, September, minor 
in physics, Orthogonality in normed linear spaces. 
Bjarni Jénsson, California, September, Direct decompositions of 
. finite algebraic systems. i 
Madeline Johnsen, Stanford, June, A pproximaie evaluaiton of 
double probability integrals. 
L. G. Jones, Massachusetts Institute of Technology, June, minor in 
~ physics, Differential equations with discontinuous right member. 
Leo Katz, Michigan, June, Characteristics of frequency functions de- 
fined by first order difference equations. 
W. M. Kincaid, Brown, October, I. On non-cut sets of locally con- 
- nected continua. Il. An application of orthogonal moments to problems 
tn staiically indeterminate structures. III. Numerical methods for finding 
characteristtc roots and vectors of matrices. 
E. A. Knobelauch, Pennsylvania, June, Extensions of homeomor- 
phisms. 
H. G. Landau, Pittsburgh, June, On the relations between certain 
criterta for the estimation of statistical parameters. 
Joseph Landin, Notre Dame, June, enero theory of a singular 
non-Euchidean plane. 
E. L. Lehman, California, June, Optimum tests of a certain dass of 
hypotheses specifying the value of a correlation coeficient. 
W. S. Loud, Massachusetts Institute of Technology, September, 
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minor in physics, On the stationary solutions of van der Pol's equation 
with a forcing term. l 
“R. C. Lyndon, Harvard, October, The cohomology theory of group 
extenstons. ` 
G. R. MacLane, Rice, March, Concerning the uniformisation of cer- 
tain Riemann surfaces alied to the ronez cosine and inverse gamma 
surfaces. 
P. R. Masani, Harvard, Fna Mulisplicative Riemann tntegra- 
tion in normed rangs. 
Margaret S. Matchett, Indiana, June, On the seta function for idèles. 
Kenneth May, California, September, On the atc theory of 
employmens. 
H. J. Miser, Ohio State, August, Generalized cal representa- 
itons of Fréchet surfaces. 
Kathryn A. Morgan, Stanford, June, Representation of a posttive 
_ binary form by a postive quaternary form. 
C. F. Mosteller, Princeton, October, On some useful “ineficient” 
statistics. 
N. D. Nelson, Wisconsin, May, major in Jogic, Recursive Pundo 
and intuitionistic number theory. 
M. H. Protter, Brown, June, Generalised spherical RERA 
R. B. Saunders, Minnesota, June, minor in physics, Polynomial ap- 
' proximation over certain infinite intervals. 
A. E. Schild, Toronto, June, A new approach to kinematic cosmology. 
Jewell E. Schubert, Illinois, June, Groups of order 3" and class 3. 
E. J. Scott, Cornell, September, Summability of the geometric series. 
R. H. Stark, Northwestern, August, minor in physics, Some classes 
of monotone functions. 
J. C. Stewart, Hlinois, October, Between surfaces of revolutton. 
E. B. Tolsted, Brown, June, Limiting values of subharmonic func- 
`` R. D. Wagner, Wisconsin, September, The generalised Laplace equa- 
tions tn a funciton theory for commutative algebras. 
D. W. Western, Brown, June, Inequalities of the Markoff and Bern- 
stein type for integral norms. 
Ernest Williams, Michigan, June, An invariant decomposition of a 
symmetric tensor of rank two tn pseudo-Euchdean space. 
C. L. Woods, Ohio State, June, minor in physics, A restricted dass 
of convex functions. 
Margaret Y. Woodbridge, New York, February, Veranda prob- 
lems with Euler equations of reduced order. 
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Marie A. Wurster, Chicago, June, A calculus of variations problem 
with required corners. 

Daniel Zelinsky, Chicago, August, Integral sets in ii i ION 
algebras. 

The following doctorates were conferred in 1945, but were not in- 
cluded in the list in the preceding volume of this Bulletin (vol. 52 
pp. 412—413). 

C. L. Carroll, North Carolina, February, Normal simple Lie als: 
bras of Type D and order 28 over a field of characteristic zero. 

Fei Tsao, Minnesota, December, General solution of the analysts 
of vartants and convartants in the case of unequal or disproportionate 
numbers in the subclasses. 


ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at nieetings of 
the Society. They àre numbered serially throughout this volume. 
' Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 

Announcement. Beginning with the report of the 1947 Summer 
Meeting, this Bulletin will publish the abstracts of papers offered for 
presentation at a meeting of the Society as part of the report of the 
meeting. This arrangement will save considerable space in the Bulle- 
tin due to the fact that it will no longer be necessary to print the title 
of a paper and the name of the author as part of the abstract and also 
as part of the report of a meeting. The present plan of publishing ab- 
stracts was inaugurated in 1930 in the expectation that abstracts 
would appear in the Bulletin before the papers were read at meetings 
of the Society. Unfortunately a large proportion of the abstracts are 
not received in time to make such advance printing possible. 

The Editors are pleased to announce in this connection that the 
Secretary of the Society plans to have available for distribution at 
as many meetings of the Society as possible mimeographed copies 
_of the abstracts of papers to be presented. It is believed that such a 
distribution of the abstracts will be of considerable assistance to easier 
understanding of the papers presented. 
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ALGEBRA AND THEORY OF NUMBERS 


164. Grace E. Bates: Decompositions of a loop into characteristic 
free summands. : 


If the additive loop L is the free sum of proper subloops Lı and La then neither 
Lı nor Ly is normal in L. Nevertheless, it is possible, with relatively few restrictions, | 
to obtain decompositions of loops into characteristic free summands. The principal 
theorem of this paper is the following: If the loop L is the free sum of proper subloops 
A and B, then A is characteristic in L if and only if the following two conditions are 
satisfied: (i) no proper free summand of A is isomorphic to a free summand of B; 
(il) no proper free summand of A is a free loop. There is also a strong refinement 
theorem for decompositions of loops into characteristic free summands. The concepts 
of free suma of loops and free loops, as well as existence theorems and subloop theo- 
rems, are taken from a previous paper by the author although their statements are 
here repeated for the convenience of the reader., (Received March 19, 1947.) 


165. R. A. Beaumont: Rings over a group. 
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If G is an additive abelian group, G admits I„, the domain of integers modulo a, 
as an operator domain. This »# is chosen to be a poaltive integer or 0 according as G 
contains an element of maximum order # or not. Necessary and sufficient conditions 
that G be a vector space (finite or infinite-dimenslonal) over J, are found. For groups 
G, which are the direct sum of cyclic groups, necessary and sufficient conditions that 
G be a ring are found in terms of multiplication constants in Ja. This general theorem 
is refined for certain classes of groups. Conditions that G bea ring are also obtained for 
certain groupe which are not the direct sum of cyclic groups. (Received February 28, 
1947.) - 


166. Arthur Bernhart: Quaniitative analysis of rings in minimaj 
maps. i 


Homogeneous equations are developed for the number of ways of coloring each 
aide of an #-ring according to specified color schemes on the bounding ring. The solu- 
tion is facilitated by arranging the schemes in magic squares, and by exploiting sym- 
metry. This method provides a program for finding both reducible and irreducible 
configurations in the 4-color problem. (Received March 20, 1947.) 


-. 167. B. A. Bernstein: Field in terms of multiplication and a unary 
operatton. 

The author gives two sets of mutually independent postulates for fields in terms 
of multiplication and a unary operation. In one of these sets the result of the unary 
operation on an element a is at (m1-+a), the “successor” of a. In the other set the 
result of the unary operation ie a* (=1—a), the “complement” of a. The postulates 
are well adapted to bring out simply and directly properties of certain special elements 
of a field, properties hidden in the usual treatment of a field as a system of two binary 
operations, (Received March 17, 1947.) 


168. William H. Durfee: Quadratic forms over fields with a valuation. 


Let K be a field with a non-archimedean valuation which is complete with respect 
to the valuation and such that the residue clas field has characteristic not two. The 
author considers the problem of the equivalence of quadratic forms over K and the 
representa tion of a given number of K by a quadratic form. Both problems are shown 
to be reducible to the case in which the forms have unit coefficients. Conditions are 
found under which the Hase function c(f}will be invariant and with its aid the neces- 
sary and sufficient conditions of Hasse for the representation of zero and the equiva 
lence of two forms over a p-adic field are shown to apply to a larger class of fields. 
(Received March 10, 1947.) ‘ 


169. Paul Erdds and Ivan Niven: Ox the roots of a polynomial and 
sts derivaiive. 

N. G. De Brujn-has proved (Om the seros of a polynomial and of its derivative, 
K. Akademie van wetenschappen, Proceedings vol. 49 (1946) pp. 1037-1044) that the 
average of the absolute values of the imaginary parts of the roots of a polynomial 
with real coefficients is not Jess than the corresponding average for the derivative 
polynomial. The authors prove this result for polynomials with complex coefficients. 


More generally, it is proved that the average distance of the roots of a polynomial 
from a given straight line in the complex plane is not less than the corresponding aver- 
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age for the roots of the derivative; the averages are equal only if the roots of the 
polynomial are not distributed on both sides of the line. The same inequality holds 
for the average distances of the roots of any polynomial and its derivative from a 
fred point in the plane; in this case the averages are equal only if the roots of a poly- 
nomial lle on a half line emanating from the fired point. (Received March 19, 1947.) 


170. C. J. Everett and George Vi Represeniatton of classes of 
finste sets. 


An arbitrary class of finite sets Te possesses a choice function S(T.) ha ETa 
S(Tax) 4f(Ts) for a»éf, if and only if the union of every k of the Te, b= 1, 2,---, 
contains at least k distinct elements. This generalizes the well known result of P. Hall 
for a finite class .of finite sets. Necessary and sufficient conditions are given for the 
existence of a common representation of two partitions of a set when all components 
are finite. The existence of a common representation of left and right cosets of a group 
modulo a finite subgroup is obtained as a special case. This generalizes all results of 
Bull. Amer. Math. Soc. Abstract 53-1-98 from countable to arbitrary classes of finite 
sets. (Received March 19, 1947.) 


171. Edwin Hewitt: A characterisation of rings of continuous real- 
- valued functions. 


Let A be any commutative, associative algebra over the real number system, 
with unit 6, and with the following properties: (1) for every x40 in A, there is an ideal 
-M in A whose quotient ring is the real number field (such ideals are called rea?) such 
that M(x) 40; (2) if M(x) 20 for all real ideals M in A; then x=~+* for some y in A; 
(3) (x1+6) always has an inveree, and there exists a real positive number a such that 
M (as —(x3+6)—) 20 for all real ideals M in A; (4) a topology is introduced into A 
by the following definition: if a is any positive real- number, then U,(x) is the set of 
` ally GA such that | M(y—z)| <a for all real ideals Min A; the space A is to be com- 
plete under this topology; (5) if z has no inverse, then x is contained in some real 
ideal; (6) if Ze and J, are intersections of real ideals such that the ideal J9+J, is con- 
tained in no real ideal, then IyJ; =A. Under these hypotheses, it is proved that the 
algebra A is isomorphic to the ring of all real-valued continuous functions defined on 
some normal 7;-space. (Received March 3, 1947.) 


172. R. E. Johnson: The modules of a ring. Preliminary report. 


If I is a right ideal of the ring R, the additive groups of I and R—J are well known 
examples of right R-modules. The author studies the converse problem of relating . 
right, left and two-sided R-modules M to the ideal structure of R. If A= xR, then M 
is Risomorphic to R—I, I a right ideal of R: in case M is irreducible, J is maximal. 
Any R-module is isomorphic to a subdirect sum of subdirectty irreducible R-modules. 
A study is made of the subdirectly irreducible R-modules. The Baer-Jacobson and 
Brown-McCoy raüicals of a ring can be defined in terms of the annihilators of irre- 
ducible R-modules. These radicals are studied from this standpoint. The anti-radical — 
of Baer is a left annthilator of the Baer-Jacobson radical. (Received March 20, 1947.) 


173. G. K. Kalisch: On extensions of topological fieldss >, 
. In the first part transcendental extensions are diecuseed and it is shown by means 
of dimple criterion of embeddability af topological integral domains in topological 
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fields that, if F is a topological field, F(x) can be topologized so as to preserve the 
topology of F. In the second part finite algebraic extensions are considered. If 
the ground field is complete, only one way of topologizing the extension is possible. 
If the ground field is not complete but is completable (that is, its completion is a field) 
then there are finitely many ways in which the extension can be topologired; these are 
determined, and their completions which are direct sums of finitely many complete 
fields are found in the case of separable extensions. In connection with part I of the 
paper it is pointed out that there exist non-locally compact connected fields, which, 
incidentally, are not complete, but-are completable. (Received March 21, 1947.) 


174. Irving Kaplansky and R. F. Arens: Topological representation 
of algebras. 


The results obtained can be illustrated by the case of a ring A with unit satisfying 
ama. If A is countable, it is the set of all continuous functions from a compact 
totally disconnected space X to GF(4), restricted on a closed subset of X to the values 
0, 1. An example shows that this theorem fails if A is uncountable. Another kind of 
representation holds universally: here X has an involutary homeomorphism T and A 
‘consists of all functions satisfying f(T) =f(x)3. Results of this kind are proved for 
any commutative semi-simple algebraic algebra, and for a certain class of Banach 
algebras. Some results previously announced by the authors (Bull. Amer. Math. Soc. 
Abstracts 53-1-2 and 53-1-18) are subsumed. (Received March 15, 1947.) 


175. D. H. Lehmer: On the Tarry-Escot problem. - 


In this paper the author considers the problem of finding b sets So, Si, --+, Sea 
of integers having equal sums of like powers. More explicitly, if e(r) denotes the sum 
of the th powers of the members of S,, it is required that o4(0)—=oy(1)—7-- 
=ox(5—1) hold for k=0, 1, +--+, #—1. The case of b=2 is well known (cf. Dickson’s 
History of the theory of numbers, vol. 2, chap. 24). The above problem is aaid to be of 
order b and degree #. A family of solutions is obtained as follows. Let mi, ma, + --, Ma 
be any # integers and let S, be the set of all integers of the form am + ---+ +a mt, 
where each a ranges over all non-negative integers less than b subject only to the con- 
dition that their sum be congruent to r modulo b. Then the sets S, (r=0,1,+--,b—1) 
form a solution of the general Tarry-Escott problem. Moreover, the degree of this 
solution is precisely #, except for the trivial case in which the sets S are merely per- 
mutations of one another. (Received March 21, 1947.) 


176. D. H. Lehmer: On the vantshing of Ramanujan’s function. 


Ramanujan’s function r(#), defined as the coefficient of z! in ‘the expansion of 
the 24th power of the product (1 —)(1—#*)(1—<*)- - -, is a well known numerical func- 
tion. Neverthelese, the question of the possible vanishing of r(m) has never been an- 
swered. Tables of r(*) for #3300 show no case of r(m) =0. In this paper it is shown 
that r(#) #40 for # <3316799 and that at most 8 of the first ten million values of r(s) 
are zero. These results follow from a combination of several congruence properties 
of Rarmanujan’s function. (Received March 19, 1947.) 


177. M. J. Norris: Indeterminaies over a universal algebra. 


A universal algebra S is considered as a set with an associated family of operations. 
An element of the algebra is called a polynomial in the elements of Sı over S; if the 
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element is in the least subset of S containing Sı and Ss closed with respect to the 
operations of S. By means of the notion of polynomial, the notions of algebraic ele- 
ments and indeterminates are introduced. It is first shown that in the algebra of func- 
tions associated with S the identity function on S is an indeterminate over the class 
of functions constant on S. Other theorems of the above nature that would be expected 
are proved. The principle method used is that of algebraic induction. (Received 
March 21, 1947.) 


178. L. J. Paige: Neofields. Preliminary report. 


An additive loop L whose nonrero elements form a multiplicative group G such 
that multiplication is both right and left distributive with respect to addition is called ` 
a nsofisid N. Defining a group G to be admissible if and only if there exists a neofield N 
having G as its multiplication system, the author determines a necessary and suffi- 
cient condition that G be admissible and proves that the following groups are admissi- 
ble: (i) abelian groups of rank p=0, (ii) abelian groups of rank p21 and not possessing 
a unique element of order 2, (iii) groupe G, all of whose elements have finite odd 
order. First proving that the center Z of an admissible group G is the multiplicative 
system of a sub-neofield N’ CN, the author considers an extension problem of abelian 
` groupe to noncommutative admissible groups. In conclusion, an application of neo- 
fields to the coordinatization of projective planes is presented. (Received March 1, 
1947.) ' 


179. G. de B. Robinson: On a theorem of Nakayama concerning the 
prime factors of the degrees of the irreductible representations of the sym- 
metric group. ` 


R. Brauer has expreseed the exponent of a prime p dividing the degree of an irre- 
ducible representation ¢ of a finite group Gin the form a—d+ «e where the arder of 
G is g = p*g', (g', p) = 1; 4 is the order of the defect group corresponding to ¢, and eis 
an unknown constant not less than 0 (Proc. Nat. Acad. Sci. U.S.A. vol. 32 (1946) 
pp. 215-219). By refining Nakayama’s theorem it is possible to define e explicitly in 
the case of the symmetric group. Nakayama’s conjecture (Jap. J. Math. vol. 17 (1940) 
pp. 165-184, 411-424) concerning the characterization of the blocks of characters 
follows. (Received March 14, 1947.) 


180. R. D. Schafer: The excepitonal simple Jordan algebras. 


It is known that the only simple Jordan algebras over a nonmodular field F which 
are not Jordan algebras of linear transformations are those of degree 3 and order 27 
over their centers, having DÑ as split algebra..We show that (over their centers) all 
such exceptional algebras are reduced algebras, and that they consist of the J-sym- 
metric elements of M, X @, where M; is the total matric algebra of degree 3, @ is any 
Cayley-Dickson algebra over §, and J is the involution a—+pa’p~' of Ms @ where p 
is a nonsingular diagonal matrix. If is such that there exist inequivalent Cayley- 
Dickson division algebras over ff, then there exist inequivalent Jordan algebras over 
® with DE as split algebra. (Received March 4, 1947.) 


181. M. F. Smiley: Alternative regular rings usthout nilpotent ele- 
ments. 


Forsythe and McCoy (On the commentaiteity of cerlain rings, Bull. Amer. Math. 
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Soc. vol, 52 (1946) pp. 523-526) showed, using a general theorem of G. Birkhoff 
(Swbdtrect unions in unssersal algebra, Bull. Amer. Math. Soc. vol. 50 (1944) pp. 764- 
768), that an asociative regular ring R is a subdirect sum of division rings if and only 
if R has no nilpotent elements. This result is extended to alternative regular rings. 
It is also shown that every alternative ring which satisfies the condition a*() =a 
(n(a) am integer greater than ons) of Jacobson (Siructurs theory for algebraic algebras of 
bounded degree, Ann. of Math. (2) vol. 46 (1945) pp. 645-707) is associative. The 
proofs involve essentially new ideas only in case the additive order of same element of 
the ring is finite and divisible by three. (Received February 18, 1947.) 


182. M. F. Smiley: Binary systems which are almost loops. 


The-investigation of H. B. Mann (Os certain systems which are almost groups, 
Bull. Amer. Math. Soc. vol. 50 (1944) pp. 879-881) on the effect of postulating a right 
unit and left inverse for associative binary systems is extended to certain non-associa- 
tive cases. The systems considered are found to be slight generalizations of loops 
with the inverse property (R. H. Bruck, Soms resulis in ths theory of quastgroups, 
Trans. Amer. Math. Soc. vol. 55 (1944) pp. 19-52). (Received February 18, 1947.) 


183. B. M. Stewart: Left associated matrices with elements in an 
algebraic domain. ÍI. 


In the problem described in the author's Bull. Amer. Math. Soc. Abstract 47-5-202 
the sufficiency proof was not completed for all cases. This omission is now remedied 
by showing that if the enlarged matrices A’ and B’ are left associates, then the mat- 
rices A and B are mutually left divisible, whence by a theorem of Steinitz it follows 
that the mairices A and B are left associates. This completes the proof, begun in the 
earlier abstract, that a neceesary and sufficient condition that the matrices A and B 
be left associates ovér an algebraic domain is that the corresponding enlarged matrices 
A’ and B’ be left associates over the rational domain. Some study is made of the con- 
struction of the unimodular matrix P such that PA = B. (Received March 17, 1947.) 


184. L. V. Toralballa: A generalisation of the fintie integral. 


Given f, a function of m, 3s ' ° +, %, and A, a positive integer, consider the sum 
of the values of f over the set of all the ordered sets (mi, Tẹ : ° *, Xa), 1 Ss Sn, where 
for all 4/221, and J t'r; =A. Three cases are treated: (1) f is a polynomial of the 
mth degree in the variables; (2) f is a factorial polynomial, that is, a sum of terms of 
the form noa «+ + ame where x) mx(x—1) - + - (x—m-+1); and (3) f is the quo- 
tient of two linear polynomials. General formulas are given for cases (1) and (2) and 
an algorithm for case (3). New formulas are also given for the so-called differences of 
Iero. The methods used throughout are those standard in the calculus of finite differ- 
ences. (Received March 20, 1947.) 


~ 


185. J. A. Ward: Analytic functions in linear algebras. 


This paper extends the results of a previous paper (Theory of anxalyitc functions in 
- Kear assoctakes algebras, Duke Math. J. vol. 7 (1940) pp. 233-248) by proving addi- 
tional theorems on differentiation and integration and by giving a method for solving 
ee ene ee eee (Recerved 
February 3, 1947.) 


1947] ABSTRACTS OF PAPERS 481 


` 


186. Morgan Ward: EHiptic divissbility sequences. 


The author obtains all solutions of the difference equation tpietin. 
= mitt its — na a Over the field of rationals, and studies the arithmeti- 
~ cal properties of integral solutions. These solutions include the well known Lucas 
function #2=(a"—b*)/(a—b) which satisfies a linear difference equation of order 
two; the more general numerical functions here investigated have very aimilar arith- 
metical properties. The conjecture of Lucas that there exists a connection between 
solutions of a linear difference equation of order three or four and elliptic functions is 
shown to be false so far as the difference equation studied is concerned despite Lucas’ 
explicit assertion to the contrary (Amer. J. Math. vol. 1 (1878) p. 203.) (Recetved 
March 8, 1947.) 


187. N. A. Wiegmann: Some theorems on normal matrices with ana- 
logs of the generalized principal axis transformation. 


The following are among a number of theorems obtained on normal matrices: A 
necessary and sufficient condition that a matrix be normal js that its polar matrices 
be expressible as polynomials in the matrix; if A, B, and AB are normal, then BA isa 
normal matrix; a necessary and sufficient condition that the product AB of two 
normal matrices be normal is that each commute with the hermitian polar matrix / 
of the other; the product AB of any two square matrices is normal if and only if there 
exist a unitary U and a nonsingular P such that UAP =D and PBUCT = T where 
D and T are certain diagonal and triangle matrices, respectively. Several analogs of 
the generalized principal axis transformation for a set of matrices A, are shown to 
hold. (Received March 21, 1947.) 


188. R. L. Wilson: A finite method for the determination of the Galois 
group of an equation with an application to the problem of reducibility. 


` This paper gives a sieve process for the determination of the Galois group, which 
depends only upon the ability to obtain the rational roots of a system of induced 
equations. If the given equation is of degree #, the Galois group G must be contained 
in the symmetric group of degree =. Hence, it is only necessary to ascertain which, 
if any, of the subgroups of the symmetric group contain G. If T is any subgroup of 
the symmetric group, the author has shown how to construct a function, ¢, of the 
roots of the given equation which is invariant under precisely the permutations of T. 
The induced equation is then formed, having for its rpots the function ¢ together with 
its conjugate functions. The theorem is then established that G CT if and only if the 
induced equation has at least one rational root. By a different choice of the function ¢, 
this same method is applied to the problem of the reducibility of a polynomial (Re- 
ceived March 15, 1947.) 


ANALYSIS 
189. J. E. Bearman: Rotations in the product of two Wiener spaces. 
- Preliminary report. 
Let X (£) and Y(#) be elements of C, the space of all continuous functions on 0 S#S1 


which vanish at ¿=0. Then if FLX, Y] isa Wiener summable functional over COC, 
it is shown that the “rotation” X(é) =x(#) coe 0—y(f) sin 0, Y(é) = (f) sin 6-++-y(#) cos ô 


~ 


+ 
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preserves measurability and measare, and that [SA7 F[X, Y}dvXde Y= f" f7 F[s cos 0 
—y sìn 6, x sin 0+ cos 6|dyrdey. (Received March 19, 1947.) 


190. Richard Bellman: On the solutions of the heat iruin Pre- 
liminary report. , 


It is proved that if # is a solution of the heat equation, Ax — sm0, x, ¥,8CR, 
‘20, #=0 on B, where B is the boundary of the three-dimensional region R, then if 
one assumes that Green’s transformations are permisible, [wdy is a decreasing 
function of ¢, In a well known manner, it follows that maxx| u| is a decreasing function 
of 4. Various consequences of this result are drawn concerning the bounds on particu- 
lar solutions, and the stability of general solutions. (Received February 5, 1947.) 


191. Richard Bellman: On the siqgbslity of solutions of differential- 
difference equations. Preliminary report. 

It is shown that results concàrning stability of solutions can be obtained for differ- 
ential-difference equations of the form x'(f) =ax(é)-+de(¢+1)+/(x(é), x(¢-+1)), where 
fisa nonlinear function, similar to those obtained for nonlinear differential equations. 
In particular, if 6, R(a) <0, ia a particular solution of the equation with fm0, then 
there exists a solution of the above equation with prescribed +x(0), provided that 


. | x(0)| is sufficiently small, and fis a power series in x(t) EA eras constant 


and first degree terms, (Received February 5,.1947.) 


192. Stefan Bergman and Menahem Schiffer: On Green's and Neu- 
manns functions in the theory of partial ds ferential equaitons., 


Let B be a finite plane domain with smooth boundary C and let P(x, y) be continu- 
ous and positive in B+C. Define the scalar product D {¢, y} =//s[(3¢/8x) (d¢/ax) 
+(86/8y) (O¢/8y) +P |dxdy of two functions ¢, ¥ in B. A function f will belong to 
class Q if it has continuous derivatives in B and satisfies D{f, f} < œ. It will belong to 
class Q if it belongs to Q and vanishes on C. It will belong to class T if it belongs to Q 
and satisfies the differential equation L: Ap=P¢. A system of functions {fp} is called 
orthonormal if D{f,, fa} = 8m; it is called complete with respect to a class if every 
element of this class may be developed into a series of the f» The actual construction 
of Neumann’s function of L in terms of a complete orthonormal ‘system in Q and 
Green's function of Laplace’s equation is given. An analogous formula for Green’s 
function of L is given (with Q replaced by Q4). The difference between Neumann’s 
and Green’s function is the kernal function of a complete orthonormal system in I. 
The formulas contain as a particular case the representation of Green’s function in 
terms of the eigenfunctions of Ad—P¢+Ad=—0 with respect to B. (Received March 
12, 1947.) 


193. R. C. Buck: mae valued entire functions. 


_ Further characterizations of the class of entire functions of exponential type which 
take integral values at the positive integers are obtained in terms of the growth func- 
tion (0, f), extending results of Pólya, Selberg, and Pisot. In particular, there are 
integrel valued entire functions of relatively small growth which are not expressible 
as linear combinations of powers of algebraic integers. (Received March 22, 1946.) 


194. R. P. Cesco: On strong summabslsty. 
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Let A m (44) be a regular matrix of real and non-negative numbers Gg 
(w, 7=0, 1, 2,- ++) and consequently strongly regular in the Hamilton-Hill sense 
(Amer. J. Math. vol. 60 (1938) p. 588). For such matrices the strong limit [A, p] 
—lim s»=s of a series)’, with partial sums s, can be defined uniquely and has the 
property of finite additivity. These results are obtained: (A) Jf [A, p]—lim s=s 
and s,—=0(1), and if [A, p]—lim =t, then [A, p]—lim 5,4,—5¢. (B) If [A, p]—lim s 
=s and if qSp, then [4, g]—lims,—s. (C) Jf [A, p]—lim s,—5 ond if p21, then 
A—lim s,=s. A matrix A is mid to be strongly permanent if the series > x, strongly 
summable A remain strongly summable with same order and sum whenever a finite. 
number of zeros is prefixed. It is proved: (D) If the matrix A ts strongly permanont, 
thon the condition lim inf |«,| =0 is necessary for [A, p]—lim =s. A matrix A is 
said to be stronger than convergence (or ‘4 > E) if at least one divergent sequence ex- 
ists which is strongly summable A. It is proved: (E) In order that A > E itis necessary 
and sufficient that an increasing sequence {vy} of positive integers exist for which 
lim Žan 0. (Received March 18, 1947.) . 


195. Komaravolu Chandrasekharan and Subbaramiah Minak- 
shisundaram: Some results on double Fourier series. ie 


Using Bochner’s method of spherical summation of multiple Fourier series (Trans. 
Amer. Math. Soc. vol. 40 (1936) pp. 175-207) the two-dimensional analogues of 
(G) the Hardy-Littlewood convergence test, (ii) Rogosinski’s theorem, and (iii) Bern- 
etein’s thearem on the approximation of a function belonging to Lipechitz class by the 
Cestro means of its Fourier series (Zygmund, Trigonometrical series, pp. 34, 62, 181) 
are proved, in addition to other results on convergence and summability. (Received 
March 21, 1947.) 


196. Komaravolu Chandrasekharan and Otto Szász: On Bessel 
stummatiton. 


J,(é) denotes the Bessel function of order u: let a,(#) =2°T(u+1)i*J,(#), so that | 
a,(0) =1. The sequence apg(st), 2=0, 1, 2, - - +, taken as convergence factors, defines 
a summability method, considered first by S. Minakshisundaram and K. Chandrasek- 
haran. Thus a series ? a is said to be summable J, to the sum s if the series 
D_i) converges in some interval 0 <# <t to a function ¢,(#), and if ¢a (f —s as 
#0. The special case u=1/2 gives the well known Lebesgue summability. The au- 
thors give some new results concerning the scale of J, summability, in particular in 
comparison to the scale of Cesaro summability, and including known results on Le- 
beague summability.. The method employs some partially new properties of Beseel 
functions. (Recetved March 22, 1947.) 


197. Yael N. Dowker: Invartant measure and the ergodic théorems. 


The ergodic theorems of G. D. Birkhoff and J. von Neumann presuppose an in- 
variant measure. However,.one can easily see that if the given measure is potentially 
invariant, that is, if there exists an invariant measure with no more null sets than the 
- given measure, the ergodic theorems still hold for a broad class of functions (including 
all bounded measurable functions). It is shown that conversely the ergodic theorems 
imply that the measure is potentially invariant. Specifically, let S be an abstract space, 
let į be a measure defined for a Borel family F of sets of S with m(S) <œ and let T 
be a 1-1 measurable point transformation of S into itself such that m(T—14) =0 when- 
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ever 1m(4)=0. Then m is potentially invariant if any one of the following conditions 
hold: 1 (Birkhoff). For every f(x)EGL/(S), the averages Fy(x)(—1/m2 pa f(T*)) 
converge for almost all x. 2 (von Neumann). For every f(z)E LS), f(Tx) ELS) 
and the averages F. converge in L?(S). 3. For every descending sequence of sets 
A,-G F whoee intersection is empty, lim SUpPasal/ n e m(TA,) converges to rero. 
(Received February 17, 1947.) 


198. W. F. Eberlein: A nonlinear diferential equation. 

The nonlinear differential equation #’’-+-88 cos s sin x =0, which arisæsin a vibration 
problem, is related to both the pendulum equation and the Mathieu equation. Solu- 
tions of the type #=s+a-4+v, where p(s+2r) =y(s) and n= 0O(8) for small 8, are dis- 
cussed. It is shown that essentially only two exist, one (a =0) being stable, and the 
other (a =r) being unstable. (Received March 21, 1947.) 


199. W. F. Eberlein: A note on ergodic theory. 


Some applications to ergodic theory of a recent theorem of the author on weak 
compactness (cf. Proc. Nat. Acad. Sci. U.S.A. vol. 33 (1947)) are discussed. For ex- 
ample, what appears to be the most general mean ergodic theorem—in the sense of 
G. Birkhoff and Alaoglu—attainable for Abelian semi-groups of transformations be- 
comes an immediate consequence of a fired polnt theorem of A. Markov, an almost 
elementary proof of which has been sketched by Kakutani (Proc. Imp. Acad. Tokyo 
vol. 14 (1938)). (Received March 21, 1947.) © 


200. Bernard Epstein: Some inequalities Gii to conformal map- 
ping upon canontcal slst-domasns. 


Let a domain D of the complex s-plane containing the point at infinity and 
bounded by any finite number of smooth curves be mapped conformally and bi- 
uniformly upon a domain Dy of the {-plane bounded by rectilinear slits each of which 
makes the angle @ with the positive’ direction of the real axis, the mapping function 
having in the neighborhood of s= œ a Laurent expansion of the form f =s- (a4/s) 
+--+. (The coefficient of each inverse power of s will depend; of course, upon the 
angle 0.) By setting up a certain positive-definite integral taken over the domain D, 
and transforming it into an integral taken over the boundary curves, the following 
inequality is obtained: Re(ags*”) 2.A/2x, where A is the total area enclosed by the 
boundary curves. By employing certain results in the theory of systems of orthonor- 
mal functions, as developed by S. Bergman-and M. Schiffer, it is then shown that 
the above inequality can be replaced by the following stronger one: Re(age) 
—|ay|?/(Ge—Gea) 2 A/2e. It is shown that each of these inequalities is the best poesi- 
ble in the sense that the factor 1/22 on the right-hand sides cannot be replaced by any 
larger constant. (Received March 5, 1947.) 


201. Paul Erdös and George Piranian: Over-convergence on the circle ° 
of convergence. 

Let the function f(s) =>_a,s* be regular in the. unit circle and on the (closed) arc C 
of the unit circle; let ¢(x) be a function such that ¢(#) zlog |a.| (#=0, 1, -+ +) and 
$'(x)N\N0 as x— œ ; and let m, and m be two monotonic sequences such that aa =0 when 
mi Sn Se (t0, 1, +--+). If the differences m —m are sufficiently large in relation to < 
the quantities (m), the sequence sus (£) =? ‘g0us* converges to f(s) uniformly on C. 


- 
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The simplest of the particular results in the paper is the following: If |a| <1 
(#=0, 1,---), lim (.—m,)=0, and k<1, there exists an integer fẹ such that 
alee (n;—m,)*} on C when i>i, (Received February 15, 1947.) 


202. G. M. Ewing: Variation problems formulated in terms of the — 


Weterstrass integral. 


- An integral of the form lim ) (f(x, y; Ax, Ay), introduced by Weierstrass, allows 
the admission of, general rectifiable curves. The present paper uw largely expository, 
bringing togethet an introduction to existence theorems of the Tonelli type and to 
related questions fot the single-integral parametric problem in ordinary #-space. Re- 
sults overlap with those of M. Aronszajn, C. Pauc, and L., Tonelli to whose papers 
the writer is indebted for his interest in the topic. Among the novel features of the pres- 
ent paper is the use of the W-integral in openning: a simplified proof of upper-reduci- 


bility. (Received February 21, 1947.) 


203. F. G. Gravalos: A note on dynamical systems with two degrees 
of freedom. 


Painlevé stated without, proof (Leçons sur la théorie analytic des équations diff ér- 
entislles, Paris, 1897, p. 543) that dynamical systems do not admit of integrals of the 
form (Tı, *** , %)=const. where the x's are the coordinates. Using this property, 
the proof of which is immediate, a rather descriptive theorem is obtained for the case 
of two degrees of freedom: If a dynamical system with two degrees of freedom admits 


of a fundamental set of conservative integrals (this terminology is taken from A. Wint- _ 


ner), one at least may be rewritten as a function of the angular momentum xy’— yx’, 
of x’ and y’, and containing x and yin no other form. (Received March 5, 1947.) 


204. Leonard Greenstone: Mapping by analytic functions. Part IT. 
Pseudo-conformal dtstoriton theorems. Preliminary report. 


The author extends results obtained in Part I. Conformal mapping of muliipiy con- 
nected domasns, Trans. Amer. Math. Soc., to the case of mappings by analytic func- 
tions of several variables. In particular the following results are obtained: Let Bt 
be a four-dimensional nondegenerate bounded domain, and suppose that b, its three- 
dimensional boundary, contains at least one limit point of third order. (Bergman, 
Uber die Kernfunktion eines Bereichss uud ikr Verkalion am Rand, J, J. Reine Angew. 
Math. vol. 169 (1933) pp. 1-42.) If Bt maps into By under pseudo-conformal! trans- 
formation, then there exists a non-null subdomain CCB whose image under the 
transformation is Cj, and such that the Euclidean volume of Cj is less than c, where c 
depends only on Bt and C*. An inequality is also given by means of which the distor- 
tion of Euclidean length of a Jordan curve under pseeudo-conformal mapping may be 
computed. (Received March 24, 1947.) 


205. Wiliam Gustin: A buinear integral ideniity for harmonic func- 
tions. 

It is shown that any two functions harmonic in open subsets of a euclidean space 
satisfy a certain bilinear integral identity. The associated quadratic integral identity 
is used to give a new proof of the theorem that a function harmonic in a connected 
open eet D and vanishing over some non-null open subset of D must vanish through- 
out D. (Received March 24, 1947.) 
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206. H. J. Hamilton: Mertens’ theorem and sequence transformations. 

Mertens’ theorem on the Cauchy-product for two convergent serits is rephrased 
so as to admit of a valid converse. The resulting theorem is extended to multiple 
series in two forms, One of these is a dual of a recent theorem of I. M. Sheffer (Bull 
Amer. Math. Soc. vol, 52 (1946) pp. 1036-1041). The type of convergence used is 
Pringsheim’s end the proofs are effected by means of linear sequence trangformation 
theory. (Received February 21, 1947.) 


207. R. G. Helsel and Tibor Rado: On the Cauchy area of a Fréchet 
surface. 

Rado (Proc. Nat. Acad. Sci. ‘USA. vol. 31 (1945) pp. 102-106) has stated that” 
L(S) < © implies C(S) =L(S), where L(S) is the Lebesgue area of the Frechet surface 
Sand C(S) is a lower semi-continuous functional of S which is based on a construc- 
tlon given by Cauchy. The paper contains a proof of this assertion and makes use of 
recent results of L, Cesari to show that C(S)=L(S) always. (Received March 15, 
1947.) i 


208. M. R. Hestenes: Sufficient conditions for isoperimetric multiple 
sntegral problem în the calculus of variations. 
In the present paper sufficient conditions are established for the problem of mini- 


miring an integral I(y) = faflxy,-++, tm, Y, By/8x1,-++, Oy/Ate)dx, +++ dx, in 
the class of functions y(x) oD Divine te ene boundary velucs ani oo talying 
a set of isoperimetric conditions J,(y) =constant (k=1,---, p), where I1(y) is of the 


same form as I(y). Theri eat eoadi dons are the dincetass looser tie eavesaond. 
ing conditions for the simple integral case and have the same generality (see Hestenes, 
- Trans. Amer. Math. Soc. vol. 60 (1946) pp. 93-118). Conditions for strong and weak 
relative minima are established. The method used is an extension of the indirect 
method first introduced by McShane (Trans. Amer. Math. Soc. vol. 52 (1942)) for the 
problem of Bolza. (Received March 20, 1947.) 


209. Rufus Isaacs: Inverse sterates. 


Let g be a function mapping an arbitrary space E into itself. An inverse iterate of g 
is a function f of the same type such that always f(f(x)) =g(x). The author has found 
na.s. conditions for the existence of f. By a linkage (for £) is meant a subset of E 
minimally closed under the operation g and its complete inverse. Each linkage for f 
is the union of two (poselbly identical) linkages for g. The existence problem is solved 
by giving criteria for two distinct linkages for g to be “matable” in this way-and for 
a singlo linkage to be “self-mating.” (Received March 15, 1947.) 


210. Mark Kac, Raphael Salem, and Antoni Zygmund: A gap theo- 
rem. 


The main result of the paper isas follows. Let f(x) have period 2r and belong to Z3 
and let its mean value be zero. Suppose, in addition, that /5"(f—ss)*dx=— O(log s)”, ' 
o>0, where s. denotes the sth partial sum of the Fourier series of f. Let {^s} be any 
positive sequence such that N/N ag> 1, Then (1) if o >2, the series >) af(Qur) con- 
verges almost everywhere provided > a log? k< ; (2) if o 42, the series > fOsr)/k 
See almost everywhere for every 8<o/4, The relation 1/(#s-++-1) [f(x)+/Qux) 
+ +++ +fQex)]—0 almost everywhere is a weak consequence of both results. Other 
ieee Os eee AE a ee ae E 
tions. (Received February 12, 1947.) ‘ 
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211. L. H. Kanter: On the roots of orthogonal polynomials and the 
related Christoffel numbers. 


Under appropriate conditions on the weight function w(x, r) the Gauss-Jacobi 


- quadrature formula may be differentiated with respect to the parameter r, thus giv- 


” 


ing (1): flo(x)wy(x, rder olada (r)Ae(r) +28 gels) (r) where p(x, r) in a 
polynomial of degree-2%—1 (Szegd, Orthogonal polynomials, Amer. Math. Soc. Col- 
loquium Publications, vol. 23). If p(x, r) is k(x, r), the Hermite polynomial of the 
“first kind,” the right side of (1) becomes N (r). If m, (x, T) is positive, then (r) is an 
increasing or decreasing function of r according as k(x, r) is positive or negative in the 
integration interval. If p(x, r) is [/,(x, r)]*[1—&(x—s,)], ha parameter, the above re- 
sults become a special case of {*p(z), (x, r)dx— yr) [KHL (2,)/L' (a) jx! (x) EX (x) 
for k= —L!"(xy)/L'(x»). Here h(x, r) is the fundamental polynomial of the Lagrange 
interpolation(Sreg5, Orthogonal polynomials). If k++ ©, then A. Markoff’s theorem 
on the variation of the roots of the orthogonal polynomials with respect to a parameter 
is obtained. (Received March 21, 1947.) 


- 


212. Wilfred Kaplan: The level curves of a harmonic function. 

The following theorem is established. If F is a regular curve-family filling the 
xy-plane, then there is a homeomorphism of the «plane either onto itself or onto the 
interior of the unit circle such that F is transformed onto the family of level curves of 
a harmonic function w(x, y). A regular curve-family is here defined as one locally 
homeomorphic to a.family of parallel lines. (Received January 29, 1947). 


213. W. G. Leavitt: A normal form for matrices whose elements are 
holomorphic functions. ; 

This paper considers transformations of type T-1AT of a matrix A(s) whose ele- 
ments are functions of a complex variable. The results obtained apply to a bounded ` 
region R in which all elements of A(s) and all roots of its characteristic equation are 


` holomorphic. The principal theorem states that there exists a matrix T(s) nonsingular 


throughout R, transforming A(s) into a normal form U(s) whose elements are holo- 

morphic over R and in which all elements below the main diagonal are identically 

zero. In the course of the proof it is shown that the Weyr characteristic and its aod- 

ated Jordan form J(s) are definable. A number of results are then established for mat- 

rices and vectors of holomorphic functions, leading to the proof that there exists a 

matrix S(s) whose determinant is not identically zero over R satisfying the equation ` 
AS~=SJ. Finally, S(s) is used in the.construction of a matrix T(s) whose determinant 

is nonvanishing throughout R, and which transforms A(s) into a normal form of type 

U. (Received March 17, 1947.) 


214. D. H. Lehmer: Approximations to the surface area and electro- 
statsc capacsty of the ellipsoid. Š ; 


Let a, b, c be the semi-axes of an ellipsoid. Consider all approximations to the 
surface and capecity of the ellipecid by means of Minkowsky averages of the form 
A{(1/0)>_ eb }» where the sum extends over all six permutations of (a, b, c). For 
surface approximation p=2(A-+-u-++r)—1 and A =4r; for capacity p=(A+u+y)-1! and 
A = 1. In this paper, by the proper choice of à, 4, 7, are found the best possible approxi- 
mations of this type in the sense that the relative errora, when expanded in a double 
power series in the essential eccentricities of the ellipecid, involve terms of the highest- 
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possible order. For both problems this order is 10. The à, „ » are, in each case, real 
algebraic numbers of degree three. (Received March 21, 1947.) 


215. D. C. Lewis: Generalized orthonormaltty of polynomials. 

Let a(x), a(x), +++, @p(x) be p+1 monotonic nondecreasing functions defined 
for a Sx 5b. Corresponding to an arbitrary sufficiently regular function f(x), introduce 
the Polynomial P,(x) of degree not greater than # which renders LSA) 
— PČ (x))da,(x) a minimum. In general P,(x) is unique, and (as the writer has pre- 
viously shown) f(s) —Pa(x) = (1/m NLE (s, Nd, where mapz0 and Ly is a 
certain function independent of f. In the present paper it is assumed that @p(x) bas a 
nonvanishing derivative. The uniform tendency of L(x, #) to zero as n— œ (p and m 
` are fired) is established under cermin general conditions. Other asymptotic properties 
of L” (x, À are also studied. Methods of proof, adapted from the well known work of 
Dunham Jackson, are besed on Bernstein's bound for the derivatives of a polynomial. 
Also introduced is a general theory of sets of polynomials Q,(x), Q:(x), Qla), ==- 
(where Q,(x) is of degree =), such that >? LOP (2) (x)das(x) = bin, where 8, =0 
if isj and 8,;=1. (Received March 20, 1947.) 


216. Charles Loewner: A topological characterisation of a class of 
integral operators. 


i A closed oriented curve 7 in the x-y-plane will be called of non-negative circula- 
tion if its order relative to any point not on y is non-negative. Let k(#) be an L-integra- 
ble function of f with the period 2w. Consider the integral operator y(f) = fy"k(r)(@¢@—1)dr 
applied to continuous functions x(#) having the same period 2r. ¥(#) is then also con- 
tinuous of period 2x. The functions s=-x(t), y=y(i) give a parametric representation 
of a closed oriented curve in the x-»plane. Any curve obtained in this way will 
be called “generated by the kernel &(#).” Various problems of analysis and geometry 
lead to the question: Which kernels generate only curves of non-negative circulation ? 
A complete answer is given in this paper: The clase of kernels in question consists of 
thoee L-integrable functions k(t) analytic in the open interval 0 <} <2r whose deriva- 
tive k’(t) can be represented by a Laplace-Stieltjes integral h’(#) = feda(r) (— œ <r 
< œ) with a non-negative mass distribution da(r) 20. (Received March 12, 1947.) 


217. E. R. Lorch: On certain implications which characterise Hslbert 
space. i 
Two principal characterirations of Hilbert space are given: (1) Let 8 be a vector 
space with the property: There exists a real number a (a40, 1) such that if a vector 
pair f, g satisfies |ftg| =|f—g| it follows that |f+ag| =|f—ag|. Then Yis a Hilbert 
space. (2) Let B be a vector space with the property: If a vector pair f, g satisfies 
“fl =le! there follows that |of--a-g| 2|f+el where a is an arbitrary nonzeré real 
number, Then % is a Hilbert space. Five new characterizations of Hilbert space are 
given each of which rests on Theorem 1 above. Among them are the following exten- 
sions of a theorem of Jordan and von Neumann: (3) If in ® there exists for arbitrary 
f, ga (nontrivial) relation involving the quantities |f|, |g|, |f+z|, and |f—g|, then 
® is a Hilbert space. Note that the hypothesis merely calls for the existence of a rela- 
tion. (4) If for arbitrary vectors f, g, k in B with f+g+A=—O it is true that 
3{[fl*tlel*+] al} = [f—el*+]e—a]2+/4—f1%, then 8 is a Hilbert space. (Re- 
ceived February 17, 1947.) . 
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218. C. W. Mathews: Cauchy type double integral representations 
for functions of a complex variable. 


Consider the class, Ry of functions of the complex variable which are continuous 
in a bounded domain, G, such that (1) lim sup (1/|I|)finf(s)ds<© (for intervals 
containing s+) for all ss in G—S where S is a denumerable infinity (at most) of seg- 
ments perallel to the axes and (2) such that the partial derivatives of the real and 
imaginary parts of the function with respect to the real and imaginary parta of the 
variable exist almost everywhere in G. Ina paper by Trjitzinsky (to appear in Journal 
de Mathématiques) conditions were found under which the function, f(s), could be 
represented as a Cauchy type double integral. The author has determined conditions 
under which this integral equation is equivalent to a regular Fredholm integral equa- 
tion. Hence, if f(s) belongs to Rand K(z, t) satisfies certain conditions while the regu- 
lar Fredholm integral equation, 214s) —f/o[finK(s, t) &h)dfidta= —y/(x), where 
x(s)=/inf(s)ds for I in G, bas a solution, ©, then f(s) has the representation f(s) 
= —Jfok(s, 1) ®(6)/(6 — s)dtvdts + a(s) where a(s) is analytic, f = th + if, and 
k(s, $)/($—s)=1/(0—s)+K(s, 5). (Received February 21, 1947.) 


219. E. J. Mickle: Metric foundations of continuous transformations. 


Let T be a continuous transformation from an analytic set A in a complete and 
separable metric’space M into a metric space M*, in which finite Carath éodory outer 
Measures » and »* are defined respectively. Let N(p*, E) designate the number of 
. inverse points a point p* of M* has ina subset E of A. T is called of bounded variation 
if N(p*, E) is a »*-summable function and, if of bounded variation, is called absolutely 
contifiuous if sets of »-measure zero are taken into sets of »*-measure zero. If T is of 
bounded variation, a completely additive clase of subsets E of M containing closed 
sets can be found on which (E), the »*-integral of N(p*, E) over M*, is a completely 
additive set function. The absolutely continuous part of u can be expressed as the 
-integral of a point function which plays the role of the Jacobian of the transforma- 
tion. Formulas (involving this Jacobian) for transforming definite integrals are ob- 
tained in this paper. (Recetved March 9, 1947.) 


220. C. N. Moore: Generalised limits in general analysts. III. 


In volumes 24 and 25 of Trans, Amer. Math. Soc. there were published two papers, 
entitled respectively: Generalised limits in general analysis, First paper and Gensral- 
ised limils in gonsral analysis, Second paper. It was the aim of these papers to develop 
a general theory in the field of general analysis, which would include as special cases 
results concerning summable series and their analogues for integrals. The applications 
of such a theory were illustrated by proving a general theorem concerning the equiva- 
lence of Cand H summability and the analogous result for integrals. In the present 
paper a further application is made by proving a theorem which includes the regular- 
ity theorem for summability methods of a certain type, due to Silverman and Toeplitz, 
and the analogous theorem for integrals, due to Agnew. (Received March 8, 1947.) 

221. John von Neumann and E. R. Lorch: On the euclidean char- 
acter of the perpendtcularity relation. 

A proof is given of the following theorem: Let ®© bea vector space such that when- 


ever two vectors f and g satisfy |f| = | g], it follows that | af -+6¢| =| 8f+ag| for all real 
a and £. Then ® is a Hilbert space (of unspecified dimensionality), The theorem has 
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been proved by F. A. Ficken (Ann. of Math. (2) vol. 45 (1944) pp. 362-366). The pres- 
ent proof which is very short introduces a notion of perpendicularity in vector spaces 
which renders transparent the geometric phenomepa in which the problem is rooted. 
This same notion has application to the further study of the characterization of Hil- 
bert spece by means of implications which involve its norm. (Received February 17, 
1947.) 


222. T. G. Ostrom: The solution of linear integral equaistons by 
means of Wiener integrals. 


Let the Fredholm solution of the integral equation s(f) = x(t) +A, s)x(s)ds be 
given by x(#) =s() HARG s)s(s)ds m Gis|:]. By applying two linear transformations 
to the Wiener integral fst yl ild, the author shows that under fairly general 
conditions the solution can be expreseed as a Wiener integral whoee integrand is a 
functional involving only the fired functions K and s, the variable function of in- 
tegration. and the number # The Fredholm determinant D (which is also expressible 
as a Wiener integral) appears as a constant factor and hence can be obtained without , 
further computation by substitution in the integral equation. (Received March 15, 
1947.) 


223. Tibor Rado and E. J. Mickle: A new geometrical tnterpretation 
of the Lebesgue area of a surface. ` 


Let S refer to a Fréchet surface of the type of the 2-cell in Euclidean 3-space Ey 
let G, be the 4dimensional space of all lines g@ E, and let m denote the properly 
normalized invariant measure in Gy For each line g&E, an essential intersection 
number «(g) is introduced in terms of «deformations of S. In this paper it is shown 
that /x(g)dm taken over G, is equal to the Lebesgue area of S. (Received March 19, 
1947.) 


224. O. W. Rechard and P. V. Reichelderfer: A new criterion for i 
ihe extension of rectangle funcitons. 


Let ¢(R) be a real, finite, non-negative function defined on the class K of rec- 
tangles R contained ina fixed oriented closed rectangle F. It is shown that ¢ admits 
a completely additive extension to an additive class of sets including all Borel sets if 
and only if it satisfies the following conditions: (i) if R, and Rs are mutually exclusive 
rectangles in K contained in a rectangle Rin K, then (Ri) +¢(Rs) a(R); (li) if R 
is a rectangle in K covered by two rectangles R; and Rs in K, then ¢(R)S¢(R) 
+4(Ra); (iii) if R is any rectangle in K and R,is the common part of F and the rec- 
tangle containing R with sides parallel to the corresponding sides of R at distance « 
then lim (Rà =¢(R) as e tends to zero through positive values. A similar result is 
established for functions of’ oriented open rectangles. In this case, R, is the rectangle 
contained in R with sides parallel to the corresponding sides of R at distance e Func- 
tions defined on all closed rectangles or on all open rectangles are also considered. (Re- 
ceived March 10, 1947.) 


225. P. V. Reichelderfer: The effect of a lipschiizian transformation 
on the area of a continuous surface. - 


A transformation X(x) from euclidean three-space into euclidean three-space is 
termed lipschitzian Af if M is a positive constant such that the distance between: the 


~ 
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images X (zı) and X(za) of any pair of points x and x does not exceed M times the 
distance between x, and x. Any continuous surface S is transformed by X(x) into a 
continuous surface X(S). If X(x) is lipschitzian A, it is shown that the lebeague area 
of X(S) cannot exceed the square of M times the lebesgue area of S. Various applica- 
tions are considered. (Received March 15, 1947.) 


226. E. H. Rothe: Extrema of funcitons in Banach spaces. Prelimi- 
nary report. 

Let V be a bounded domain in a Banach space E. Let I(x) peu ceal values func- 
tion defined and (strongly) continuous in V. Moreover it is assumed that the first 
and second differential of I(x) exist and are completely continuous and that the latter 
is “Hessian,” that is, satisfies a certain condition which corresponds to the non- 
vanishing of the Hessian determinant in the finite-dimensional case. It Is proved 
that then I(x) is also weakly continuous. As a consequence I(x) reaches a maximum 
and a minimum value in any weakly compact subset of V, and the existence of a 
maximum and minimum of I(x) in any closed bounded set can be asserted for a number 
of Banach spaces important for applications to analysis, for example, for reflexive 
spaces (by the use of a theorem by Alaoglu, Ann. of Math. vol. 41 (1940)) or the 
Schauder spaces (Math. Ann. vol. 106 (1932) p. 663). (Recetved March 21, 1947.) 


227. A. C. Schaeffer and D. C. Spencer: A general class of problems 
in conformal mapping. y 


Let S be the class of functions f(s) PEE wha wat id onde 
|s| <1 and are normalized by the condition that f(0) =0, f'(0) =1. Let R be a closed 
set in |s | <1, and let ¥,(a) be a measure function defined in the space R. If F, isa 
function of f(S and its derivatives up to the sth order and P,=/F,dy, then 
(Pi, Ps, Pu) is-a point in a euclidean space of m dimensions, The problem is to find the 
region of variability of this point. Several unsolved classical problems are special 
cases of this general problem. The region of varlability of f’(s;) where {s:| <1 is one ` 
example, and a differential equation is obtained which defines this region. The differ- 
ential equation can be integrated explicitly in terms of elementary functions. (Re- 
cetved March 22, 1947.) 


228. H. M. Schaerf: Prose of measures bunvartant under a com- 
postition law. Preliminary réport. 


Let the measure space R be the union of a sequence of measurable eets of finite 
measure. Let a composition law ascribe to every x, yE R an element xy€E R so that 
Weil's condition M is satisfied and so that the measure of any measurable set X is 
invariant under the transformations rX, Xr—! for every rE R. The author gives a 
simple proof of the uniqueness of such a measure. He proves, moreover, that any 
set A, whose measure is not greater than that of a set B, can be split into a sequence 
of measurable sets, whose images under the composition law are disjoint subeets of B, 
and into a set of measure rero. Therefore, any value of #(X) leas than m(B) is assumed 
on some subset of B. Furthermore, any one of two sets with equal measures can be 
split into a sequence of disjoint subsets and a set of measure zero so that subsets with 
equal subscripts are images of each other under the composition law. (Received 
March 20, 1947.) 
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229. H. M. Schaerf: Two theorems on measure spaces with a com- 
postiton law. Preliminary report. 


Let the measure space R be the union of a sequence of measurable sets of finite 
measure. Let a composition law ascribe to every x, yE R an element xyE RF so that 
Weil’s condition M is satisfied and so that, for every set X of measure zero and every 
element r of R, the set rX is of measure zero. By means of the generalized theorem 
of Fubini the following theorems are proved: (1) For any two sets A, B with positive 
measures there is an element r such that Ar meets B in a set of positive measure. 
(2) If Zis a set of measure zero, then any completely additive function of a measurable 
set vanishes on Zr for almost all rÆ R (generalization of a theorem of Wiener- 
Young). If to every element xE R a transformation ts of Rin R is ascribed, then gen- 
eralizations of the above theorems are furnished by the composition laws xy =#,(¥), 
and y=f(x). (Received March 20, 1947.) 


230. I. M. Sheffer: A limt theorem. 


A classical result in trigonometric series theory is that: If (i) a, cos xx+b, sin 2x40 
for all x on an interval J, then a,—0, 5,0. In complex form (i) Is replaced by 
(ii) ca exp {nx} -+da exp { —nx}—0. Here exp {u} me't, The present note extends this 
result in various directions. For example: Let { Gent, smi,---,k, be complex num- 
ber sequences, and let {r,..} be real sequences with the following property: None of 
the sequences {reun—Tpn} (síp) has zero as a Hmit point. If (iii) 5 con exp {rant} 
—0 for all z on J, then a,,,.—0 (smi, +--+, k). (Received March 19, 1947.) 


231. Y. C. Shen: Interpolation to some classes of analytic functions 
by functions with pre-asstgned poles. 


Let Sa be the clase of functions f(s) for |s| <1 and such that for 
some a>1 the integral Ufo" (1—p) >] f(oe™) | 2odpdo is bounded for rt. Let Gaby 
kai, 2,-++, m; m1, 2,--+, be a system of points in |s| <1, without points of 
accumulation in |s| <1. Let Du(s) = (1 — us) 7, and let f,(s) denote the function of 
the form >> Aa» Tas(s) interpolating f(s) at the points au, k= 1,2, -< , %2. Necessary 
and sufficient conditions are obtained for the sequence G. so that for every fE Sa 
the sequence {f.(s) } converges uniformly to f in every closed circle interior to [s] <1. 
(Received February 17, 1947.) 


232. R. H. Stark: Some classes of monotone funcions. 


The purpoee of this paper is the investigation of clases of monotone, continuous 
functions (x) made up from a system of basis functions g:(x) as sums of Hellinger 
integrala, k(x) —=)_;_,/¢(dfs)3/dg:. Classes defined by different basis functions are dis- 
cussed. Criteria for determining whether a function belongs to a particular class are 
given. There is presented a method for constructing a set G of monotone continuous 
‘functions such that a continuum of classes without common elements is determined 
by choice of bases from G, and yet there exist functions outside of all clasees deter- 
mined by such a choice. (Received March 19, 1947.) 


233. C. F. Stephens: Concerning linear and nonlinear difference 
equations. 
The author considers the system of equations s4(2+1) =t AO (z)x (x) 


r 


~ 
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+ags(wi(z), +++, Malz); 2) (m1, +++, n), where k is any integer or zero, hy’ (2) 
are bounded and continuous (not necessarily analytic) in the neighborhood of in- 
finity, g, are polynomials in the #,(x), but not in x, whose coefficients are continuous 
functions of x in the neighborhood of infinity. The sth order nonlinear difference 
equation corresponding to the above system, the sth order homogeneous linear differ- 
ence equation and the case where g,=0 are also considered. In all cases the author ob- _ 
tains unique perticular solutions which are continuous and bounded in a certain do- 
main extending to infinity on the left. The method used in this paper is based on some 
previous resulta of the author concerning the solutions of nonlinear difference equa- 
tions for large values of the independent variable (Bull. Amer. Math, Soc. vol. 50 
(1944) p. 343). (Received February 21, 1947.) 


234. Walter Strodt (National Research Fellow): Note on quast- 
harmonic funcitons. Preliminary report. Í 


A quasi-harmonic function of x and y, as defined by Garrett Birkhoff, is a function 
satisfying the Gauss mean-value theorem on all circles of radius unity. This note 
answers affirmatively the question, raised by Birkhoff, whether there exist non- 
harmonic functions of x and y which are quasi-harmonic and also analytic in x 
and y. For example, exp (ax+by) is such a function if a?+b10 and F(a, b) 
= fi" [1 —exp (a cos 0+b sin 6) |d9 =0. For every fixed a there exist infinitely many 
b such that F(a, b) =0, since otherwise F(a, b), which is an even transcendental entire 
function of b, of order unity, would be a polynomial times an exponential of an entire 
function; which is absurd. (Received March 17, 1947.) 


235. L. V. Toralballa: The integral in a normed diviston quast-ring. 


Consider a system R with two operations, + and X, satisfying: (1) Ris an addi- 
tive Abelian group; (2) R is closed with respect to X; (3) X is associative; (4) there 
exists a unity; (5) every nonzero element of R has a uni inverse; (6) to every ele- 
ment a of R corresponds a non-negative real number |a|, called its norm, satiafyi 
(a) |a| =0 if and only if a=0; ©) |e-b|=|a] - [5]; © [al =|—al; (d) |a+b 
s|c]+[5|; (e) there exists a real number N>O euch that |ca—cb| 4 N|c(a—b) 
always; (f) if cosine ($, g) m(|p|*+|¢|*—|p—¢|/2| P| |g], 270, g0, there exista a 
real number M>0 such that (ca, œ) S M(a, b) always. Consider functions f on R 
to R. In the norm topology one defines such notions as “curve” and “continuity.” A 
regular curve C is one in which (1) C is rectifiable; (2) the limit of the ratio of the 
length of chord to that of the subtended arc is unity; (3) tbe scalar curvature is a con- 
tinuous function of the arc length. The integral /of(t)dt is defined to be lim as norm 
of subdivision—0 of >> (s,—s,1)f(t,). This is proved to exist whenever C is regular 
and f is continuous over C. (Received March 20, 1947.) 





236. W. R. Utz: On the decompostiton of meromorphic functions. 


Let f(z) be defined and meromorphic in a bounded and simply-connected region R 
having locally connected boundary F(R). Let s, be a point of F(R). If for each crosecut 
c subdividing R into subregions R; and R, where se€ F(R) — č, there exists a region 
Ri CR, determined by a crosscut c’, of R, and a rational function g(\) =w, such that 
sE F(R1)—¢’ and g-¥f(s) is 1-1 and meromorphic on Rf, then f(s) is said to be 
rationally-malecalent, It is shown that a necessary and sufficient condition that f(s) 
be decom poseable into a 1-1, bounded and regular function on R, followed by a rational 
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function, ls that it be rationally-multivalent at each point of F(R). This is a general- 
ization of a result of L. H. Loomis (The decomposition of meromorphic functigns into 
rational functions of watsalent functons, Trans. Amer. Math. Soc. vol. 50 (1941) 
pp. 1-14). (Recetved March 7, 1947.) 


237. J. L. Walsh: The location of the critical. points of simply and 
doubly periodic functions. 

By the use of conformal transformations, especially those involving the exponen- 
tial function, known theorems (for instance that of Lucas) concerning the zeros of the 
derivative of a rational function and the critical points of a harmonic function yield 
new results on the zeros of the derivative of a periodic analytic function and the criti- 
~ cal points of a periodic harmonic function. (Received March 6, 1947.) - 


238. Alexander Weinstein: On Dirichlet s discontinuous factor and a 
class of many-valued functions. 


Continuing previous investigations (Bull. Amer. Math. Soc. vol. 53 (1947) 
p. 59) the paper deals with the function a(x, y) =ry ih af erp -A)T LA) adi 
(= & 0, b >0, —1 <q a — 1/2), which represents a branch of a many-valued 
- function with the ramification points x = 0, y = + b. For q = — 1/2, a(x, 7) 
=2/,1 exp (—24) cos (y4) sin (&)dt. It is shown that, in this case, a is the angle 
at (x, y) subtended by the segment (—b, b) of the y-axis. This angle a(x, y) is the 
streamfunction of doublets distributed along the segment, and r—a(0, y) is Dirichlet’s 
discontinuous factor. (Received February 26, 1947.) 


239. D. V. Widder: Inversion formulas Jor convolution transforms. 


The author discovered earlier a linear diferential operator of infinite order which 


inverts the Stieltjes transform, f(x) =f, (1+1) —¢(f)di. This is a convolution transform, 
f(x) =f" _G(x—De(Hdt, with G(x) = (1+-6-*)— after an exponential change of variable, 
and the inversion operator is r~t sin xD. Here D means differentiation with respect 
to x and the operator is interpreted by means of the infinite product expansion of 
the sine function. In thespresent paper the author generalizes this result, replacing 
G(x) by any function whose bilateral Laplace transfunction is the reciprocal of an 
entire function E(s) =s] [; [1—(s/aa)"], } iai <œ. The inversion operator becomes 
E(D). The method of Green’s functions far differential systems is used. The kernel 
G(x) is interpreted as a Green's function for a linear differential system of infinite 
order. (Received February 4, 1947.) i 


240. Albert Wilansky: An application of Banach linear functionals 
to the theory of summability. Preliminary report. 


Normal conservative summability matrices are classified as co-regular, co-null. In 
- particular multiplicative r (r40, r=0) matrices are, respectively, co-regular, co-null. 
A co-null summability field cannot be a subfield of a co-regular field. Every field isa 
proper subfield of a co-null field. Theorems known for regular matrices (Mazur, 
Steinhaus, Agnew, Hill, and so on) are extended to conservative matrices, for example 
a co-regular matrix cannot sum all bounded sequences, Mazur's consistency theorem 
holds for co-regular matrices only. A normal matrix is shown to be of type M if and 
only if its columns and another sequence “span” (c). Two normal matrices with-the 
same field are both or neither of type M, thus “of type M” may be applied to fields. 
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co-regular; F is if and only if f(x) lim x, is continuous on (c) using the 
“Marur norm” ||=|=sup |}? anrs]. Subfields of regular fields are regular. Other 
conditions are given. All Mazur metrics for a given field are equivalent and all fields 
are separable. A field is a non-reflexive Banach space. A normal conservative matrix * 
sams only convergent sequences if and only if ||4-2|| < œ where || A|| sup Etol cua]. 
(Received March 20, 1947.) 


241. J. E. Wilkins: Neumann series of Bessel functions. ; 


Suppose that |A| is integrable over (0, a) and that "3| f(| is integrable over 

(a, œ) whenever a>0. Let 5) oman (2), where Gm4 ™ / tf (6) Jeni (dé, be 

the Neumann series associated with f(x). It is shown that = (e+) +f(x—) } /2 at 

each positive point x in a neighborhood of which f(f) Is of bounded variation if and 
only if firJe(xr)dr [<F()Je(tr)dé converges to zero as a Bpprcsches rero and N ap 

co. (Received March a 1947.) f 


ENR MATHEMATICS 


242. J. W. Calkin: Inctpteni shock waves in one dimension. 


The author considers the following one-dimensional model: a rectilinear cylinder, 
closed at one end by a piston, and containing a perfect gas. As is in effect known, while 
a discontinuous increase in piston velocity produces an immediate shock wave, start- 
ing at the piston face, a continuous acceleration results in a delayed shock which 
starts at a positive distance from the piston face, with initial velocity that of sound. 
The present paper is concerned with the boundary value problem to which the study 
of the subeequent motion leads, and provides procedures for approximating to the 
solution. A variant of the hypothesis of a perfect gas is also considered. (Received 
March 21, 1947.) 


243. J. B. Díaz and H. J. Gstibas: The determinaiton of upper 
and lower bounds for the deflection of a damped plate. 


A method is given for the determination of upper and lower bounds for the deflec- 
tion w at any point of a thin elastic plate of arbitrary shape clamped along its edges 
and subjected to a distributed load. The method is based on the application of two 
variational principles: the first is that of minimum potential energy, the second is 
closely related to Castigliano’s principle of minimum ‘complementary energy but 
does not seem to have been used before in the present form. These principles yield 
inequalities for an integral of w. By considering two auniliary loadings of the plate, in 
addition to the given loading, inequalities are obtained directly for w at any specified 
point. The bounds are obtained in terms of integrals of certain admissible functions. 
Explicit iterative formulas are given by means of which sequences of admissible func- 
tions can be utilized to successively improve the bounds. (Recerved March 21, 1947.) 


244. J. B. Díaz and Alexander Weinstein: Schwarz’ inequality, and 
the methods of Rayletgh-Riis and Treffts. 
‘It is ahown that lower and aa bonda quadratic functional can be obtained 


by a simple and direct application of Schwarz’ inequality and Green's formula, the 
results: being equivalent to the application of the methods of Trefftx and Rayleigh- 
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Ritz. As an erample, a lower bound for the Dirichlet integral D(¢ẹ) of a harmonic func- 
tion ¢ with prescribed boundary values is derived by putting into the Schwarz’ in- 
equality D%(¢, ¥) SD(¢)D(~) an arbitrary harmonic function ¥. This leads, by 
Green's formula, to the inequality D(¢) & ([o¢(0¢/dn)ds)*D-(y), which is equivalent 
to the lower bound found by Trefft (Proceedings of the Second International Con- 
gress for Applied Mechanica, Zürich, 1927, p. 132). (Received March 19, 1947.) 


245. W. F. Eberlein: A note on spheroidal wave funcitons. 


The equation defining the (axially symmetric) spheroidal wave functions can be 
written in the form {(1—2x%)#’}/+(\—a2x%)4—0, the boundary condition being that 
«#(x) remain finite at z= +1. An asymptotic expansion for the characteristic values 
à for a>>1 is obtained. (Received March 21, 1947.) 


246. Benjamin Epstein: On the mathematical description of certain 
breakage mechantsms. 


It has been observed that the particle size distributions obtained from some break- 
age processes appear to be logarithmico-normal. In this paper a hypothetical breakage 
mechanism is constructed which has the property of yielding size distributions after 
breakage which will more closely approximate a logarithmico-normal distribution the 
longer the breakage process is continued. More precisely it is proved that if: (a) the 
probability of breakage of any piece during any step of the process is a constant inde- 
pendent of the size of the piece and the previous breakage history of the piece and 
(b) the distribution of pigces obtained from the application of a single breakage event 
to a given piece is independent of the dimension of the piece in the sense that the frac- 
tion by weight of material having dimension less than ky (0 Sk <1) arising from thé 
breakage of a unit mass of sire y is independent of y, then the df. Fa(x) after # stepe in 
the breakage process is asymptotically logarithmico-normal. The proof depends essen- 
tially on the use of the Mellin transform in treating products of random variables. 
(Received February 18, 1947.) f 


` 247. H. J. Greenberg and Witold Hurewicz: The stabilty of PATIDAR 
dynamical processes subject to discontinuous impulses. 


The classical Poincaré-Liapunoff stability theory of periodic motions is extended 
so as to include the case of dynamical systems subjected to discontinuous impulses: 
for insfance, mechanical! systems involving colliding masses. The continuous phases of 
the motion are assumed to be governed by the equations (1): 4.—f,(m1,°-+, xm, 2), 
tmi1,---+, m, where the f: are periodic functions of the time &# In addition, at any & 
at which the variables z, satisfy a relation L(x, +++, £a) =O where L is a given func- 
tion, the q; are assumed to have prescribed discontinuities Ax, =¢i(%1, ° ° >, tm). With 
a given periodic motion of such a system a stability matrix is aæociated. If the char- 
acteristic values of this matrix are less than 1 the motion is stable; if one of these is 
greater than 1 the motion is unstable. Explicit expressions for the elements of this 
matrix are given in terms of a fundamental system of solutions of the “equations of 
variation” derived from (1) and of the values of the ¢; and their dertvatives at the dis- 
continuity points. The general theory is applied to the special case of a system of two 
degrees of freedom consisting of two linear colliding oscillators. (Received March 21, 
1947.) . 
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248. A. E. Heins: Water waves over a channel with a dock. 


- This paper is concerned with the solution of (*)Ad¢(x, y) =0 in the strip —œ <2 <o, 
0 <y Sa subject to the conditions (a) 4¢/dy—0 at y=0 for all x, (b) d6/Sy—0 at 
y=a for all x<0, and (c) 66/67 =f¢ (6>0) for y=a and all x >0. The velocity poten- 
tial (x, y) is assumed to possess a logarithmic singularity at x=0, in order that (*) 
possess a travelling wave term for +>>0. The surface yma, {<0 is the dock-like 
surface, while y=a, x>0 is the free surface. This problem is formulated as an integral 
equation of the Wiener-Hopf type in terms of a Green’s function kernel which may be 
exhibited explicitly. The solution under the dock as well as under the free surface is 
found by a technique which is available for the solution of this integral equation. The 
equivalent three-dimensional problem is also treated. (Recetved March 1, 1947.) 


249. Rufus Isaacs: Recent progress in the theory of compressible 
flusds. 


Until recently progress toward a workable theory of compressible fluids has been 
barred by the staggering amount of computation required. Modern computing devices, 
together with theories aimed towards their usage, open up vast possibilities in this 
and other fields. Chaplygin showed that the differential equations for planar irrota- 
tional steady flows become linear when transferred to the hodograph plane, Here the 
potential and stream functions are functions of the velocity components instead of the 
point coordinates. Bergman modifies this approach by using not, these functions and 
variables but related ones. For these equations—linear, but still formidable—he has 
devised an operator which transforms each analytic function of a complex variable 
into a solution. Analogously in the incompressible case (harmonic solutions) the opera- 
tor is “Take the imaginary part.” The operator involves a sequence of functions which 
must be known and tabulated in order to solve specific flow problems, The functions 
are defined recurrently by a relation involving both differentiation and integration. 
They are being calculated on the Automatic Sequence Controlled Computer at Har- 
vard University in a current research program headed by Professor von Mises. The 
writer participated last simmer and developed the method for this computation. (Re- 
ceived February 28, 1947.) 


250. S. C. Kleene: Analysts of lengthening of modulated repetstere 
pulses. 


Pulse lengtheners are circuits which lengthen pulses without changing the relative 
pulse amplitudes. The output of a pulse lengthener as a function of time # is 
F=f ({t}eG@—{t}) where, f() =modulating signal (here assumed periodic with 
fundamental frequency fa), g(t) unmodulated lengthened pulse (with repetition fre- 
quency fe), and {t} = [fotl/fr. The frequencies which may appear in F(#) are then 
| sfet tfa] for s, p=0, 1, 2,- --. This was originally noted for the so-called ideal 
“box car” lengthener, for which g(#) m1 (in which case the frequencies sfo for 
s= 1,2,» » - , are abeent), by Ming-Chen Wang and G. E. Uhlenbeck (Radiation Lab- 
oratory classified report S-10 (May 16, 1944) pp. 103—104). The present paper (based 
on Naval Research Laboratory classified report R-2555 (July 2, 1945, declasaified 
February 7, 1946)) contains a simple derivation of the Fourier expansion of F(#) 
for a quite arbitrary g(#), and formulas and graphs for calculating the amplitudes of 
the terms in the expansion for the family of pulse functions g(f) =e (0<i<8/f,), 
g(t) =0 (8/fe<t<1/fe), including the ideal “box car” pulse for a=0, B= 1. (Received 
March 5, 1947.) 7 


~ 
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251. M. Z. Krzywoblocki: On the two-dimenstonal steady flow .of a 
compressible viscous flusd far behind a solid symmetrical body. , 

` Goldstein solved the equations of steady flow of an incompressible viscous fluid 

in a wake far behind a solid symmetrical body by application of the method of syc- 

cessive approximations. Very far downstream in a wake, if the motion were steady, 


~ 


the assumptions and approximations of the laminar boundary layer theory would be - 


valid. In the present paper this method was applied to the solution of the equations 
of steady flow of a compressible viscous fluid in a wake far behind a solid symmetrical 
body. The following equations are taken into account: equations of motion, continu- 
ity, energy and state. The coefficients of viscosity and thermal conductivity are as- 
sumed to be functions of temperature. Just as in Goldstein’s work only the first 
Se E a (Received 
Match 5, 1947.) 


252. jac Opatowski: Application of a theorem of Jacobi to com- 
presstble cnd rotational flows. 


a ics stile o a sible dk des dana 
A(x, x1, £). 6Y/ax—0 if a solution of this equation of the type F(x, x3, <" 
const. and a function M(x}, x°, x°) such that )6(MA*/d2) =0 are known (Vor- 
lesungen über Dynamik, 2d ed., 1884, pp. 74-79). His method is applied to determine 
the streamlines of conpisekis and rotational stationary flows. Then M=pa1/2, 
where p is the density of the fluid and a is the discriminant of the first fundamental 
form related to the system of coordinates used (xl, x*, x). This gives equations of 
streamlines of rotational flows in the form: S(x}, x3, 2) =const., W(x}, x3, x) =const., 
where S is the entropy and W is obtained explicitly by means of M (Jacobi’s last mul- 
tiplier). (Received March 22, 1947.) 


253. Edmund Pinney: Acrodynammtcally driven oscillations in SHS- - 


pension bridges. 

In the past hundred years many suspension bridges have been destroyed by wiad 
driven osciľations, but most of these failures occurred so long ago and were so poorly 
obeerved that their cause remained uncertain. The spectacular and well observed fail- 
ure of the Tacoma Narrows bridge on November 7, 1940 proved clearly the impor- 
tance of such oscillations. The present paper develops a method of determining the 
wind speed at which oscillation sets in. Methods of obtaining symmetrical and 
asymmetrical vacuum mode forms and frequencies are given. Theodorsen type air- 
forces are used, but a modification Is given to include the effects of roadbed slots. A 
” procedure is grven to make use of airforce data obtained from wind tunnel section 
models, The theory Is applied to the original Tacoma Narrows bridge and gives a 
“flutter speed” in close agreement with the observed wind speed at the time of failure. 
(Received March 20, 1947.) 


254. A. H. Taub: Orbis of charged ‘particles in constant electro- 
magnetic fields. 

The relativistic equations of motion of a particle of charge e and rest mass m in 
Fy ee ee eee ae 
(m, y= 0, 1, 2, 3) may be written as (1) dV/dr=—XAFV where V is a matrix of one 
| column y= ||] =la A= 0/mtoc, cis the velocity of light and Fis a four by four 
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matrix determined in terms of the field tensor fe by F= ||| =||e"*f,-|| where go are 
the components of the metric tensor which in the case of special relativity may be 
reduced to the form gm =Q for p yá», Cg —gu = —fa = —gu= 1, In case Fis a con- 
stant matrix, that is, its components are independent of a or T, the solution of (1) 
may be written as (2) Vw L(r) Ve where Ve isa constant one column matrix and L(r) 
is the one-parameter family of Lorentz matrices generated By the infinitesimal Lorentz 
matrix 1— àF. Unpublished results of O. Veblen, J. W. Givens and the author give 
a complete classification of the Lorentz transformations in terms of the components 
of the tensor fg, as well as a closed expression for L(r). The particle orbits may then be 
obtained by substituting (2) into the definition of V and integrating. In case ff may 
be written as fi. tf* where f% is a constant tensor and fi, is slowly varying, then 
approximations-to the solution of (1) may be obtained by transforming (1) into an in- 
tegral equation and using the classical Picard iteration process. (Received March 25, 
1947.) 


255. E. A. Trabant: The Riemannian geometry of the symmetrtc top. 


The Riemannian geometry of the symmetric top with moment of inertia coeffi- 
cients A, A, and B, using Euler’s angles as coordinates, is developed: The following 
general theorem for the static space is proven. A necessary and sufficient condition in 
order that the static Riemannian space be an Einstein space of constant Riemannian 
curvature with the first covariant derivative of the Riemann symbols of the first kind 
equal to’ zero and which can be mapped conformally upon a 3-dimensional flat space 
is that Á =B. (Received March 15, 1947.) 


` 


~- 


GEOMETRY 
256. H. S. M. Coxeter: Continusty in real projective geometry. 


In the presence of the usual axioms of incidence and separation (including one 
which ensures the compactness of collinear points), the following nonmetrical form 
of Cantor’s axiom of closure suffices to characterize the real projective line: Every 
monotonic sequence of ponis has a limit. (The words “monotonic” and “limit” are de- 
fined in terms of separation alone.) It can be deduced that every point not belonging 
to a given harmonic net is the limit of a sequence of points of the net, whence the 
fundamental theorem follows at once. The axioms of Archimedes and Dedekind are 
likewise deducible. (Received March 22, 1947.) s 


257. John DeCicco: Characterisation of Halphen’s theorem on cen- 
tral and parallel fields of force. . 


Halphen showed that if the œ! trajectories of a positional field of force are all 
plane curves, the lines of force are all straight lines concurrent in a fired point which 
may be finite or at infinity, that is, the field of force is central or parallel. The author 
studies the problem of determining all the positional fields of force whose trajectories 
are general helices. (A helix is a curve drawn on any cylinder whatever, cutting the 
generators at a constant angle. In particular, if the curve cuts the generators arthogo- 
nally, the curve is plane.) It is proved that if the œ" trajectories of a field of force are 
all helices, they must be all plane curves, and the field of force is central or parallel. 
Another characterization was obtained by Kasner. If each trajectory of a positional 
field of force lies on some sphere or plane, all the trajectories are plane curves, and the 
field of force is central or parallel. (Received March 6, 1947.) 


~ 
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258. V. G. Grove: On ihe Darboux tangents. 


Abramescu (Sur las tangents de Darboux d'une surfaces, Annales Scientifiques Uni- 
versitatea Jassey, section 1, vol. 27 (1941) pp. 283-288) gave a metric characterization 
of the cubic curve obtained by equating to zero the terms of the expansion of a surface 
at an ordinary point up to and including the third order. The author gives a projec- 
tive characterization of such a cubic curve, and thereby gives a new projective char- 
acterization of the tangents of Darboux. By applying the method used in this 
characterization to the curve of intersection of the tangent plane with the surface, a 
new characterization of the second edge of Green is found. Finally a simple charac- 
terization of the Green-Fubini projective normal in terms of two binary forms is found. 
(Received March 20, 1947.) ' i 


259. C. C. Hsiung: Diferential geomeiry of a surface at a parabolic 
porni. 

The purpoee of this paper is to study the projective differential geometry of a sur- 
face in the neighborhood of a parabolic point, at which the two asymptotic tangents 
of the surface are coincident. The plane section of a surface made by its tangent plane 
at a parabolic point will be called the tangential section. According as the tangential 
section has a cusp or a tacnode at the parabolic point, we have five essentially different 
cases. For each case there is obtained a canonical power series expansion of the surface 
in the neighborhood of the point, together with a gedmetrical interpretation of the 
system of reference giving rise to the expansion. In a different manner, I, Popa 
(Rendiconti del Seminario Matematico della R. Universita di Roma (4) vol. 2 (1938) 
pp. 136-155) has derived another canonical expansion for one of the five cases, namely, 
that in which the tangential section has a cusp. (Received March 20, 1947.) 


260. Edward Kasner and John DeCicco: Differential geometric 
propertses of the polar surfaces of a general algebraic surface. 


A general algebraic surface S, of degree # has (x—1) polar surfaces Sa- Sas, 
7° --, Si, where the rth polar Sa- is of degree s—r, with respect to any point P of 
space. It is known that if the point P is on the surface Sq, the first polar S._; and all 
the other polar surfaces are tangent to S, at P. The last polar Sı is the tangent plane. 
It is shown that the directions of the lines of curvature at the point P of Sa and Sv, 
are identical, and similarly for the asymptotic directions. The ratio of a principal 
curvature of Sa- to that of Sa at the point P is p=("—r—1)/(m—1). The ratio of 
the mean curvatures is the same quantity p. The ratio of the gaussian curvatures is 
pi=("—r—1)?/("—1)3, The ratio of the torsions of the asymptotic lines is also this 
number p. These results are extended to the case of higher order contact. Finally the 
case hasbeen studied where P ia a singular point of the algebraic surface S,. (See 
forthcoming paper in Proc. Nat. Acad. Sci. U.S.A. concerning the polar theory of a 
general algebraic curve of the plans.) (Received March 6, 1947.) 


261. B. J. Lockhart: Covariants of a valence correspondence on an 
algebraic curve. l 

Covariant correspondences of a given valence correspondence T are shown to 
satisfy certain relations, These relations are used to characterize the nature of T. 
A cyclic set of # points for T is defined as a set of »# distinct points on the curve closed 


` 
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under T. Tieerd OF atst orariu in cared et oe gena 
metric and. nonsymmetric correspondences. (Received February 28, 1947.) 
262. R. M. Robinson: On the decompostiton of spheres. 


According to the “Banach-Tarski paradox” (Fund. Math. vol. 6 (1924) pp. 244- 
277), it is possible to cut a solid unit sphere into a finite number of pieces, and re- 


aseemble these by translation and rotation to farm two solid unit spheres. Recently, ' 


Sierpinski (Fund. Math. vol. 33 (1945) pp. 228-234) showed that the total number of 
pieces may be taken as eight, three pieces being used to form one of the new spheres 
and frye the other. In this paper, it is shown that the smallest possible total number of 
Pieces is five; one of theee pieces may be taken to consist of a single point. For the 
surface of the sphere, a similar result is true with four pieces. This follows from the 
fact that the surface of a sphere can be divided into two pieces, each of which can be 
subdivided into two pieces congruent to itself. More generally, the surface of a sphere 
may be decomposed into pieces satisfying any system of congruences, provided that 
it is not demanded, explicitly or implicity, that two complimentary portions of the 
surface be congruent. (Received March 3, 1947.) 


LOGIC AND FOUNDATIONS 


263. J. C. C. McKinsey and Alfred Tarski: Some theorems about the 
sentenital calculi of Lewis and Heyting. 

In this paper the authors prove certain theorems regarding systems of senten- 
tial calculus, by making use of results they have established elsewhere regarding clo- 
sure algebras and Brouwerian algebras. Some of the results are new (in particular it 
is shown that there are infinitely many functions of one variable in the Heyting cal- 


+ 


\ 


culus, and yarious theorems about extensions of the Lewis system S4 are obtained); — 


others have been stated without proof in the literature (in particular the authors es- 
tablish some theorems due to Godel, which enable one to translate the Heyting cal- 
culus into the Lewis system S4). (Received March 21, 1947.) 


264. Ira Rosenbaum: A method of determining the nth q-ary truth- 
function in m-valued logic. 


The following method is believed useful since truth-functional modes of propoei- 
tional combination are very numerous in m-valued logic. There are, for example 
19,683 distinct binary modes of combination in three-valued logic and m=" gary 
modes in m-valued logic. Denote these truth-functional modes of propositional com- 
bination by Fy, #m1, 2,---, m=". Let each function be regarded as determined by 
the truth-values it aseigns to each combination of truth-values of its components or 
arguments. Let {#, 7} denote the truth-value assigned to the rth of the mt gary 
truth-combinations by the sth gary truth-function, let »x( - - - ) denote the one and 
only object x satisfying the condition ---, and let [- - -] denote the integral part 
of ---. Then the hen @ary truth-function of m-valued logic is defined thus: 
Fa=({#, 1}, {s,2},--+-, {n, me}) where {s, 1} mrx(1 xam -& -x my (mod m)) 
and Ís, k} Saal e -& -xom[(n—{m, 1})/m +1] (mod m)), 1<kmt. The 
above formulae determine the sth gary truth-function of m-valued logic without the 
construction of tables with ==" columns, provide a simple nomenclature for the nu- 
merous functions of #-valued‘logic, and are valid also for two-valuéd logic. A simple 
process for determining #, given the values {n, 1}, -+, {n, me}, is also available. 
(Received March 6, 1947.) , 


- 
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265. Ira Rosenbaum: A method_of determining the number n cor- 
related with the given truth table of an arbitrary q-ary funciton in m-val- 
ued logtec. 

In a previous paper, 1-1 correlation formulae were obtained between the numbers 
1,2, - ++, 2“ and the truth-tables of the m=" distinct gary truth-functional modes of 
` propositional combination of m-valued logic. In the present paper a formula is given 
for proceeding in the reverse direction, that is, from the given truth-table of an arbi- 
trary gary function to the number # correlated with that table. The original simple 
procedure for going from a given table to the number # associated with it lacked ana- 
lytical representation. W. V. Quine suggested that this procedure was analogous to 
transforming the expression for an integer in'the m-ary scale of notation into one in 
the denary scale of notation. This suggestion led to the following result. Let the me 
truth values in the given table be Vi, V2,---, Var. From each of these values sub- 
tract one to obtain the values Wi, Wa » -© , War. The latter values are integers x of 
_ the range 0325m—1 rather than, like the V's, of the range 1 Sram. Hence the 
sequence of W’s may be regarded as representing in the m-ary scale of notation 
an integer #. The mode of representation is Indicated by the formula #—1 
= Wey mt in which cmmt. (Received February 20, 1947.) 


+ 


STATISTICS AND PROBABILITY 


266. Z. W. Birnbaum: Probabilities of sample-means for bounded 
random vartabdles. ~ 


Lower bounds are given for the probabilities P(|¥.|24, where ta, X* 
= (1/4)? s Xn and Xu Xa, +++, Xa is a sample of a continuous random variable 
with a probability density f(X) such that: f(X) ={(—X), f(|X|) Is a nonincreasing 
function of |X|, and f(X)=0 for |X| Ze. (Received March 21, 1947.) 


TOPOLOGY 
267. Felix Bernstein: A lattice color problem. Preliminary report. 


The points of the lattice L of all points with coordinates which are integers or _ 
are centers of the elementary squares of L are considered as the regions of a color 
problem. In a partial set S two points A and B are called neighbors if AB does not 
contain another point of S and if the distance AB is equal either to 1 or to 23/2 or 
to 243, The number of colors required in order that two neighbors may be colored 
differently is obviously 5 or leas. It is shown that 5 colors are necessary. For the proof 
two methods are used. The one method is based on the studying of color schemes at 
certain conveniently chosen boundaries in the manner Introduced by G. D. Birkhoff, 
The other method is based on the study of the effect of the “centers” on the coloring 
of the total neighborhood. The efficiency of each method varies with the nature of 
given configuration. (Received March 22, 1947.) i 


268. R. H. Bing: A homogeneous indecom posable plane continuum. 


An example is given of a homogeneous bounded nondegenerate continuum which 
is not a circle. This answers the following question raised by Knaster and Kuratowski 
in Fund. Math. vol. 1 (1920) p. 223: If a nondegenerate bounded plane continuum is ~ 


q 
1 


~ 
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homogeneous, is it necessarily a simple closed curve? This example refutes a statement 
made in Theorem S, C. R. Acad. Sci. Paris vol, 219 (1944) p. 543. (Received February 
13, 1947.) 


269. R. H. Bing: Extending a metric. . 


Suppose that 7 is a ‘positive integer and Hi, Ha, +++ are collections of sets such 
that each pair of points that can be covered by a coherent collection of r or fewer 
elements of H., can be covered by an element of H;. If P and Q are two points whose 
sum cannot be covered by any element of H, but which can be covered by a coherent 
collection of sets Ai, Wa, > > , Ma belonging to Ham, Ham, +++ , and Heta) respectively, 
then 2[1/r 9 +1/r®+ --- 41/7] >1/r*, With the use of this result, itis found 
that if M isa given metric on a closed subset K of a metrizable space S, then a metric 
may be assigned to S that will preserve the given metric M on K. (Recetved March 

19, 1947.) 


270. Jean M. Boyer and D. W. Hall: On Peano spaces as continuous 
images of intervals. 


Let M be a cyclic Peano space and A the set of all points of M which are interior 
points of arcs of M. Using the definition of M as the continuous Image of the unit 
interval I it is shown that M is the closure of A. Standard arguments, using the same 
definition, can then be used to prove that A is a closed set. This result yields at once 
the three point theorem of W. L. Ayres. (Received March 20, 1947.) 


271. C.H. Dowker: Topologies of infinite complexes. 


Infinite complexes have been topologired in different non-equivalent ways by , 
different authors; for example, the natural complex and the geometric complex of 
S. Lefschetz (Topics tn topology, Princeton, 1942, p. 9) and the topological polyhedron 
of J. H. C. Whitehead (Proc. London Math. Soc. vol. 45 (1939) p. 316). It is shown 
that the three topological spaces, resulting from topologizing an infinite complex in 
each of these three ways, are of the same homotopy type. It follows that the topologi- 
cal invariance of homology groupe, the Hopf mapping theorems, and the Alexandroff 
Uberf uhrungasatz hold equally for all three topologized complexes. (Received March 
21, 1947.) 


272. Beno Eckmann: On infinie complexes with automorphisms. 
Preliminary report. 


Let K be a closure finite complex with an infinite group G of automorphisms with- 
out fired cells, J an Abelian group. An #-cochain f* in G, that is, a J-valued function - 
of the #-cella c" of K, is called G-fiwits if, for each c”, f(xc*)=0 for almost all EG 
(for all except a finite number). With the ordinary co-boundary operation in K these 
cochains lead. to cohomology groups p" which in general depend upon K asd G. 
The G-finitte cocycles which are coboundaries of ordinary (infinite) cochains define 
a subgroup f% of 6*. By methods similar to those used previously by the author (Com- 
ment. Math. Helv. vol 18 (1946) pp. 232-282) the theorem Js proved: When K is 
acychc in dimensions # <N (in the sense of finite chains), then §*, # <N, and Be are 
determined by the abstract structure of G and J; they may_be described in a purely 
algebraic way by means of J-valued functions of several variables E G. Geometric 
applications are based on the remark, that in case G has in K a fmite fundamental 
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domain the §* are the usual cohomology groups of K in the sense of finite cochains; 
a theorem results which for the dimension #=1 was already established by Specker 
(in an as yet unpublished paper). (Received March 21, 1947.) 


273. D. W. Hall and D. C. Lewis: On coloring six-rings. 


Let Q be a hexagon surrounded by a shr-ring in a regular map M of # regions. 
Formulas have been developed (in terms of free chromatic polynomials for, regular 
maps with fewer than # regions) for the number of ways M—Q can be colored in such 
a manner that any prescribed colcr scheme appears in the ring. The formulas are valid 
for any number of assigned colora. These formulas are the basis for a general six-ring 
reduction formula and also for numerous inequalities involving chromatic pdlyno- 
mials. (Received February 20, 1947.) 


274. O. H. Hamilton: A fixed poini theorem for upper semi-coniinu- 
ous transformations on n-ceHs for which the images of potnis are non- 
acychte. 

It is shown that if T is an upper semi-continuous transformation of an a-cell M 
into a subeet of itself such that for some positive real number d the image T(P) of 
each point P of M under T is the boundary of a nondegenerate #-dimensional convex 
continuum containing a simple domain of diameter greater than d, then for some point 
Q of M, T(Q) contains Q. (Received March 25, 1947.) 


275. M. J. Norris: A note on regular and completely regular topologs- 
cal spaces. 


Given a set of paints and two topologies for this set, one topology is said tobe 
stronger than the other if every open set in the latter topology is open in the former. 
E. Hewitt (Duke Math. J. vol. 10 (1943) pp. 309-333) has shown that the l.u.b. of a 
completely ordered family of regular (completely regular) topologies is also regular 
(completely regular). In this paper slight modifications of Hewitt’s methods are used 
to remove the restriction of complete order. (Received March 21, 1947.) 


276. M. J. Norris: On the representation of real numbers by sequences 
of integers. 


It is well known that there exist one-to-one functions whose domain is the real 
number system and whose range is contained in the class of all infinite sequences of 
integers satisfying the following condition. Given a sequence Se and a positive «, 
there exists a natural number N such that f-1(S) differs from f1(.S,) by less than « when 
S does not differ from Sein the first N positions. Representations by means of decimals 
or simple continued fractions furnish such functions. This raises the question as to 
whether or not there exist one-to-one functions with domain and range as above, 
such that, given a real number tẹ and a natural number N, there exists a positive « 
such that f(x) does not differ from f(x) in the first N positions when x differs from x» 
by less than « By introducing the usual Cartesian product topology for the class of 
sequences, the question is easily answered in the negative. (Recetved March 21, 1947.) 


277. H. M. Schaerf: Generalization of the theory of distance sets to 
topological groups. Preliminary report. 
Hugo Steinhaus (Fund. Math. vol. 1 (1920) pp. 93-104) has found interesting 
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theorems on sets of distances between the points of two sets A, B of positive Lebeague 
Measure. In this paper it is shown that Steinhaus’ results are special cases of general 
theorems on sets B14, where A and B are measurable subsets of positive measure of a 
topological group with a countable basis. Thereby, the measure function, m(X), may 
be any one defined on the class of Borel sets, if only m(g¢X) and #(Xg) are for every 
group element ¢ absolutely continuous functions of the Borel set X and if every point 
has a neighborhood with finite measure. (Received March 28, 1947.) 


278. H. M. Schaerf: On A. Weil's condition M. Preliminary report. 


The author proves that the class B of the Borel sets of a topological group G in 
any neighborhood space with open neighborhoods and with a countable basis satisfies 
Weil’s condition M (that is, the smallest additive class of sets of GXG, containing all 


_ combinatorial products X X Y with X, YCB, is invariant under the transformations 


[(x, Y —(y 1s, ¥)] of GXG onto GXG.) (Received March 20, 1947.) 


279. H. M. Schaerf: On sets of the soem B'A in topological groups. 
Preliminary report. 


Given a topological group G in a limit space and a measure function m(X) defined 
on an additive class K of subeets of G and such that m(Xg) is for every gEG an abso- 
lutely continuous function of the measurable set X. The following theorem is proved:. 
Let A be a measurable set such that one of its neighborhoods is contained in a set of 
finite measure. Let B belong to the smallest additive class Ky of subsets of ‘`G, con- 
taining both all closed measurable sets and all sets of measure zero. Then the set 
B-14 contains a neighborhood of every element ¢EG such that m(4g NB) >0. There- 
fore, the set A-14 contains a neighborhood of the group unity if m(4)>0 and 
AEKpr. (Received March 28, 1947.) . 


280. H. M. Schaerf: On the continusty of-measurable mappings of 
neighborhood spaces. 


Let a measure be defined on an additive class K of subsets of a neighborhood 
space. Let T be a topological space satisfying the second axiom of countability. 
Finally, let f(x) be a “measurable” mapping of a set EEK into T, that is, such a 
mapping that the image of any open set of T under f! is measurable. In this paper 
necessary and sufficient conditions are proved for the validity of each of the following 
assertions: (a) For every positive number e there is a subset E, of E such that the 
measure of B— E, is bess than eand such that f(x) is continuous on Es; (b) E. can be, 
moreover, taken to be a closed set; (c) f(x) can be, moreover, assumed uniformly 
continuous on Ee (Received March 20, 1947.) 


281. G. E. Schweigert and G. S. Young: Remarks concerning in- 
variants for certain finte transformaitons. I]. ~ ? 


The transformation 7T(A) =B is exactly k to 1; 7:(A) =B is interior and finite. 
Eleven types of curve, from the arc through rational curves and curves with property 
N, to curves of any dimension, are considered as to invariance under T, and Ty". 
Forty-two of these forty-four cases are settled. The negative cases can not be de- 
scribed here. Those with positive solutions admit the following remarks: Under T3 
only the simple closed curve is not invariant (this “backbone” justifies the choice of 
curves), most of these are invariant under more general transformations; at most 


N 
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3 curves are invariant under all 4 transformations; many results are from the Htera- 
ture but require considerable adaptation; the rational curves are invariant under Tı 
if locally connected. The unrestricted rational curves appear to be a difficult open 
. question for 7;; otherwise (following Whyburn) they are invariant. See our previous 
abstract (Bull. Amer. Math. Soc. Abstract:52-5-443). (Received March 21, 1947.) 


282. M. E. Shanks: Decomposttion homology groups. Preliminary 
report. 


To each open set O there corresponds a simple decomposition D whose nonde- 
generate slice is the complement of O. Thus to each open covering there corresponds a 
decomposition covering. A Cech type theory leads to the usual groups. The homology 
groups of a closed subset 4 and the homology groups mod A are obtained as the groups 
associated with the sublattices of the decomposition lattice “above” and “below” the 
decompoaition whose only nondegenerate alice is A. By lifting the restriction to simple 
decompositions a large class of new groups is obtained. (Received March 21, 1947.) 


283. S. M. Ulam and John von Neumann: On the group of homeo- 
morphisms of the surface of ihe sphere. 


It is proved that the group of all homeomorphisms of the sphere preserving the 
orientation (that ia, the component of unity) is simple. More strongly one proves 
the existence of a number N such that for any two such homeomarphiams S and T, 
S different from the identity, there exist at most N conjugates of S whoee product is T. 
The method of the proof can be used to establish analogous theorems about groups of 


homeomorphisms of other manifolds. (Received March 15, 1947.) 


284. F. A. Valentine: The determination of connected linear sechtons. 


Consider a continuum S İn an s-dimensional Euclidean space R, (w 22), a con- 
tinuum being compact and connected. Let x be a point in R, such that eack hyperplane 
through x intersects Sin a connected set, and let X denote the set of all such points x. 
Theorem: Each component of the set K is convex. The definition for X differs from that 
for the Ke-neigebiet defined by Brunn (Uber Kerncigebiels, Math. Ann. vol. 73 
(1913) pp. 436-440), in that empty intersecHons are admissible, and hyperplanes re- 
place the role played by straight lines. Necessary and sufficient conditions are found 
for a compcnent of K to be closed, Among the theorems proved the following seemed 


to be of special interest. Designate the convex hull of S by (5S), and let B(H(S)) be - 


the boundary of H(S). Definition: A component D of H(S)—S is called a dent of S 
if D- B(H(S)) Ò. Theorem in Rs, the plane: Let S be a continuum in Ra which has m 
dents. Thon if N is the number of components of K the inequality NA (m*-++-m+2)/2 
must hold, (Received February 11, 1947.) 


285. G. T. Whyburn: On locally simple curves. 


A mapping f(A) =B is locally simple (Morse-Heins) if it is (1-1) on some neighbor- 
hood of any point of A. It is shown that a continuum M has a locally simple repre- 
sentation on the circle (1s.r.c.) if and only if it is the sum of a finite number of doubly 
extensible simple arcs, that is, arcs ab contained entirely in the interior of some other 
arc a’b’ in M. Every doubly extensible arc ab in a locally connected continuum M 
is contained in either a (a) simple closed curve, (b) @curve, (c) figure 8, (d) dumbbell 
curve, (e) lariat curve (circlé plus radius), or (f) arc joining two end points of M. If 


+ 


— 
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M is without end points, (e) and (f) may be omitted. Also if M is cyclic, ab lies in a 
cyclic graph in M. Thus a continuum has a La.r.c. if and only if it is the sum of a 
fmite number of simple cloeed curves and dumbbells. A boundary curve B has a 
Ls.r.c. if and only if it has only a finite number of nodes and no end points. Further, 
if B satisfies this condition, oxy nonalternating light mapping of the circle onto B is 
locally simple. (Received March 3, 1947.) 


286. G. T. Whyburn: On n-arc connectedness. 


A simple elementary proof is given for the well known theorem that any two 
points of a locally connected generalized continuum M which are not separated in M 
by any set of lees than # points can be joined in M by a set of # independent arcs. 
The proof represents an extension to arbitrary # of the inductive type of reasoning 
used by the author in simplifying the proof of the cyclic connectedness theorem. It 
includes an extension to arbitrary locally arcwise connected separable metric spaces 
S of the theorem of Menger-Nodbeling to the effect that if a compact locally connected 
space S is #-point strongly connected between two disjoint closed sets P and Q, then 
S contains a set of # disjoint arcs joining P and Q. (Received March 3, 1947.) 


287. R. L. Wilder: Recognition of mansfolds by accesstbilsiy proper- 
lies. 


Schoenflies used an accessibility property to characterire the S'in S?, Generalizing 
the regular accessibility of Whyburn to a regular r-accessibility, Alexandroff charac- 
terized the S? in S=. But regular r-accessibility is not strong enough to characterize 
the S*, k>1, in S". For the latter purpose, if K and E are subsets of a space S, 
Kf\E=0, pE XK, then, using compact cycles and homologies, we define p to be (1) 
r-accasstble from E if every r-cycle of B p bounds in EU p; (2) semi-r-accessible from E 
if there exists an f cos Gof S such that every r-cycle of E U pin an element of E bounds 
in EJ 9; (3) locally r-accessibls from Eif EU pisr-lcat p. These are topologically invari- 
ant positional properties for closed subsets of S= (or an *-gm). Using these (succes- 
sively weaker, and all stronger than regular r-accessibility for r>0) properties, the 
general k-gcm can be characterized in the #-dimensional generalized manifold. For 
example, the only nondegenerate closed proper subsets of S? that are both 0- and 
1-accessible are the S* and 1; in .S*, if the boundary B of a simply-connected domain 
ia a continuum and 0-, 1- and 2-accessible, then B is an S°. These results will appear 
in Chapter 12 of the author’s Topology of manifolds, to be submitted to the Colloquium 
Series of the Society. (Received March 20, 1947.) 
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A SIMPLE PROOF THAT y IS IRRATIONAL 
IVAN NIVEN f 


- Let m=4/b, the quotient of positive integers. We define the poly- 
nomials 

x”(a — bx)” 

er = we 


f(z) = 
n! 


F(a) = f(a) — Pa) IOs) eS Da), 


the positive integer # being specified later. Since nlf(x) has integral 
coefficients and terms in x of degree not less than m, f(x) and its 
derivatives f“? (x) have integral values for x=0; also for x =r =4/b, 
since f(x) =f(a/b—x). By elementary calculus we have 


d 
a {F"(x) sin x — F(x) cos z} = F(x) sin z + F(x) sin x = f(x) sin x 


™ 


and 
(1) f @ sin zdz = [F’(x) sin x — F(x) cos zlo = F(x) + F(0). 


Now F(r)+ F(0) is an meger, since fP (x) and f‘?(0) are integers. But 
for 0 <x <T, 3 
g*a” 
nl 
so that the integral in (1) is positive, but arbitrarily small for n suff- 
ciently large. Thus (1) is false, and so is our assumption that r is 
rational. 


0 < f(z) sin z < 





J 


PURDUE UNIVERSITY 


Received by the editors November 26, 1946, and, in revised form, December 20, 
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ON THE NON-SUMMABILITY (C, 1) OF FOURIER SERIES 


WM. L. MISERA 
Let. 


(1) pA ~ È, an cos mt, (0) = 0, 


be the Fourier series associated with an even function #(#) which is 
integrable (L) over the interval (0, x) and defined outside this range 
by periodicity. 

Lebesgue [2, pp. 561-562]! proved that the series (1) is summable 
(C, 1) to zero at the point ¢™0 if, as 0, 


(2) J |e | dt = off). 


If, however, a condition weaker than (2) is satisfied, namely 


(3) J o(i)dt = o, 


as i—>0, the series (1) is not necessarily summable (C, 1). Hahn [1] 
gave an example to prove that the series (1) is not summable (C, 1), 
though the condition (3) is satisfied but not (2). Prasad [3] has in- 
vestigated whether, at the point ¢=0, the series (1) would be summa- 
ble (C, 1) if a condition stronger than (3) is satisfied, namely 


. gee 


say, exists as a non-absolutely convergent integral, and he has con- 
structed an example to show that even when (4) is satisfied the series 
(1) is not necessarily summable (C, 1). As the condition (4) implies 
(3), Prasad’s example includes that of Hahn. 

The object of the present note is to construct an example to prove 
that the series (1) is not necessarily summable (C, 1) even though 
the condition 


(5) tld) af y -s= o(1/10g10g =), 


as ¿—0, is satisfied. 


Received by the editors October 22, 1946. 
1 Numbers in brackets refer to the references cited at the end of the paper. 
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In view of the fact that the condition (5) is more stringent than 
(4) and (3), this example would be more far-reaching than those of 
Prasad and Hahn. 

I am much indebted to Dr. B. N. Prasad for his kind interest and 
advice in the preparation of this note. 


EXAMPLE. Let 
A= 3" Fowl, ihm, Cr = 1/(2r — 1)%, 
for r= 1, 2, 3, -- +. We define an even function ¢(# in (0, r) by 
(6) $(0) = 0, (i = — cA cos Ad, 


for ¢; <<#S#,1 and by periodicity outside. Then 


tr—-1 T/àr-1 
f [| dem ods f t| cos Ast | di 


tr 


Ard r 


3ir—2 1 
A a E 


r z tr—1 
J, oluso +E sola 





Hence 


= 01) + E (sa ) 


3r-dr+3 
= O(1), 
so that d(#) is integrable (L) in (0, r). Again 
[oa = — che [cos Aidt = — c [sin Adlinn = 0. 
ty t rh 
For tp-<i<#,1, we have 


f= 6) di = — c [sin al = C, BiN À$, 


so that, taking s=0, we have, for t, <i <t., 


T t tr—-1 t 
a =f Hanf yog in Àn. 


ff 
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Now. v l 
1 1 Ar tee gee 
jog log — e0 | S G log er = c log log — a 
| T ` 
l Pe 
= ——_—_—___ log log — 
a (2r — 1)! rors T 


1 
3 Car — 1a [2 log r + log log 3],- 


and hence, as i—0, 
l i 1 
(7) Oe o( 1/tog log =), 
\ 


Now the necessary and sufficient condition that the Fourier series 
. (1) be summable (C, 1) is 


=æ 


E TAO a E = o1) Di 
— —-— = o(1), "n —> o, 
Vo 2 P , 


or, i 


1 T \ > T 
zJ- E a f a] 
n 2 $ t f 0 


1 ee sin nf 2 ‘sin? {m#/2) is F 
e | — atm oy 
0 


" a 





Thia is Ia+Ja=0(1), with 


r= foo = oo 
J, ET qese aig, | 
Also 


J, = fs me log ~).t + 2 fl log DZ 
= o(1) +—f" (4 it = o(t), 


if (5) is satisfied. 
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Hence in order to show that the Fourier series associated with the 


function #(#) defined by (6) is not summable (C,1) at #=0, although 
the condition (7) is satisfied, we have only to prove that the integral 


a r . nt 
An f POC; aa? 
0 f 


tends to © as # assumes successively the values of integers 

















mm dh, = 3r, r= 1,2,3,---, 
that is 
h, > ©, as r —> o, 
Now 
d sin A,# 
naf 6) as 
0 i 
tr tr—1 el ti sin A,t 
= lf +f +> Jao di 
d t; i=1¥ i; $ 
= I+ I+ Ís, ' 
say, and 
fr 1 \ sind wiht 
I, -f o( 1/log log jas a wf o(1)di = o (1), 
0 f i ` 0 
as r— œ 
rA gin? dF Cr [=D 1 — cos 2At 
TN war ey 
hy i 2 J xp, i 
Cr Àr c rr? cosu 
= — log Sn du 
2 Àr—1 2 ir 
log 327! a : O(1) 
so ——___—___—__. Jo ed os E E E 
2(2r — 11a 8 2 (2r — 1)13 
2r — 1)1/2 | 
SE ea 
Thus 
I; oo, as r—+ o. 
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ri t1 gin Ay? sin At 

if e 

ti t 

ri t1 cos — di)# — cos Ade 

see (Ar i) (Ae + Ad) di 


iml 2 ti t 


Ei Eeee 
a5 L0 = ey | eee 
2i M — Ài È Gop EEA 


730-1) r í 
Ae aka r = 4. 


_ 


i=l 





as #30, . 
Combining our results; we have 


hao, | as r—> o, 
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MAHARANA BHUPAL COLLEGE - 


. NOTE ON THE DERIVATIVES OF FUNCTIONS ANALYTIC 
_ IN THE UNIT CIRCLE ~ 


J. L. WALSH 


In a recent paper,! W. Seidel and the present writer established dis- 
tortion theorems for various classes of functions analytic in the unit 
circle; more explicitly, established relations between the derivatives 
of functions and their radii of univalence and of p-valence, with par- 
ticular reference to behavior as a point approaches the circumference. 
Classes studied in detail were-functions respectively univalent, 
bounded, omitting two values, p-valent, and having a bounded radius 
of univalence. The last-named class clearly includes the class of func- 
tions f(s) each analytic in |s| <1 and transforming |z| <1 onto a 
Riemann configuration of finite area. It is the primary object of the 
present note to study this included class to the same end more effec- 
tively by other methods. Terminology and notation are uniform with 
the paper referred to; unless otherwise specified, references in the 
present note are to that paper; we shall also have occasion to use the 
. results of a subsequent paper by Loomis. 

We denote by Ky the class of functions f(s) analytic in |s| <1 and 
transforming the region | z| <i into a region whose area (counted ac- 
cording to the multiplicity of covering) is not greater than r M??>? 


(1) JS |r@ pas s xe, 


If we set f(s) m)_“a,s*, inequality (1) becomes 


(2) > n| a. |? SM, 
1 
whence we have 
'H 
(3) ; | a| 3 — 





gil? 
\ 
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. and (13) below, but does not prove any of the italicized theorems of the present note. 


Compere also T. H. Gronwall, Ann. of Math. vol. 16 (1914) pp. 72-76. 
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We proceed now to establish the following theorem. 
’ THEOREM 1. If f(s) ts of dass Ku, with wo=f(s0), we have 
(4) Di(w) S | f(s) | (1 — | 20 |) < [684D1( 0) ]”. . 


_ The first inequality in (4) has already been established (loc. cit. §4). 
We proceed to prove the second inequality in (4). 

The proof is by the method of Landau employed in the previous 
paper (§18). Let us assume first f(0) =0, f’(0) —1, from which it fol- 
lows by (3) that the series > a.s" is term by term not greater in ab- 
solute value than the series 





(5) s+ Ms?-+ Msi'+ Mst+.---- 
the latter series has the sum (|s! <1) 
i ua 
(6) ' s+ = , 
1—s 


Of course we have M21. 
For the value r=1/(4M) we have 
Mr? 4Mr? 


af = 
1-—r 3 








“I 
(7) r — max | f(s) -s| 2 r — = zg T b(t). 


Thus on the circle |s| or we have 


f(s) —3 


i— W 


<1 








for | w| <$(M), so by Rouché’s theorem f(s) takes on the value w pre- 
cisely as many times in |s| <r as does the function s, namely once. 
That is to say, the map w=/f(s), |s| <1/(4M), covers smoothly the 
circle | w| <¢(M) =1/(6M). Thus we have 


(8) Di(0) & 1/6M. 
Given an arbitrary so, with | so] <1, the case f’(s,) =0 trivially im- 


plies (4), with each member zero; in the case f’(s9) *0 we construct 
the frequently used auxiliary function 


_ f(s + [CA + Ba) — flee) 
f’(s0)(1 — | #0 |*) 


We have ¥(0) = 0, w’(0) = 1. Since the transformation z 
== (s+s9)/(1-+208) maps |z| <1 smoothly onto | s’| <1, it is clear 
that the Riemann configuration which is the image of |s| <1 under 


(9) ¥(s) 
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the transformation w=f(s’) is the same as the image of |s] <1 under 
the transformation w=f(s); consequently ¥(s) is of class Kw, with 
, M 
We =e 
| f’(s0) | 1 | 50%) 
By inequality (8) we may now write 


|P) (A -lel 


D(t) & 6M 


where D,(w.) here refers to the image of | z| <1 under the transforma- 
tion w=y¥(s). By equation (9) we obviously have 


D,( wo) PE = D(t) Pre, + | f(s) | (= | So |5, 


which implies the second inequality in (4) and completes the proof of 
Theorem 1. ; 
The order 1/2 ab Di(w) in (4) approaches zero cannot be improved; 
compare loc. cit. §10. 
This method just used yields a slightly more favorable inequality 
than (4). Series (5) can be replaced by 








T Ms Ms* Mri Ms’ 
(10) +n Qua, mat "®t aa 
Then the latter part of (7) can be replaced by 
Mr 4Mr* 6 — 21/3 





pag sy *"~ gaa a OO 


The second member of.(8) is #(M), so in (4) the number 6 may be re- 
placed by . 
24 72 + 12-21/8 
—— = eee m 5,24 
6 — 21/3 17 
We remark too that in (10) the number M can be replaced by 
(M?—1)? with a slight improvement in (4). 
In extending Theorem 1 to higher derivatives, we shall prove the 
following theorem. 


THEOREM 2. If the function f(s) => "aas* is of class Ku, then we have 
(11) D0 < È |a| S 27-4, (A log 2)7/[D,(0) VOM, 


Ay = ($ + DO + 1)/p]P! 49)? 
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The first inequality in (11) is established by Loomis (loc. cit.), a 


sharpening of an inequality due to Seidel and Walsh. To establish ` 
- the second inequality we write for |s | <1, with the double integral 
(12) Irel = —— 
r(1 — | 


taken over |s—s0| <1—| x0], 
M? 
t|)? ff rors|s a= [sp 


If we assume f(0)=0, which here involves no loss of generality, we 
have t 


É s r Md 
(13) soi =| f oat s [ZZ = -uiga 
; | kerer 


The function F(s) =f(s/2) mai(s/2)+a,(s/2)2+ +--+ is analytic in 
the circle |s| <1 and by (13) is of modulus not greater than M log 2 
there. Consequently we have (Loomis, loc. cit.) 





(14) = + = feet be S A,(M log 2)?! [D,(0) ]¥o, 
where D,(0) refers to the largest m-sheeted circle (mS) with center 
O and contained in the image of |z] <1 under the transformation 
w= F(z). Inequality (14), valid where D,(0) refers to the image of 
|s| <1/2 under the transformation w =}(s), isa fortiori valid if D,(0) 
refers to the image of |s] <1 under the transformation w=f(s), and 
(11) follows at once. , 

' If inequality (11) is rewritten so as to apply to the function 


its 
Oesia)  lal<nitl<s 


it appears (Siedel and Walsh, loc. cit. Chapter I, Lemma 2) that 
D,(w,)—0 is a necessary and sufficient condition for the relations 


fP(n)(1—|s|)*30, ma1,2,--+, 2. 


Far functions f(s) of class Ky, this remark establishes the relation 
D,(w,)—0 as a consequence of w, =f(s.), |s| 1, by virtue of the 
following theorem: 


THEOREM 3. If f(s) belongs to Ku, then we have for every k 
(15) lim fC) — | ¢|*)* = 0; 
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the approach ts untform in the sense that if c>0 ts given, there exists b 
such that 1—|s| <b. implies |f™(s)(1—| 8] 2)» | <e. l 


Of course the unifarmity of the approach is a consequence of the 
existence of the limit. We introduce the notation 


(16) f frana ® [4S = B(r), 


whence lim,.:®(r) =0 monotonically. If p (>1/2) is arbitrary, p< | Zol 
<1, we choose rS$2p—1, and the integral in ay is in absolute value 
not greater than P(r), so we have 


| f° (0) |3 < = e 
| x(t —| sf)? 
from which (15) follows uniformly, for the value k=1. 
We now take |s| >1/3, meas and use Cauchy’s integral 
_- formula mas 
t 
ro = — 


2Tri A jisim — 3 





Successive differentiation yields 
(k — af f' (dt 
| 


tsip ($ — 8)* 





f(s) = 


2x1 


whence we have 
| #(s) | < (k — 1)! [max | 7’) |, E 
and by the definition of p, 
(= |s] | S 27k- imar |A |, for |# — s| = p]. 
We have further (1—|#l}2(1—|s|)/2, so we deduce 
(1 —|s|)*|f@)| 
<S 2*1(k — 1)1(1 — | s| ) [max | #0) |, for |#-5| = o] 
S 2*(k — 1)l[max | f’@)| (1 —|#]), for |t s| = o], 


which implies (15) uniformly and establishes Theorem 3. 
It may be noted that we have derived (15) for k>1 merely from 
(15) forkR=1asa consequence only of the analyticity of f(s) in s| <1. 
For the class Ky we can make no deductions regarding the rapidity 
of approach to zero in (15): 
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THEOREM 4. Let the functton Q(r) be defined and postive for 0<r <1, 
’ with lim,.10(r) 30. Let the positive integer m and the positiive number M 
be given. Then there exists a function f(s) of dass Ku, continuous and 
schlicht for |z| S1, and there exists a sequence ei 
Sp—1, such thai we have 


fee fm @y(1 — | sult)" 
hoe Q(| ss) 


It suffices to chooge here a suitable constant multiple of the function 
f(s) previously constructed (loc. cit. §9). 
It is clear from Theorem 1 that the two conditions 


(17) D(a) 0, wm = f(a), 
(18) f(s) (1 — |=. |) 0, 


for a function f(s) of class Ky are equivalent in the sense that each 
implies the other. If g, is a sequence (| sa| <1) which has no limit point 
in a zero of f’(s) interior to | s| = |, it is clear that (18) implies 


(19) |s| —> 1; 


reciprocally (19) implies (18) by virtue of Theorem 3. That is to say, 
for a function of class Ky these three conditions are all equivalent, 
except that (17) and (18) are trivially fulfilled for any sequence or 
subsequence 8, which approaches a zero of f’(s) interior to |s| =14 ` 
Theorem 3 asserts that if f(s) belongs to Ky, then (19) implies (15) 
for every k. We have remarked that Theorem 2 as applied to the 





function 
(2) 
J 1 
+ zt 
shows that 
(20) lim D,(pa) = 0 
is equivalent to (15) for k=1, 2, - < - , p. Thus for a function f(s) of 
class Ky, the three relations (19), (20), and (15) for k=1, 2,--+,p 


are all equivalent except that the latter two relations are trivially 
fulfilled for any sequence or subsequence s, which approaches a com- 
mon zero of f(s), R=1, 2, +--+, p, interior to | s| = 1. 


_ {In the study of the equivalence of the relations (17), (18), and (19) for bounded 
univalent functions (loc. cit. p. 211), the phrase “every paint of Ry,” should read 
“every point of R exterior to Ry,.” 
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In considering the relationships between (17), (18), and (19), it is 
of interest to study the geometric significance of (17) independently 
of the class Ky. We shall prove: 


THEOREM 5. Let the function w=f(s) be analytic interior to |s| <1, 
and map |s] <1 onio the Riemann configuration R. A necessary and 
suficient condiiion that (19) imply (17) with w. =f(2,) 4s that there extst 
no 8 (>0) to which correspond an infinity of mutually nonoverlapping 
smooth circles Ci, Cy, - + - of radius ò in R. 


If for some å (>0) such circles Ca do exist, their respective centers 
tw, (considered as points of R, not merely as values of the complex 
variable) have no limit point in R, and the corresponding points Ss 
have no limit point interior to |s| <1; thus (19) is satisfied but not 
(17), so (19) does not imply (17). Conversely, let us assume that (19) 
does not imply (17); we suppose (19) satisfied for a particular se- 
quence Za, but suppose that (17) is not satisfied; we shall show the 
existence of a suitable ô (>0) and corresponding circles C, in R. 
Choose a subsequence of the s, so that for a suitably chosen ô (>0) 
the values D,(w,) are all greater than or equal to 28; we change the 
notation if necessary so as to have D,(w,) 228 for every #. If any 
subsequence I',, of these circles I, (with respective centers w, and 
radii Di(w,)) have centers w,, in R which approach as limit a point 
wo of R, then (loc. cit. §15) by the continuity of Di(w) as a function 
of w, we have D:(we) 228; consequently we have Wa, to, Sa, Zo 
with |g] <1, contrary to hypothesis. At most a finite number of the 
points ta, w3,-°-- lie interior to the circle yı whose center is w and 
radius 28; suppose none of the points w, for n 2 N: lies interior to Yı 
At most a finite number of the points w, for #> N; lie interior to the 
circle yı whose center is wy, and radius 28; suppose none of the points 
w, for n 2 N: (> Ni) lies interior to ya. Let y: be the circle whose center 
is wy, and radius 28. We continue this process indefinitely, and find a 
sequence of circles yı, Ya, -- » all of radius 28; the center of Y» cannot 
lie interior to any of the circles Yı, Ya, - * * , Y» The circles C, con- 
centric with the circles y, and having the common radius ô lie in R 
and no two of them overlap. The proof is complete. 

The condition of Theorem 5 is equivalent to the condition that 
there exist no €(>0) such that for every n=1, 2,3,---, the smage Ra 
of the annulus 1>|s| >1—1/n under the transformation w= f(z) con- 
tains a smooth circle of radius e. Let each Ra contain a smooth circle 
T, of radius e; then R, contains the concentric circle C, of radius 
ô= ¢/2. Points of each C, lie in but a finite number of regions Ra, 
so there exist among the C, an infinite number of nonoverlapping 
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smooth circles in R, each of radius ô. Conversely, let there exist an 
infinity of nonoverlapping smooth circles T, of radius 8 (>0) in R; 
let C, denote the concentric circles of radius e= 6/2, and w, denote 
the respective centers. Any closed region R—R, contains points be- 
longing tc at most a finite number of the circles C,, for otherwise there 
exists a point Z with | so] S1—1/k such that every neighborhood of go 
contains points s corresponding to points w of an infinity of those 
circles C,; every, neighborhood in R of the point wo =f(s0) then con- 
tains points of an infinity of the circles C,, which is impossible. Con- 
sequently each R+ contains at least one C,; the equivalence is estab- 
: lished. 

As a consequence of ‘Theorem 5 we prove: 


COROLLARY 1. Let the function w=f(s) be analytic interior to |s| <1, 
and map |s| <1 onto the Riemann configuration R. A necessary and 
suffictent condsiton that (19) imply (20) for each p is that there exist no 
ò (>0) to which correspond an infinity of mutually nonoverlapping 
smooth circles of radius ô in R. 


We have the inequality : 
Di(w) < D,(w), 


so if (19) implies (20) far a single value of p, then (19) also implies 
(17), and by Theorem 5 there exists no ô (>0) to which correspond 
an infinity of mutually nonoverlapping smooth circles of radius ô 
in R. Conversely, for given p suppose (19) does not imply (20); we 
assume (19) satisfied for a particular sequence s, but assume (20) for 
a particular not satisfied; we shall show the existence of a suitable 
ô and the corresponding circles. By the method of proof of Theo- 
rem 5 there exists a 6 (>0) and a sequence of m-sheeted circles (m S p) 
Ti, Ps, +--+, of radius not less than 28, which belong to R and are 
mutually nonoverlapping. Each circle T; contains at least one smooth 
circle C; of radius 65 for an m-sheeted circle has branch points of total 
multiplicity m— 1; a branch point of order m—1 lies in m sheets, a 
branch point of order m—2 lies in m— 1 sheets, - - - , a branch point 
of order 1 lies in 2 sheets; at least two sheets of T; contain but one 
branch point; and each of these two sheets contains a smooth circle 
of radius 3. The circles C; are mutually nonoverlapping, so Corollary 1 
is established. If for any function analytic in |s| <1 condition (19) 
implies (17), then (19) also implies (20) for every p. 

The condition of Theorem 5 is obviously satisfied by any function 


t This fact follows also from a lemma due to Grünwald and Turán as sharpened by 
Grtinwald and Vázsonyi; see Acta Univ. Szeged. vol. 8 (1936-1937) pp. 236-240. 


1947] FUNCTIONS ANALYTIC IN THE UNIT CIRCLE 523 


of class Ky, and by functions bounded or unbounded of many other 
types. Moreover we prove the following corollary. 


COROLLARY 2. If f(s) is analytic and schicht in | s| <1, and maps 
| s| <1 onto a region R, then a necessary and sufficient condition for the 
equivalence of (17), (18), and (19) is that there exist no 5 (>0) to which 
correspond an infinity of mutually nonoverlapping smooth circles Ca of 
radius ô sin R. í 


We have (loc. cit. §4) the inequalities l 
(21) Di(w) <$ | f(s) | (1 — | s|) S 4D1(m), 


from which the equivalence of (17) and (18) follows. The derivative 
f(s) is different from zero at all points in |s| <1, 90 (18) must imply 
(19). Corollary 2 now follows from Theorem 5. 

For an arbitrary function f(s) analytic in | 3| <1, the existence of 
§(>0) and corresponding mutually nonoverlapping smooth circles 
C;in R of radius 6 implies 


_  timsup | f(s) | — | #|*) > 0, 


by the first of inequalities (21); see loc. cit. $4. 


HARVARD UNIVERSITY 


A NOTE ON THE MINIMUM MODULUS OF A CLASS 
OF INTEGRAL FUNCTIONS 


S. M. SHAH 


A well known theorem due to Littlewood, Wiman, and Valiron! 
states that for any integral function of order less than one-half, 


log m(r)> (a positive constant) log M(r), 


on a sequence of circles of indefinitely increasing radius. I consider 
in this note a class of integral functions which have this property and 
prove the following theorem. 


THEOREM 1. Hypothesis: 

(1) (Ra) 45 any sequence of postice numbers such that Ri>1, 
R,/Raa@r>i. 

(2) (pa) ts any sequence of positive integers. 

(3) Gu, Gu, +++, Gip: Gn, ° ++, Gry, +++ area set of points such 
that 0<|au| S|au|S - - - and such that a finite number Gu, ++ » Onn 
lie inside the ring (Ra— R3 < |s| <R,) where 0<aX<1. 

(4) un is a sequence of postisue integers such that X i p,/B** is conver- 
gent, B being any constant greater than one. 

(5) The exponent of convergence of the points 


Gur EXP (2TiP/ Ha), | 
where r=1, 2,- -+ , ps; v™0,1,2,--+, us—1; 2=1,2,3,+--, is p 
(OSp<~). 
(6)! Lower bound {ua} 21+. 
Concluston: 
(7) The canonical product 
l = grn 
(8) fa) = tii {: — =I 
aml sl ne 


formed with these points as seros ts of order p; and the values of r= |z| 
for which the tnequalsty 
m(r, f) > CM(r, f), 


Received by the editors February 4, 1946, and, in revised form, November 29, 
1946. 
1 G. Valiron, Lectures on ihe general theory of integral functions, pp. 128-130. 

*It is possible to choose Ra, ps, and so on, satisfying the conditions (1) to (6). 
Example: Ry=2'*; pa ™ 222"; Ba™ 2”. Here pi. 


524 l 


' MINIMUM MODULUS OF A CLASS OF INTEGRAL FUNCTIONS 525 


where CuCC, ¢) >0, is. satisfied form a set of aie density. greater 
than 1—1/A—«. 


TreorrN ‘2. If (1), (2), ), (4), (5), and (6) hold and if p>0 and, 


H eeir 


(9) So Ry © with N> o ` 
nal ` , 


then ae l TE 
lim syp log mr, f)/r me aS 
where f 4s the canonical product (8); and the values of r for which 
log m(r, f)>Ar where A is any arbtirarily large constant form a set of 
upper density greater than 1—1/A—« 

THEOREM 3. Hypothesis: Let p>0O be noniniegral and (1), (2), (3), 
(4), and (5) hold. 

Concluston: 


(10) Any integral function of order p with exactly Tas seros will be 
of the form 


(11) F(s) = a) P(s) Jii Tit = =, 


where g(s) is a polynomial of degree not a P, P(s) a polynomial 
- and the values of r for which 

log m(r, F) > (1 — 4) log M(r, F) 
‘holds will forma set of upper density greater than 1—1/A— e 


Tunonny 4. If a>0 and (1), (2) (3), (4), (5), and (9) hold® then con- 


clusion (10) holds. 


Turorem 5. If (1), (2), (3), (4), (5), and (6) hold and if m,(r) and 

M.(r) denote the lower and upper bounds of |6), where f(s) ís the 
canonical product (8), of order p (OS p<) in the annulus rá|z| 
Sr+r (¢<1—p) then the values of r for which’ 


3 For instance Ra™= 213, pa; fa™ 22D, Here pm 7/2. = 

1 P(s) is a polynomial having zeros at points Gar exp(2rt/ue), r=1, 2, - 
yer, 1,2,-++, me —-lands=—1,2,°- *,m—1 only. 

5 Ses footnotes 2 and 3. ‘ 

t For a number of results on the flat regions of integral functions, see J. M. Whit- 
taker, A property of tategral functions of finite order, Quart. J. Math. Oxford Ser. 
vol. 2 (1931) pp: 252-258; B. J. Maitland, Tha flat regions of integral functions of 
finite order, ibid. vol. 15 (1944) pp. 84-96; sa aaa id 
of Maitland. i 
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m(r) > CiM,(r), 
where’ Ci=Ci(A, © >0, holds form a set of upper density greater than 
1—1/rA-—«. 
Proor or THEOREM 1. Let |s| = R =\R, (0 <y <1), where & is so 
large that 
A Ri < R» E Ro 
f(s) = Pi Py, where 


` 


r-i- 
n-i Bp-i 
ratih F 


Z 





- (if 5) (HH + 5}) 
= PaP, 


say. Now | ans <— Kn 


rish 





R \™) ™ 
sie 





and R,/RS1/A7<1 forn=1,2,--+,k, and > p,/A7* is convergent. 
Hence 
| Pa| SCs, 
als Å t+ ey 
where |aa,| Z | ary.) Z Riri — Rri 
R R ATR, 1 


a = ~~ — ———- } 
| Ons | Rigi = Reyi Repi dl-7 
and > p,/AG-v-= is convergent. Hence 
| Pa| SCs 


TC, O, Gee denote finite positive (nonzero) constants. 


t 
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and so i 
M(R) s CITT E- 
HÜ 
Further 
b Pa gřa 
al- Ailh- = 
m=] =l Gas F 
b Ps Rm 
= IÜ! -1} 
mml] æl | an |" 3 
Pa LPs sul} 
1— 
= (UË F(u T 
= PauPau 


say. Since $ p,/AT™ is convergent and 


‘| Pal 2 T, Ü [e JEA 


næb] sl 





(12) m(R) 2 COT] oo 

=! ml | Gas [a Ons ~ 
which gives that m(R) 2 C,M(R) where Ce= CA, Y). Now given e>0 
let a= e\?/(A-+1-+6\). Writing A7=6 and R=6R,, where 1+6 359 
SA—e, and k2K, K being so large that Re(A— a) <Reii—Rx41, we 
get m(R)2CA, A M(R). This inequality holds good over a set of 
upper density greater than 

(A —«) — (1+ 4) 1 


LS Se 
A-— & 


PRooF OF THEOREM 2. We know from, (12) that m(R, f)=CiCgX, 
where 


X = H I ~~ a aca 


m=] ol | Gus |” 
b 
log m(R, f) & log EE E e + 7 log ( > mpa) 
1 


> AR for all large R. 


Hence lim sup,... log m(r, f)/r = ©. Further, the values of r for which 
log m(r, f)>Ar form a set of upper density greater than 1—1/A—e. 
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PROOF OF THEOREM 3. Given e> 0, let q= e/(2— e). Since 


D babs/(Ra — RY T 


is divergent we Sai 
sate R ors = hy, ke. 


Let ie] = =R=) Ry w and 1+agA7SA—a), where & takes 
the values k, ©- If X m= smal [eRe | an| * then 


ea sare eae and so log X2C Pa CRE “tm CR, 
Choosing k and hence R sufficiently large we have, as in Theorem 1, 


m(R, F) > Cyexp {log X — CR}, 
log #(R, F) > log Cs + log X — C,RUI 
i > (1— a) log X. 
` "Similarly log M(R, F) < (1+8) log X which gives 
log m(R, F) 1—«@ 
log M(R, F) 1 +e N 


_ As in Theorem 1, this result holds for values òf R forming a set of. 
upper density greater than 1—1/A— e. 
Theorem 4 can be similarly proved. iz 


PROOF oF THEOREM 5. We know that for |s| =R=A7R, (0<7<1, 
1+ ¢SA7 GA — 41) 


m(R, f) 2 call iras 
ie 


a] ol] 


= | — e. 





We can choose k so large tii R'=R4R' <A R,, where y+e <1; 


R < Rais — Rut 
Now 
UR, f < Cai Tl E 
a= 1 sl | as | Gas T 
and therefore 


mage 


Now Ye=(R'/R) mrm m (1 + R-Br, Further > paps 
' <(Cu log R) Res < Rr for all large R. Hence Y>exp{—Rrte 


1 
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log (1+R*1)} and Ret log(i +R )~Rett-1_40 as R> œ, since 
g<1—p and é can be chosen so small that o<1—p—e. Hence 
Y>1/2 for all large R and so 





m(R, f) CL, 

M(R’,f) 2Co 
Further 

m(R’, 

MED yo 
Hence 











m,(R) . mR) mR’) mEn , (re 
= min min 
M,(R) (R) M(R) 
The values of R for which this result holds form a set of upper density 
greater than 1—1/A—«. 
Added in proof. The positive numbers e and e, are chosen so small 
that 


J Cu} = Ci. 


10 


1A +e<1; [plta<p. 
In the proof of Theorem 1 we showed that 
M(R) & GCPu; mR) Z GCP, 
both relations holding for all R such that 


(id+a)RsSRSQA-aR (k > K). 
Here ` 


aiD ei- 
cay er 


If C= CyCs/CrC; we have 

m(R) & CM(R), 
the inequality holding over a set of upper density as than 
1—1/A—e If we further suppose that A= R,/Ra1 (wn =2, 3,---)s 


then this inequality holds good' over a set of upper density peste 
than 1—Ae(1te/A-—1). 
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MEAN VALUES OF PERIODIC FUNCTIONS 
PAUL CIVIN 


Let L? denote the class of complex measurable functions of period 
2x for which M,(f)< œ, where 


ar 1/p 
(1) Man =( f lapa) asg»), 
(2) Ma(f) = ess. sup | f(z) |. 


Let Ka,» denote the subset of ‘L* whose elements, f(x), have a 
Fourier series of the form 


(3) x (a, cos #2 +d, sin ax) (m = 1). 


The functions of Kw,» and their Fourier series (3) are transformed 
by the real number ô and the sequence of real numbers \ = { (1) } 
into the series 


PNG fo. cos (ns + =) + 6, sin (ns + =) 


(4) xx PNG f (<4 CO8 = + ba sin) COB #X 


ba , ox\ , 
+ (è. ES asin =) sin na} ; 


A slight modification of the well known result! [5, pp. 100 ff. ]* for 
the case in which 6=0 shows that if 


(5) DN) cos (ne - =) = > n(n) {cos cons + sin = sin na} 


Tm 


Presented to the Society, November 30, 1946; received by the editors December 
16, 1946. 

1 Although the convention is adopted in Trigonometrical series that f(x) is real, the 
results of the sections of Trigonometrical series to which reference is made in this note 
hold for complex f(x). 

* Numbers in brackets refer to the bibliography at the end of the paper. 
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is a Fourier or even a Fourier-Stieltjes series then (4) is the Fourier 
series of a function of L?, 13 pS œ. Throughout the sequel it is as- 
sumed that (5) is a Fourier series. Series (4) is therefore the Fourier 
series of a function g(x)CL? and is of the form of (3), hence 
g(x) Ke,» The transformation determined by the number 6 and 
the sequence ) is thus a transformation of K,,, onto itself. 

The objective of the present note is to establish an inequality be- 
tween the means M,(f) and M,(g) which holds for all f(x)C Ku,». 
For the essentially bounded case this has been done by B. v. Sz. 
Nagy [3], and for completeness the result is stated as a lemma. 


Lemma 1 [Sz. Nagy]. If f(x) Kuo, then (4) is the Fourier series 
of a continuous funciton g(x) C Ku and 


(6) Mog) SAQ, 5, m) Mo), 


where AC, 5, m) is a funciton only of the indicated variables and not of 
the particular f(x) EKn». 


The notation A(A, 5, m) will be used throughout the sequel to de- 
note the smallest possible function which will satisfy (6) for all 
f (x) EC Kane: 


Lemma 2. If f(x) EKn., then (4) is the Fourier series of a functton 
g(x) EKn, 1 and 


(7) Mi(g) S AMS), 
where A(m) =mMaXmsa] A (7). 


The Riesz-Fischer theorem asserts that (4) is the Fourier series of 
a function g(x) EL? and that 


o 1/3 
One kE A) alt + | 5419} 


= 1/2 
5 A(m) {2X dalla) = Aan). 
If A(m) =[A(r)| (Zm), then f(x) =cos rx gives equality in (7). 
It is now possible to state the principal theorem. 


THEOREM 1. If f(x) C Ku, », then (4) ts the Fourier series of afunctton - 
g(x) EC Ku,» and 


(8) M,e) S AYIA DIC, 3, m)M (f) (2 Sp < œ), 
(9)  M,(g) S B A? (m) A-DI, — 38, mMM (1 <p 82) 
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where A(m) and AC, 8, m) are defined in Lemmas 1 and 2, B, 4s a con- 
stani depending only on p and not on the particular f(x) C Kap, and 
p’=p/(p—1). i 


Thetransformation of f(x) into g(x), or of series (3) into series (4), 
is a linear transformation of Ka, onto itself, and also of Ka, onto 
itself. The direct application of an interpolation scheme for L? fails 
in the attempt to establish (8) since the space K,,, is a nondense 
linear subspace of L?. However, the proof of the interpolation result 
for L? as given in Trigonometrical series [5, p. 198 ff. | carries through 
for the space Kwa,» on the basis of the following lemma. 


LEMMA 3. The step functions of Ku,, are dense in Ku, in the metric 
of L? (1<p<o). 


The step functions of Ka,» are those functions of Kw,» which as- 
sume only a finite number of values and assume each of these values 
on a finite sum of intervals in (0, 2r). Suppose f(x)EC Ku,, and y is 
a positive number. The density of the continuous functions of 
L? requires the existence of a continuous function h(x)~c)/2 
+9 2-1(C, cos nx+d, sin nx) such that M,(f—h)<n and | col /2 
+ oe (\cs| + |da) <n. The function k(x) = k(x) — co/2 
—) Bile. cos nx-+d, sin nx) is therefore a continuous function of 
class Km,» and M,(f—k) SM,(f—h}+7(2x)¥? <8. Hence the con- 
tinuous functions of Ka,p are dense in Kw,y. It is sufficient therefore 
to show that the continuous functions of L? can be approximated 
uniformly by step functions of Ka,» 

Consider first a continuous f(x) Ki,,. For any positive y, there | 
is a step function s(x) such that |f(x)—s(x)| Sn for all x. If 
c= (1/2) fo s(x)dx, then since JRf(x)dx=0, |e] S(1/2x) | s(x) 
—f(x)|dxSn. The step function #(x)=s(x)—c is therefore in Ki,» 
and | f(z) —#(z)| $2n. 

Suppose next that it has been demonstrated that the continuous 
functions of K,,, can be uniformly approximated by step functions 
of K,,, for 1 Sr <m. Since K,,» Kz,» if r<s, any continuous function 
of Ka,» can be uniformly approximated by step functions whose 
Fourier coefficients of order less than (m—1) vanish. Hence if f(x) is 
a continuous function of Ky, and 7 is a positive number, there is a 
step function s(x) C Kw_-1,,8uch that | f(x) — s(x) | <n for all x. Suppose 
that c= (1/4){3" s(x) cos (m—1)xdxand d= (1/4) fF s(x)sin (m—1)xdx. 
Since f(x) EC Ke,», both |e] <2 and |a| <2n. Suppose the function 
t(x) = s(x) —c sgn cos (m—1)x—d sgn sin (m—1)x, where sgn u =0 if 
u=Qand sgn s= y /| u| if u0. It can be shown by direct calculation 
that the step function #(x)C Ka». Since |f(x)—#(x)| s | f(x) —s(x)| 
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+e sgn cos 6 (m— 1)x| +|d segn sin (m— —1)z| <5n, the function t(x) 
gives the desired uniform approximation. 

In order to establish (9), it ia first noted [S, p. 105] that aince 
g(x) EL, 


fe Onis 


with the supremum ean over all h(x) for which Mp (h) S1. Heng if 
7 is a positive number there is an A(x) for which 


sE ‘My(k) S1 


and 


(10) | M,(.) = sup 








7 (o WGJiz 








(11) 0 - M,()-18 
Suppose that A(x) ~ ro/2 + Ses cos mx + Sa ‘ain nx) and that 


hal) ~ > S_n(ra cos nx + Sa sin mx). A double application of 
Parséval’s relation for functions of L? and L?’ shows that 


| f "(Was = 2 frm (c cos + by sin) Ta 


+ ACs) (è. cos — maine) s} 


2 
oe — e , ùr i 
(12) =æ r), <A(n) (7 cois — S, sin) On 
O S wo 
+ A(») (= cos — + Ta sin) bat 
2 2 
Ir l l i 
-Í H(z) f(x)dx, 
0 -> 4 
where | 


H(z) ~ EN) { (1. os = — Ss gin =) cos ny 


“y - 
’ 


ay A, ee 
+ (scos = +r, sin) ain nz) } 


l 


= En fr co (= 2) san (a=) 


534 PAUL CIVIN June 


' Thus H(x) is the transform of #w(x) which is obtained by use of the 
number — 6 and the sequence X. The application of PoS s inequality 
followed by the use of (8) then shows that 


m | f Taai s ewer l 


S MAY? (m) A-DI, — 8, m) M p (ha). 
A well known result of M. Riesz [1] implies that 
(14) My (hn) S BM p(k) 


where B, depends only on p and not on the functions involved. The 
combination of formulas (10) through (14) then shows that 


MaE) — n S BA? (m) ACDA, — ò, mm) Mf) 


and (9) follows since 7 was arbitrary. 

The result of Theorem 1 will now be applied to integrals of func- 
tions of Ka,p. It is convenient to use the definition of the integral of 
order a which is due to Weyl [4]. For any positive a, for f(x) Kwu,> 
and with Fourier series (3), the integral of order «æ, fa(x), is defined as 


f(z) = 2 = {e008 (1 (=-5)} 
nn 1% 2 
Thus fe(x) is the transform of f(x) of the type of (4) with ô= —q 
and the sequence {A (2) } = {n . Various results are known concern- 
ing the relationship between M..(f.) and M.(f), the most inclusive 
of which is that of Sz. Nagy [3] who shows that 


ACÀ, ô, m) a Allee}, — q, m) 
= (4/ am") { [cos] 30 (— 1)*(20 + 1)- Gt) 








+ in = 2 (20+ n-ae} 
{ Aho 
S (4/xm*) H(c). 
It can also be seen from [3] that 
Alfas}, a, s) < (</xm*)H(a). 
A direct application of Theorem 1 yields the following theorem. 


THEOREM 2. If f(x) Ka,5, and falx) ts tts integral of order a (a not 
necessarily tntepral) then 
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M (fa) S WAH (a) /x) M) (2 < ł), 
, M,(fa) S Bow (4H (a) /1) =M) (1<~ 8 2) 
where B, is the constant of Theorem 1 and 


(15) 


H(a) = x (— 1)*(22 + 1)- Cte) 








ar 
cos — 
2 


+s Z 
gin —— 
2 r 


>, (20 + 150o, 
7—0 





A result of Schmidt [2] shows that for the real functions of Kı,» 
and @ integral the coefficient of M,(f) in (15) is not the best possible. 
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UNIVERSITY OF OREGON 


SOME ASYMPTOTIC FORMULAS FOR 
MULTIPLICATIVE FUNCTIONS 


P. ERDOS 


The present paper contains several asymptotic formulas for the 
sum of multiplicative functions. A function f(n) is called multiplica- 
tive if f(a-b) = f(a) -f(b) for (a, b) =1. We assume f(n) >0. In this pa- 
per f(n), fi(n) will always denote multiplicative functions. First we 
prove the following theorem. i 


THEOREM 1.1} Assume that the two series 
J9 — 1 ie") = 1)? 
ee e 
P.a g $ p.a $ 54 
converge; then f(n) has a mean value, that is, 


(1) 


1 
lim — } f(m) 
so A 
extsis and 4s not equal to sero. 


This result was conjectured in a slightly more special form at the 
end of my paper Some remarks on additive and multiplicative functions. 

REMARK. The convergence of (1) is the necessary and sufficient 
condition for the existence of the distribution function of f(n). 

For the sake of simplicity we assume f(p*) =f(p). Then we prove 


_ i f(g) -— 1 
(2) lim — > sm) = TT (1+), 
eo man P È 
It easily follows from (1) that the product on the right side of (2) _ 
converges and thus the value of the limit is not 0. 
We easily obtain from (1) that for every e>0 


1 
— < CO, 
If(p)—1|>« $ 


Received by the editors May 27, 1946, and, in revised form, December 11, 1946. 

1 This result generalizes a result of Wintner, Amer. J. Math. vol. 67 (1945) pp. 
481-485. 

* Bull. Amer. Math. Soc. vol. 52 (1946) pp. 527-537. 

' P. Erdds and A. Wintner, Amer. J. Math. vol. 61 (1939) pp. 713-721. See also 
footnote 2. 
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Thus by arguments used in previous papers‘ we can assume, for the 
sake of simplicity (without loss of generality), that f(p) 1 as p— œ. 
` Define 


film) = IT ft). 


Pim, PiP 


Also M(x; n)and M,(x, n) (x large) denote the number of integers 
mn for which f(m) èx, f(m) 2x, respectively. Further let 


Alm) = [I's Bim) = []"p= (em = A(m)-B(m)). 
a m pt||m 


Here pim means that pe mand pt!}m, and the prime ne that 
the product is extended over the p SY”, and the double prime de- 
notes that the product is extended over the pone 

First we have to prove same lemmas. 


LeMMA.1. The number N of integers man with 
Alm) 2 wn 
4s o(n/x*) (we assume ihat x— œ). 


In the product Į [ns,4 (m), the prime p occurs as many times as p 
divides n (and »</*""). Hence, 


U A(m) Z [pno pag e log ”) 


man gl 10 
since $ palog p/p<c log x (the prime means p snue’, Multiplying 
together the inequalities #/*$A(m) we have 


vs Th Atm) < ep (E), 


man 








which proves the lemma. 


Lexma 2. The number N’ of iniegers msn with f(B(m)) 2x"? is 
o(n/x*). : 
t P. Edda, J. London Math. Soc. vol. 10 (1935) p. 124. (By the method used 


there we can show that without loss of generality we can neglect a sequence of primes 
pi with 2,1/9: < œ.) 
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Since f(p)—1 and all prime factors of B(m) are greater than nY", 
we obtain that if p| B(m), f(p) <1+e. Thus if f(B(m)) 2x? we con- 
clude that m has at least 100 log x prime factors greater than 91/2", 
Thus on the one hand 

eee, > N’; 
f(B(m)) zt B(m) 


on the other hand, where the star indicates that each ee is counted 


only once, 
1 1\* 
> z< (EF) /*! 
JBha Bm) $ 


where # = [100 log x] and the prime indicates that #9" <p Sn. Now 


1 
ar < log log » — log log (m/*"") + o(1) < 11 log z; 


a 


m <n A (F), 


u! 


hence 


which proves the lemma. 


Lexma 3. There exists an absolute constant c (independent of k) such 
ihai for ali x and n 


M(x, n) <cn/s* and Mlz, n) < eon/æ. 


REMARK. Lemma 3 is not trivial only for large x and #. It will be 
clear from the proof that the lemma is true with an arbitrary ¢ instead 
of 3. It will be clear from the proof that it suffices to consider M(x, n). 

Suppose the lemma is false. Then we clearly can assume that there 
exist infinite sequences x; and n; such that 


(3) M(x, m) > 1/2, Li —> ©, my w, 


Let a << - +--+ <a Sn be the integers not greater than n4 with 
f(a) x. For simplicity of notation we replace x; by x and n: by n 
where there is no danger of confusion. We obtain from Lemmas 1 
and 2 that there exist at least #/2x4 a's for which 


(4) f(A(ai)) > a3, Ala) <n? (since f(m) = f(A (m)) f(B(m))). 


Denote these a’s by a+. Consider the integers mn for which A(m) 
=t. We must have m= Sn, where v is not divisible by any p 4n”, 


S 


| 
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since these primes are included in #, and v n/t. The number of such 
integers v is equal to the number of integers mSn with A(m) =t. 
Since we are later going to let run through the A (a;+), it is permissible 
to assume ¢<n/? by (4). Then Brun’s method! yields the result 


(5) D rset (17s 


nzi? 





Aim)mt t i log » 


the prime indicates that pSn*"". Now letting # run through the 
A (a) we obtain that the number of a}’s satisfying (4) is less than 


(6) >'(c/A(a4)) (nz*/log n) 


(the prime indicates that each A(a;+) is counted only once); on the 
other hand the number of a;t’s is equal to or greater than #/2x* as 
' stated in the lines preceding (4). Hence 
c pg 


1 
(7 2 A(a*) log # 4 2 








n 
as 

Let now N tend to infinity. As above we have that the number of 
integers m <N for which A(m) =# equals 


(1 ae o(1)) ZI (: T A > cN x)? | 





> È Ea log n i 
with a new value for the constant c. Thus we obtain from (7) that the 
number of integers m SN with A(m)=A(af),j=1,2, +--+ ,18 greater 
than cN/x‘. But for these integers we have by (4) 
(8) fale) = f(A(m)) & 0 (k = x(a"). 
Thus for all sufficiently large N 
(9) Milai, N) > cN/a, (2, = 2) 


where c is an absolute constant and x, and k are independent of N. 
From (9) we obtain by a simple calculation that 


N 
(10) D (alm)? > ca 
‘ m=] 
and x; can assume arbitrarily large values. Now we shall show that 
(10) is false; in fact we prove the following lemma. 


V, Brun, Le aible d'Eratosthens ct le théoréme de Goldbach, Skrifter udgivne af 
Videnskabe selskabet Kristiania, Si Matematisk-Naturvidenskapelig Klasse vol. 3 
(1920). 


~ 


4 


540 ) P. ERDSS June 


y 


LEMA 4. Pui a = (f($))'—1. We have | 


h, 
(11) Ehm! = (1 +0(1))N II (1+ a?) < cN, 


PAP, 


where c = c(t) is independent of k. 
We have ` 


Enma E a+) = Ejo 


ml ple, pap, 


i me ad?) 
AOT 2 soy a oN I E +— 
PiP 
where the dash indicates that d is squarefree and that all prime factors 
of dare not greater than p», and the error term O (1) depends on k but 
not on N (the number of terms in 57 is bounded, and the bound 
depends on & but not on N). The second inequality of (11) follows 
easily from (1). This proves Lemma 4, and since (11) contradicts 
(10), Lemma 3 is also proved. 
Now we can prove Theorem 1. For #=1 we obtain from (11) 

oo pd 
(12) lim — >) fr(m) = JJ (1 + æn, 

n>a fi ml PAP, p 


Further from (1) we have 


o ia (1428) v T(r 3) 


ded PAP, p=1 


Thus to prove (2) (that is, Theorem 1) it will suffice to show that | 


for every e there exists a ky s0 that for k>k, and all sufficiently large » 


1 a 
(14) TE —| 2 fm) ~ fam) <a 
Write l 
as D (ym) — falm)) = D+ Ds, 


where in >), the summation is extended over the m<n for which 
f(m) St and Ja(m) <t (i fixed), and in $`, the summation is extended | 
over the remaining msn. 

Consider 2s. Divide the integers m appropriate to Y`, into classes 


“~ 


Fay 


l 


= \ \ 
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m,(t=t,i-+1, +--+) such thats Sf(m,) <i+1. Then applying Lemma 
3, we get : 


Dia DS fm) + D fam) = D> fm) + 2a falm) 





(16) aaa . . om f 
t é 
< 2cn >. < — ”, 
imi 1 2 


for ¢ sufficiently large. We now fix to so that for all >to, the last in- 
equality of (16) holds. 

Now we estimate >i. Let 

2i = 2: T a , 

_ where in È f we impose the condition | fim) —fa(m)| >e¢/4, and in 
> 1’ we require | f(m) —fa(m)| < ¢/4. Then in $7’ there are at most 
n summands each numerically less than e€/4, so this sum is numeri- 
cally less than en/4. In f each summand exceeds ¢/4 in absolute 
value but is less than ż by our definition of $ ı. Moréover by taking k 
sufficiently large we can insure that the number of summands in > Y | 
will be less than en /4#. For it is well known that both f(m) and f(m) 
have asymptotic distribution functions and that the asymptotic dis- 
tribution function of fa(m) tends to that of f(m) as ko. But this 
' implies that f(n”) tends to f(s) in relative measure, that is, that the 
number of integers not exceeding n for which |f(n) — fal) | > € tends 
to zero with 1/k. Hence, we have the estimate 


en en en 
| da| ={| Sf] + | >: terra aca 


‘and 


(17) È (4m) = sam) | =| Ea] +] Lal < en. 


This completes the proof. 
It seems possible that l 

. ig 

lim — D7 f(m) 

n>n Tm) 
exists if we only assume that > f(p)/p converges (some assumption 
like | f(p)| <c might also be necessary). At present J am unable to 
decide this question. The present proof breaks down since Lemma 4 


~ 


* Ibid. footnote 3. 
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is false if J f(p)/p converges and >) (f(p))*/p diverges. . 
Ramanujan’ conjectured that for any a>0, B>0 


2 Ta(vlog(s — r) 


P(a + DT + 1) te + DEH 1 
1 1)) o —_———_ ”#), 
= 0 +D) Tete+2) f@+er2 “en 
where sled denotes the sum of the ath power of the divisors of n. 
Ingham proved this conjecture; he also found analogous asymptotic 
formulas for 2 7 ioa(P)oe(P +k), Drrd(r)O+k), D-1d(r)d(n—»), 
Lhd”) d(r +k). 
We are going to generalize these results. First we prove the follow- 
ing theorem. 


THEOREM 2.' Assume that Fm) and f(m) satisfy (1), also 
P E ee 2. A Leg), i=, 2. Then 


LPO (ny a Ne (1 + o(1))Am, 


la + n) = (1 + o(1)) Aa, 


20) PTE RONRONI 
$ 
REMARKS. (1) It clearly follows from (1) that the product for A ‘ 
converges. (2) The assumption f(p*) =f(p) can be omitted without 
any difficulty a the expression for A then becomes much more čom” . 
‘ plicated. , 
We have b a simple calculation (gs(p) =fs(p) —1) 


SMO) = È (11 a HPO) IRET) 


where 


pis 


(1) (2) 
Re PAP M'e: @) H s Q), 


1 Collected papers, p. 137. 
* J. Landon Math. Soc. vol. 2 (1927) pp. 202-208. ` 
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where [n/did;] denotes the number of solutions of nm dix-tdyy in 
positive integers x and y. Clearly — [6 /dids | '| 31. Thus a sim- 
ple calculation shows that 


1 (1) (2) 
Èi OPa- ata I (anen 


ptm, PiP r4 
a | f 1 (: + YH) + a + cere’. 


Since the product for A converges our proof will be complete if we 
show that for sufficiently large k 


Pia PAPE 


(18) ~li%G via oa — fe Pfa (» — ¥)} 





We suppress the proof of (18) since it is almost identical with that of 
(14); this completes the proof of the first half of Theorem 2. The proof 

` of the second half is similar. 
By the same method we can prove ` 


(a + DTB + 1)» 


SE FORM») = (1 + oft) A= =en, 
(19) , rla + B + 2) 
| . A 
QF TOA (> + abe (1+ (D) an eT i 


where FC (m) = nf) (1), P(n) -nta (n), a>0, B>0 are arbitrary 
real numbers. (19) contains all the results of Ingham except thoee on 
d(n) (we of course have to drop the assumption f(p*) =f(p)). 

~ Carlitz proved the following theorem? Let 


f@) = 0+ ocr. 
oe 
(20) Deita . ite) = Ca + O(n); 


the prime means that the summation is extended over all partitions 
of # into v summands. The value on C is given by a complicated ex- 
pression. 

By the method we used in proving Theorem 2’we can prove the 
following theorem. 7 


‘Tumori 3. Let f(n) satisfy (1), 1,2, +--+, v. Then 


* Quart. J. Math. Oxford Ser. vol. 2 (1931) pp- 97-106; sce c also val.” 3 (1932) 
pp. 273-290. 


k 


- 
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ESOS) fm) = (1+ oC) Da, 
also 
F Ofm te kOm H h) «+ JO + By) = (LH oC) En, 


D and E are piven by a complicated expression. 


STANFORD UNIVERSITY 


ON A CLASS OF TAYLOR SERIES 
V. F. COWLING ' 


_ 1. Introduction. Consider the Taylor series 2 s-08s%". Suppose that 
the singularities of the function defined by the series all lie in certain 
regions of the complex plane and that the coefficients possess certain 
arithmetical properties. Mandelbrojt! has shown that under restric- 
tions of this nature it is possible to predict the form of the function 
defined by the series. This note is concerned with the establishing of 
a new method to obtain more general results of this nature. 


2. The method. The method that is employed here is an adaptation 
of a method used by Lindeldf [2] in the problem of representation of 
a function defined by a series. 

Let f(s) be regular in a region D of the complex plane. Suppose 
that there exists a linear transformation ¢=4!(s) which maps the re- 
gion of regularity into a region which includes the unit circle of the 
j-plane in its interior. Let g = g(t) be the inverse of this transformation. 
Then F(t) =f(g(#)) is regular in this region in the #-plane. For this note 
it is convenient to suppose that s=0 corresponds to ¿= 0 in the map- 
ping. We may expand g(t) in a Taylor series about #=0 and obtain 


(2.1) s= bitb p 
convergent for ¢ in absolute value sufficiently small. Let 


(2.2) f(s) = 2, Gns” 


Received by the editors August 2, 1946. 
1 See, Mandelbrojt [3]. Numbers in brackets refer to the bibliography at the end 
of the paper. 
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be the element of f(z) at the origin. For ¢ in absolute value sufficiently 
small we may substitute (2.1) in (2.2) and obtain 


(2.3) F(é) = f(g() = 2, Cait 


We have seen, however, that FQ) =f(g(#)) is regular in a region in the | 
t-plane which includes the unit circle in its interior. Hence the radius 
of convergence of (2.3) is greater than one. Therefore we may write 


(2.4) . lim sup (| C,| )4/* < 1. 


As the C, are polynomial combinations of the a, and b, we see that 
under certain circumstances (2.4) may imply C,=0 for » greater than 
some mo. For example, if the C, are all integers (2.4) implies the exist- 
ence of an no such that C,=0 for m>~». It is also clear that if 
Ca™Cy+4C’ where CY and C,’ are integers that the conclusion 
Cy ==0, # >, still holds. Under these circumstances we obtain upon 
substituting t= k(z) in (2.3) 


. 
f®) = 2 C, [h(s) ]*. 


3. Applications. We now proceed to the proof of the principal theo- 
rem. 

THEOREM 3.1. If the series f(s) =) 2. ya.8" has rational coefficients 
such that there exists an integer L for which the quantities 

ao, áL, tL’, tek » GaL”, 

are integers, and if the function defined by the series is regular exterior 
to and on the circumference of a circle with center (LK’/(K%4+ K’"—1), 
LK” /(K[%+K'"—1)) and radius L/(K"%+K'*—1) where K’ and K” 
are tntegers, K+ KK’ 541, then the function defined by the series is of the 


form 
Š P(s) 


(L/(K' + iK”) — 3)" 
where P(s) is a polynomial and no is a postisve integer. 
It is easily shown that the transformation 


oy SILE F K's 
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maps the region of regularity into a region containing the unit circle 
of the #plane in its interior. By substituting the solution of (3.1) for 
z in (2.2) and setting K = K'+4iK” we have 


PO = U) = E e 


= > t, L"i” > C_a.m(Kf)™. 


Then since the series are absolutely convergent, we obtain 


F() i » [onL*C_.,0 + Ca KL” Ian p... 
+ toC K" |t”, 
(3.2) F(t) = Ser. 


Here Ca Cx -H4Cx' where Cs and C,’ are integers, for the Ca,= 
are binomial coefficients and a,Z* is an integer for all #20 by hy- 
pothesis. Also K’ and K” are integers. Hence, from the discussion 
in §2 it follows that 


lim sup | C,|"/* < 1 
eo 
implies the existence of a numbei » such that Ca =0 for n >. There- 
fore upon substituting (3.1) in (3.2) we have 
. P(s) 
f(s) = 2G (— =) sy ea 
Ks (L/(K' + 1K") — 1)" 


This ART the proof cf the theorem. If now we choose K” =Q 
and K’= I we have the theorem of Mandelbrojt [3]. This proof of 
Mandelbrojt’s theorem has some points in common with a proof of 
the same theorem due to Achyser [1].? If in addition the a, are all 
integers we may set L=1 and have a new theorem. 

We now proceed to the proof of the following theorem. 


THEOREM 4.1. If the series > no.3" has rational coefficients such that 
there exists an integer L for which the quantities 


Go, GL, aL}, - - - » aLr 
3 The author is indebted to the referee for this observation. 
X \ 
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are integers and tf the function defined by the series is regular in the half- 
plane R(s) SL/2 including the point at infinity then the series defines 
a function of the form 


P(s) i 
(L -3)* 
where P(s) is a polynomial and no ts a positive inieger. 
From the hypothesis it is easily seen that the transformation 
g 
L-—s 


maps the region of regularity into a region which includes the unit 
circle in the #-plane in its interior. Upon solving (3.3) for s and sub- 
stituting in (2.2) we obtain ` 


G R AED] 





(3.3) 3 f= 


(3.4) = Dost: Cael)" = EC. 


Then by the same arguments employed in Theorem (3.1) it follows 
that there exists an #o such that C,=0 for n >ne. Therefore by substi- 
tuting from (3.3) in (3.4) we have 


fe) = Saf = y- ao 


where P(s) is a polynomial and 918 a positive integer. This completes. 
the proof of the theorem. ‘ 
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LEHIGH UNIVERSITY 


ON REAL CONTINUOUS SOLUTIONS OF ALGEBRAIC 
DIFFERENCE EQUATIONS 


S. M. SHAH 


1. Introduction. This paper considers the behaviour at infinity of 
real continuous solutions of algebraic difference equations uy 


(1) P(y(z + m), -> , y(z), x) = 0 


where P is a polynomial with real coefficients in its arguments 
y(x+m),--+, y(x) and x. The problem was first treated by Lan- 
caster,! who obtained an upper bound for the rate of increase of the 
solutions of algebraic difference equations of a given order and 
pointed out the surprising dissimilarity with the known rates of in- 
crease for solutions of differential equations of the same order. 
The main object of this paper is to show that any real continuous 
solution of an algebraic difference equation of the first order 


(2) — P(y(æ+ 1), y(2), z) = 0 
satisfies the inequality 
(3) lim inf log log | 9(2)| /z < œ. 


This is an improvement over the results of Lancaster, who proved 
that a continuous solution y(x) cannot equal or exceed cés(xl,x) for 
all x>xo, where /,(x) is the nth iterate of log x, e(x) =e", n” is any 
fixed positive integer, and c is any positive constant. The essential 
difference in the rates of increase of the solutions of algebraic differ- 
ential-and difference equations is clearly emphasized when this new 
result is compared with the results of Borel, who showed that any 
real continuous solution y(x)-of an algebraic differential equation of 
' the first order satisfies the inequality 


(4) lim sup log log | y(z) | flog z < œ. 


Simple examples reveal that relation (3) is the best possible result. 
First this is the best possible limit, for when y(x) =a", a solution of 


Received by the editora February 4, 1946, and, in revised form, November 25, , 
1946. 
1 Otis E. Lancaster, Some resulis concerning the behavior at infimity of real continu- 
ous solutions of algebraic défference equations, Bull. Amer. Math. Soc. vol. 46 (1940) 
pp. 169-177. References to the papers of Borel, Vijayaraghavan and others will be 
found in thia paper. 
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y(x+1) —(y(x))*=0, we have 
_ lim log log | (x) | /x = log b. 


Since 6 is any rational number, log b can be made to exceed any 
finite value. Second, it is not possible to replace limit inferior by limit 
or limit superior without restrictive hypothesis on y(x), for if W(x) is 
, any increasing continuous function tending to infinity with x, a solu- 
tion of 


(5) (y(x) — e) (lz + 1) — (z + 1) = 0 


can exceed y(x) for a sequence of values of x tending to infinity. The 
difference equation (5) is satisfied by the continuous function 


y(x) = x i (for 2% — 1 S x S 2%) 
= (2#)? + 2{p(2m + 1/2) — (2m)*} (z — 2n) 
(for 2a S x S 2# + 1/2) 
= (2# + 1)? + 2] (2m + 1)? — (2# + 1/2) } (2 — 2s — 1) 
(for 2# + 1/2 S z S 2n + 1) 


(n=1, 2,3, - - - ) where is an arbitrary function. Let d(x) =e,(4(x)). 
Then ir z 
log log y(2# + 1/2) _ gh tenia 
„= = ¥(2n + 1/2) eo y(2n + 1/2) 


which establishes the above statement. 


2. Statements of the theorems. In §§4—6 we shall prove the follow- 
ing three theorems on the algebraic difference equations of the first 
order. In §§7-10 we consider equations of the mth order. 


THEOREM 1. If y(x) be a real continuous solution of a first order alge- 
bratc diference equatton P =0, then | y(x) | cannot equal or exceed ea( Ax) 
for al? x>x0(A), A being a positive constant depending on the given 

equatton P =0. 


In what follows we suppose throughout that y(x) is real and con- 
tinuous for x ><». 


THEOREM 2. If y(x), a lion of an algebratc difference equation of 
the first order, be such tha? 
1 x, is not necesmarily the same at each occurrence. 


3 The condition (6) can be replaced by a less stringent one, log | y(x)| log x >A. for 
all >se), where A, is a constant depending on the given equation. 
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(6) log | (x) | flog x œ as > o 


` then | y(x) | <e,(Ax) for ah x>x0(A), where A is a positive constant 
depending én the piven equation. 


THEOREM 3. If y(x), a solution of an algebraic difference equation of 
the first order, be such that 


(7) y(x) is monotonic for x> t 


ihen | y(2)| <el(Ax) for all x>x(A), where A is positive constant de- 
pending on ihe given equation. 


3. Lemmas. We require three lemmas. 


Lemma 1. If f(x) is continuous and non-negative for x> xo and if 


(8) lim sup log log f(x)/x 2 A >0 

then there extsis a sequence of numbers xi, xa, ° + © ,X,—> © such that 
(9) | Ka +1) & (Ka) 

for x=x, %3, - - - ; B is any positive number less than exp (A). 


For if the lemma is false then for all x= Xo>xo 
Ka+ 1) < {f(a}? 
and so f(Xo+ t) < {f(Xe) } Bp, Hence 
lim sup log log f(X. + £)/(Xo + p) S log B < A, 


which contradicts the hypothesis and so the lemma is proved. 
Lema 2. If f(x) ts continuous and nondecreasing for x >x¢ and if (8) 


holds then there exists a sequence of numbers x1, xa, © -> , Xa >œ such 
that 

(10.1) f(z) & es(¢(z)), 

(10.2) Ka+ {fa}? 

for x21, X3, Xa, -- > ; B is any positive number less than exp (A) and 


p(x) is any nondecreasing continuous function such that lim,..(x) /x 
=Q. ` j 
Proor. If f(x) & 6(¢(x)) for all large x, then the result follows from 


t Continuity of f(x) is utilized in Lemma 2. 
s We prove a result more general than the one we require later on. 
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Lemma 1. Suppose therefore that f(x) <e(¢(x)) for a sequence of 
values of x tending to infinity. Let 


F(x) = f(x)/ex(¢(2)) 


and X >» be an arbitrary large number such that F(.X)<1. Let 
log B<C<A. Take Y>X such that F(Y)>1 and log log f(Y) >CY 
+¢(Y). This is possible since lim sup... log log f(x)/x2A>C. Let Z 
be the largest number such that X<Z< Y and F(Z) =1. Since F(x) 
_is continuous for x2X, Z exists, and F(x) 21 for Z Sx S Y. Consider 
f(Z), f(Z+1), +--+, f(Z+m) where ¥sZtm<Y+i. ` 


log log f(Z + m) & log log f(Y¥) 
>CY+9(¥) 
>CZ +m -— 1) + 4) 
o Ae EN 1) + log log f(Z). 
Hence | 
log log f(Z + m) — log log f(Z) > CZ + m — 1) > Cm. 
Hence at least one of the values 
log log f(Z + n) — log log f(Z +." — 1) (n = 1,2,-+-, m) 
is greater than C. If log log f(Z+-N) —log log f(Z+N—1) >C then 
fZ+N—-1) zal + N — 1)) 
and . A 
fZ+N) ea {AZ +N- 1} > AZAN- 1} 
which proves the lemma. 
Lemma 3. If f(x) ts continuous and nondecreasing for x>x, and tf 


(8) holds, then" there exists a sequence of numbers x1, Xi, °° + ,, a> © 
such that l 

(11.1) Kæ + 1) & a(¢(a)), 

(11.2) Ka+ 1) z {Ka}, 

(11.3) fle+2) 2 (fe+ dD}, 

for x4, xa > > + ; (x) is any increasing continuous funciton such that 


lim po (x)/x=0, and 0 <B <exp (4/2). 


Proor. Let 0<e<1—(2 log B/A). By Lemma 2 we can choose a se- 
quence Xy, Xs, - + - such that 
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f(z) & e(¢(2)), 
log log f(x + 1) — log log f(z) > A (1 — à) 
for x= X1, Xs, ---. Let & be such that X,<£<1+4%, and - 
log log f(é) = (1/2) (log log f(1 + X,) + log log f(X,)). 


£, exists since f(x) is continuous and nondecreasing. Since £,-1<X, 
<§<14+X, <1+&, we have 


log log f(é) — log log f(é — 1) 
= log log f(é) — log log f(X,) > A(1 — «)/2, 

log log f(1 + &) — log log f(&) 

= log log f(1 + X.) — log log F$) > A(i — «)/2. 
Hence writing x, for &.—1 and d™exp (A(i—.«)/2), we have 

FU + a) > Pla) S02 + a) > G1 a)i 
Also 
fl + a) = AE) & E) & e2(6(X,)) & ex(G(& — 1)) = elol). 

Hence the lemma is proved. 


4. Proof of Theorem 1. Let the given equation be (2). Among the 
terms of the polynomial P there is a term 


(12) T = ax” y(x) y(2 + 1)¢1 
which has the property that if 
(13) T = axty(x)y(a + 1) 


is any other term of the polynomial, then in the sequence of differ- 
ences 


Bi — Bi, Bs — Bo, a’ —e 


the first nonzero term is positive. T” is called the principal term. Di- 
vide the equation (2) by T’. Then all terms except one T’/T’ are T 
the form T/T’ where 


T/T = bee {y(z) Jee [ya + 1) JPW, 
These ratios T/T’ are of three possible types 


| eKoy( 7) Xi fA: 
14 ae / 
(14) at Bi > Br 


1947] REAL SOLUTIONS OF ALGEBRAIC DIFFERENCE EQUATIONS 553 


pK) Pete | 
(15) 5{= | i Bs > Ba, 
y(x) 


Let K be the max | Kl for all the ratios of type (14) and lett 
A = 1 + mar (1, log K). - 


(i) First, assume that e,({4x) is a solution of (2). If we replace y(x) 
by e(4x), the limit of these expressions (14), (15) and (16), as x tends 
to infinity, is zero. Hence we have a contradiction to the assumption 
that e(Ax) is a solution of (2). For there exists an xo such that for 
x> Xo the sum of all the terms T/T” is less than one in absolute value 
whereas 7’ /T’ m1, 

(ii) Second, assume that a solution y(x) is greater than or equal to 
éx(Ax) for all x >a». Then the ratios-T/T' are again of the three types 
(14), (15) and (16). The ratios of types (15) and (16) approach zero 
as x tends to infinity; and the ratios of type (14) are in absolute value 


less than f 
K- ) h1 
erp a z} , (x > Xele) 


and the last expression, by Lemma 1, tends to zero as x ~x,— œ ; for 
K+t+e<eK/2—B andeK/2<e6K =e!tre X <64. Hence we havea con- 
tradiction to the assumption that y(x) is greater than or equal to 
e&(Ax) for all x> xo. 

(iii) Third, assume that y(x) is less than or equal to —e,(4x) for 
all x>zxo. Let y(x)= — Y (x). The argument in (i) and (ii) applies to 
the transformed equation and so we get a contradiction to the as- 
sumption (ii). Since y(x) is continuous, the theorem follows. 


5. Proof of Theorem 2. By hypothesis (6), y(x) is either positive 
or negative for all x ><o. 

If y(x) @e,(Ax) for a sequence of values of x tending to infinity, 
A being the constant defined in the proof of Theorem 1,.then by 
Lemma 1, we can find a sequence xı, xs, °° + ,%s—> œ such that 


ylz + 1) z { r(x) }4 


where B<exp (A), for x=%1, x, ---. The ratios of type (16) tend 
to zero as x tends to infinity and by hypothesis (6), the ratios of type 
(15) tend to zero as x tends to infinity. Further the ratios of type (14) 


* It is possible to choose a lower value of A. For instance in Theorems 1, 2, 3, we 
may take A to be any number greater than max (log X, 0). 
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tend to zero as x=x,—+ ©. Hence we have a contradiction and so 
y(x) <e,(Ax) for x> xo. 

If y(x) S —e( Ax) for a sequence of values of x tending to infinity, 
then y(x) is negative for x >x, and we take y(x) = — Y(x). The above © 
argument then applies and the theorem follows. 


6. Proof of Theorem 3. We may suppose that y(x) is nondecreasing 
(for otherwise we can transform the equation by taking y(x) = — Y(x)) 
for x>xo. If y(x) 2e(Ax) for a sequence of values of x tending to 
infinity, A being the constant defined in the proof of Theorem 1, then 
by Lemma 2, we can find a sequence xj, +3, - + © , %,—> œ such that 


y(a) Z erp (z), yz + 1) & (y(a))*, 


where 0<B<exp (A), for x =x, x, - - -. Hence the ratios of types 
(14), (15) and (16) tend to zero as x =x,— œ. Hence we have a contra- 
diction and so y(x)<e(Ax) for x>xo. Since y(x) is nondecreasing 


| (x) | < (Az) for x > To. 


7. Equations of the mth order. We now consider algebraic differ- 
ence equations 


(1) P(y(e +m), ---, yla), £) = D azay(a)h . - - yx + m) m 0 
of order m>1. Let the principal term be 
(17) T” = axe’ y(a)h -| (a + m) 


so that in the sequence of differences 


AET N TEE EE oe ee 


the first nonzero term is positive. 
We can show, as in first part of Theorem 1, that ce,(Ax), where c is 


any finie constani and A a constant i i on P =Q, cannot be a 
soluiton of P=0. 


THEOREM 4. Let P =O be an algebraic difference equation of the mith 
order. If the terms of the equaiton are so relaied thai when 
(18) Pa = Pu thon Bi 2 pi (i = 0, 1,2,- -< , m — 1) 


and tf y(x) be a solution of the equation then | y(æ)| cannot exceed eal Ax) 
for ah x>x(4), A being a postiive consiani depending on P =Q. 


THEOREM 5. Let P=O be an algebraic difference equation of the mth 
order. If the terms of the equation are so related that when BL =Bm then 
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etther bm> Bei or ba- = fba and 8: 2p: (t=0, 1, 2, ee ig m —2) 
and if y(x) be a solution satisfying conditions (6) and (7), then 

| yla) | < e4) for al z > 2(A), 
A being a postive constant depending on P=0. 


COROLLARY. If y(x), a solutson of an algebraic difference equatton of 
the second order, satisfies the condtitons (6) and (7), then 


| I) | < elda) for all z > %0(A), 
where A is a constant depending on the piven equation. 


THEOREM 6. If y(x), a solution of an algebraic difference equation of 
ihe second order, be monotonic for x> xo, then 


(19) lim inf log log | (2) | /x < œ. 


THEOREM 7. If y(x), a solution of an algebraic difference equation of 
the mth order, be such that ` 
(20) | ylz + 1)| & c| v(x) | 
where c is any posttive constant and A, ts a posttive constant depending 
on the piven equation, forx=a,a+1,a+2,---, then 
(21) lim inf log | (x) | /log £ < As. 
oe. ` 


8. Proof of Theorem 4. Under the hypothesis, the’ratios T/T’ take 
the forms 


2 


ae Xey( x) x1 wine Se y(x + m peas 1) X= Pmp , 

(22) ee (Bu > Bm); 

y(x + m) 

qh 

23 Heena 
e yz)" - -- ylz +m -— 1) : 
where kı, ka, --- are all non-negative constants and ko is negative 
if all kı, Bs, © - ©, ka are zero. Let M, be the maximum value of all 


| Ki| for the ratios of type (22) and let max ((Mot+ Mit Mit -> 
+M.),¢)=K and! A=1-+log K. ~ 
If y(x) 2e,(Ax) for all x>2o, then the ratios (23) all tend to zero 
as x tends to infinity, and so some of the ratios of type (22) do not 
tend to zero. Hence 
¢ serene ‘a — 1)Ma 
al oy( x) M ylz +m — 1) Sg 
y(x + m) N 
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That is, 

y(x +m) < NaMoy(x)M:- -. y(x + m — 1)M= for x = to. 
Hence 

y(x%o + p+ m) 
pre (A(x + p+ m)) 
ee — amt 
< Yim a a A = met — to 
ro ea(A (xe + p + m)) 


But this is contrary to the hypothesis that y(x) 2¢ (Ax) for all x>xo, 
and hence y(x) does not exceed e,(Ax) for all x> xo. 

If y(x) S —e(Ax) for all x>xo, then we take y(x)=— Y(x) and 
argue as above. Since y(x) is continuous the theorem follows. 


‘ 9. Proof of Theorem 5. The ratios T/T’ take the forms 


f 


Ko ae — 1)Ea) bute 
(24) {eee Bu > Bus 
y(x + m) 
\ Pty (a) P21 ua y(x + m — m fmin 1 j 
25 b S Á—LauuaassssssuusususslMMsssiÃħe (Buti > Bai 
(25) f erasi Bui > Bui 
: q” 
(26) Hei ' 
i y(x)’. isa y(x + m — 2) 
respectively, where ki, ka, --- are all non-negative constants and ko 
is negative if all ky, ky, < -+ , kw are zero. Let 


RIEA t k e Aa 
|pilt || +: t] pa] = Be, 


and let a, be max Aj for all the ratios of type (24) and let ag be max Ba 
for all the ratios of type (25) and let® 


A = 1 + 2 maz (1, log a1, log a). 


We may suppose that y(x) is nondecreasing for x>x9. If y(x) 
2 ¢,(Ax) for a sequence of values of x tending to infinity, then by 
Lemma 3 


ylz + 1) 2 erp (x), ylz +1) z (9(x))3, yle +2) z (ylz 4 1), 


where 0 <B <exp (4/2), for x=x1, £s, - ++, x. ©. By hypothesis 
(6) all the ratios of type (26) approach zero as 2 tends to infinity. 
Further for x >9(e) 


Cai 
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wXey(a)--- (a tm — 1) < yle tm — tery, 
xry(x)?. .. y(x + m — 2) < y(x + om — 2)arh 


so all the ratios of types (24) and (25) tend to zero as x = x, +2 — I 
tends to infinity. Hence we have a contradiction and so 


y(x) < e4 x) for x > to. 
Since y(x) is nondecreasing 
| y(x) | < 63(Ax) for x > x». 


The corollary follows immediately from the theorem. The proof of 
Theorem 6 is similar to the proofs of the preceding theorems. 


10. Proof of Theorem 7. The ratios T/T” take the forms 


Te mi... (x +m — 1) = ai er 


27.1 
i ylz + m) s 


že... = — |)4rar Borla 
(27.7 + 1) 5{* A ea } 





ylz + m — r) 
(Bas faa) 
| pete 
(27.m + 1) ies (Bg > Bo), 
(27.m + 2) brrr d >a, 


Let m(r, s) be the maximum value of | krs for all the ratios of type ` 
(27.r 41) and let 


Ag = 2 + max m(r, 5) (O<7r,0Ssrt+sSm). 
Suppose if possible 
lim inf log | y(x)| flog x 2 As 


then 
| y(x) | = sár for all x > zole). 
Let cmt, aH. Then E 

y Froe 


< cı = constant 
ylz + 1) 
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for x=x,. Further 
{ bee /y( 22) } 


tends to zero as x=x,— ©. Hence all the ratios T/T’ of type (27.1) 
tend to zero as x =x,— ©. Similarly all the ratios of types (27.2) =+- 
(27.m-+2) tend to zero as x= x,— ©. Hence we have a contradiction 
and so the theorem ïs proved. 

Remark. If y(x) satisfies the conditions 


(28) | y(2 + 1) | = c| y(æ) |43 for all x > te, 
A, being the constant defined in the proof of Theorem 7, and 

(29) | (2)|> 2 a8 > o, 
we would get, as in Theorem 7, that 


(30) lim sup log! y(x) | /log x < As. 


But from'(28) and (29) we have 
(31) lim inf log log | (2) | /z & log As 
which contradicts (30). Hence if y(x) be a solution of an algebraic 


difference equation of the mth order, y(x) cannot satisfy both the 
conditions (28) and (30). 
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INNER PRODUCTS IN NORMED LINEAR SPACES 
ROBERT C. JAMES 


Let T be any normed linear space [1, p. 53].! Then an tnner prod- 
uct is defined in T if to each pair of elements x and y there is associ- 
ated a real number (x, y) in such a way that (x, y) = (y, x), |||? = (x, x), 
(x, y+3) = (x,y) +(x, 2), and (tx, y) =i(x, y) for all real numbers ż and 
elements x and y. An inner product can be defined in T if and only if 
any two-dimensional subspace is equivalent to Cartesian space [5]. 
A complete separable normed linear space which has an inner product 
and is not finite-dimensional is equivalent to (real) Hilbert space,? 
while every finite-dimensional subspace is equivalent to Euclidean 
space of that dimension. Any complete normed linear space T 
which has an inner product is characterized by its (finite or trans- 
finite) cardinal “dimension-number” ø. It is equivalent to the space 
of all sets x= (x1, x1, + + - ) of # real numbers satisfying > xf <+ ©, 
where ||x|| —()424)"/2 [7, Theorem 32]. Various necessary and suff- 
cient conditions for the existence of an inner product in normed linear 
spaces of two or more dimensions are known. Two such conditions 
are that ||e+yl|3+l|z— yl]? =2 [l{]?+||y||2] for all z and y, and that 
lims ol] +nyl| —|| x+y] =O whenever ist ([5] and [4, Theo- 
rem 6.3]). A characterization of inner product spaces of three or more 
dimensions is that there exist a projection of unit norm on each two- 
dimensional subspace [6, Theorem 3]. Other characterizations valid 
for three or more dimensions will be given here, expressed by means 
of orthogonality, hyperplanes, and linear functionals. l 

A hyperplane of a normed linear space is any closed maximal linear 
subset M, or any translation r+ M of M. A hyperplane is a support- 
ing hyperplane of a convex body 5S if its distance from «S is zero and it 
does not contain an interior point of S; it is tangent to S at x if it is 
the only inet ee ene of S containing x [8, pp. 70-74]. It 
will be said that an élement x, of T is orthogonal to y (xe Ly) if and 
only if ||x—+-y]| 2 |[xo|| for all k, which is equivalent to requiring the 
existence of a nonzero linear functional f such that f(x) =||f|| zal) and 
f(y) =0, or that za+y belong to a supporting hyperplane of the sphere 





Presented to the Society, November 2, 1946; received by the editors December 31, 


" 1946. i 


1 Numbers in brackets refer to the references at the end of the paper. 

1 “Equi t” meaning isometric under a linear transformation [1, p. 180]. The 
equivalence to (real) Hilbert space follows by reasoning similar to that of [10, pp. 
3-16]. i 
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||| S||xol| at the point x, [4, Theorem 2.1 and §5]. In a space with an 
inner product, xLy if and only if (x, y) =0. 

Orthogonality is said to be additive on the righi if and only if sLx 
and sly imply zLx+y. Clearly xLx implies x =0, while xy implies 
anlby for any numbers a and b. Every element is orthogonal to at 
least one hyperplane through the origin, this hyperplane being unique 
for any given element if and only if: (1) For any x (+40) and y there 
is a unique number a with x.Lax+y; (2) The unit sphere ||| S1 of T 
has a tangent hyperplane at each point; (3) The norm is Gateaux 
differentiable; or (4) Orthogonality is additive on the right [4, Theo- 
rems 4.2, 5.1]. 

Orthogonality is said to be addstsve on the lefi if and only if x_Ls 
and yls imply x+yLs. Orthogonality is not symmetric in general, 
and there does not necessarily exist a hyperplane orthogonal to a 
given element (Theorems 1 and 5). Additivity on the left does not 
imply strict convexity,’ nor conversely, but a normed linear space is 
strictly convex if and only if: (1) For any x (+0) and y there is a 
unique number a with ax+yLx; or (2) No supporting hyperplane has 
more than one point of contact [4, Theorems 4.3, 5.2]. 

Birkhoff has shown that an inner product can be defined in a 
normed linear space of three or more dimensions if orthogonality is 
symmetric and unique.‘ An equivalent condition is that Ni(x; y) =0 
whenever N,(y; x) =0, where N(x; y) “imele tol Ia |] l 
exists because of the convexity of the function f(k) = \|x+hy] 
Theorem 6.2]. It is possible to show by a purely geometric 7) 
that in a space of three or more dimensions orthogonality must be 
“unique if it is symmetric, but this follows more easily from known 
facts about projections in normed linear spaces: 


THEOREM 1. Orthogonaltty is symmetric in a normed linear space T 
of ihres or more dimensions if and only if an inner product can be de- 
fined tn T. 


ProoF. Let x; and x, be any two elements of a three-dimensional 
subepace Te of T. Then there is an element y€ Te orthogonal to the 
linear hull Hy of xı and x, [4, Theorem 7.1]. If orthogonality is sym- 
metric, then Ho Ly. Hence if a projection of T) on Hy is defined by 
z= P(s)+ay, where P(s) Hy, then || P(s)|| s|[s| for all s and || Pll =1. 
But it is known that an inner product can be defined in a normed 


3 A normed linear space is strictly convex if ||x-+-y|| =||] +l] and »»<0 imply 
x=ity for some i. 

4See [2]. With symmetry, uniqueness means the uniqueness for any x (»#0) and 
y of the number a for which z Las+y. 
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linear space of three or more dimensions if there is a projection of 
norm one on any given closed linear subspace [6, Theorem 3]. Thus 
an inner product can be defined in-any three-dimensional subspace 
of T and hence in T itself [5]. 

For elements x and y of a normed linear space, x Ly if and only if 
there is a nonzero linear functional f such that f(x) =|[fj| ||x|| and 
f(y) =0, while ax+yLx if and only if |/kx+-4]|| is minimum for k =a 

[4, Theorems 2.1, 2.3]. Also, the set H of all s satisfying f(s) = ||f|| 
is a supporting hyperplane of the unit sphere at x if f(x) =| || and 
. ||x|| 41, while any supporting hyperplane can be defined by such an 
equation (see Mazur [8, p. 71]). Also, H is said to be parallel to an 
element y if and only if f(y) =0 (that is, the line {ky} does not inter- 
sect H). Interpretations of Theorem 1 by means of linear functionals 
and hyperplanes therefore give the following necessary and sufficient 
conditions for the existence of an inner product in a normed linear 
space of three or more dimensions: 

(1) For any elemenis x and y, the existence of a nonsero linear func- 
tional f with f(x) =||] | 241 and f(y) =0 implies the existence of a nonzero 
linear funcitonal g with g(y) “la [y| and g(x) =0. 

(2) For any elemenis x and y, ||kx + y| is minimum when 
k= —f(y)/f(x) if f is a linear functional with f(x) =||f]] ||]. 

(3) The existence of a supporting hyperplane of the unit sphere at x 
parallel to y (||x|| =||y|| =1) implies the existence of a supporting hyper- 
plane at y parallel to x. 

There are infinitely many different normed linear spaces of two 
dimensions in which orthogonality is not symmetric [2, Theorem 4]. _ 
If an isomorphism ax+bye(a, b) is set up between the Cartesian 
plane and a two-dimensional normed lihear space containing x and y 
(|x| =||y|] =1) and if C is the “unit pseudo-circle” of all points (a, b) 
for which ||ax-+by||=1, then orthogonality is symmetric in T if and 
only if the line through the origin parallel to any supporting line of C 
at any point p cuts C in a point at which there is a supporting line - 
parallel to the line from p to the origin. Let B, (r&1) be the 
normed linear space of pairs (xı, x)=% of real numbers, where 
I|=||"—= (| 2 r+|x|") if xı and x, are of the same sign, and lesb 
= (| x| "+ xl *) otherwise, where s=r/(r—1). It can easily be veri- 
fied that orthogonality is symmetric in B, for rai, and that it is 
unique except in the limiting case r=1. Thus orthogonality can be 
symmetric and not unique in a two-dimensional space. 








THEOREM 2. An inner product can be defined in a normed linear 
space of three or more dimensions if and only tf orthogonalsty 1s addsisve 
on the left. 
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ProoFr. Let T be a normed linear space of three or more dimensions, 
and x, and x, be any two ‘elements. Then there are hyperplanes Ai 
and H, with xı LH and m1. Let M = HOH. If orthogonality is 
additive on the left, then axrı +bxı LM for all a and b, and any ele- 
ment s has a unique representation in the form s=P(s)+y, where 
yEM and P(s) =ax,+bx. Also, ||s|| 2|] P(s)|| for all s, and ||P||=1. 
Since there is a projection of norm one on any given two-dimensional 
linear subspace of T, it follows as for Theorem 1 that an inner product 
can be defined in T [6, Theorem 3]. 

The conclusion of the above theorem is not valid without the as- 
sumption that the space be of more than two dimensions, since it is 
clear that for a two-dimensional normed linear space orthogonality is 
additive ọn the left if and only if for any.x (+0) there is a unique 
nonzero element orthogonal to x. It therefore follows that orthogonal- 
ity is additive on the left in a two-dimensional normed linear space if 
and only if the space is strictly convex [4, Theorem 4.3]. 

If L is a closed linear set in a Banach space B, then the normal pro- 
jectton of x on L is said to be the element u for which x—uLL, or for 
which ||x—vw|| is the distance from x to L. If L is finite-dimensional, 
or if the unit sphere of B is weakly compact, then normal projection 
is defined for all x and L [4, Theorem 7. 2]. It was shown by Fortet 
[3, p. 45] that if orthogonality is symmetric in a uniformly convex 
Banach space, then normal projection is a continuous linear operation 
and the set H of points y with yt is linear and closed. However, it ‘ 
follows from the above theorems that H is linear for all x only if an 
inner product can be defined in the space Rand that the existence of an 
inner product follows from symmetry of orthogonali » x Le if 
and only if there is a linear functional f with f(x) aif (ell ena =| and f(L)=0 
[4, Theorem 2.1]. The following characterizations of inner product 
spaces of three or more dimensions are therefore direct consequences 
of Theorem 2. 

(4) The existence of a linear functional F with F(e-+y) =|| Fl] [æ+] 
and F(z) =0 whenever x, y, and s are such thai there are linear func- 
tionals f and g with f(x) lA lell e0) =llell loll, and f(s) =g) =0. 

(5) That normal projection be a linear operation. 

If a complete normed linear space has an inner product, then any 
linear functionals f and g can be written in the form f(u) = (x, u) and 
glu) =(y, u), for some elements x and y [7, Theorem 11]. Then F 
of (4) can be taken as f+g. For any linear functional Ga Af+Bg, 
there are then numbers a and b such that G(ax+by) =||Gl| |lax+byll. 
This condition is also sufficient for an inner product: 


1947] INNER PRODUCTS IN NORMED LINEAR SPACES 563 


THEOREM 3. An inner product can be defined in a normed linear space 
T of three or more dimensions if and only if it follows from f(x) =|\f]| |l-| 
and gly) =|lel| ||yi| for linear funditonals f and g and elements x and 
y of T that there are numbers a and b such that f(ax+by) +g(ax-+by) 
=||f-+ell llaxtby|| and ax+byx0. : 


Proof. Firet note that if for some x there are two nonzero linear 
functionals Fand G with F(x) =|| F]| |=| and G(x) =||GI| ||x||, then the 
assumption ‘of the theorem would imply that |A(x)| =||Al| ||| if 
h=||G\|F—||F|G. But this is clearly impossible unless km0, or 
|G| F =|| F||G. Thus two independent linear functionals cannot take 
on their maximum in the unit sphere ||x|| <1 at the same point, which 
is known to imply that the unit sphere has a tangent hyperplane at 
_ each point [4, Theorem 5.1]. Now suppose that x Ls and y Ls, and let 

To be the linear hull of x, y, and z. There are then two linear func- 
tionals f and g with f(x) ali lll], z0) =llall lll]; and fs) =e(s) =0 

[4, Theorem 2.1]. If x and y are not linearly independent, then 
x+y Ls. Let x and y be linearly independent and suppose that for 
u=x+y there are no numbers A and B satisfying | Af(#) +Bg(u)| 
e=||Af+Bgl| ||ul|. Let C be the curve of all elements ax+dy with 

ax-+by\|=1. Then there are elements x’ and y’ on either side of 
(x+y) /||x+y|| and in C for which there are linear functionals 
f'=Af+Bg and g’=Asf+Big with f(x’) =|" llel] and go 
=||g'|| ||y’||, but such that none of the linear functionals Af’+Bg’ 
satisfy | Af’ [rx’+(1—r)y’]+Beg! [rx’+(1—1)y¥/]| = || Af +-Be'| lre + 
(1—r)y’'|| for any r with 0<r <1. For each such r, there is a number 
a, for which [rx!+(1—r)y’+a,s]/||rx’+(1—r)y’+a,8|]| =0ls [4, 
Theorem 2.3]. If h is a linear functional defined in To for which 
h(o) = || A|| ial and kh(s)=0, and if A, and B, are such that A.f’ (so) 
+ B,g'(go) =0 for some sE Ts for which 4=0 but not both f’ and g’ 
are zero, then A and A,f’+B,p’ are both zero at s) and s and hence 
are multiples of each other on Te. Then if a, and b, are chosen by the 
assumptions of the theorem so that ||a.x’-+b,y'||=1 and |A,f’(ax’ 
+b’) +-B,g’ (a,x! +bry’) | =||Af’+Byg'||, it follows that 4 is a mul- 
tiple of A,f’+B,g’ and that h(a,x’+by)| =|[Al| |law’+-9'|]. Thus 
the unit sphere S contains the straight lines J, between a,x’ +5,y’ and 
v, since the unit sphere is convex and the tangent hyperplane defined 
by k(x) = || | contains a,x’+b,y’ and v. This tangent hyperplane at v 
then contains this line, but does not contain a point of C between x’ ` 
and y’. But there are also tangent hyperplanesat x’ and y’ parallel to s, 
while a,x’ --b,y’ is by assumption not of the form [rx’+(1 —r)y | /||rx" 
+(1—r)y’|| for any r satisfying 0<r<1. This implies that the tan- 
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gent hyperplane at v contains either x’ or y and is coincident 
with the tangent hyperplane at x’ or y’, respectively. Letting r 
‘vary from 0 to 1, it now follows from the convexity of S that 
the tangent hyperplanes at x’ and at y have a common point 
of contact and must therefore coincide, since S has a tangent 
hyperplane at each point. This tangent hyperplane then contains 
the line from x’ to y’, and f’(x+y)=|{f|| [lx<+4||, contrary to as- 
sumption. Hence there are numbers A and B with | Af(x+y) 
+Bg(x+y)| =||4f+Bal ||z-+5]|. Since Af(s)+-Bg(s) =0, this implies 
that x+y Lz and that orthogonality is additive on the left. It now 
follows from Theorem 2 that an inner product can be defined in T. 

For any element x of a normed linear space there is always a 
hyperplane H through the origin with x L H. However, for no hyper- 
plane A of the space* C of continuous functions is there an element 
fEC with H Lf: This follows from the fact that g Lf if and only if 
mina gf S0 Smax, gf, where A is the set of all ¢ with |e) | = || g|| 
[4, §4]. If T is one of the spacesë (s), (m), (c), or 1@®(p 21), then 
clearly H L x for an infinite number of different hyperplanes H and 
elements x. If a normed linear space is strictly convex, then for no 
element x is there more than one hyperplane H with H | x, while no 
hyperplane is orthogonal to more than one element if the norm of T 
is differentiable [4, Theorems 4.2, 4.3]. This difference is the reason 
for the lack of similarity between the proofs of. the following theorems. 


THEOREM 4. An inner product can be defined in a normed linear space 
of three or more dimensions tf and only if each hyperplane through the 
origin ts orthogonal to at least one element. 


ProoF. Let xı and x, be any two elements of a normed linear space 
T of three or more dimensions, and let Pe be the linear hull of x; and 
xı. By well-ordering the set of all linear subspaces M of T for which 
Ps L M, it follows that there is a linear subspace M of T such that 
P, L M and M is not contained properly in any other such linear sub- 
space. Then it is clear that M is closed. Hence if the linear hull H 
of P, and M were not T, there would be a hyperplane through the 
origin which contains Py and M. If every hyperplane through the 
origin is orthogonal to some element, then there would be an element 
x such that H L x. But if y =x, +t tkr, where x€ P, and ta E H, 
then [||| = ||x +x] llel, since (x»+x—0) Lx and Tp Lie. Thus Po 
would be orthogonal to the linear hull of M and x. Hence the linear 
hull of Po and M must be T. A projection P(s) of T on Pe can now be 7 
defined by s=P(s)+s_, where P(s) EPs and sE M. Since || P|| <1, 


š The notation is that of Banach [1, pp. 10-12]. 
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it follows that there is a projection of unit norm on any given two- 
dimensional linear subspace of T and hence (as in the proof of Theo- 
rem 1) that an inner product can be defined in 7. 


THEOREM 5. An inner product can be defined tn a normed linear 
space T of three or more dimensions +f and only sf for any xCT there 
4s a hyperplane H through the origin with H Lx. 


Proor. Suppose x, y, and s are any three elements of T with x Ls 
and y Ls. If T is strictly convex, then for any # and v of T there is a 
unique a such that au-+to Lu [4, Theorem 4.3]. Hence if H is a 
hyperplane through the origin with H L z, and if T is strictly convex, 
then CH and yCH. Thus ++y¥CH and x+y lz, orthogonality i 18 
additive on the left, and an inner product can be defined in T. Now 
suppose T is not strictly convex. Then there are elements x an 
and a linear functional f with f(x) =f(y) =||f]| and |iæll =||yl| =] Í 
Theorem 6]. Let z be any other element of unit norm not in the = 
set generated by x and y and let So be the unit sphere of the space To 
generated by x, y, and s. Let Po be the set of all points #@Sq for 
which ||«||=1 and f(u) =||/i|. Then P, contains the line from x to y, 
and is itself either a straight line segment or a section of a plane. 
Let Lo be the hyperplane of Tẹ with Pe L Lo, where Lo contains all 
points at which f is zero. Then for any v and each number a there is a 
hyperplane H. of To with H. Lv+ax. As a—-+0 (or as a—— 0), the 
planes H, will have at least one limit H, (or H_) in the sense that 
there exist sequences {a,} and {b,}, with a,>+0 and b> -0, 
lime, .4.00(w, A,,)=0 and lims,.sp(w, H) =0, if w is any fixed ele- 
ment of H, or H, respectively. Since at each point of unit norm in 
H. there is a supporting.plane of Sẹ parallel to »+ax, it follows that 
if vÆ Ly, then neither H, nor A_ crosses Po, and Po consists of’ those 
and only those points of the surface of So in a region containing x and 
bounded by H,, H_, and the two supporting lines of Po parallel to v. 
But this is possible for arbitrary v€ Ly only if Po is a point. 

Theorems 3—5 can be given direct interpretations by means of sup- 
porting hyperplanes of the unit sphere S, as was done for Theorem 1 
to get (3). The first of these interpretations can be changed somewhat 
to give the following nontrivial consequence of. Theorem 3. 


THEOREM 6. An inner product can be defined in a Banach space tf 
every supporting hyperplane of the unt sphere S has a poini of contad 
and the existence of supporting hyperplanes Hi and Hy at potnts x and 
y of Simply that any supporting hyperplane Hy of S satssfysng Mil \Gs 
(\H3=0 have a point of contact which is in the linear hull of x and y. 
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PROOF. First suppose that there is an element x and nonzero linear 
functionals fı and f; such that ||x||=1, fi(x) =l|All, and f(x) = |All. 
Then x is in both of the supporting h Janes Hı and Hy, of S, 
where Hı and H; are defined by fi(s)=|[/l| and A(z) =[[All. If Z is 
the set of points at which fi=f,=0, then Ai(/\Hy=—x-+4L. If fi and f; 
are linearly independent, then the linear hull of x and L is not the 
whole space and there is a nonzero linear functional f, which is zero on . 
x and L. Let H, be defined by sC A; if and only if f,(s) =||fl|. Then 
clearly Ai Ay(\H;=0. But the second hypothesis of the theorem 
would imply that x€, or fi(x) =||f,||, which contradicts f;(x) =0. 
Therefore fi and fı are linearly dependent. 

Now suppose that || ze =|l 41] = 1, f(x) =|lfill, and fly) =|lfll. Ie 
fı=fı+fs, and Ai, Ay, Hy are defined by f,(s) =|[¥,||(¢=1, 2, 3), then 
«CH; and yCAy, If HiAy\A30, then there exists an element w 
auch that fi(w) =|lAl|, aw) =||fl|, and Alw) +l) =||A+fl]. Thus 
ISSAI mA |. Since every linear functional in T takes on its 
maximum in the unit sphere, Hy contains a point z of norm 1. Then 
fils) tAE =lat =A. Therefore fi(s)=|lfl| and fale) 
=| fyi. Hence fı and fı must be linearly dependent, and fi(x)+f4(x) 
=|| A+A. If BiAHsH,=0, then H, has a point of contact ax 
by (|ax-+by|| =1) and fi(ax+by) =||f4|| |lax-+by]]. Thus it follows 
from Theorem 3 that an inner product can be defined. 
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TERNARY BOOLEAN ALGEBRA 
A. A. GRAU 


1. Introduction. The present paper! is concerned with a t 
operation in Boolean algebra. We assume a degree of familiarity with 
the latter [1, 2],2 and by the former we shall mean simply a function 
of three variables defined for elements of a set K whose values are 
also in K. Ternary operations have been discussed in groupoids [4] 
and groups [3]; in Boolean algebra an operation different from the 
one introduced here was discussed by Whiteman [5]. 

By a simple set of postulates (§2), we define a ternary system, 
which we call a ternary Boolean algebra, from which Boolean algebras 
are obtéined by specialization of the ternary operation, and which 
itself may be considered as’a more general binary system with as 
many binary operations as elements, each having the properties of 
the Boolean operations (§4). The ternary Boolean algebra is homo- 
geneous and there is a one-to-one correspondence between distinct 
ternary algebras and abstract Boolean algebras ($5, $7); thus the 
ternary algebra provides a new postulational approach to Boolean 
algebra. The ternary operation has a unique realization in Boolean 
algebra (§6). Other applications of ternary operations and the matter 
of a valid representation for ternary Boolean algebra are left to a sub- 
sequent paper. l 


2. Postulates for ternary Boolean algebra. Let K be a system con- 
sisting of a set of elements a, b, - - - , and two operations under which 
the system is closed, one ternary, ac, and the other unitary a’. These 
satisfy the following relations for all a, b, c, d, and e: 


(2.1) a¥(o4e) = (aèc) (ate), 

(2.2) a*h = b’g = b, 

(2.3) i ah’ = b/bg = g, 

The system thus defined we shall call a ternary Boolean algebra. 


It is easily verified that the ones function in Boolean algebra 
satisfies the postulates: 


Received by the editors October 28, 1946, 

1 This paper is a portion of a dissertation submitted in partial fulfillment of the 
requirements for the degree of Doctor of Philéeophy in the University of Michigan, 
May 1944. 

3 Numbers in brackets refer to the bibliography at the end of the paper. 
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(2.4) (a A dU BAAU(EN a). 


The system K possesses a realization therefore and the postulates are 
consistent. By specifying zero and unit elements, 0 and 1, and then 
restricting the ternary product ac to aM\b=a% and aVb=a'b, 
Boolean algebra arises as a special case of ternary Boolean algebra 
(cf. $4). 

The principal property of K is expressed ‘by postulate (2.1); it is 
what we shall call distributive. The other two postulates are reducibil- 
ity conditions, which state that under certain conditions the ternary 
product becomes a function of only one of the three elements in- 
volved. They are analogous to the identity and absorption relations 

~in binary Boolean algebra. 

The propositions of Boolean algebra exhibit a duality in the opera- 
tions. In the ternary algebra this is replaced by homogeneity; we do 
not have elements with special significance such as 0 and 1. The fact 
that K is homogeneous (that is, that all elements have equivalent 
properties) will be discussed in detail later. 


3. Theorems in ternary Boolean algebra. A few basic theorems that 
we require are proved here; the proofs are for the most part analogous 
to those of the corresponding theorems in Boolean algebra. 


THEOREM 3.1. For each element b the element b’ ts unique. 


For if for some b there were two distinct complements bf and by 
we have by postulate (2.3): 


by = b/*by = by. 


THEOREM 3.2. The tdempotent law holds, ata =a. 


aa = (a*bd’)*(a*b’) by (2.3) 
me (BB) (2.1) 
Soy (2.3) 

= g (2.3). 


THEOREM 3.3. The associative law, a*(c'd) = (a*c)*d, holds for any de- 
rived binary operation b. ! 
The proof requires a lemma, (a’c)’a = atc: 
(a'c)*a = (a'c)*(a*b’) = a(b") 
= gtc. 


Then the theorem follows by: 


(3.31) 
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aX(chd) = (a's) *(a'd) (2.1) 

=. [(atc)*a]*[(atc)*d] (2.1) 

= (a*c)*|(a*c)*d| (3.31) 

oo == [(a*c) "b" ]*[(a*c) *d | . (2.3) 

‘ o anama (e)ta (2.1)(2.3). 


THEOREM 3.4, (a’)’ =a. 
We use the lemma a*”b =a: tnetie 
' abm (ab) (ab) = aB”) -g 
The theorem may be proved using (2.3): 
(a!) = (0) = a. 
THEOREM 3.5. a'a’ =b. . 
ata’ = ba) (2.2) 


= (a'b)*’(aba’) ; skye * 
= betas") (2.2) 
= (b*'a)*(b"a’) (2.1) 
= bb) ~— (2,3)(3.4) 
=b f _ (2.2). 


THEOREM 3.6. The operation a'c is commutaiioe in any pair of ele- 
ments. 


~- 


- (a) atc = aata) - (3.5) 
l = (a'a)*(a*a’) i (2.1) 
| =a ` $ (3.2)(3.5). 
(b) | gh mm aR) (3.5) ° 
= (a*b)*(a*d’) (2.1) 
=o | (2.2)(2.3). 


(c) a*c == ca. This follows from the propositions (a) and (b). 

We shall call a ternary operation in which each pair of elements 
may be interchanged without changing its value completely com- 
mutative. If one pair of elements may be interchanged, but the others 
may not, then we have partial commutativity. 


THEOREM 3.7. For any x of K, 
l g atc = (arb)” (bec) (œa). 


D i 
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PROOF. 

l a’c = g*(x°x’) (3.5) 
œ (abx)*(abx’) , (2.1) 

= (a*%b)*(a") . (3.6) 

m [(a"5)*(a*2’) ]*’ [(a"b) (2b) | (2. 1)(2.3) 

= [arber ]” [Cars] . (2.1) 

æ [(a"b)©’(a*c) ]” [(a"b)® (cb) ] (3.6)(2.1) 

| = (ab) ” (b"c)” (cea) (3.2 (3.6). 


4. Associated Boolean algebras. Let p be a fixed element of - K. 
Define . l 


(4.1) af\b = gh, ab = a'h i 


and refer to the system formed by the elements of K and the opera- 
tions N and Y as B(p). We may prove: 


THEOREM I. The system B(p) forms a Boolean algebra with b as its 
universe element and p' as tis null element. ` 


The operations N and U are commutative by (3.6), associative by’ 
(3.3), and distributive by (2.1). That p and p’ are respectively the 
identities of multiplication and addition is easily verified by (2.3), 
and complementary elements satisfy the relations (3.5). Thus the sys- 
tem B(p) has the properties of a Boolean algebra. 

Theorem I enables us to translate theorems of Boolean algebra into 
theorems in K. For if we have a theorem in Boolean algebra, for ex- 
ample, deMorgan’s theorem: 


(4.2) (ab) aad UB,:. 

‘it must hold in B(p) since the latter is a Boolean algebra. But by 
(4.1) this becomes v 
(4.3) (aby = Æær'v', 


for any p of K, and so we may state the following theorem. 
THEOREM 4.3. K possesses the deMorgan property (4.3). 


It will be noted that deMorgan’s theorem takes a symmetric form 
in K and expresses the fact that the unitary operation ’ is distributive 
over the ternary operation ac. In order to find the complement of an 
expression in K it is necessary only to put primes on the unprimed 
letters and unprime the primed ones. 
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Theorem I allows a further observation. For a fixed b, the ternary 
product ac is a binary operation which has the properties of a 
Boolean binary operation. Since for each b there is such an operation, 
K may also be considered as a binary system in which there are as 
many Boolean operations as elements, and every pair of these opera- 
tions satisfy the Boolean distributive law. 


5. Automorphisms of the ternary Boolean algebra. We stated that 
K is homogeneous in its elements, meaning that every element of K 


` has the same properties as any other. This fact will now be expressed 


in a concrete form in terms of automorphisms. 

A function f(x) is an automorphism of K if f(x) is a one-to-one 
transformation of K on to itself leaving invariant the ternary opera- 
tion and the operation of complementation. If the former is preserved, 
so is the latter; for if f(x) preserves the ternary operation, 


(5.1) Ha) = fay) = fe ONY) 


for all x and y. If x, y, and-y’ are distinct, so are f(x), f(y), and f(y’). 
By (2.3) and (3.1) it follows therefore that [f(y)]’ =f(y’). 

The function below will be shown by a sequence of lemmas to ex-' 
press an automorphism of K transforming a into b, 


(5.2) f(a) = Wea) ex). 
LEMMA 1. f(a) =b. 
This follows immediately by subetitution. 
LEMMA 2. f(x) f) = (b’exty) e (bsx sy’). 
This follows from the definition of f(x) and the distributive law. 
LEMMA 3. f(xts) =f(x)/y(s). 
flans) = [b as) ]e [bars] | (5.2)(4.3) 
= [b's (aye ae ys) e [oe (cey) (xe) “(ye J] B.n. 
By the results of $§2-3, simplification, and use of Lemma 2 we obtain 
f(s) = LAO)" EDK ONK) 
= f(x¥ f(s) (3.7). 
Luma 4. f[f(x)] ox. 
This follows by direct substitution and simplification. 
THEOREM II. For gtoén a and b, there exists an automorphism of K 
transforming a into b. 
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Proor. By Lemma 1, the function (5.2) carries a into b, by Lemma 
3, it leaves invariant the ternary operation and hence complementa- 
tion, and by Lemma 4, it has a single-valued i inverse, namely, itself. 


COROLLARY. If p and q are any two elements a K, the Boolean alge- 
bras B(p) and B(q) are isomorphic. : 


It is necessary only to consider the automorphism of K that trans- 
forms p into q. This transforms the operations of B(p) into the corre- 
sponding ones of B(gq). 


6. Realizations of the ternary algebra. We have pointed out that 
the function (ab) UY (dc) (ca) in Boolean algebra satisfies the 
postulates for the ternary algebra. It will now be shown that this is 
the only realization of the ternary product ac in an associated 
Boolean algebra B(p). For Theorem 3.7 states an identity in x; the 
value of ac is independent of the value of x and we may assign the 
latter at pleasure. Let x=. Then in B(p) we must have 


(6.1) ac = (NHY (616) U (eNa). 


Hence the theorem: 


‘EHEOREM III. The only realisation of the ternary operaiton in a 
Boolean algebra ts 


acm (a NDU (Nc) U (ceNa). 


‘7, Relationship of the ternary and binary algebras. We see from 
the preceding two paragraphs that there exists a one-to-one corre- 
spondence between a ternary Boolean algebra and an abstract 
Boolean algebra. Nonisomorphic Boolean algebras give rise to non-. 
isomorphic ternary Boolean algebras and conversely. 

.. It follows that Boolean algebra is fully characterized by the postu- 

lates (2.1)-(2.3) and the definitions (4.1). 
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CONCERNING AUTOMORPHISMS OF 
NON-ASSOCIATIVE ALGEBRAS 


R. D. SCHAFER 


In their studies of non-associative algebras A. A. Albert and 
N. Jacobson have made much use of the relationships which exist 
between an arbitrary non-associative algebra A and its associative 
transformation algebra T(M). In this paper we are interested in the 
automorphism group @ of X, and we sharpen the results of Jacobson 
[3, §4]! and Albert [2, §9] in the sense that we prove © isomorphic 
to a well-defined subgroup of the automorphism group of each of three 
associative algebras (§§2, 3). 

Incidental to our proofs is the reconstruction (in the sense of equiv- 
alence) of an arbitrary non-associative algebra A with unity element 1 
from T(X) and from either of the enveloping algebras E(R(%)), 
E(L(%)) of respectively the right or left multiplications of A. This 
paper has been expanded in accordance with suggestions of the referee 
to include a more detailed study of the right ideals used in this re- 
construction process (§5). 


{. Preliminaries. Our notations are chiefly those of Albert as given 
in [1]. We regard a non-associative algebra Ñ of order n over a field 
% as consisting of a linear space £ of order n over §, a linear space ` 
R(X) of linear transformations Rs on £ of order m Sn over fF, anda 
linear mapping of £ on R(®), 


(1) z— Re i 


The elements Rs of R(X) are called right multiplications, and R(@) the 
right multiplication space of A. Multiplication in A is-defined by 


(2) a-x = aR,. 


The linearity of the right multiplications and of (1) insures distribu- 
tivity in A as well as the usual laws of scalar multiplication. We shall 
use the fact that, in case @ contains no absolute right divisor of zero 
(an element x such that a-~=0 for all a in X), the mapping (1) is 
nonsingular and the order of R(X) over F is n. 

The linear transformations L, defined by 


(3) a> ranm al, 
Presented to the Society, August 23, 1946; received by the editors August 2, 1946, 
and, in revised form, November 13, 1946. 
1 Numbers in brackets refer to the references cited at the end of the paper. 
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are called left multiplications of Wand form the left multiplication space 
L(H) of A. The algebra X may equally well be regarded as consisting 
of 2, L(A), and the linear mapping 


(4) zl, 


of 2 on L(A). Both R(X) and L(Y are linear subspaces of the total 
matric algebra (§)„ of all linear transformations on £. 

If M is a subset of ($), the algebra of all polynomials in the trans- 
formations in M with coefficients in § is called the enveloping algebra 
of M, and is denoted by E(M). We are particularly concerned with 
the enveloping algebras E(R(M)) and E(L(W) of respectively the 
right and left multiplications of A, and with the transformaiton alge- 
bra T(A) = EC, R(X), L(W) which is the algebra of all polynomials 
with coefficients in § in the right and left multiplications of A and 
the identity transformation J in (§)a. We shall have occasion to write 
an arbitrary element T of each of these algebras as follows: 


“æ 


(5) T= Ra Ry) for T in E(R(%), 
(6) T = fle, Ln) for T in E(L(%), 
(7) TaN Ra La Rpr) for T in T(M, 
where x, y,--- are elements of A. In case A contains a unity ele- 
ment 1, then R(X) contains J, and we may write 

(8) Poanta Raya) for T in T(®, 
X,Y, e in A. 


If ® is a linear subspace of Y, the set of all R, for b in ® is a linear 
subspace R(%, N) of R(X), and the set of all Ly is a linear subspace 
L(B, N) of L(M). 

An automorphism S of an algebra & is a nonsingular linear trans- 
formation x—>xS of A on itself such that 


(9) (a-2)S = aS- zS 


for all a, x in A. In terms of right and left multiplications, (9) may be 
written equivalently as 


or 
(11) LS = SLos 


for all x in A. We shall use the facts that, if S is an automorphism 
of A, then S~ is also, and if A has a unity element 1, then 1,5 —1. 
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Inasmuch as the elements T of subalgebras of (f§), are themselves 
linear transformations, we shall denote linear transformations on sub- 
algebras of (§),—such as T(M%), E(R(M)), E(L(@))}—by Greek capi- 
tals, so that if E is a linear transformation on T(H), say, we may 
write (without confusion) the image of T under È as TÈ. 

An automorphism S of A determines an automorphism £ of T(H) 
as follows: let T in T(M) be written in the form (7); then È is the 
mapping ; 


(12) T>T2Z= fT, Res, Los, Rys,---) = STS. 


For if S is an automorphism of A, then R,=SR,3S-1, L,=SLes5 
by (10), (11), and T=<=f(UZ, Re, Le, Ry ++ +) =f, SRasS-1, SLesS7}, 
SRysS', +> +) = SPL, Ras, Las, Rya, ++ e Sta STES, or TE 
= STS. The mapping (12) is obviously an automorphism of T(%. 
Moreover, Z induces automorphisms (which we do not distinguish 
notationally from £) on the subalgebras E(R(H)), E(L(M)) of T(M): 


(13) TT = f(Ras, Rys), T in E(R(¥)) as in (5), 

(14) T>T = fies, Lyst), T in E(L(%)) as in (6). 
If S determines Z as in (12), then 

(15) RM E = RA, L0 E = L(A), 


since Rad = Ras in R(X) while Ls? = Lasin L(K), and the nonsingular- 
ity of 2 eliminates the possibility of proper inclusion. 


2. Automorphisms of an algebra with unity element. Let % be a 
non-associative algebra of order » over § with unity element 1. We 
consider the elements of A as comprising a linear space £ of order n 
over {§. Let Y be any (associative) algebra of linear transformations 
on £ which contains either R(X) or L(A). We intend to reconstruct 4 
(in the sense of equivalence) as an algebra of residue classes of $. 

Denote by Yt the set of all transformations N in 8 which annihilate 
1, that is, for which 1N =0. Then Zt is a right ideal of $. For if N, Ni 
are in JN, then 1(aN-+8M1)=alN+f61Ni=—0 for a, 8 in §, while 
INT =0T =0 for any transformation T in 8. Denote by D whichever 
set R(W) or L(A) is assumed to be contained in B, and by D, corre- 
spondingly the transformation R, or Le Then % is the supplementary 
sum B6=D+9. For T in B maybe written uniquely in the form 
T=D,+N, 1T=1, Nin &. 

Since 17‘N =1tN which is not necessarily zero, tis not in general a 
two-sided ideal of 8 and we are not able to form the difference algebra 
% — Jt when we take residue classes [T] modulo N. Instead. we form 
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the difference group B—M of residue classes [T] modulo N and have 
as usual a linear set over Ẹ with respect to the operations [T]+[U] 
= (T+U],A[T] = [AT] of addition and scalar multiplication. Define 
multiplication in this linear set as follows: 


(16) [T][U] = [X] , where 1X = 17-1U, 


where the multiplication on the right is that in A. To see that for 
any T, U in 8 such an X exists, we need only to note that, if X =D, 
for x=17-1U in A, then 1X =1T-1U. This definition of multiplica- 
tion is independent of the representatives T, U since if [T]=[T,], 
[U]=[U,], then there exist N, Ni in N such that Tı=T4N, 
U,>U+M,, and 171-10, =1(T+N) -1(U+M) =17T-1U. With this 
multiplication the distributive laws hold in B-N. Hence B— is a 
non-associative algebra over §. Since there are no difference algebras 
used in this paper, there should be no confusion in the use of the no- 
tation B—M for this algebra with multiplication defined by (16). 


THEOREM 1. Let A be a non-associative algebra over § with unity ele- 
ment 1, and B be any (associative) algebra of linear transformations 
on X containing other R(X) or L(H). If N is the right ideal of transforma- 
isons in B annihilating 1, then the non-associative algebra B—N with 
multiplication defined by (16) is equevalent to A. - 

For in each residue class [T] there is a unique transformation D; 
in D (=R(A) or L(M)) such that 17 —1D,5+. Then, since A contains 
neither absolute right nor absolute left divisors of zero, the (obvi- 
ously linear) mapping 


(17) | 2 D.— [Di] 
is one-to-one on A to B—N. But | 
(18) [D.|[D,] = [Dey], x, yin A, 


since xy=1D,-1D,—1D,, Then (17) is an equivalence of A and 
G—MN since xy—D,,—[D,,|=[D,.]|[D,] under (17). 

Now T(%), E(R(M), E(L(M)) are among the algebras of linear 
transformations on the vector space 2 underlying A which contain 
either R(W) or L(W)—or both, as in the case of T(%)—and may be 
used as the algebra 8 in Theorem 1. We denote by Ry the set of all N 
in 7(@) annihilating 1 and write Ne=MNnVE(R(M), Nr= Me VE(L(W). 
Then Theorem 1 implies that if multiplication in the respective alge- 
bras of residue classes is defined by (16) we have AYT(M—Re 
ME(R(D)) —NeXE(L(H)) — Nz. : 

In the proof of the next theorem we must distinguish between the 
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cases D=R(A) and D=L(), and we use the following equations: 
(19) [Re] [Ry] = [Rey] = [R.R], s, y in A, 
(20) [Ze] L] = [Ley] = [LZ,L,], z, yin A, 
verification of which is similar to that of (18). 


~ THEOREM 2. Let N, B, and N be as in Theorem 1, and D be R(Q) or 
L(N), whichever is assumed to be in B. If È is an automorphism of B 
such that NE =N and DE =D, then E determines an automorphism Sx 
of A as follows: ° 


(21) Sz: «2 [D.] > [D.Z] = [Dr] > 7 = 2S;, 

for x, x' tn A, where the [Da] are elements of B- NSL. 
Note first that the mapping 

(22) [T] > [T z]. 


of H—N on itself is well-defined, since if [T] = [T] then T=T,+N 
for N in 9, and TÈ=(T14N) Z2 =T: +4NEZ =T; 2 +4+N, with Miina R 
since NE=N. Hence [TE] = [T:ı£}]. Inasmuch as the correspond- 
ences x>[D,] and [Dr |->x’ are equivalences between A and B- K, 
we need only to show that (22) is an automorphism of B—N in order 
to show that (21) is an automorphism of A. Now (22) is linear since 
aT] + B[U]=[eT+8U] > [(eT+B8U)2] = [aTE+BUL] =al[TZ] 
+8[UZ], and is nonsingular since [T]—[TZ]= [0] implies T£ =N 
in N, T=NZI=N, in N, [T]= [0]. Since DE =D, there exists an 
element x; of A such that DZ = Da. But then x=% since there is a 
unique transformation in D in each residue class of 8 modulo Yt. 
We may write x’=xSy and 


(23) Diz = Desy 


We distinguish now between the cases D=R(A) and D=L(A). Let 
D= R(W) so that (19) holds. Then, since È is an automorphism of %, 
we have [Ra] [Ry]=[R.R,]—[(RRs) £] =[(RZ)(RyZ) J = [Res Ry, | 
= [Rass] |Rrs;] = [R2] [R,;2] under (22) which is an automor- 
phism of S—M as desired. In case D=L(A) it follows from (20) 
that [Ls] [Z] = [LL] > [(Z,L,)2] = [(L,2)(L,2)]= [Lrs Lesz] 
= [Les] [Lys,| = [L2] [2,2] under (22), completing the proof of the 
theorem. 

We shall have occasion in the proof of the next theorem to use the 
fact that if 8 contains both R(X) and L(A), and if both R(X) and 
L(A)}—as well of course as 3Jt—are their own images under an auto- 
morphism £ of %, then 
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(24) RÈ = Rey, Led = Les, 
for Sz defined by (21). 


THEOREM 3. Let Y be a non-associative algebra with unity element 1 
and automorphism group @. Let Sr be the group of automorphisms È 
of T(H) such that NrÈ Nr, RAZE =R), LAM)LZ=L(A). Then the 
correspondence SZ of (12) is an isomorphism of @ onto Dr. 


If Sisin @ and S—>z under (12), then 1(NZ) 3=1S7°NS=1NS=0S 
=0 for N in Nr. The nonsingularity of Z gives Nrl=Nr. By (15) we 
have Zin §r. By Theorem 2 this Z determines an automorphism 
Sz of f: 


Sz: z— [Rs] — [R.Z] = [Ras] —> 2S = zSz 


for all x in X, or S= Sy. Conversely, let 2 bein Sr. Then E determines 
an automorphism S3 of A which in turn determines an automorphism 


(25) Zu: ToT l= Sz T5, T in T(), 
of T(@) by (12). Write T in the form (8). Then TD» =f(Resy, Lasy 
Rysy, +++) =f(ReZ, LE, Ry, +--+) —[f(Re, Le, Ry +++) }E=TE 


by (12), (24), and the fact that zi is an automorphism of T(%). That 
is, 2» = È. It is clear then that SZ is a one-to-one mapping of @ 
onto Hr. To see that S—< is an isomorphism we note only that- if 
Sı, Ss are in @, S>, Sa, then for T in T(M) we have 
T24= ST*T Si, TXity= Sy (STS) Sa = (SS) T (S1S1), or S153 —> 24 24. 

Variations in the proof of the following theorem from the proof 
above are trivial, consisting only of changes due to the fact that ele- 
ments of E(R(A)) or E(L(M) are generated by right or left multi- 
plications alone. 


THEOREM 4. The correspondences S— Z of (13) and (14) are tsomor- 
phisms of © onto Ór and Hy respectively, where Ge ts the group of auto- 
morphisms Z of E(R(U)) such that Net=—Ne, R(M)L=R(A), and GS, 
ts the group of automorphisms È of E(L(M)) such that NrD=MNz, 
LME =LA). 


3. Automorphisms of an algebra without unity element. In case we 
are concerned with an algebra Ao of order (n—1) over § without a 
unity element, we can easily modify the results of §2 to include Ao. 
For we adjoin a unity element 1 to “o in the usual fashion to obtain 
an algebra XA of order » over f§ containing Wp» (in the sense of equiva- 
lence) as an ideal. Every element x of A may be written uniquely in 
the form 
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(26) z fi + t, E in fF, to in Mo, 


and if y=nl+yo, then x+y=(£+n)1+(otyo), dx = (5£)1+ (xo) for 
ô in D xy = (En) it (nzot yot tayo). We shall write A= =Í +A for 
the algebra so defined. Any automorphism Se of A, may be extcadee 
in a unique fashion to an automorphism S of A by defining 


(27) S: 2+ 2S m fl + tSo, 


x as in (26). Note that S induces the automorphism So within Wo. 

It is apparent that an automorphism So of Ao determines a unique 
automorphism 2 of T(A) as follows: Sp—S by (27), S—2 by (12). 
Moreover, the linear subspaces R(Wo, A) and L(W., A) of T(A) are 
their own images under È. For if x» is in Ao, then Ra? = Ras = Res, 
is in R(Mo, A) and La a Les = Les, is in L(A, A). 

If B—N is the non-associative algebra equivalent to A which was 
defined in §2, then @ is equivalent to the ideal ©, of B — N consisting 
of residue classes [De] for xo in Xo, that is, for De in Do=R(Ao, M) 
or L(A, X) according as D= R(X) or L(A). For, by Theorem 1, @ is 
isomorphic to 8 — Jt under the mapping (17). Since Ao is an ideal of &, 
the mapping 


(28) O æ> [Da], xo in Ao, 


determines an ideal @ of B-N, and GoM. 
Let 2 be an automorphism of B such that NE =N and Di? = Do. 
Then 2 determines an automorphism Soz of Wy as follows: 


(29) Soz: zo> [Ds] > [Dn 2] = [De] > 2d = 2S0, 


for Xo, xd in Wo. For D=—LF¥+Do, and any automorphism of $ leaves 
invariant the subspace J of order 1, so that DÈ =D. Then by Theo- 
rem 2, 2 determines an automorphism Sz of A. But Sz induees on 
As the automorphism (29) since D,,2 =D. in Do implies xg is in Ap. 
Thus x»—[D,,|—[D.,=] = [Do] >x =xeSx is in Mo, or Sx induces 
Sor on Ao. 


THEOREM 5. Let A, be a non-assoctaitve algebra without unity ele- 
ment, and let A=1%5% +o Let OF be the group of automorphisms È of 
T(M) such that R(Wo, O) E = R(Ao, W, L(A, W E = L(A, W, Nr l= Mr. 
Then the correspondence So—>S—?È of (27) and (12) is an isomorphism 
of the automorphism group Bo of No onto Oy. 

For if So is in ®o, then Sp>S—Z in S$ and Z—>Sz=S by Theo- 
rem 3. But then S induces the automorphism Soy within Ae. That is, 
Soz= So. Conversely, if is in $%, then Z—Soz in Bo by (29). But 
Ses >S x Ze by (27) and (12) and 2—=2Z by Theorem 3. Hence the 


aii 


580 R. D. SCHAFER Duno 


mapping Sp—S—Z of Go on H7 is one-to-one, and is by Theorem 3 
an isomorphism. 

The results analogous to Theorem 4 for algebras Xo without unity 
quantity may be stated as follows: let $% be the group of automor- 
phisms 2 of E(R(#)) such that R(Mo, ML=R(M, W, Neo~Me. 
Then the correspondence Sp—S—>E of (27) and (13) is an isomor- 
phism “of the automorphism group ®e of Ao onto Hh. Let H? be the 
group of automorphisms È of E(L(%)) such that L(A, W 2 = L (Ho, W, 
NL =Nz. Then the correspondence S)>—.S— of (27) and (14) is an 
isomorphism of ®, onto H%. 


4. Inner automorphisms 2 of 7(M). An automorphism £ of the 
associative algebra T(M) is called inner in case T39TE=K-'TK for 
some nonsingular element K of T(W). We are concerned in this section 
with automorphisms S of A which determine inner automorphisms 
Z of T(X) under (12). 

The group £ of all inner automorphisms of 7(%) is an invariant 
subgroup of the automorphism group of T(%). If Sr is the group of 
automorphisms of T(N) described in Theorem 3, then the intergection 
Or" is an invariant subgroup of Sr. But then there is an invariant 
subgroup £ of the automorphism group @ of A such that ZS rN 
under the correspondence S—+Z of (12). The elements of X are char- 
acterized as thoge automorphisms of A which are themselves elements 
of T(A) by 


THEOREM 6. Let A bea non-assoctateve algebra over %§ with untty ele- 
meni 1 and automorphism S determining an automorphism È of T(M 
by (12). Then È is inner if and only if S is in T(M). 


If Sis in T(M), then TTX = STS is an inner automorphism of 
T(%). Conversely, if È is inner, there exists a nonsingular element 
K of T(M) such that T2=K-TK for all T in T(M). In particu- 
lar, Ras =R= KORK. Let 1K=k so that cSL,oR-xS=hRes 
mI KK“RK =xK for all x in W, or SLy=K. Since Sand K are non- 


T(K). 

Perhaps it should be pointed out that Theorem 6 yields nothing 
in the case of central simple algebras (that is, algebras which are 
simple for all scalar extensions). For although it is true that, if & is 
central simple, then T(%) is also and—by a well known theorem con- 
cerning associative algebras—every automorphism £ of T(%) is inner, 
so that Theorem 6 implies that every automorphism S of is in 
T(&), it is also true [1, §8] that in this case T(%) =(f),, the algebra 
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of all linear transformations on X. Of course it is vacuous then to say 
that S isin T(&). 


5. The right ideals Nr, Ne, Ir. We now make a more thorough 
analysis of the right ideals Nr, Ite, Nr of T(M), ERM), HLH), 
respectively, and arrive in particular at criteria for the (right, left) 
simplicity of an algebra A with unity quantity. 


THEOREM 7. An algebra A with unity quanisty +s both commutative 
and assocsaitce +f and only if Str =0. 


For Nr=0 implies that L,—R,=R,R,—R,,y=0 for all x, y in A. 
That is, 


(30) R= Le, RR, = Rey, 


A is both commutative and associative. Conversely, if (30) holds for 
all x, yin X, then T in T(X) has the form T=f(R,, Le, Ry, +--+) 
mp(Re, Ry, -° >) =Reex,---). Then 17 =0 implies g(x, y, ---)=0 
or T =0. Hence Nr =0. 

The center 3 of A consists of all elements c in 4% such that 


(31) _ em ce, czy) = (cx)y = a(cy), 
or equivalently 

(32) Lam Ro CR ey z cR,R, = cR,L, 
for all x, y in A. 


THEOREM 8. An clement c is tn the center B of an algebra X with untty 
quantity +f and only if cItr™0. 


Certainly Le—R,, Rey—R Ry, Rey—R,L, are in Nr for all x, y 
in A. Hence if cJtr=0, it follows that c(L,—R,)=c(R.y—RR;) 
=¢(Rsy—R,L,) =0 or (32) holds, c is in the center of A. Conversely, 
if c is in the center of A, and if we write T in 7(&) as in (8), it is seen 
by repeated application of (32) that cT=cf(R,, Le, Ry, ---) 
=CRyis,y,---) where the non-associative polynomial g(x, y,---) 
=1f(Re Le Ry, +>) @1T. But if T is in Nr, then 1T=0 go that 
g(x, yY, + -)=0 and cT <0, cMr=0. 

An algebra A, which is not the zero algebra of order 1, is called 
simple (righi simple, left simple) in case the only ideals (right ideals, 
left ideals) of A are 0 and A. 


THEOREM 9. A non-assoctative algebra A with unity quantity is right 
simple if and only if Ne is a maximal proper right ideal of E(R(%). 


If Ite is a maximal proper right ideal of E(R(M)), then the only 


582 R. D. SCHAFER , [une 


right ideal of E(R(X)) containing Re properly is E¢R(W)) itself. We 
assume that X is not right simple, so that A has a right ideal Q 5<0, 
N. Let P be the linear set P= RO, A)+Me. Then P in $ has the 
form P=R,+N, qin Q, N in Ner, and any element T of E(R(M) 
may be written as T=R;+Mi, ¢ in A, Mi in Me, so that PT 

(Ret) (Rit Ni) oR RRM ANT eRe t (RR Ra) + RM 
+NT. Now R,Ni:=R, +N; for a in X, N: in Ne, and 1R,Ni=1R, 
+1N, or a=qN1. Since Ni=f(Re, Ry, - > +) while © is a right ideal - 
of X, it follows that a=<qNi=qf(R. R,+--) is in Q. Hence 
PT Reon, t (RR: — Rat Nit NT) ig in P since gt-+q™1 is in Q 
while RaRe—ReaetN:+-NT is in Ne. Hence $ is a right ideal of 
E(R(%) containing Nte. Since £140, W, it follows that R(Q, X), being 
of the same dimension over f as Q, is neither 0 nor R(X), and then 
Ger, E(R(M)), a contradiction. Hence & is right simple. 

Conversely, let P be any proper right ideal of E(R(W)) which con- 
tains Nr. Consider the set © of residue classes [P] modulo Ner for 
P in Q. Then © is a linear subset of E(R(A))—NrSA. Moreover, if 
[P] is any element of Q, we write P=R,+WN for p in X, N in Ne. 
Let [R:] be any element of E(R(M))—e. Then PR,»=R,R:+ NR: 
=P, in $ since $ is a right ideal of E(R(%W). Then 


(33) [P][Re] = [R,][Re] = [RR] = [Pil 


in © by (19), and © is a right ideal of E(R(W))—Neew. If N is 
right simple, then either Q = [0] or O= E(R(®))—MNe. In the latter 
case, © contains [I], P contains J+; for some N; in Ne. Since P 
also contains Nj, it follows that J isin %, whence $= E(R(), a con- 
tradiction. Hence © = [0], $=z, and Nz is a maximal proper right 
ideal of E(R(M)). 

An exactly symmetrical argument, involving left multiplications 
instead of right multiplications, suffices to prove 

THEOREM 10. A non-assoctative algebra A with unity quantity is lefi 
simple if and only if Nt, is a maximal proper right ideal of E(L(%). 

Only obvious variations on the proof above are required in the 
proof of 

THEOREM 11. A non-associative algebra A with untiy quantity is sim- 
ple if and only if Mr is a maximal proper right ideal of T(U). 

For example, to prove the converse part of the theorem, we let $ 
be any proper right ideal of T(M) which contains Str, and let Q be the 


linear space of residue classes [P] modulo Rr for P in $. We may 
write P=R,+N=L,+N, for N, No in Mr, and let [R] = [L.i] be 
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any element of T(A)—Nr. Then we have (33) as before, where now 
the quantities involved are residue classes of T(A) modulo Jr, but 
also we have PLi= L Lit NoLi= P, in $ so that [LZ.][P] = E] [L] 
= [LL] = [P3] in Q by (20), and Q is an ideal of T(W —-Nr=M. 
The remainder of the proof is as before. 

We conclude with an analysis of the structure of the right ideal 
Nr of T(X) in ease Ñ of order # over F (with unity quantity) is simple. 
' In this case T(M) = (8), where the center 8 of A is a field of degree ¢ 
over §, and n=st (see [1, §§8, 19]). 


THEOREM 12. Let A be a simple non-associative algebra of order n= si 
over Y wih unity quanisty and with center B of degree t over Y. Then 
Ne“ K+(B).1, where the radical R of Nr has order (s—1) over B and 
the semi-simple component of tr is the total matric algebra (B) of 
degree (s—1) over B. 

For @ is central simple over B. Let (1, 4s, - > © , 44) be a fixed basis 
of A over B. Then, since T(W = (8),, it follows from Theorem 8 that 


Nr (over B) consists of all s-by-s matrices with first row zero. But the 
structure of this algebra of matrices, with principal idempotent 


(k ` ) 
Eo i 
0 I, 


is easily determined. Its radical R consists of all matrices (with ele- 
ments in 8) of the form l 
(z o) 
U 0 


where U is any (s—1)-by-1 matrix. Its semi-simple component con- 
sists of all matrices (with elements in 8) of the form 


Gy) 


where V.is any (s—1)-rowed square matrix. This is a total matric 
algebra (8),.41. 
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Tue INSTITUTE FOR ADVANCED STUDY 


ON THE REDUCTION OF THE CONJUGATING 
REPRESENTATION OF A FINITE GROUP 


J. SUTHERLAND FRAME 


1. Introduction. By the conjugating representation P of a finite 
group G of order g>1, with elements y;, is meant the representation 
of G by permutation matrices P(y;) such that 


(1) ory, = P(y)Y. 


Here we define the group vector y to be a gX1 column vector whose 
entries are the elements of G, arranged so that the identity element yı 
is first, and so that the k, elements of a class C, of conjugate elements 
are listed consecutively, forming a class vector +, which is a subvector 
of the group vector y. 

From a study of two different partial decompositions of the linear 
group P and its subsequent complete reduction into irreducible com- 
ponents I’,, the principal theorem is obtained, which relates the multi- 
plicities of the irreducible components of the direct products T, XT, 
with those of certain transitive constituents of P. Furthermore, a 
matrix T is described which completely and ‘simultaneously reduces 
the right and left regular representations as well as the conjugating 
representation. 


2. The transitive constituents of the conjugating representation. 
The gXg permutation matrices of the right and left regular represen- ` 
tations, respectively, are defined by right or left multiplication of the . 
group vector y by a group element y;, thus: 

(2) rr = Rly) 7, Yey L(y). 

They form transitive groups of permutation matrices, one isomorphic 
and the other anti-isomorphic with G. The matrix R(C,), obtained 
by summing the matrices R(y,) over a class C,, is identical with the 
corresponding matrix L(C,). Each matrix R(y;) is permutable with 
every matrix L(y;). 

A group of permutation matrices, which we call the conjugating 
represeniaiton P of G, is defined by assigning to the group element 
yı the matrix P(y;), where 


(3) Py) = LYR), = Pd Pv) = Ply). 
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The matrices P(y;) may also be defined directly by the equation (1). 

From equation (1) it is apparent that the permutation group P is 
intransitive (for g>1), having one transitive constituent P corre- 
sponding to each of the r distinct classes C,. In terms of the class vec- 
tor Ye we define the transitive “class representation” P, as follows: 


(4) Vi Ye¥i = pP (Ys) Ye- 

It is well known! that in any transitive permutation group of de- 
gree # which is homomorphic with a given group G, there is a sub- 
group leaving a specified symbol fixed, to which corresponds: a 
subgroup H of index # in G, and that the given permutation group 
is equivalent to the permutation group Gg on the right cosets Hy. 
of G. To y; in G corresponds the permutation Hy,—7HAy.y; in Ga. 
If K is the largest subgroup of H which is invariant in G, then the 
permutation group Gg is isomorphic with the factor group G/K. 

For the transitive class representation Pe, the subgroup H is the 
normalizer N, of a chosen element of the class Ce. Since each NV, con- 

tains the center C of G, each group P, is a representation of the factor 
' group G/C. It is never a faithful (isomorphic) representation of G 
when the center contains more than one element. 

Each of the groups P,, considered as a linear group, may be com- 
pletely reduced by a change of basis into the direct sum of irreducible 
linear groups. Let Hep be the multiplicity in P, of the irreducible com- 
ponent T, and let T, be the identity representation. Then since P, 
is transitive, u.i™1. In the complete reduction of the conjugating 
representation P, if u, is the multiplicity of the component I’,, 


(5) Pe) its where u, = >, Hep 
f cml] 


In ‘particular, if the center of G contains more than one element, 
the coefficient u, is zero for every faithful representation T, of G, and 
for all other representations which do not represent every invariant 
element by the unit matrix. 


3. Reduction by idempotents of the group algebra. The right and 
left regular representations of the group G induce corresponding rep- 
resentations of the group algebra A whose typical element a=) ay: 
is a linear combination of group elements with coefficients from a speci- 
fied field such as the field of complex numbers. It is known? that mat- 
rices T exist which transform the group vector y into some new basis 


1 A, Speiser, Dis Theorie der Gruppen von endlicher Ordnung, 3d ed., Berlin, 1937 


(Dover, New York, 1945) p. 113. 
2 A, Speiser, loc. cit. p. 178. 
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vector T—ty, such that both the right and left regular representations 
are thereby completely and simultaneously reduced, and such that 
equivalent irreducible components of the right representation are ac- 
tually identical with each other, and are merely transposes of the 
corresponding components in the anti-isomorphic left representation. 
The component matrices [,(y;) may further be assumed to be in uni- 
tary form, and we have ? 


(6) Vr) = Tl). 


In both of the transformed representations the class C, is repre- 
sented by the same diagonal matrix T-!R(C,)T=T“L(C.)T. Ther 
classes C, of G are linearly independent in both regular representa- 
tions, so these diagonal matrices must be linear combinations of r* 
idempotent matrices J,, where r*2r. By means of the primitive di- 
agonal idempotents J, we define the blocks R, and L, of which the’ 
transformed right and left representations are respectively the direct 
sums: 


(7) R,(a) = 1I,T"'R(a)TI,;  L,(a) = I,T-*L(a)TI,,. 


Since two nonequivalent irreducible components must differ in their 
representations of at least one class C,, the irreducible components 
of the block R,(a) are all equivalent, and may each be written as the 
same I',(a) by suitable choice of T. Equivalent to these, but written 
in the transposed form T, (a) to produce the required anti-isomor- 
phism, are the components of the left block L,(a). Because the mat- 
rices of R, and L, commute with each other, the multiplicity of the 
component T, in R, must equal the degree of T; in L, namely n, 
Hence the diagonal idempotent J, has m 1’s and defines a subspace 
of the g-dimensional vector space in which R,(a) and L,(a) may be 
written as direct products (in opposite orders) of a unit matrix and a 
representation matrix each of degree n,: 


(8) Ra) = T; (1) XT,(a); L(a) = T; (a) XT, (4). 


Using the same suitably chosen T, whose coefficients we shall de- 
scribe later, we transform the conjugating representation, defining 


(9) Qn) = T*P(y)T. 


From equations (9), (3), (7), (8), and (6), it then follows that the block 
Q, of Q defined by the idempotent J, has the form 


(10) Q(y:) = IRQ), = Tm) X T(r), 
and is thus the direct product of the two conjugate imaginary irre- 
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ducible representations I’, and I, of the group G. Consequently the 
multiplicity of any irreducible representation as a component of the 
conjugating representation P is the sum of its multiplicities i in the r* 
direct products I’, xT,. 


4, The balancing of EEA Combining the result of §§2 and 
3 we obtain our principal theorem: 


THEOREM 1. The sum of the mulisplecsises of a given irreductible repre- 
sentation T, as a component in the direct products T, XT, is equal to the 
sum of tts mulisplecsises in the transitive class representations P. (per- 
mutaitons on cosets wih respect to a normaliser). 


Applying Theorem 1 to the component I; which occurs just once 
in each I'.XI, and P,, we obtain the following well known result. 


COROLLARY 1. The number of nonequivalent irreducible representa- 
tions of a fintte group is equal to the number of sts classes. 


To illustrate Theorem 1, we give below the two decompositions of 
the conjugating representation of the symmetric group of order 24. 
This group has five nonequivalent irreducible representations, of de- 
grees n,=1,1, 3, 3, 2, respectively, and five class representations P., 
of degrees h,=1, 3, 8, 6, 6, respectively. The decomposition of each 





Table of multiplicities 


of the five direct products T, XT, is given in one of the left-hand col- 
umns, that of the conjugating representation P in the center column, 
and those of the class representations P, in the right-hand columns. 

From Theorem 1 and the discussion of §2, we obtain also te fol- 
lowing theorem. 


THEOREM 2. If T ts an irreducible represeniaiiton of a finite group G 
whose center C contains more than one element, then each trreducthle 
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component of TXT is a representation of G/C, and ts not a fasthful 
(isomorphic) representation of G. 


One illustration of Theorem 2 is afforded by considering a repre- 
sentation T of the quaternion group which is irreducible over the 
field of complex numbers. Since the center C contains two elements, 
no component of T XT is a faithful representation of the quaternion 
group. Similarly let us consider a group G which is represented faith- 
fully by a group P of unitary symplectic matrices, irreducible over 
the field of complex numbers. WeyF applies the term symplectic to . 
matrices of degree n= 2» having an alternating bilinear invariant. In 
terms of real y-dimensional matrices A, B, C, D and the corresponding 
unit matrix J such unitary symplectic matrices M, and their invari- 
ant j may be written in the form 

(-ro) 
j M 


N . 

(11) m= ( A + Bt pees 

—-C+ Di A-— Bt 

This is equivalent to a set of »-dimensional matrices M,=A+Bi+ Cj 
+ Dij having quaternion coefficients, and such that the inverse matrix 
is the transposed quaternion conjugate A’—B’i—C’j—D'‘ij. The 
group T is equivalent to I. The existence in G of an invariant element 
of order 2 implies by Theorem 2 that F XT is not a faithful representa- 
tion of G. g 


5. The reducing transformation. It is known that a linear trans- 
formation with matrix T exists which completely reduces the right 
and left regular representations.? It is possible to find all such reduc- 
ing matrices T in a fairly straightforward manner by making use of 
the conjugating representation. 

We first define a gXg “entry matrix” Z==||Z,,| by assigning to the 
sth row in a specified order the g=} s linearly independent entries 
(or coefficients) for the group element y; in a complete set of r non- 
equivalent irreducible unitary representations I’,. It is best to order 
these g entries first by representations I’, (Tı leading), then by rows 
within the particular #,-dimensional matrix of T, and finally by col- 
umns in I’,. The ordering of rows in Z shall be that of the group vec- 
tor y. 

Then the matrix P(y:)Z is a matrix similar to Z but with each 
group element which defines a row in Z replaced by its transform 
under y, so that the rows of the matrix Z are permuted by P(yi). 
The same reordering of the coefficients of Z could have been ob- 
tained by postmultiplying Z by the matrix Q(y:) of (9), which is 


3 H. Weyl, Tke dassical groups, Princeton, 1939, p. 165 ff. 
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partially decomposed according to the idempotents J,. For ZI, is a 
rectangular matrix of g rows and n columns, whose coefficients are 
transformed by a direct product matrix I’,(y,) XT,(Y.) applied on the 
right just as if each individual group element were transformed by ys. 
Hence using (9), we have ` 


(12) P(y)Z = Zl) = ZT PAT. 


A similar argument shows that R(y:)ZI, and L(y,)ZI, are matrices 
like ZI, in which the coefficients corresponding to the group element 
yy; are replaced by those of yyy; or of yry; respectively. This however 
is the same as either ZI,R,(y:) or Z1,L,(y,), where R, and L, are de- 
fined in (7). Summing over p.we have 


(13) Ry) = ZT R(y)T;  L)Z = ZT L(y) T. 
Writing T=ZV in (12) and (13) we see that the nonsingular matrix V 
permutes with each of the matrices T-'R(y,)T and T~'L(y:)T and 
their product Q(7,). Thus, 
V[T?R(y)T] = VEPRA = VZV) ZTR(y:) TV 
= [TR(y.) T\V, 

VTL) T] = TL) TV, 

VOl) = Or) Y. 


These relations (14) are possible for all y; if and only if V lies in 
the intersection of the commutators of T-'R(a)T and JT —'L(a)T. 
Hence V is a nonsingular linear combination of the idempotents J,. 
_ Now the well known orthogonality relations for the coefficients in 
the irreducible group representations imply that 


(15) l ZZ = 9, (¢/n,)I,- 


A 


(14) 


It follows that the matrix T = Z V will be unitary if and only if 
(16) V = > w, (s,/¢)1/7T,, where òo, = 1. 
şa 


A convenient choice is to take w,™= 1. 


THEOREM 3. A unitary matrix T which completely reduces the right 
and left represeniations and the conjugating representation may be 
formed by multiplying each element of the entry mairix Z described above 
by the appropriate factor (n,/g)'/1, where n, ts the degree of the trreduct-. 
ble represeniaiton associated with the particular column of Z. 


MicHicam STATE COLLEGE 


A NOTE ON FINITE ABELIAN GROUPS! 
L. J. PAIGE 


1. Introduction. R. H. Bruck* has pointed out that every finite 
group of odd order is isotopic to an idempotent quasigroup. It can 
be shown that a necessary and sufficient condition that a group G be 
isotopic to an idempotent quasigroup is that there exist one-to-one 
mappings @ and 7 of G upon G satisfying the relationship n(x) =x- O(x), 
for all x of G. The same condition is sufficient to prove the existence of 
a loop M whose automorphism group contains G as a subgroup. We 
shall not attempt to show either of these applications; but, since there 
may be others, the present paper is concerned with the existence of 
suitable 0 and for any finite abelian group G. For this we have a 
complete answer. Our methods are constructive, but (unfortunately 
from the standpoint of generalization) they make considerable use of 
the commutative law. 


2. Notation. We shall consider a finite abelian group G of order 
n=n(G).  . 

The product of the » distinct elements of G will be designated by 
p=p(G). 

Let x—6(x) be any one-to-one mapping (not necessarily an auto- 
morphism) of G upon G. Consider the derived mapping x—7(x) 
= x(x). The order of n, denoted by O(n), is the number of distinct 
elements n(x), for x in G. 

It is our purpose to prove the following theorem: 


THEOREM 1. There exists a 0 for which O(n) =n(G) unless G possesses 
exactly one clement of order 2. In the latter case there extsts a 0 for which 
O(n) =n(G)—1. 


3. Evaluation of p. 


Lexma 1. p(G)=1 unless G possesses exactly one element of order 2. 
In the latter case, (G) is the unique element of order 2. 


Proor. The set H consisting of the identity and all elements of G 
of order 2 is a uniquely defined subgroup of G. If aGG is of order 
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greater than 2, a»a~!; thus both a and a~! appear in p(G) and hence 
H(G) = p(B). 

If H has order 1, p(E)=1. If H has order 2, elements 1, g, then 
p(H)=1.g=zg, and p(B) is the unique element of H (and hence of G) 
of order 2. ` 

Now suppose H has order greater than 2; so that H has order 2, 
k>1. Then H has k generators gı, +--+, ga and every element of H 
has a unique representation in the form gi'gy?- - - g where », is 0 
or 1. Hence p(H) =| | (ggr - - - gf), where the product is over the 
distinct ordered sets (m, ---, ms) with n; taking the values 0 or 1. 
By symmetry p(H) = (gigs: ` - ga)" where m=2*-! and since k>1 we 
have (H) =1. 


4. A necessary condition. It is easily shown that there are abelian 
groups for which a suitable @ does not exist. 


Luma 2. A necessary condition that O(n) =n(G) is that ~(G) =1. 
COROLLARY. If p(G) 1, O(n) <n(G) for al 8. 


PROOF. Suppose there exists a @ for which O(n) =n(G). Then if we 
denote the elements of G by x; (¢=1, 2, +--+, 1), 


l 


U [x0(a,)] = I nt), 


and since G is abelian, 6 and n one-to-one mappings of G upon G, we 
have p?=p or p=1. The corollary should be obvious. 


5. The main theorem. In order to avoid complexity, we prove the 
following lemma before proceeding with the proof of Theorem 1. 


- Lexma 3. If for 0, O(n) Sn—2, where n=n(G), there existis a 0' such 
that O(n’) > O(n). 


COROLLARY. There exists a 0 for which O(n) =n(G)—1. 


Proor. Let 6 be a mapping for which O(n) =r Sn—2. Denoting the 
elements of G by x, (¢=1,---+, 2), let n(x;) (@—=1,---,7r) bether , 
distinct elements of n(x), for x in G. If there exist integers h, k>r 
such that «,0(x.) n(x.) (Sr), the problem is solved by setting 
6’ (xn) =O(xn), 0’ (x) =0(x4) and @’(x)=6(x) for the remaining ele- 
ments of G. Hence, assume that this is not the case. Since (x41) 
= (x;) for some #47, there is no loss in generality in assuming that 
(x41) = (x1). If x16 (xr42) n(x) (657), we can set 0’(x1) =O(ar4a), 
6! (p42) =O(x1) leaving 0’(x)=6(x) for the remaining elements of G 
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and thus construct a 6’ with O(n’) >r. But if x10 (x43) = (x) for some 
tr, we note that 10(x,43) = n(x). Hence we may assume without 
loss of generality that x10 (2,43) = n(x). 

Now x (x1) =n (x1), (xa). If x0 (x1) =n (2) <r), we could change 
0 by setting 0’ (x1) = 0 (x,432), 0’ (x1) = 8 (x1), 0’ (+44) = (x3) and thus con- 
struct 8’ with O(n’)>r. Otherwise we may assume without loss of 
generality that x:9(x1) = n(x). í 

Continue in this manner and suppose we have reached the point 
where 


(1) Olata) = Caa), Bpa) = nla) (i= 1,2, k). 
From (1) we derive the equations 
(2) n(ay)O6( 42) = nC) (pa 2 RE): 


In fact n(x1)0 (r43) = x10 (x1)0 (%r4a) = x10 (x143)0 (x1) = n(21)0 (x1); 80 as- 
sume (%1)0(xr42) =n(%541)8(xs) for some j, with 1SjSk. Then 
n(x) (x) = 05110 (x) 8 (441) = nxnn); and the result follows by 
induction. 

Now xa4s6(xa41) n(x) ($3242), for using (2) this would imply 

nlx) Olza) = ©2426 (xat) O (Eaa) = 7 (+442) 0 (2441) = n(x,)0 (xi), or 

O(xa3) =0 (x11), which is impossible since +5 4+2. If xpys0(xn41) 
n(x.) (Sr), we could change 0 by setting 0’(x1) —O(xr49), 8’ (441) 
= 0(x;) (G01, 2, ---, B41), 6’ (£41) = 8 (xr419) and thus construct a 6’ 
with O(n’) >r. If xu429(xa41) =7(x,) for some ¿£r we may assume 
without loss of generality that #=£+3 and add to (1) the equation 
Xah (£an) = 7 (x1). However, since O(n) is finite, we must reach a 
product x(x; 1) n(x.) (¢Sr). This completes the proof of Lemma 3. 
The corollary is obvious. 

In order to prove Theorem 1 we may assume, by the sag of 
Lemma 3, a 6 for which O(n) ="(G)—1. Hence, let n(xs) (¢m1, - 
m—1) be the »—1 distinct elements of n(x), for x in G; s the a 
element of G not equal to some n(x). Then since , 


H [z0 (2)] = NEG, 


we Baye px, pols) l= ps, where p= (G) as defined in §2. Thus 
DXO) mg or p(x) =s. Hence if p(G)=1, we see that O(n) 
=n(G). But if p(G)»s1 we know by Lemma 2 that O(n) <n(G) for 
all 0. This completes the proof. 

Although there exist groups G for which a 9, such that O(n) =(G), 
is easily represented explicitly (for example, if G is of odd order let 
(x) =x), the author found it necessary to use repeated applications 
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of Lemma 3 to obtain suitable 6’s for groups of the form ZıXZıX Z3 
where Z; are cyclic of order 2**. However, it should be noted that if 
G&YG1 XG, a one-to-one mapping 0 of G upon G may be defined by 


oile, ¥)] = [@x(*), Aa(y) | 


where f, and 6, are one-to-one mappings of G; upon Gi and Gs upon G3 
respectively. Moreover @ satisfies the relationship O(n) & O(m) - O(n). 
Thus if O(m) =n(Gi), O(m) =n(Gs) we would have O(n) = (GX Gs) 
and 9 is represented explicitly in terms of 6, and 63. 


UNIVERSITY OF WISCONSIN 


ON RINGS WHOSE ASSOCIATED LIE RINGS 
ARE NILPOTENT 


had 


S. A. JENNINGS 


1. Introduction. With any ring R we may associate a Lie ring (R); 
by combining the elements of R under addition and commutation, 
where the commutator x o y of two elements x, y ER is defined by 


` 


TOY m LY — YX. 


We call (R); the Lie ring associated with R, and denote it by #. The 
question of how far the properties of R determine those of R is of 
considerable interest, and has been studied extensively for the case 
when R is an algebra, but little is known of the situation in general. 
In an earlier paper the author investigated the effect of the nilpotency 
of R upon the structure of R if R contains a nilpotent ideal N such 
that R/N is commutative.! In the present note we prove that, for an 
arbitrary ring R, the nilpotency of R implies that the commutators 
of R of the form x o y generate.a nil-ideal, while the commutators of 
R of the form (x o y) os generate a nilpotent ideal (cf. §3). If R is 
finitely generated, and X is nilpotent then the ideal generated by the 
commutators x o y is also nilpotent (cf. §4). 


_ 2. A lemma on L-nilpotent rings. We recall that the Lie ring ® 
is said to be nilpotent of class y if we have 


Received by the editors December 23, 1946. 
1 Central chains of ideals in an associatése ring, Duke Math. J. vol. 9 (1942) pp. 
341-355, Theorem 6.5. 
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(1) R=MIMRWwD--- DRO =0 


where a= [Ra R] is the Lie ideal of R generated by all elements 
of the form x o y with ER and yER,ı. If R is a ring whose associ- 
ated Lie ring is nilpotent of class y then we shall say that R is L-nil- 
potent of class y. It is well known that the lower central chain (1) has 
the property [%,, Re] ERr, and hence in particular 


(2) [R Ra] = 0 l if 2A > y. 
We prove the following lemma. 


LEMMA 1. Let R be an L-nüpoteni ring of class y. If cER,1 and sf 
x,y are arbtirary elements of R then i 


(co a)(co y) = 0, 
and in particular 
(co x)? = 0, 
If ci, ER and c 0 amO then for arbitrary x, yCR 
(c10 x)(G30 y) = 0. 
Proor. Consider the identity 


(aobyo x) = (sobo z)y + (a0b)(yo 2) + baoyo z) + (bo z) (ao y). 
Setting a=b=c we have, since [Ry R, R] =0, | 
0 = (cox)(co y) 

and, ifx=¥, 
0 = (co x)3, 
while if a =c, boq and ci o q=0 
| 0 = (c10 x) (c0 y), 
which proves the lemma. 


3. Ideals generated by the lower central chain of R. In what fol- 
lows, R will be an L-nilpotent ring, and we denote the lower central 
Chain of R asin (1). Let Ra, k=1,2,---, Y, be the subring of R gen- 
erated by the elements of R,, and let F, be the ideal of R generated 
by Ry. It is known? that every element of R, may be written in the 
form ++, where #,CR, and r1,CRR,, and since R, is in the centre 
of R, R, is a nilpotent or nil-ring whenever R, is. 


t Ibid. Lemma 5.3. 
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Let R*=R/R,; then the natural homomorphism of R upon R* in- 
duces a homomorphism of R upon R*, where R* is the Lie ring asso- 
ciated with R*, such that R,—>R,*. Hence in-particular R,*=0 and 
R* is an L-nilpotent ring of class not greater than y—1. 

Our principal theorem is the following :_ 


THEOREM 1. If R is an L-nilpotent ring, then the commutators of R 
generais a nil-ideal of R, that ts, Rais a ntl-ideal. The elements of R of 
the form (x o y) o s generate a nilpotent ideal of R, that is, Ry ts nù- 
potent. 


Proor. Consider first R,: every element of R, can be written as a 
finite sum of finite products of elements of R, and since Ry = [Ry R], 
every element of R, can be written as a finite sum of elements of the 
form c o x, where cCt,1 and xER. Hence every element of R, i8 a 
sum of products of elements of the form c o x. Now by Lemma 1 the 
square of every element of the form c o x is zero, and these elements 
are all in the centre of R. Hence if 


y= pı + a+ ose. + $a 
is an element of R,, where the p, are products of elements of the form 
co x, we have ~2=0 and therefore, since these products p, are all in 
the centre of R, we have y*t!=0, which proves that Ry, and hence 
R, is a nil-ring. Now if y>2 we have, from (2) 
[Rri Rrr] =0 . 
and hence cı o 4 =0 for all a, aE Ry. From Lemma 1 it follows that 
~.~;=0 in the representation of y above, and hence 
` E = 0, Y > 2. 


The proof of the theorem now proceeds easily by induction upon y, 
since by the above it is true when y=2, that is whenever R= Ry, 
R,=0. We suppose, therefore, that the theorem holds for rings of 
class leas than y, and hence in particular for R*=R/R,. Then if 
cE R, and c—c* in the homomorphism of R upon R* we have 


ctr’ aO, o’ some integer, 
by our induction, and hence 

o CR, for allc E Re. 
Since Æ, =0 whenever y>2 we have 


œ = 0, where o = 20’, 
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and it follows that Ry isa nil-ring. Further, since R,* is nilpotent by 
our induction, 


Rr =0 foracme integer r’ 
and hence | 

BCR, 
and therefore 

R= 0, whee T = 2r, 


which proves that R, is nilpotent, as required. 


4. Finitely generated L-nilpotent rings. If R satisfies the maximal 
or minimal condition for one-sided ideals, so does Ry and hence R, 
must be nilpotent.*? We prove the following stronger result: 


THEOREM 2. If R is a finitely generated L-nalpotent ring, then the 
commutators of R generate a nilpotent ideal, that is, Ry is nilpotent. 


Proor. If R is finitely generated, say by xi, x3, -- >, xg, then every 
element x of R can be written in the form x=titprt+ ---+p, 
where the p, are products of the xı °°, xa in some order. It ig 
clearly sufficient to consider the case y =2, since if we show in general 
that R,/R; is nilpotent, it will follow from Theorem 1 that F, has 
this property. Because of the identity 


(ab) oc = a(boc) + (aoc)b 
every element of R, can be written as a sum of products of the form 
Te = (ti O 24) (24O %,)- ++ (0 Zi); a ER. 


Now there are at most d(d—1)/2 nonzero commutators of the type 
xO x, and since by Lemma 1 we have 


(4,0 r) (To ma) = 0 


it follows that if the number of factors in any product r, is greater 
than d(d—1)/2 this product vanishes. Hence 


R; = 0, r= d(d — 1)/2 4+ 1 
and the theorem is established. 
3 Cf. C Hopkins, Nilrings with minimum condition for admissible left ideals, Duke 


Math. J. vol. 4 (1938) pp. 664-667; J. Levitzki, Solution’ of a problem of G. Kathe, 
Amer. J. Math. vol. 67 (1945) pp. 437-442. 


Poi 
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In connection with Theorem 2 it would be of interest to know if 
there exist L-nilpotent rings for which Ris not nilpotent. It would be 
enough to exhibit a ring R for which 


{zo y)os = 0 for all z, y s E R 


and such that the subring generated by elements of the form (x o y) 
is not, nilpotent. The author has been unable to construct such a ring 
but it seems fairly safe to conjecture that such a one exists, and indeed 
with a countable generating set. 

Since R/R, is commutative and R, is nilpotent we have at once 
from an earlier result of the author :1 


THEOREM 3. A finitely generaied L-ntlpotent ring ts of fintie class. 


Finally, it is clear that we have the following criterion for the nil- 
potency of a finitely generated nil-ring: 


THEOREM 4. A finitely generated nil-ring ts nilpotent if and only if 
sis associated Lie ring +s ntlpotent. 


This last theorem may be compared with Kaplansky’s result on 
finitely generated nil-algebras,4 which -states that, provided the 
ground field has enough elements, such an algebra is nilpotent if and 
only if there exists a fixed integer p such that x*=0 for all elements x 
in the algebra. Our theorem shows that this condition may be re- 
placed by the requirement that all commutators of a fixed weight 
vanish. 

Tue UNIVERSITY OF British COLUMBIA 


t I. Kaplansky, On a problem of Kurosch ond Jacobson, Bull. Amer. Math. Soc. vol. 
52 (1946) pp. 496-500. Added in proof. In a recent paper (Bull. Amer. Math. Soc. 
vol. 52 (1946) pp. 1033-1035) J. Levitzki has proved a more general theorem to the 
effect that every finitely generated nil-ring of bounded index is nilpotent. 
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A SUM CONNECTED WITH THE PARTITION FUNCTION 
ALBERT LEON WHITEMAN 


1. Introduction. In the formula for the number p() of unrestricted 
partitions of an integer ø there appears the sum [1]? 


(1) Aln) = D0’ wan exp (— 2rikn/k), 


where the dash ’ beside the summation symbol indicates here and in 
the sequel that the letter of summation runs only through a reduced 
residue system with respect to the modulus. The symbol w,» denotes 
certain 24ķth roots of unity given by 


was =exp (rts(h, k)), 
where s(k, k) is a Dedekind sum [2] defined by 


a- (GG) 


The symbol ((x)), in turn, is defined as follows: 
[x] — 1/2 for x not an integer, 


is 
a) ‘0 for x an integer, 
where [x] denotes, as usual, the greatest integer not exceeding x. 
D. H. Lehmer [3] has investigated these sums on the basis of a differ- 
ent expression for the roots of unity involved. In the first place he 
factored the Ai(m) according to the prime powers contained in &. 
“Secondly, by reducing them to sums studied by H. D. Kloosterman 
[4] and H. Salié [5], he evaluated the A(n) explicitly in the case in 
which & is a prime or a power of a prime. Both results together pro- 
vide a method for calculating the A(n). Alternate proofs of Lehmer’s 
factorization theorems have been given in [2]. In the present note a 
new approach to the second of Lehmer’s results is presented. The 
method given here is simpler than Lehmer’s method, especially in the 
treatment of the case k = 2). 


2. Some lemmas. The proofs are based in part on three lemmas, 
which occur as Theorems 17, 18, 19 in [2]. 


Lunna 1. Let O==6(k) denote 1 for 3tk and 3 for 3|k so that Ok is 
Presented to the Society, September 5, 1941; received by the editors June 20, 1946. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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either prime to 3 or divisible by 3%. For (h, k) = 1 we have 
12hks(k, k) m A? + 1 (mod 94). 
Moreover 
12ks(h, k) m 0 (mod 3) 
sf ama ony T ik 


LEMMA 2. For odd k we have 12ks(h, k) ak+1—2(k|k) (mod 8), 
where (h| k) denotes the Legendre-Jacobt symbol. 


Lema 3. If k is equal to 24,20, and j and h are odd integers, then 
12hks(h, K) m k? + kt + 38 +1 -+ 2k(A| h) (mod 2**4). 


The following lemmas concerning generalized Kloosterman sums 
are also needed. 
LEMMA 4. Let k= p*, where p ts an odd prime. Put 


Sala) = 2 Gl k) exp (2ri(nh + &)/k), 


where h is defined as any solution of the congruence hhum1 (mod k). Then 

0 if n is a non-residue of k prime to k, 

246-1) /2)7 1/2 cos 4am /k ifm? m n (mod k), n prime to k, 

if n is divisible by p anda > 1, 

¡(00/91 if n is divisible by p and a = 1. 

LEMMA 5. Let k=p, 8>1, and n1 (mod p), where p denotes an 
odd prime congruent to 3 (mod 4). Then 

I (h| H) exp (2ei(mh + 4/4) 


h mod & 


Sal”) =a 


= 2i DDH (m | p) RU? sin (4rm/ k), 
where m is an integer such thai m? mn (mod k). 


Lemmas 4 and 5 may be proved by employing a method due to the 
author [6]. The method ‘carries over step by step with only slight 
modifications and it does not seem necessary to present it again here. 


LEMMA 6. If k is equal to 2>, X=9, and n is an odd integer, then 
S (2k| K) exp (2rin(h + &)/k) 
h mod I 


= 2(k | n) (25)? cos (1/4 + (— 1) 4rn/k). 
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Lemma 6 may be established ai if use is made of Salié’s [5] dis- 
cussion (§3) of the corresponding sum without a quadratic character. 
In fact, the introduction of the character has no influence on the argu- 
ment. It is therefore not necessary to reproduce the proof here. 


3. Proof of Lehmer’s theorems. In order to apply the lemmas of 
the preceding section to the evaluation of A,(s) for k a power of an 
odd prime p, we divide the discussion into two cases according as. 
b>3 or p=3. For p>3 we employ the congruence 


6k[— ((k — 1)/2)2—1 1+ (24| k)] + 24%¢hk + 24-248 

= 12hs(h, K) — 24n (mod 248), 
where a and & are defined by means of the congruences | 
(3) — 24g m 1 — 24m (mod k), hk m 1 (mod k). 


Divisibility with respect to k and with respect to 3 in congruénce 
(2) follows at once from Lemma 1. Divisibility with respect to 8 fòl- 
lows from Lemma 2 and the well known relation (2| k) = (—1) 0—98, 
Hence, from (1) and (2), we get . 


Aln) = 2 exp [2ri(ks(k, k)/2 — kn)/k] i 
- X exp nile (= D/y 14 28 k))/4 


n 24ah + 24h]/k} 
= (— #)(-0i0(2| k) $y (4| k) exp [2ri(24ak + 244) /k] 
k mod b 


(2) 


= (— £103 | A) 2’ (A| k) exp [2ri(ak + h)/R]. 
k mod 


Applying Lemma 4, and using (3), we obtain the following theorem. 


THEOREM 1. If k= p°, ač&1, and o= 1 — 24y, where t is a prime 
greater than 3, then 


0 , if » is a nom-residus? of k, prime to k, 
2(3| k) k13 cos (4am/k) ifo m (24m)? (mod k), prime to k, 
0 if v m 0 (mod p) anda > 1, 
(3 | k) Rt? if v m 0 (mod $) and a = 1. 

We turn next to e caus which arises when k= p" and p=3. This 


Aln) = 


* This condition should not he confused with (s| ky = —1. We mean that no solu- 
tion exists of the congruence xfmy (mod : 


/ 
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time we use the congruence 
4) 6k[— (k aed (2h | k)] + 8tak + 8-8h 

wu 12ks(h, k) — 24hn (mod 24k), 
where a and & are defined by the congruences 
(5) 8'¢ m 1 — 24n (mod 3k), kA m 1 (mod 34). 


Divisibility with respect to 3k in congruence (4) follows immedi- 
ately from Lemma 1. Divisibility with respect to 8 follows from 
Lemma 2. Hence, by (1) and (4), we bave 


A,(n) = X exp [2ri(3ks(h, k)/2 — 3hm)/3k] 
k mod b 
= D exp {2ri[3a(— (k — 9/2) — 1 + Qh] W)/4 


| + 8ah + 8h]/3k} 
= (— #002 | k) >’ (h| k) exp [2ri(8ak + 84)/3k]. 


As k runs through a reduced residue system mod k, so does h+k. 
Replace Å by 4—&&?, and observe that (5) implies that 


Balh + k) + 8(h — RAY) m 8ah + 8h (mod 34). 


If k now runs over a reduced residue system mod 3k, instead of mod k, 
we obtain 34i(n) instead of A,(n). Therefore, 


tae = (90m2 B) EY (A| H) exp [2ri(8ak + BR) /34] | 
; / 
= = (=)0-9" DY (k| A) exp [2ri(ak + D/A]: 


Since am į (mod 3), we may apply Lemma 5 with f replaced by a+. 
Thus we get the following theorem. 


THEOREM 2. If k= F, then 
Aln) = 2(— 1) (m | 3)(2/3)1/ sin (42/38), 
where m is an integer such that (8m)?s01—24n (mod 32). 


Finally, we consider the case k=2*. For this purpose we use the 
congruence 


(6) 3kk — 6hR(R| k) + 3%ch + 3-3h m 12ks(k, k) — 24hn (mod 248), 
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where a and & are defined by the congruences 
(7) ~ 3%G m 1 — 24n (mod 8k), kh em 1 (mod 88), 


and where we have assumed that X23. 

Divisibility with respect to 3 in congruence (6) follows from the 
` second part of Lemma 1. Divisibility with respect to 82 follows from 
Lemma 3. From (1) and (6) we now obtain 


Ailn) = 1’ exp [2ri(4hs(h, k) — 8hn)/8h] 
À mod k 


= 2y exp [2ri(hk — 2hk(k| k) + 3ak + 34)/84] 
àk mod & i 


8 
It is easy to verify that 


exp [2ri(k — 2h(h| &))/8] = (— 1)*1(h| 34) exp [2xi(3h)/8]. 
Therefore, 


~— SY exp [2ri(h — 24(4| 4))/8] exp[2ei(3ak + 35/84]. 
h mod 8h , 


(8) Aa(m) = <- p 2. (k| 3k) exp [2ri(3ak + 34(1 + k))/8k]. 


Now, for \25, we have (1+2/2)?m1-+& (mod 8k). Furthermore, it 
follows from (7) that a is a quadratic residue of 23+) since 3*gm1 
(mod 8). Let m?ma (mod 8k). Replacing h by 3m(1+k/2)h, and ap- 
plying Lemma 6, we obtain for \=6, 


1 7 
Aln) = a (— 1)1(k| m) 50’ (k| &) exp [2rin(1 + k/2)(h + &)/8k| 
; k mod 8h 


m (— 1)(2 | m) k13 cos {4/4 + (—1) (Dhr [m14 2/2) ]/88). 
The last equation may be simplified by employing the relation 
(2| m) =(—1)(**-D/, We obtain thus the following theorem. 
THEOREM 3. If k= 2, AZO, then 
Aln) = (— 1)*(— 1| m)&/? sin (4rm/8k), 
where m is an integer such that (3m)? 1—24n (mod 8k). 


Actually we have established Theorem 3 only for \26. The veri- 
fication of this theorem for \<6 is left as an exercise for the reader. 
For 0S\S3, use the definition of As(m) given by (1). For \=4, 5 
use the formula for A,(s) given by (8). 


' 1 
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PURDUE UNIVERSITY 


A PRIME-REPRESENTING FUNCTION 
T H. MILLS 


A functjon f(x) is said to he a prime-representing function if f(x) 
is a prime number for all positive'integral values of x. It will be 
shown that there exists a real number A such that [A®] is a prime- 
representing function, where [R] denotes the greatest integer less 
than or equal to R. 

Let pa denote the ath prime number. A. E. Ingham! has shown that 


(1) Ee 
where K is a fixed positive integer. ° 


Lemma. If N is an integer greater than K" there exists a prime p such 
that N*¥<p<(N+1)?-1. 


PROOF. Let p, be the greatest prime leas than N*. Then 
N? Pat < tet Kpa <N HEN YN +N’ 
CN ey =i 

Let Po be a prime greater than K*. Then by the lemma we can 
construct an infinite sequence of primes, Po, Pa, Ps, -- +, such that 
P2< Pyii<(P,+1)?—1. Let 
(3) t=P.”, m= (Pa +1)" 
Then 
(4) Da > Ma, ios = Pai i Pi = Ha, 
(5) ‘Oyi = (Paji + 1)” he (P, + iy ™ py. 


It follows at once that the u, form a bounded monotone increasing 
sequence. Let A =lim,..us. 


(2) 


THEOREM. [A7] isa prime-representing functton. 


` Proor. From (4) and (5) it follows that u, <A <0., or P, <A? 
<P,+1. 
Therefore [A"] =P, and [A"] is a prime-representing function. 
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ON THE CHARACTERISTIC EQUATIONS OF 
CERTAIN MATRICES 


ALFRED BRAUER 


In a paper to be published soon in the Annals of Mathematical 
Statistiés, R. v. Mises obtains the following theorem on matrices from 
results in the theory of probability. ~ 


THEOREM. Let A = (a.x), B= (bax), and CE (ca) be square matrices 
of order n. If ihe elements of A and C satisfy the conditions 


(1) r: =' 2 dg = 0 («= 1, KT , #), 
P yun] i 
(2) l n= Dan = 0 (A= 1,2,---, 9), 
p| 
(3) a= Gta (k, à = 1,2,-+-,n) 
where C1, Ca, ` © +, Ca Gre arbtirary numbers, then the matrices AB and 


A(B+C) have the same characteristic equation. 

In the following a purely algebraic proof of this theorem will be 
given. 
PROOF. We set 


Dy Goe qu (k = 1; 2,- n). 
Pm] 


Then we have by (1) and (3) 
Gil Giz *** Gia citei aterea t ea 


Gay Gn’: On| [Ca ci cat csee ata 


AC = 
(4) Gut Gur*** Gun) (Ca ter Ca F Cttee Ca ty 
qt efi gteri-: ++ gtr q °° Qs 
Qa t+ cra Qa + ca: gat Cats q3 qatt- 


qe + Cif, Qu + Cn °° + Int Cahn Gn Gn°° ‘Qn 
Let P be the triangular matrix 
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1 0 0`0---0 1 0 0---0 
1 100 —1 1 0 0 
P=!/1 110 - Pra Gl 1:---0 


0-9 Teri 0 00am Í 


1 Oise. 0 qı qo °° Qi 


1 1 Ollga qs qs 
PAC=[ - 6 © © © © J fiw 2 we eee 
1 OJ | gaa Qai Gant 
(5) 1 da Qa qa 
qı qı qı 
qt: qitqs qitgs 


0 0 aih = 0 
since by (2) 
Dee DDS maa= LaL amm Dan =0.- 
pan] pm] dom] dom] p1 dl 
Hence 
\ 
qi gi occ Qu 10--- 00 
| ie —1 1 0 0 
PACP" = Ara dtd e auty 
0 0 0 0 0----1 1 
(6) 
0 0.. 4 
0 O0O---Q qi + qa 


0 0:0 atgat::++ qe 
0 0---90 0 


On the other hand, it follows from (2), similarly as in (5), that PA, 
- and therefore alsq PAB and PABP , are matrices in which all the 


~~ 
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elements of the last. row are equal to 0. Hence PABP-' has the form 





0 0---0 0 
where Den i8 a square mai of order #—1 and t, ts, <- -, h are 
certain elements. It follows from (7) and (6) that | 


i ttg 
h + qı + q3 
(8) PA(B + OP! = 





hat gt gt- Hga 
t0 0-0 | 0 < 
If we denote the characteristic polynomial of the matrix D,, by 


f(x), then it follows from (7) and (8) that PABP! and PA (B +OP 
both have the characteristic equation 


(9) - af(z) = 0. 


~ Since similar matrices have the same characteristic equation, (9) is 
also the characteristic equation of AB,and A (B+C): 


UNIVERSITY oF NORTH CAROLINA 
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N 
NOTE ON HADAMARD’S DETERMINANT THEOREM 
JOHN WILLIAMSON 


Introduction. We shall call a square matrix A of order » an Hada- 
mard matrix or for brevity an H-matrix, if each element of A has the 
value +1 and if the determinant of A has the maximum possible 
value n™?, It is known that such a matrix A is an H-matrix [1]! if, 
-and only if, AA’ =nE, where A’ is the transpose of A and E, is the 
unit matrix of order n. It is also known that, if an H-matrix of order 
n> 1 exists, n must have the value 2 or be divisible by 4. The existence 
of an H-matrix of order n has been proved [2, 3] only for the following 
values of n>1: (a) n=2, (b) n=p*+imO mod 4, p a prime, (c) n 
=m(p*+1) where m & 2 is the order of an H-matrix and p is a prime, 
(d) #=q(q—1)' where q is a product of factors of types (a) and (b), (e) 
n= 172 and for n a product of any number of factors of types (a), (b), 
(c), (d) and (e). . 

In this note we shall show that an A-matrix of order # also exists 
when (f) #=q(¢+3) where q and g+4 are both products of factors’ of 
types (a) and (b), (g) = nn2(p4+1)p*, where m:>1 and m>1 are 
orders of H-matrices and p is an odd prime, and (h) n =mmm(m+ 3) 
where #:>1 and ,>1 are orders of H-matrices and m and m+4 are 
both of the form p*++1, p an odd prime. 

It is interesting to note the presence of the factors m; and 7% in the 
types (g) and (h) and their absence in the types (d) and (f). Thus, 
if p is a prime and p*+1:0 mod 4, an A-matrix of order p*(p*+1) 
exists but, if p*-+ 12 mod 4, we can only be sure of the existence of 
an H-matrix of order mnp? (p}+1) where #:>1 and ,>1 are orders 
of H-matrices. Thisis analogous to the simpler result that, if p*+1=0 
mod 4 an A-matrix of order p*+1 exists but, if p*-+1m2 mod 4, we 
can only be sure of the existence of an H-matrix of order »(p*+1) 
` where #>1 is the order of an H-matrix. 

We shall denote the direct product of two matrices A and B by 
A-B and the unit matrix of order n by £,. 


Theorems on the existence of H-matrices. If a symmetric H-matrix 
of order m>1 exists, there exists an H-matrix H of order m with the 


form > 
(o) 
H = ; 
e D 
_ Received by the editors December 6, 1946. i 


1 Numbers in brackets refer to the references cited at the end of the paper. 
608 \ 


HADAMARD’S DETERMINANT THEOREM 609 


where ¢ is the row vector (1, 1, , 1) of dimension m—1 and øo’ the 
column vector which is the Capo of e. Since H is a symmetric 
H-matrix 


H? = HH’ = mE, 


and accordingly $ 
m e + eD m 0 

¢ + Dé e+ ») 7 4 mena) 
Therefore g 
(1) eD = — e, De m — eg 
and | f 
(2) D m mEnm—ı— R, 
where / 
(3) R=ée 


and R is the square matrix of order m—1 each element of which has 
the value 1. It follows easily that 


(4) ‘ R? = (m —1)R 
and by (1) and (3) that i 
(5) RD = — R = DR. 


If Fm2E, 1—R, Fisa symmetric matrix each element of which has . 


the value +1. Further 


(6) FD = DF 
by (5) and 
(7) F? = AEn T (m z 5)R 


by (4). If # is a product of factors of types (a) and (b) there exists 
[3, p. 67] an H-matrix of order » with the form E,+.S where S is 
skew-symmetric so that _ 


(8) Sto — (a — 1K. 
If 

W = F-E, + D-S, 
each element of W has the value 1 and 


l 
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WW’ = (F-E, + D-S)(F-E, — D-S) 
= PE, — DS by (6)) 
= [4Em: + (m — 5)R]-E, + (mEn — R): (» — 1B | 

(by (7), (2) and (8)) 
= |(4 + mn — m) En]: En + (m — n — 4)R-Ey. 

Therefore, if n=m— 4, 

WW’ = (m — 1)(m — 4) Eu 1: Ena = n(n + 3)E, Ents 

and W is an H-matrix. i 

Since a symmetric H-matrix of order 2 exists and a symmetric 

H-matrix of order p4+1=0 mod 4, where p is a prime, exists [3, 

p. 67], there exists a symmetric H-matrix of order » where » is a 


product of factors of types (a) and (b). We have therefore proved the 
theorem: | 


THEOREM 1. If n and n+4 are both products of factors of types (a) 
. and (b) there extsts an H-matrax of order n(n-+3). 


As a particular case of this theorem we have the corollary: 


CoROLLARY 1. If n—1 and n+3 are both powers of primes and are 
congruent to 3 modulo 4, there extsts an H-matrix of order n(n+3). 


If m=p*+1m2 mod 4, where > is a prime, there exists [3, p. 66] 
a symmetric matrix T of order m, each diagonal element of which has 
the value 0 and each other element the value +1 and such that 


(; ) 
Ta 
€ U 


and 

(9) T? = (m — 1)En. 

It follows therefore that 

(10) UU' = U? = (m — 1) Eni — R, 


where R is defined by (3). Let A; and Bı be two H-matrices of order 
n such that [3, p. 66] 


(11) A,By = — B,Aj 


and let Km 4,- Eaa + Bı: U. Then each element of K has the value 
+iand 
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KK’ = 4,4! -Em1 + Bi Bi U? (by (11)) 


(12) | 
= mE, (MEn — R) (by (10)). 
Since ¢eU=0 = Ve’, | 
(13) RU = UR =Q. 
Hence, if P= A1-R, | 
(14) OTT = mEn (m — 1)R (by (4)) 
and 
(15) TK’ = 4,A{-R = KI“ - (by (13)). 
Finally, if As and B, are two H-matrices of order n satisfying 
(16) - AsBy = — BsAj, 
and 
W = A:T- EH, + 3B: K-T, 
WW' = Ady TI": E+ ByBy -KK’- T? (by (15) and (16)) 


= mEn mEn [(m — 1)R + (Eni — R)(m — 1)]-En 
(by (9), (12) and (14)) 
= rE. (r = minym(m — 1)). 
Therefore W is an H-matrix and we have proved the theorem: 


THEOREM 2. If H-matrices of orders nm and n, extst, m > 1, m>1, and 
pts a prime such that p*+1 m2 mod 4, there extsts an H-matrix of order 
nm2p*(pt+t). 

Since, if p is a prime such that p*+1m0 mod 4, there exists an 
H-matrix of order p*(p*++1), we have the corollary: 

COROLLARY 1. If H-matrices exist of orders m.>1 and m,>1, there 
existis an H-matrax of order nyna(p*+1)p* where p is an odd prime. 

Since an H-matrix of order 2 exists we have the corollary: 


COROLLARY 2. If p ts an odd prime an H-matrix exists of order 
4p*(p*+1). 

In the proof of the final theorem we require the following lemma: 

Lemma 1. If there exists an H-mairix A of order n>1, there exist 


two H-matreces B and C of order n such that AB’ = —BA', AC'=CA’, 
BC’ = CB’. 
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In fact the matrices B= XA and C= YA, where X is the diagonal 


EICI 


and Y is the diagonal block matrix 


dG di G ol, 


satisfy the conditions of the lemma. For BB’=CC'=nE,, AB’=nX’ 
=—nX=—BA', CA’=nY'’mnVY=eCA!’ and BC’mnX Y’ oanVX’ 
= CB’, 

Let M=(C,-(2E, 1—R) and N=<A;:F,1+B,-U, where R is de- 
fined by (14), U by (10) and A;, Bı and Cı are matrices of order m 
with the properties of Lemma 1. Then each element of the matrices 
M and N has the value +1. Further 
an MM’ = mEn: (4k, 1 — 4R + RY 

= mEn, [4En + (m — 5)R] (by (4)), 
(18) NN’ = mE: (Emi EI U’ = nEn, (mE m1 — R) (by (10)) 
and 
MN’ = C,4/ -(2Ew 1 — R) + Ci BY (2Em — R)U 
= Cidi - (2H. — R) + CiBi -2U (by (13)). 
Therefore by Lemma 1 | 
(19) > MN’ = NM’. 


Let A; and B, be two H-matrices of order m>1 satisfying (16) and 
let n= p*+ 12 mod 4 where p is a prime. Then there exists a matrix 
G of order » and of the same form as T in (9) and satisfying 


(20) - @ m= (n — 1K. 


If finally W=4::M-E.+Bı:N-G, each element of W has the value 
+1 and 


WW! = nEn, (MM’- E+ NN’-G? (by (16) and (19)) 
= nEn [4Em + (m — 5)R] E 
+ (mEm — R) (s — IE (by (17), (18) and (20)) 


= MEn: (4 + ma — me) Eni + (m — 4 nR] E. 
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Hence, if m=#+4 and r = nmmn(n +3) =nmm(m—1)(m— 4), 
l ww œ rF, 
and W is an EEEN We have Wede proved the theorem: 


THEOREM 3. If n and n+4 are both of the form p412 mod 4 
where p is a prime and if H-matrices of orders m>1 and %>1 both 
exist, there exists an H-matrix of order mmm(n +3). 


As a consequence of Theorem 1 we Have the corollary: 


COROLLARY 1. If n and n-+-4 are both of the form p*+-1 where p is an 
odd prime and if H-mairices of orders n.>1 and y>1 both exist, there 
exists an H-matrix of order mnt (+3). 


Since an H-matrix of order 2 exists we also have the corollary: 


COROLLARY 2. If n and n+4 are both of the form p*+1, where p is 
an odd prime, there exists an H-matrix of order 4n(n+3). 


Particular examples: That the above theorems do actually increase 
' the values of » as orders of H-matrices which are known to exist is 
shown by the following examples. 

By ‘Theorem 1 an H-matrix of order (56) (59) exists. For 56 = 2(3?+1) 
and 59 is prime. Further no one of (56)(59), (28)(59), (14)(59), 4(59) 
or-2(59) is of the form p*+1. Therefore (56)(59) is not a product of 
factors of types (a), (b) or (c). By Theorem 2 an H-matrix of order 
4(73)(74) exists and by Theorem 3 an A-matrix of order 4(230)(233) 
exists. Neither of the numbers 4(73)(74) nor 4(230) (233) is a product 
of factors of types (a), (b), (c) and (d). 
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QUEENS COLLEGE - 


A GEOMETRIC THEOREM AND ITS APPLICATION 
TO BIORTHOGONAL SYSTEMS 


ANGUS E. TAYLOR 


1. The geometric theorem. Let E. denote an n-dimensional Eu- 
clidean space. A set of points in E, may constitute an E; if so, it 
will be called a plane in E,. We shall sometimes denote planes by 
bi, Ps, + > >. Also, if x1, ++, £a are linearly independent vectors 
emanating from a common point O in E the plane through O and 
containing these vectors will be denoted by E(m, --- , £»). A-plane 
-divides E, into two closed half-spaces each having the plane'as bound- 
ary, but otherwise having no points in common. If Sis a point set in 
E., a plane p is called a supporting plane of S if (1) S les in one of 
the closed half-spaces determined by p, and (2) the distance between 
S and p is zero. 


THEOREM 1. Let S be a bounded and closed poini set in E.. Let O 
be a poini of En, and suppose that the set consisting of O and S does not 
lie in any plane. Then there existi n linearly independent vectors 
Xi, © © © , Xa emanating from O, with terminal points Pi,---, Pain S,. 
and n planes pi, -> > , Pa Satisfying the following conditions: For each + 
(a) p: contains Pi; (b) pits parallel to Elx, e, Nei, Fitu © a Fa); 
(c) p: is a supporting plane of the set conststing of O and S. 


Proor. Consider any »# points Pi, - - -, Pain S. Let x; be the vector 
from O to P,;. Form the parallelepiped determined by the vectors 
%1,°°+*,%,. Asa figure in E, this parallelepiped has a certain content, 
which is a function of Pi, ---, Ps, say V(P1,---, Pa). Because of 
the hypothesis concerning O and S, there is at least one choice of 
Pı, -+ -, Pa for which the parallelepiped is nondegenerate; V there- 
fore assumes a positive value. Now V is a continuous function of the 
variables P:,---, Pa, each of which ranges over the compact set S. 
It follows that V assumes a positive absolute maximum value. 
Throughout the remainder of the proof we shall use Pi, >+, Px 
to denote a set of points in S at which V attains its absolute maxi- 
mum. The fact that the maximum is positive then implies that the 


vectors «1, ° * * , %, are linearly independent. 
Let p; be the plane through P, parallel to E(x, >+, xi, 
iit, °° *, Xa). The parallelepiped of maximum content lies between 


these planes, each of a pair of opposite faces lying in one of the planes. 
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We have to prove that p; is a supporting plane of the set consisting 
of O and S, that is (since O is not on p,), that O and any point of S 
both lie in the same one of the two closed half-spaces determined 
by p: Suppose that for some point Q of S this were not the case. 
Consider the parallelepiped determined by the vectora x1, °° ©, Xi, 
OQ, Xiti ° + +, Xa. Its content would evidently be greater than that 
of the parallelepiped determined by x, - ++, £a, in contradiction to 
the maximal property of the latter. For, the #-dimensional content 
of a parallelepiped is equal to the (#—1)-dimensional content of one 
of its faces multiplied by the distance between the plane of this face 
and that of the face opposite. The two parallelepipeds which we are 
comparing have a face through O in common, but the distance from 
O to p:is less than the distance from O to the parallel plane through Q. 
The proof of Theorem 1 is now complete.} 


2. Normed linear spaces. Let X denote a real normed linear space.? 
In this section we shall prepare the way for the proof of the theorem’ 
in the next section by discussing certain matters pertaining to #-di- 
mensional linear subspaces of X. Let Y, denote such a subspace, and 


let yı, - - © , Ya be n linearly independent elements of Y,, so that any y 
in Y, is uniquely representable in the form 
(2.1) > l Y = 6191 + +++ + bays. 


If in an #-dimensional Euclidean space E, we introduce a rectangular 
cotrdinate system, we may set up a correspondence between the ele- 
ment y of Y,, as given by (2.1), and the point with cod&rdinates 
(61, °°, 6) in En. This correspondence is one-to-one and bicontinu- 
ous. We state the following lemmas, leaving the proof of the first one 
to the reader. 


_ Lemma 2.1. The points of E, which correspond to the elements y of 
Y, for which ||y|| <1 form a boundéd and closed convex set S which is 
symmetric about the origin. If ||y|| <1, the corresponding point of En is 
an tntertor point of S. 


Lemma 2.2. Let S be the set referred to in Lemma 2.1. Let Pe bea 
point on ihe boundary of S, and poa plane of support of S through Po. 
Denote by p the plane parallel to po and through the origin of -E,. Let 
Yo be the element of Y. corresponding to Po, and denote by M the set of 


1 The referee brought to my attention the fact that a theorem similar to Theorem 
1, for the special case in which S is a convex body with the point O as a center of sym- 
metry, was announced by M.: M. Day, in Bull. Amer. Math. Soc. Abstract 51-11-237. 
2? S. Banach, Théorie des optrakions linéaires, Warsaw, 1932, p. 53. 
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elements of Y, corresponding to points of p. Then there exists a linear 
functional fo defined on X with the properties (1) ||foll =1, (2) foy) =1, 
(3) fo) =0 for each y in M. 


PROOF. Since po does not pass through the origin, it may be de- 
scribed by an equation of the form ajei+ -- + +a,¢,.=1. The points 
of p will then satisfy the equation a,e,+ ---+a,6,=0. By means 
of the correspondence (2.1) we define a linear functional ġo on Y, 
by the equation ¢o(y) =a16:-+ - - - +a,6,. It is easily proved, by using 
the last sentence of Lemma 2.1 and the fact that f» is a supporting 
plane of S, that |o(y)| <1 if ||yl] 31. Note that ¢o(yo) =1. Conse- 
quently, by the Hahn-Banach theorem,’ there exists a linear func- 
tional fo defined on X, having ||| =1, and coinciding with ds. on Ys. 
This functional evidently meets the requirements of Lemma 2.2. 


3. Biorthogonal systems. Consider a real normed linear space X, 
and the conjugate space ‘X* of linear functionals defined on X. A pair 
of ordered sets {x1, xs, © -© + , %4} CX and ffi, © +, fa} CX* is called 
a biorthogonal system if f:(x;)=1 when i=j and f:(x;)=0 when isj 
($4,1=1,2,---,#). If in addition ||æd| =|[fd| =1 (¢=1,2,---,), we 
, shall call the pair of sets a biorthonormal system. 


THEOREM 2. Let Y, be an n-dimensional linear subspace of X. Then 
there exists a btorthonormal system fær ee, Hat, ffo , fa} with 


`X e e, La În Ya. 


PROOF. Introduce the mapping of Y, on E,, and the set SCE, as 
defined in §2, Lemma 2.1. With O the origin in F,, let Pi, - -> , Ph 
and ~1,° ++, ps be points and planes related to S as described in §1, 
Theorem 1 (here O and S do not lie in any plane). Let x1, © ©, x, 
be the elements of Y, corresponding to Pi, ---, Pa. The points P;, 
ji, are in the plane through O parallel to p,. By Lemma 2.2 it fol- 
lows that there exists a linear functional f; such that ||f,|| =1, f(x.) 1, 
fi(x;) =0, jst. This completes the proof of the theorem. 


UNIVERSITY oF CALIFORNIA AT Los ANGELES 
3 Banach, loc. dt. Théorème 2, p. 55. 


LATTICES OF CONTINUOUS FUNCTIONS 
| IRVING KAPLANSKY 


1. Introduction. Let X be a compact (=bicompact) Hausdorff 
space and C(X) the set of real continuous functions on X. By defining 
addition and multiplication pointwise, we convert C(X) into a ring. 
With the norm fl =sup |f(x)|, C(X) becomes a Banach space. 
Finally, we may introduce an ordering by defining f&g to mean 
f(x) =g(x) for all x; this makes C(X) a lattice. 

Gelfand and Kolmogoroff [6]! showed that, as a ring alone, C(X) 
characterizes X. More precisely, if C(X) and C(Y) are isomorphic 
rings, then X and Y are homeomorphic. Banach [3, p. 170] proved 
that C(X) as a Banach space characterizes X, if X is compact metric. 
Stone [5, p. 469] generalized this to any compact Hausdorff space, 
and Eilenberg [5] and Arens and Kelley [2] have since given other 
proofs. Finally, Stone [9] has shown that as a lattice-ordered group, 
C(X) characterizes X: A negative result is that C(X) as a topological 
linear space fails to characterize X [3, p. 184]. 

In this paper we shall prove the following result: as a lattice alone 
C(X) characterizes X. This theorem is shown in §5 to subsume all 
the earlier results cited above. Moreover in this context we can re- 
place the reals by an arbitrary chain, granted a suitable separation 
axiom. In §4 it is shown that the connectedness of X is equivalent 
to the indecomposability of C(X) asa lattice. ` 

I am greatly indebted to Professor A. N. Milgram for suggestions 
which led to a subetantial simplification of my proof of Theorem 1. 


2. Main theorem. Let R be a chain (simply ordered set). Until §6 
it will be assumed that R has neither a minimal nor maxima] element. 
There is a natural way of topologizing R [4, p. 27] which can be de- 
scribed as follows: for any a€R let U(a) be the set of all BER with 
B >a, L(q) the set of all 8 with 8 <a; then the U’s and L’s form a sub- 
base of the open sets. 


Lema 1. Ifa, BC Rand a>8B, then there exist netghborhoods M, N of 
a, B such that y >ô for aH YEM, 6EN. 

Proor. If there exists £ with a> >£ we take M= U(), N =L(Ẹ). If 
not, we take M = U(f), N = L(a). 


Received by the editors January 2, 1947. 
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Let X be a topological space and C=C(X) the set of all continuous 
functions from X to R. We order C by defining f & g to mean f(x) 2 g(x) 
for all EX. Then C becomes a lattice, and in fact a distributive Tat- 
tice. 

DEFINITION, X is R-separated if for any x, yCX (xy) anda, BER 
there exists a continuous function f with f(x) =a, f(y) =$. X is R-nor- 
mal, if for any disjoint closed sets F, GOX and any a, BCR there 
exists a continuous function f equal to æ on F and £ on G. 

Any R-separated space is necessarily a Hausdorff space. If R is the 
real number system, it is known that conversely any compact Haus- 
dorff space is R-normal, and this is likewise true if R is the set of 
reals with + œ adjoined (the latter is the same as a bounded closed 
interval on the real line). If R is disconnected, it is clear that X must 
be totally disconnected if it is to be R-separated, and conversely a 
totally disconnected space is R-separated for every R. In the extreme 


case where R consists of two elements, C(X) is a Boolean algebra in 


~N 


its natural ordering, and the results in this-paper are subsumed i in’ 


Stone’s theory of Boolean spaces and rings [7]. 
For any R we have the following result, which can be proved in 
exactly the same way as the lemma on p. 487 of [1]. 


LEMMA 2. Suppose R has neüher a maximal nor minimal element. 
Then if X is compac and R-separated, t is R-normal. 


By a prime ideal P in C [4, p. 78] we mean the set of antecedents 
of 0 in some lattice homomorphism of C onto the two-element lattice 
(0, I). A prime ideal P is a sublattice containing with any element all 
smaller ones, and its complement C —P has the dual property. 

We can construct prime ideals in C as follows. Let Z be the lower 
half of a Dedekind cut in R, and for a fixed point xX, let P consist 
of all f with f(x) EZ. Such prime ideals can be characterized as fol- 
lows: fEP and g(x) Sf(x) imply gE P. We shall see below (§3) that 
these do not in general exhaust all prime ideals. However, we can 
prove a certain weakened version of this property. 

DEFINITION. A prime ideal P in C is associated with a point xEX 
if fEP and g(x) <f(x) imply gEP. 


LEAMA 3. If X ts compact, then any prime ideal P in C is associated 
with some poini. If X is R-separated, the point is unique. 


PRooF. Suppose P is associated with no point of X. Then for every 
LEX we have functions f, g with g(x)<f(x) and fEP, gEQ=C-—P. 
By Lemma 1 the inequality g <f extends to a neighborhood of x. A 


` 
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finite number of these neighborhoods cover X. Let fi,:+-, Js and 
| £s be the corresponding functions, and define h = fiU © © Ufa, 
PEEN. -(\g,. Then k >k, but kEP, kEQ, a eer N 
en now that X is R-separated and that P is associated with 
both x and x’. Let m, n be any functions in P, Q respectively. There 
exists a function r with r(x) <m(x), r(x’) >n(x’). But these inequali- - 
ties require r to be in‘both P and Q. l 


LEMMA 4. If two prime ideals in C are associated with the same point 
of X, then iheir intersection contatns a prime ideal. 


Proor. Suppose P and P’ are both associated with x. Let FEP, 
g@P’ and take any aC R smaller than both f(x) and g(x). Let P” be 
the set of all A with A(x) Sa; then P’’CPMP’. 


LEMMA 5. Suppose X is compact and R-separated. Let P, P', P'' be 
- prime ideals in C with PU CPO. Then P and P' are associated with 
the same poini. 


PRooF. Suppose on the contrary that P and P are associated with 
distinct points x and y. Let P’’ be associated with z, where z is for _ 
definiteness different from x. Choose any f in P’*, g in C—P, and 
then 4 with A(z) <f(s), A(x) > g(x). Then kisin P” but not in P, a con- 
tradiction. 

For use in §4 we insert at this point the following result. , 

Lemma 6. Suppose X ts compacd. If P ts a prime ideal associated 
with x, fEP, ahd gSf on an open'and closed set U contatning x, then 
EEP. 


Proog. Suppose g EQ = C—P. We note that P cannot be associated 
with a point y in the complement V of U, for we can construct a func- 
tion m with m(x) <f(x), m(y) >g(y) and obtain a contradiction. Hence 
at every yE V we have functions k, k with k>& in a neighborhood 
of y and ACP, REQ. A finite number of neighborhoods cover the com- 


pact space V; if Ay, - - ae Ai, ---, & are the corresponding func- 
tions we have Jh U --- Uh, in P but exceeding g kiN - -© Oka 
in Q. i 


Lemma 7. Suppose X is compact and R-separated. Let fo be a fixed 
function in C, and for any subset S of X define A(S) to be the tniersectton 
of all prime ideals containing fo which are associated with points of S. 
Then a point x is in the closure of S if and only if A(S) is contatned in 
a prime ideal associated with x. 


Proor. Suppose x is in the closure of S. Choose a >f,(x) and let P . 
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consist of all f with f(x) Sa. Now gC A(S) implies g <f at all points 
of S and hence g(x) Sfo(x). It follows that A(S) CP. (For later use 
we remark that this half of the proof did not use R-separation.) | 
Suppose x is not in the closure of S. Then A(S) cannot be contained 
in any prime ideal P associated with x. For let f be any function in 
C— P and let ~ER be chosen with fp >a on S. By Lemma 2, a contin- 
uous function g exists which equals æ on S and exceeds f at x. Then g 
is in A (S) but not in P, a contradiction. 
We can now prove our principal theorem. 


THEOREM 1. Let R be a chain with nether a minimal nor maximal 
element, and let i be endowed with tts order topology. Let X be a compact 
R-separated space, and C the set of continuous functions from X to R. 
Then as a latitce, C characterises X. 


PRoor. We say that two prime ideals in C are equivalent if their 
intersection contains a third prime ideal. Lemmas 3, 4, and 5 show 
that there is a one-one correspondence between points of X and 
classes of equivalent prime ideals. Lemma 7 shows that the topology 
of X can be expressed in terms of inclusion relations among the prime 
ideals, and this completes the proof. 


3. An example. We shall give an example to show that not all prime 
ideals in C are simply based on a point in X and a Dedekind cut in R. 

Let R be the reals, X the unit interval [0, 1]. Let A be the set of 
functions f for which f(x) S$ —x in a neighborhood of 0 (the neighbor- 
hood depending on f). A is an ideal in C, that is, a sublattice contain- 
ing with any element all smaller ones. Similarly let B be the set of all 
g with g(x) 2x in a neighborhood of 0; B is a dual ideal disjoint from 
A. By [8, Theorem 6] we can expand A, B to a prime ideal P and its 
complementary dual prime ideal Q. All functions f with f(0) <0 go into 
P, all with f(0) >0 go into Q, but those vanishing at 0 are split be- 
tween P and Q. 

Examples of this type can be constructed provided neither X nor ` 
R is discrete. They apparently require the axiom of choice. 


4. Connectedness and direct products. If the space X splits into 
two open and closed sets X, and Xa, it is evident that the lattice 
C=C(X) is the direct product [4, p. 13] of the lattices C(X1) and 
C(X:). We shall now prove the less trivial converse. 


THEOREM 2. Let R be a chain with neither a maximal nor minimal 
clement, and let it be endowed with tts order topology. Let X be a compact 
space and C=C(X) the lattice of all continuous functions from X to R. 


` 
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Suppose C is a direct product of lattices, C=C: X Ca. Then X splits into 
two open and closed sets Xi, Xa în such a fashion that CCC(X)). 


ProoF. We first remark that any prime ideal P in C is of the form 
P1XC;or Ci Ps, where P, is a prime ideal in C;. This follows readily 
from Theorem 10 of [8], or it can be proved by repeating the argu- 
ment of Lemma 3, if we replace X by a two-point space and R by Cı 
at one point and C3 at the other. Let us write Z: for the class of prime 
ideals of the form Pi Cı, Z; for those of the form CX Pa. 

Now take any point x in X and any prime ideal P associated with 
it. We define X; to be the set of those x for which PCZ,. It follows _ 
from Lemma 4 that this definition makes sense, since any two prime 
ideals associated with the same point must fall into the same class. __ 

Next we show that X; is closed. If not, there is a point y€ X, which 
is in the closure of Xi. By the firet half of Lemma 7, A(X is con- 
tained in a prime ideal P associated with y. But P is of the form 
Ci XP; while A(X;) is of the form BX C, so this is impossible. Simi- 
larly, X, is closed, and each is thus open and closed. z 

We shall now set up a lattice isomorphism between Cı and C(X)). 
Given & EG, we pair it with any c in Cs, obtaining a function fEC, 
whose specialization to X, we shall call fı. We prove that the corre- 
spondence is order-preserving, which incidentally shows it to be well 
defined. Suppose we have dE Cı with dı Sc; and that dı has given rise 

‘to the function g on X specializing to gı on Xı. If g(x) >fi(x) at some 
point x€ X, we can build a prime ideal P associated with x such that 
JEP, gE- — P. But P is of the form PıX C: and hence f€P implies 
gCP, since the Ci-component of f exceeds that of E- This contradic- 
tion shows that fı Z 41, as desired. 

To set up the correspondence the other way we take a function fi 
on X, pair it with any f3 on Xq, to obtain a function f whose C,-com- 
ponent is, say, c. Suppose gı Sfı and that gı gives rise to d€ C1. We 
assert that dı Sc. For if not, we note that Cı is a distributive lattice, 
whence [4, Theorem 5.8] there exists a prime ideal PıC Cı with 
aEPi, dE Cr— P. For'the corresponding prime ideal P =P1X C, we 
have fEP, g&€C—P. But P is associated with a point in Xi; by 
Lemma 6 we have a contradiction. 

There remains the trivial observation that the two correspondences 
we have defined are inverse to each other, and we have completed the 
proof of Theorem 2. 

Remark. It is to be observed that no separation axiom is required 
for Theorem 2. In case R is the reals, we can even drop the assumption 

of compactness by making use of the Stone-Cech compactification 
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B(X). (Cf. [5, p. 578].) But for the general case no such device is 
available, and the validity of Theorem 2 for non-compact spaces re- 
mains undecided. 


5. Rings and Banach spaces. Suppose we are given C(X) as the ring 
of real continuous functions. Now f œg is equivalent to the statement 
that f—g is a square. Hence we are also given the lattice; the lattice 
characterization subsumes the ring characterization. 

Suppose we are given C(X) as a Banach space, with X a compact 
Hausdorff space. Let e be an extreme point on the unit sphere, that 
is, a point which is not an interior point of a segment lying in the 
unit sphere. It is easy to see that e can assume only the values 1 and 
—1; suppose it is 1 on Yı and —1 on Ys, where Yi, Y, are open and 

closed disjoint sets whose sum is X. Now a function f +0 which satis- 
fies || f/ yil —e|| Si must be non-negative on Y, and non-positive on Y3. 
Hence if we write f20 whenever it fulfills this condition, we preserve 
order on F and invert order on Y3, as compared with the natural 
order in C(X). This gives us a lattice which is at any rate isomorphic 
to C(X). Hence C(X) as a Banach space determines C(X) as a lattice, 
and the lattice characterization subsumes the Banach space charac- 
terization. 

Finally we remark that in our Theorem 2 we have likewise sub- 
sumed the analogous ring and Banach space theorems, in the follow- 
ing strong sense: if we have C(X) expressed as a direct sum of rings 
or Banach spaces, then that very decomposition expresses the lattice 
as a direct product (it being understood in the Banach space case 
that the lattice being decomposed is the one obtained after inversion 
of order on Y;). We omit the straightforward proof of this fact. 


6. Chains with 0 and J. If R is a chain which has a minimal or 
maximal element or both, Theorems 1 and 2 remain valid, with the 
proviso that R-separation in the hypothesis of Theorem 1 is replaced 
by R-normality. In several of the proofs, however, there occur techni- 
cal complications. We have preferred to avoid these complications, 
which add nothing to the fundamental idea. We shall merely men- 
tion the two main modifications that are necessary: (1) The definition 
of “equivalence” of prime ideals is revised to read: either their inter- 
section contains a prime ideal, or the intersection of their comple- 
ments contains a dual prime ideal. (2) In the characterization of the 
topology, x is in the closure of S if and only if A(S) is contained in a 
prime ideal, or the object dual to A(S) is contained in a dual prime 
ideal. | 
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LINEAR TOPOLOGICAL DIVISION ALGEBRAS 
RICHARD ARENS 


1. Introduction. We present a generalization of the familiar theo- 
rem of Frobenius that any finite-dimensional linear division algebra 
A over the real number field is isomorphic to the real, the complex, 
or the quaternion number system. The generalization consists in re- 
placing the hypothesis of finite dimensionality of A by the weaker 
hypothesis that A be a complete linear space with a topology in which 
' multiplication is continuous and which is based on a countable system 
of convex open sets. 

Previous generalizations of Frobenius’ theorem have been indicated 
or proved by S. Mazur [6],! G. Silov [8], and I. Gelfand [4]. These 
writers have generally assumed that A have a norm: and only that 
case has been adequately considered in which scalar multiplication by 
complex numbers is assumed. We shall give the proof of the general 
case without limiting ourselves to the commutative case or to com- 
plex scalars. | 


Presented to the Society August 23, 1946; received by the editors November 20, 
1946. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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In the presence of a norm, the operation of inversion, that is, the 
passage from x to x`! in A, is easily seen to be analytic (in a sense de- 
fined in [4]) and an application of the Liouville theorem establishes 


, that A is the complex number system. In connection with non- 


” 


normed algebras one is hampered by the fact that inversion need not 
even be continuous on the set of nonsingular elements. In other words, 
that part of a topological ring which forms a multiplicative group 
need not be a topological group in its relative topology: a discussion 
of this follows in §4. However, in complete separable metric dtotston 
rings, inversion is nevertheless continuous on the set of nonzero ele- 
ments, as a result of a theorem on topological groups due to D. Mont- 
gomery [7]. Because of this, an adaptation of Gelfand’s method can 
be made which establishes our Theorem 3. 

In a section devoted to integral domains we generalize slightly a 
theorem of Silov [8] without being able to avoid hypothesizing a 
norm. We justify this limitation by exhibiting the peculiar proper- 
ties of the ring A of functions holomorphic on an open set. This is a 
complete metric convex linear algebra and is an integral domain, 
even in a strong topological sense. Its existence with these properties 
shows that Frobenius’ theorem formulated in terms of integral do- 
mains does not generalize as readily as the statement above in terms 
of the existence of inverses. The most remarkable property of this 
ring of holomorphic functions is probably the fact that the set of 
singular elements is open and not closed as is the case in complete 
normed rings. 


2. Topological division algebras. A topological algebra A is a topo- 
logical linear space in which not only addition and scalar multiplica- 
tion by real numbers, but also multiplication of elements of A is de- 
fined, and in such a manner as to be continuous. If scalar multiplica- 
tion by complex numbers is defined as well, we speak of a complex 
topological algebra. We call A a convex topological algebra if it is 
convex as a topological linear space (see [10]). If the topology of A 
can be given by a metric structure, we call it a metric linear space; and 
we say A is complete if it is a complete metric space. An important 
special case of convex complete metric algebras is presented by the 
so-called normed rings [4], otherwise known as Banach algebras. 
Theorem 2 below is known for commutative complex Banach algebras 
[4, p. 8]. Many devices introduced by Gelfand will be recognized in 
our proofs. 

By a topological division algebra we mean one which possesses a 
unit 1 and a two-sided inverse x7! for each nonzero element x in it. 
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The following theorem is a convenient starting point. 


THEOREM 1. Let A be a convex complex topological dsviston algebra 
with continuous tnverston. Then A consssts only of scalar multiples of 
the unii element and ts thus isomorphic with the complex number field. 


ProoF. If possible, select an element x from A which is not a scalar 
multiple of 1&4. Since A is convex, there exists a continuous, linear, 
real-valued functional f defined on A and such that f(x~!)0 [10, 
p. 162]. Define g(s) =f(s) —4f(és) for any sCA. Then gAs) =A(g(s)) 
for both real or complex \. The function kA) = g[(#—A)—] is defined 
and continuous for any complex number à because x is such that 
*—340 for any à. From the relations 


h(n) — kA) = giz — wt - (2 - A) 
= g|(z — a(s —A— e+ y)(x —d)7] 
= (p — Agl(e — ae — A)~4], 


we can deduce that A(A) has a derivative K'A) =g|(x—A)]. There- 
fore k is an entire function. Moreover, as A>, we evidently have 
kh(\)-0, whence A(A) m0. This contradicts f(x) 0. Therefore each 
g in A is a scalar multiple of the unit of A. 

If the division algebra A arises as the quotient algebra of a complex 
Banach algebra, one can easily verify the hypothesis of Theorem 1. 

The following considerations will enable us to drop the hypothesis 
that the topological algebra A admit complex scalars. 

Let us call A formally real if A is commutative and x= —}° in 
A implies x, y = 0. Let A (s) be the class of all ordered pairs; and denote 
the pair (0, 1) by the symbol “4.” Then each element of A ($) can be 
written in the form ++¢4y; and algebraic operations can be defined in 
A(s) in an obvious fashion such that #7= —1. It is clear that complex 
scalars can be applied to A(s). Let U be a system of neighborhoods U 
of 0 in A; then let us take the totality of sets U++U, UEU, asa 
system of neighborhoods for 0 in A(s). One can readily verify that 
A (ï) ig a complex topological algebra; that A (4) is convex or complete, 
if and only if A is; that it is an integral domain or a field if and only 
if A is; and that inversion is continuous in A(s) if it is in A. 

These concepts having been introduced, we proceed to the case in 
which only real scalara are required. 


THEOREM 2. Let A be a convex topological division algebra with con- 
tinuous inversion. The A is isomorphic with esther the real, the complex, 
or the quaternton field. 
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PRoor. Commutative case: If A is formally real, then the construc- 
tion of A (s) can be carried out, yielding a convex, complex, topologi- 
cal algebra, with continuous inversion. By Theorem 1, A(4) consists 
only of scalar pairs; therefore 4 consists only of real multiples of the 
identity. . 

If A is not formally real, let x? = —y? with x, y0. Define j =xy. 
Next, scalar multiplication by complex numbers a+bŝ can be de- 
fined, by (a+br)s =as+b(jzy, for s&4. Theorem 1 now tells us that 
A is the complex number field. 

General case: The center Z of A comes under the previous case, and 
is therefore the real or complex field. Let x be selected outside of Z: 
and let X be the division sub-algebra generated by x over Z. Since 
this is still commutative, we may conclude that x satisfies some poly- 
nomial with coefficients from Z (and, in fact, of degree not greater 
than 2). Hence A is a division algebra algebraic over the real number 
field. The argument is now completed by an appeal to the following 
lemma, whose proof can be conducted in the same way as that of 
Frobenius’ theorem for algebras. of finite order (dimension); or one’ 
may refer to a recent result [5, Theorem 16]: 


Lemma. An algebraic division algebra over the real number field is 
other the real, the complex, or the quaternion field. 


The requirement that inversion be continuous in A is troublesome, 
although of course it is necessary. The most convenient way of insur- 
ing it is to suppose that A can be given a norm having the property 


lzy] || 4] |] >| 


as well as the usual normed linear space properties. In the case of such 
an A we can establish the continuity of inversion independently of 
completeness, as follows: let x have an inverse y, and suppose x+} 
has an inverse y+k. Then (y+k)(x-+h) =1, (ytk)(1+hy) =y, 
yhy+k+khy =0, k= — kky — yky, whence 
[yay 
lall s ——__ 
1 — |} Ap 
if || Al] ||| <1. Therefore we have the hypothesis of Theorem 2, with 
the following result: 


CoroLLaRy 1 (Mazur [6, Theorem I]). Let A be a normed division 
algebra whose norm has the property 


leyl = lall lol. 


| 
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Then A is the real, the complex, or the quaternton field. 
From this one can deduce the following corollary. 


COROLLARY 2 ([6, Theorem II J). Let A be a normed algebra in which 
=>] =li] [ol]. Then A is the real, the complex, or the quaternion field. 


Proor. In the commutative case we can use a well known device 
[9, p. 246] to imbed A in a field to which Corollary 1 or even Ostrow- 
ski’s theorem [9, p. 257] may be applied. The noncommutative case 
is reduced to the commutative case by an application of the lemma 
as in Theorem 2. 

A less trivial result on integral domains will be considered in the 
next section. 

The other case in which inversion is continuous is that in which A 
is a complete separable metric algebra, for then the set of nonzero 
elements forms a separable metric locally complete set which is a 
group with continuous multiplication, and, by [7, p. 881], inversion 
is continuous. Combining this with Theorem 2, we obtain the follow- 

THEOREM 3. Let A bea convex, separable, metric and complete dsotston 
algebra. Then A is isomorphic with esther the real, the complex, or the 
quaternton field. 


I have been informed that the complex commutative case of this 
theorem was obtained recently by Mr. B. Yood. Mr. Yood’s proof 
also, makes use of Montgomery's theorem. 


3. Integral domains. An element s of a topological ring A is called 
a topological divisor of zero if there exists a closed set FCA not con- 
taining 0 but such that 0 is a limit point of sF or Fs. We shall call an 
element singular if it has no inverse in a ring with unit and non- 
singular, otherwise. l 
Silov [8] has proved that if x is an element of a Banach algebra A 
and if A» is a frontier point of the set of scalars A for which x—A is 
singular, then x—Xpo is a topological divisor of zero. Silov concludes 
ae a the Si eg 
Banach algebra satisfying the norm condtiton 
Hel fe steal S||z\| ||yl] with some fixed positive k is the complex 
number 
The ay parent of [8] ae only to complex Banach algebras be- 
cause conceivably the set of À for which x—) is singular might be 
void for all nonscalar x in a Banach algebra. But if this were so, then 
each x40 in A would be nonsingular, or A would be a division 
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algebra and its structure would be given by Theorem 3. In somewhat 
greater detail: One can adapt the argument of [8] to show that if the 
set S of singular elements has a frontier point s in a normed algebra, 
then s is a topological zero divisor. In a Banach algebra the set S is 
always closed. Now the'condition &l\x|| |l] S||xy|| certainly pre- 
cludes the existence of nonzero topological zero-divisors, hence S 
consists of 0 alone and A is a division algebra. We formulate. this re- 
sult as a theorem. \ 


THEOREM 4, Let A be a normed algebra tn which tliz >|] ||| 
S||=l| ||y|| with a fixed positive k. Then A is the real, the complex, or the 
quaternton number system. 


It is possible to omit the condition that A be complete, since A 
can be completed without losing the norm condition. 

The reader will obserye that we have confinéd ourselves to normed 
integral domains in this section. This seems to be necessary as we can 
exhibit a complete convex complex algebra which has no topologi- 
cal divisors of zero, and is not a division algebra: 

Let A be the class of functions holomorphic on an open subset G of 
the complex plane; and let thts function space be given the k- -topology.? 
Then thts complex linear algebra is (1) convex, (2) metrisable, (3) com- 
plete, (4) not normable, (5) + contains no topological sero divisors, and 
(6) the set of singular elements ts open. 

Proor. (1) is obvious. For (2), see [1, Theorems 7 and 12]. For 
(3) observe [1, Theorem 10] and the fact that a sequence of holo- 
morphic functions can converge uniformly on an open set only toa 
holomorphic function. Now (4) will follow from (6) and the well 
known properties of Banach algebras to which we have alluded in 
Theorem 4. As regards (5), let f, g,€A with f0 and fga i in the 
k-topology, of A. Let a closed bounded set K e be given. We can 
cover K with a finite number of regions Gy, - - - , Ga whose boundaries 
lie in K and such that | f(s) | has a BEROR minimum m on the point 
set C formed by these boundaries. For s €C we evidently have 


| gn(s)| S m! sup | f@gn(2) |. 
IEC 


Since the right-hand side tends to zero as n tends to infinity we have 
g.—0 in the k-topology, using the principle of the maximum modulus. 
Hence f is not a topological zero-divisor. To prove (6) suppose that f 


2 We have proposed this name far the topology usually introduced into such func- 
tion spaces. For its definition, see [1, p. 481]. In it, convergence simply means uniform 
convergence on the bounded closed subsets of G. 
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has no inverse in A. This means simply that f(s») =0 for some #)CG. 
About zo we can describe a small circle C lying within G, and on 
which f has a positive minimum m. The set U of all AEA for which 
SUP sc | k(s)| <m constitutes a neighborhood of 0 in A, in the k-to- 
pology. But by Rouché’s theorem, if kG U then f and f+} have the 
same number of zeros within C. Thus f+% has no inverse in A. This 
proves our assertions. 


4. The continuity of ring operations. We have not required multi- 
plication to be continuous in both factors simultaneously, as is cus- 
tomary in our topological algebras, because we did not need this. 
property. Nevertheless, complete metric algebras have it. We append 
this section to consider such matters. For greater generality, define an . 
m-ring as a ring whose elements form a metrizable topological group 
under addition, and whose product is continuous in each factor, under 
the topology. 


wok 


THEOREM 5. Let A be a complete m-ring. Then multiplication 4s con- - 
tinuous in both factors simultaneously. If the set of nonsingular elements 
ts a separable Gy and A has a und, then the process of inversion is con- 


tinuous in this set. 


ProoF. It will suffice to show that if x.—0 and a neighborhood U 
of 0 be given, then there is a neighborhood V of 0 and an integer n 
such that x,.VCU for men. 

Since A is a topological group under addition, we can find a neigh- 
. borhood W of 0 such that W-— WCU. Let A, contain those yCA 
for which xay € W- if m2n. Since right multiplication is continuous, 
the set A, is closed. Each yCA is contained in some A, because 
x.y—0 and so tay €W for m not less than some suitable #. Hence 
some A, contains an open set V +y where V can be selected as a neigh- 
borhood of 0. If V-+yCA, then +nV+xnyC W- for mzn. One may 
select n greater if necessary so that tay EW if men. Then zta VCW- 
— W for m2n, as desired. 

If the set R of nonsingular elements is a G; it is obviously of the 
second category. If R is also separable then the elements of R form a 
separable space of the second category and also a group in which 
multiplication is continuous. By [7, Theorem 2], R is a topological 
group and inversion is continuous on R. 

In view of Theorem 5 it becomes natural to ask whether or not the 
nonsingular elements of a complete m-ring always form a topological 
group. We can give an example that this is not so. So far as we nee 
this point has never been mentioned before. 
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The ring we exhibit ror this purpose is the intersection L° of all 
L*-spaces based on the interval [0, 1], with p21. We say fa—0 in L* 
if and only if f,0 in each L”, p21. Thus topologized, L* is a com- 
plete convex m-algebra [2]. Now consider the following sequence of 
nonsingular elements of L*: 


l 1/# for OStsS 1/n, 
O=] 

1 for 1/n <i si, 
ni, 2, - - +. This sequence approaches the unit function 1, 1(#) m1, 
of L”. But the sequence of inverses fr, fr’, --- does not approach 
1 since F 


ees | . P a P nm — 1)? 
f @o -10) = pase 


tends to infinity as n— © and p>1. Hence the nonsingular elements 
do not form a topological group. In other words, inversion is not con- 
tinuous on the set of nonsingular elements. 
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INSTITUTE FOR ADVANCED STUDY 


ON THE TOPOLOGICAL PRODUCT OF 
PARACOMPACT SPACES 


R. H. SORGENFREY 


A space S.is defined by Jean Dieudonné! to be paracompact pro- 
vided every covering of S by open sets has a neighborhood-finite re- 
finement? which covers it. Dieudonné proves that every metric sepa- 
rable space is paracompact, that every paracompact Hausdorff space 
is normal, and that if Sı is compact and S, is paracompact, then 
SıX Sı is paracompact. He leaves open the question as to whether 
the topological product of two paracompact spaces is paracompact. 
It is the purpose of this note to answer this question in the negative. 
The example given provides also a simple instance of a normal Haus- 
dorff space S such that SS is not normal. 


The space S. The points of the space S are the non-negative real 
numbers, and a neighborhood of a point is any semi-open interval of 
‘the form a Sx <b which contains it. It is easily seen that S is a regular 
Hausdorff space which is separable but not perfectly separable. 

To show that S is paracompact, let a be any covering of S by open 
sets. It is evident that there is a refinement £ of a whose elements are 
neighborhoods. Let E be the set of all points e of S which satisfy the 
relation a <e <b for no neighborhood a Sx <b of 8. The set E is closed 
with respect to the natural topology of the real numbers. (For if z 
is a point in the complement of E, there is a neighborhood a Sx <b of 
p such that a <s <b, and since the open interval a <x <b contains no 
point of E, it follows that s is not a limit point of E.) The complement 
of E, therefore, is the sum of:a countable number of disjoint open in- 
tervals Jy, Is, - - +. For each # the left end point of J, is a point of E, 
and each point of ŒE is the left end point of some interval J,. Hence 
if I, is the interval 6a <% <fa, it follows that E =} e, and hence that 
S=} (I,+¢,). For each n there exists a neighborhood e, Sx <q. of 
8; denote it by Da. Let Ya be the collection of all open intervals 
a<x<b such that aSx<b belongs to 6 and is a subset of 6, Sx <fa. 
Then Y, covers qa Sq <fa. Since under the natural topology of the real 


Presented to the Society, November 30, 1946; recetved by the editors January 7, 
1947. ` : 

1 Ugs generalisation des espaces compacts, J]. Math. Puree Appl. (9) vol. 23 (1944) 
pp. 65-76. 

2 The covering w is a refinement of a covering a if every element of w is a subset of 
some element of a; w is netghborhood-fintte if every point of the space bas a neighbor- 
hood which intersects only a finite number of elements of w. 
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numbers qa 4x <fa is paracompact, it follows that there is a neighbor- 
hood-finite refinement 6, of Ya which covers it. Let e, be the collection 
of intersections of elements of 8, with qa Sx <fa. The elements of €s 
are open sets in the topology of S, and each of them is a subset of an 
element of a. Hence if 7, is the collection obtained by adding to és 
the open set D,, 7, is a neighborhood-finite covering of I +2. whose 
elements are subsets of elements of a; therefore n =>, is a neighbor- 
hood-finite refinement of a which covers S. 
Hence S +s paracompad and therefore normal. 


The space SS. The points of SX.S are, of course, sensed pairs 
(x, y) of non-negative real numbers, and neighborhoods are semi-open 
rectangles of the form a Sx <b, cSy <d. 

To show that SXS is not paracompact it will be sufficient to show 
that it is not normal. To this end let H be the set of all points (x, y) 
of SXS such that x+y=1 and [(x—1)!+-y?]/2 is rational, and 
let K be the set of all points (x, y) of SXS such that x+y=1 and 
[(*—1)2+-y2]1/? is irrational. It is readily seen that H and K are dis- ' 
joint closed sets in SX.S. Let V be any open set containing K. For 
each point (k, k’) of K there is a neighborhood N(k, k’) of the form 
kSxu<k-d, k’Sy<k’+4 which lies in V. For each positive integer n 
let K, be the set of all points (k, k) of K such that the diameter of 
N(k, k’) is greater than 1/n. Then K=} K., and since K is of the 
second category with respect to the natural topology of the line in- 
terval x+y=1, it follows that there exists an integer m such that 
K,, is dense in an interval (s, 1— s), (t, 1-8) of x+y=1. It follows 
easily that every point of the rectangle R bounded by x+y=1, 
xtymtti/m, x—y=2s—1, x—y=2i—1 belongs to some N(k, k^). 
Hence R is a subset of V. But every point of H in the interval 
(s, 1—s), G¢, 1—4) of x+y=—1 is a limit point of R and hence of V. 
It follows that H is intersected by the closure of every open set con- 
taining K. 

Hence SXS is not normal and therefore not paracompad. 


UNIVERSITY OF CALIFORNIA AT Los ANGELES 


ON RESTORING FORCES WHICH ADMIT FORCING 
TERMS OF NON-CRITICAL AMPLITUDE 


STEPHEN H. CRANDALL 


Introduction. The forced vibrations of a conservative system with 
one degree of freedom can be represented by the equation 


(1) dz/da? + g(x) = fi). 


= a mechanical system x is the displacement and # is the time. We 

call g(x) a restoring force and f(#) a forcing term. Throughout this 
paper f(#) will be periodic and when we speak of a periodic solution 
of (1) we always mean a solution having the’same period as f(t). 

If g(x) is simply a constant multiplied by x, equation (1) represents 
a linear oscillator. In this case the amplitude of the forced oscillation 
is a constant multiple of the amplitude of the forcing function pro- 
vided this latter is non-resonant. Here, a change in the amplitude of 
the forcing term merely changes the amplitude of the forced vibra- 
tion. In the case of a non-linear restoring force, on the other hand, we 
usually expect [1]! that changing the amplitude of the forcing term 
will alter the essential form of the periodic solution. 

However, as we shall show, there is a class of non-linear restoring 
forces, for which forcing terme exist with the property that as the 
amplitude of the forcing function is varied, the periodic solutions re- 
sulting all have the same form but vary only in amplitude. A general 
method is given for determining such a forcing function whenever it 
exists. As an example, the Duffing equations with g(x) = +x+bx' are 
discussed, and the forcing terms mentioned are found to exist and are 
given explicitly in (16). 


Definitions. A function f(#) with period 4T is'called a forcing term 
of non-critical amplitude for the system (1) if there is a solution to (1), 
x(#), having period 4T and if a factor A(R) exists so that y=Ax(#) is 
a solution of 


(2) d*y/d# + g(y) = Aft) 


for a continuous range of k which includes =1. In the following, we 
limit our discussion to odd restoring forces and for brevity will only 
define them for positive x, remembering always that g(—x) = — g(x) 
, and g(0)=0. 


Recetved by the editors January 9, 1947. 
1 Numbers in brackets refer to the references cited at the end of the paper. 
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THEOREM I. The only restoring functions, g(x), owt of the class of 
functions possessing a derivative for x >0, which permit forcing terms of 
non-critcal amplitude have the form 


(3a) g(x) = ax + bz" 
or 
(3b) g(x) = ax + bz log x 


where a, b and a are constants. 


Assume that in (1), (£) is in fact a restoring force of non-critical 
amplitude, and that x(#) is a solution of period 4T, then A(k)x(#) will 
be a solution of (2). Substituting for f(#) in (2) its value in (1) gives 


(4) P/d + [g(hz) — kg(x)]/(h — k) = 0. 
Since «(#) is independent of k, we must have 
(5) [e(Ax) — hg(x)]/(k — k) = G(z), 


.say, independent of k, that is, h(k) must be taken so that G is a func- 
tion of x only. The possibility of doing this is limited by the form of 
g(x) as we shall see. Equation (5) can be rearranged to read: 


(6) , G(x) — g(x) = [g(ha) — hg(x)]/(h — h). 


Now the term on the right of (6) is also a function of x alone. Since 
the denominator is a function of & alone, the numerator must be 
separable into the product of a function of x with a function of k. 
Then the logarithmic derivative of the numerator with respect to x 
will be a function of x alone. Finally if we set x= 1 in this logarithmic 
derivative, we obtain 


hg'(h) — hg’(1) 

g(h) — he(1) 
a, Bay. Solving this differential equation we obtain 
g(h) = {Ied — ag(t)]a + ie) — e)a} — a) 


for a1. If ami, we find g(h) = [g’(1)—g(1)]h log h+g(1)k. These 
results are of the form stated in the theorem. It is an easy matter to 
verify for these forms that h(k) can in fact be taken so that (5) be- 
comes a function of x alone. A practical condition, namely the require- 
ment that the velocity dx/di be finite, limits the range of allowable 
values of a toa>—1. 

We shall now construct the non-critical forcing terms for the restor- 


= a constant, 
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i 
ing forces of (3). We first choose 4(k) so that (5) is independent of k. 
There is a degree of freedom in this choice for, as we have seen, the 
right side of (6) must be the product of a function of x with a function 
of k and in choosing A(R) what we do is constrain the function of k 
to be a constant. The magnitude of this constant is at our disposal. 
Call it C. Then (6) becomes 


(7) _ G(x) — g(x) = CG (3), 
say, and (4) becomes 
(8) d4x/di + g(x) + G(x) = 0. 


‘It is convenient to note at this point that x(#), the solution of (1) 
when f(#) is a forcing term of non-critical amplitude, is also according 
to (8) the free vibration solution of a conservative system with an 
odd restoring force. This gives us considerable information regarding 
x(t); for example, it is completely symmetric, that is, its properties 
are entirely determined by its behavior during the quarter period in- 
terval, 7, between the maximum amplitude position and the zero 
amplitude position. This is a not surprising consequence of our initial. 
restriction that g(x) be odd. To insure that (1) actually possesses a 
forcing term of non-critical amplitude with a certain given period 4T, 
we must verify that (8) has a solution x9(¢) with period 4T. If dx/di=0 
when x=A, the quarter period time, 7, is given by [2] 


(9) r= f ‘dz / ( f ‘ le + CGD Ja) 


If, by suitably choosing A and C, 7 can be made equal to T, call 
the corresponding solution of (8) xo(#). From this the required forcing 
term of non-critical amplitude is constructed as 


(10) St) = d*xq/d# + g(a). 


Note that this has the same symmetry as x(t). When (10) is placed 
in (1), it is clear that xo(#) is a solution of (1). Moreover if this f(t) is 
multiplied by &, we find by virtue of (4) and (8) that Axo(#) is indeed 
a solution. We have thus proved the following: 


THEOREM II. A suffictent condition for (1) to possess a forcing term 
of non-criiscal ampliiude with period 4T when the restoring force has 
the form of (3) is that numbers A and C can be found which make 7 of , 
(9) equal to T. 


For any given g(x) of the form (3) a study of (9) will reveal the 
range of periods for which forcing terms of non-critical amplitude 
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exist. For example, if g(x) =ax+bx“ with a and b positive and —1 <a, 
a little study shows that 

0 <r < x/2a'?, 


Example. As an illustration, we find the non-critical forcing terms 
for the Duffing equations [1 | 


(11) @x/d? + 2+ bz? = f(t), b> 0. 
Equation (8) for these cases becomes À 
(12) l d’z/d? + x4 Cr’ = 0 


which can be solved by quadratures. As the integrals involved are 
elliptic, it is somewhat easier to try an elliptic function with undeter- 
mined parameters. In this way it is found that 

(13) ~ æm Am(Ki/T, B), 

where k is the modulus and K is the real quarter period of the Jacobi 
elliptic functions, is a solution of (12) providing 

(14a) T? = + K?(1— 2k), 

(14b) A? = 2K722/CT". 

Thus non-critical forcing terms for (11) exist, with periods 4T, une 
with the upper sign 

(15a) 0 < k < 213/2, 0<T<x/2 

and with the lower sign 

(15b) | 213/2 < k <1, 0<T< œ. 

The forcing terms of non-critical amplitude are found to be, from (10), 
(16) f() = A[bA? + 2h?/(2k* — 1) |om*(Ki/T, k). 


For a given T, k and K(k) are determined from (14a). The relationship 
between the amplitude of the forcing term and the amplitude of the 
solution is clearly shown in (16) and (13). 
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY 


THE AMERICAN MATHEMATICAL SOCIETY AND 
APPLIED MATHEMATICS 


Since the beginning of World War II, there has been a growing 
emphasis on Applied Mathematics, a field in which American mathe- 
maticians had not been so active in the past decades. Many programs 
for Applied Mathematics were set up and mathematicians made great 
contributions to the solution of problems connected with the coun- 
try’s war effort. During the war the Society established a special 
Committee on Addresses in Applied Mathematics, under the chair- 
manship of Professor Richard Courant; this committee arranged 
symposia and invited addresses on topics of interest in Applied 
Mathematics. There was a widespread feeling that this activity 
should be continued and expanded. 

At the time of the 1946 Summer Meeting at Cornell University, 
the Council of the Society discussed possible steps which might be 
taken toward the stimulation of the proper development in applied 
mathematics and the need for a program within the Society which 
would serve the needs of the applied mathematicians. As a result of 
this discussion, the President was authorized to appoint a committee 
to study these problems and the following Special Committee on Ap- 
plied Mathematics was subsequently appointed: Professors J. L. 
Synge (Chairman), R. V. Churchill, Richard Courant, G. C. Evans, 
W. T. Martin, John von Neumann, and J. W. Tukey. 

This Special Committee on Applied Mathematics presented recom- 
mendations to the Council at the 1946 Annual Meeting, providing 
for: (1) a study of financial support by the Society to the Journal of 
Mathematics and Physics and the Quarterly of Applied Mathematics 
by the appropriate committee of the Society; (2) the appointment of 
a Committee on Applied Mathematics which would organize pro- 
grams in applied mathematics and make recommendations to the 
Council in all matters pertaining to the interests of applied mathe- 
matics; (3) the establishment of an annual symposium on applied 
mathematics, the proceedings of which might be published in book 
form. These recommendations were adopted by the Council. 

The Special Committee on Applied Mathematics presented its final 
report to the Council in April, 1947, and at that time certain specific 
problems which this committee had had under discussion but on 
which it had come to no decision were referred to the Committee on 
Applied Mathematics. It further recommended to the Council that a 
statement entitled Instruction and Research in Applied Mathematics 
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be published in the BULLETIN. The Council approved this statement 
which is published in this issue of the BULLETIN. 

The Committee on Applied Mathematics has made plans for the 
first annual Symposium, on the topic of Non-linear problems in me- 
chanics of continua, which will be held at Brown University on August 
2—4, 1947. 

The Committee on Applied Mathematics (Professors J. L. Synge, 
Chairman, Richard Courant, G. C. Evans, John von Neumann, 
William Prager, and Dr. Warren Weaver) invites suggestions from 
members of the Society regarding problems which should be studied 
by this committee and welcomes comments as to the manner in which 
the American Mathematical Society may aid in the development of 
Applied Mathematics in this country. Please communicate comments 
and suggestions to the Chairman of the Committee, Professor J. L. 
Synge, Carnegie Institute of Technology, Pittsburgh 13, Pennsyl- 
vania. 

J. R. KLINE, 
May 8, 1947. Secretary 


SECOND SYMPOSIUM ON APPLIED MATHEMATICS 


The American Mathematical Society will hold its second Sympo- 
sium on Applied Mathematics in the summer of 1948, and seeks invi- 
tations from institutions willing to act as hosts. 

The subject of the Symposium will be chosen by the Committee 
on Applied Mathematics in consultation with the host institution, 
and institutions offering themselves as hosts are requested to indi- 
cate the subject preferred. The subject might be defined in terms 
of recognized divisions of science or engineering, or it might be de- 
fined in terms of mathematical methods which cut across these di- 
visions. The Committee will welcome suggestions for subjects not 
only from inviting institutions but also from members of the Society 
and others. 

It is proposed that the Symposium will last two or three days, 
with four one-hour invited lectures at the Symposium, also a number 
of twenty-minute contributions (invited or uninvited), with adequate 
time for discussion. 

Invitations from institutions willing to act as host should be sent, 
before September 30, 1947, to the Chairman of the Committee on 
Applied Mathematics, Professor J. L. Synge, Carnegie Institute of 
Technology, Pittsburgh 13, Pennsylvania. 


INSTRUCTION AND RESEARCH IN 
APPLIED MATHEMATICS! 


The history of mathematics reveals a continuous interplay of ideas 
between the mathematician and the experimental or practical scien- 
tist. In the last half-century this interplay has decreased, to the detri- 
ment, it may be believed, of both parties. The war caused a lively 
cooperation, but unless this continues under peace-time conditions, 
the prospect for the future is serious and warrants earnest considera- 
tion. 

The widening gap between the mathematician and other scientists 
may be traced to several causes. The most obvious of these is the great 
activity in all branches of science, which has necessitated a high de- 
gree of specialization in each branch, and consequently less opportu- 
nity for roaming interests. However, side by side with the expansion 
of science, increased understanding of basic theory acts as a simplify- 
ing compensation. Such simplification is achieved largely through 
mathematical methods, of increasing depth and generality, and it 
would be indeed unfortunate if mathematicians should not be in a 
position to contribute towards this simplification. 

As our educational system is at present organized, there are rela- 
tively few opportunities for a student of mathematics, undergraduate 
or graduate, to become acquainted with the mathematical structures 
of the theories underlying other sciences. His needs in this connection 
are not identical with those of students pursuing other branches of 
science as their major interest; many practical details, of importance 
to them, are not essential for his purpose, and he can go further and 
faster by concentration on the mathematical aspects of the subject. 
It is suggested that the study of some branches of other sciences from 
the mathematical standpoint (and that is a meaning commonly at- 
tached to the words “applied mathematics”) should be regarded, 
wherever feasible, as an essential part of the training of mathematics 
majors, undergraduate or graduate. Apart from the general advan- 
tage to’ science which we might hope to see as a result of this proce- 
dure, it seems only fair to offer a young mathematician the opportunity 
of pursuing a career in applied mathematics if his natural inclinations 
are 8o directed. Unless he has the opportunity of viewing the field of 
applied mathematics from the mathematical standpoint, it is un- 
likely that he will be attracted to it if his interests are basically those 
of a mathematician. 


1 Prepared by the Special Committee on Applied Mathematics and approved by the 
Council of the American Mathematical Soclety on April 26, 1947. 
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Consequently it is suggested that departments of mathematics 
throughout the country should consider the feasibility of enlarging 
their offerings in the direction of applied mathematics, both on the 
undergraduate and graduate levels, insofar as the departments are 
qualified to offer such instruction. Many branches of applied mathe- 
matics have not only well established axiomatic mathematical struc- 
tures, but are also fruitful fields of research, involving mathematical 
ideas and techniques of the highest order. Attention may in particular 
be directed to mathematical statistics, theoretical mechanics (in- 
cluding elasticity and fluid dynamics), statistical mechanics and ther- 
modynamics, heat conduction, electromagnetic theory, relativity, 
quantum mechanics, genetics, and the theory of high polymers. 

In some institutions the problem is already solved in part by the 
activities of other departments, containing members well qualified in 
mathematics. Nevertheless, since each of the subjects listed above has 
not only its mathematical side, but also an even greater experimental 
or practical side, it appears likely that full justice can be done to the 
mathematical theories only by a specialization on that aspect. Need- 
less to say, the task of maintaining and increasing an interplay be- 
tween mathematics and the other sciences is one that can be dealt 
with only by full cooperation between all the parties concerned. It 
is to be expected that scientists in other fields would welcome the de- 
sire of young mathematicians to increase their knowledge of the math- 
ematical structures of those fields, for the sake of a wider mathemati- 
cal perspective and, in the case of those qualified to pursue research, 
with a view to solving outstanding problems and simplifying basic 
theory by mathematical methods of increased generality and power. 

A similar gap in the background of our students lies in the field of 
computation. Even if we carefully distinguish mathematical computa- 
tion and computation engineering, there is much of importance con- 
cerning numerical computation and its organization for hand com- 
puter, IBM equipment, relay calculator or electronic computer, which 
will be of value to the student whether he is to become a topologist, 
a flutter analyst, or a mathematical logician. Of equal importance 'is 
the field of algebraic and analytic computation and its possibilities of 
mechanization. With the exception of a few institutions where the 
engineers have begun to work on computation engineering, this whole 
field is at the disposal of the departments of mathematics. 

Consequently, it is suggested that departments of mathematics 
throughout the country should consider the feasibility of enlarging 
their offerings in computation, algebraic, analytic, or numerical, at 
both the undergraduate and graduate levels. 


THE TRANSFER OF RADIATION IN 
STELLAR ATMOSPHERES 


S. CHANDRASEKHAR 


1. Introductory remarks. The advances in the various branches of 
theoretical physics have often resulted in the creation of new mathe- 
matical disciplines: disciplines which, in their way, are as character- 
istic of the subjects as the physical phenomena they are devoted to. 
That several of the earlier Gibbs lectures should illustrate this point 
is not surprising since the example provided by the scientific writings 
of Gibbs is indeed the most striking in this connection. With your per- 
mission, I would like to illustrate the same thing this evening, on a 
more modest level, by considering the recent advances in theoretical 
astrophysics. More specifically, I should like to show how astrophysi- 
cal studies relating to the transfer of radiation in stellar atmospheres 
have led to some characteristic developments in the theory of integro- 
differential and functional equations. 


2. The physical problem. In a general way, the preoccupation of 
the astrophysicist with the transport of radiant energy in an atmos- 
phere which absorbs, emits and scatters radiation is not difficult to 
understand. For, it is in the characteristics of the radiation emergent 
from a star—in its variation over the stellar disc, and in its distribu- 
tion with wavelength through the spectrum—that he has to seek for 
information concerning the constitution and structure of the stellar 
atmosphere. 


3. Definitions. Intensity. Now, the basic equation which governs 
the transfer of radiation in any medium is the so-called equation of 
transfer. This is the equation which governs the variation of radiant 
intensity in terms of the local properties of the medium. But, first, I 
should explain that for most purposes it is sufficient to characterize 
the radiation field by the specific intensity I; in terms of this quantity 
the amount of radiant energy crossing an element of area do, in a 
direction inclined at an angle J to the normal, and confined to an ele- 
ment of solid angle dw, and in time dt can be expressed in the form 


(1) I cos ĝdodwdt. 

Accordingly, to characterize a radiation field completely, the specific 
The twentieth Josiah Willard Gibbs lecture delivered at Swarthmore, Pennsyl- 

vania, December 26, 1946, under the auspices of the American Mathematical Society; 
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intensity will have to be defined at every point and for every direction 
through a point. 


4. The equation of transfer. To establish the equation which the 
intensity must satisfy in a stationary radiation field (that is, in a 
radiation field which is constant with time) we consider the equilib- 
rium with respect to the transport of energy of a small cylindrical 
element of cross section dø and height ds in the medium. From the 
definition of intensity, it follows that the difference in the radiant 
energy crossing the two faces normally, in a time di and confined to 
an element of solid angle dw, is 


dI 
(2) — dsdadudt. 
ds 


Here J denotes the specific intensity in the direction of s. This differ- 
ence (2) must arise from the excess of emission over absorption of 
radiant energy in time dé and the element of solid angle dw considered. 
Now the absorption of radiation by an element of mass is expressed 
in terms of the mass absorpiton coefficient denoted by x, such that, of 
the energy Idgdwdt normally incident on the face døg, the amount ab- 
sorbed in time dł is 


(3) rods X Idodwdt, 


where p denotes the density of the material. Similarly, the emission 
coefħcient j is defined in such a way that the element of mass pdods 
emits in directions confined to dw and in time dt an amount of radiant 
energy given by 

(4) jododsdeds. 


It should be noted that, according to our definition, the emission 
coefficient j can very well depend on the direction at each point, differ- 
ing in this respect from the absorption coefficient which is a function 
of position only. 

From our earlier remarks and the expressions (3) and (4) for ab- 
sorption and emission, we have the equation of transfer 


(5) ig ee 


expressing the conservation of radiant energy. 


5. The equation of transfer for plane-parallel atmospheres. The 
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source function. In our further discussion we shall restrict ourselves 
to transfer problems in a semi-infinite plane-parallel atmosphere (Fig. 
1). Let s measure distances normal to the plane of stratification and 3 
and ø the corresponding polar angles. The specific intensity J in such 
an atmosphere will, in general, depend on all three variables, z, 3 





Fia. 1. 


and ø. For such an atmosphere the equation of transfer can be written 
in the form 


dI 
(6) cos È pdk = — xl + j. 
It is convenient at this stage to introduce the optical thickness 
(7) r= [rods 


measured from the boundary inward as our variable instead of s. In 
terms of r, the equation of transfer becomes 


al 
(8) Se ae I(r, 8, p) P, p), 


644 S. CHANDRASEKHAR [July 


where we have written 
O gat. 


This is the source function. 


6. The source function for a scattering atmosphere. The phase 
function. Different physical problems lead to different functional de- 
pendences of the source function on J. To illustrate the nature of such 
functional dependences we shall consider the case of a scattering a- 
mosphere. In such an atmosphere, absorption arises simply on ac- 
count of the fact that when a pencil of radiation is incident on an 
element of gas, a determinate part of the radiant energy is scattered 
in other directions. In the same way, the radiation in any given direc- 
tion can be reinforced by the scattering of radiation from other di- 
rections into the particular direction considered. It is now evident 
that, to formulate quantitatively the concept of scattering, we must 
specify the angular distribution of the scattered radiation when a 
pencil of radiation is incident on an element of gas. This angular dis- 
tribution is generally given by a phase function p(cos @) in such a 
way that 


(10) cae) = 
?(cos T 


governs the probability that radiation will be scattered in a direction 
‘inclined at an angle @ with the direction of incidence. If, as we have 
assumed, scattering is the only process by which radiation and matter 
interact with each other, then it is evident that 


(11) f p(cos @) ~ =1 


when the integration is extended over the complete sphere. The corre- 
sponding source function is 


Y(T, d, p) = — f f "rr P, p) p(cos è cos d 
Ando Yo 
+ sin è sin 0 cos [y — o]) sin 0’dé’dg’. 
When the scattering is tsotroptc 
(13) p(cos O) m 1 


and the source function reduces to 


(12) 
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1 j on . ? / ; 
(14) 90) =f f I(r, 0, 9’) sin 8'd8'de!, 


Next to this isotropic case, greatest interest is attached to Rayleigh’s 
phase function 


3 
(15) (cos ©) = l (1 + cos? @). 
In general, we may, however, suppose that the phase function can 
be expanded as a series in Legendre polynomials of the form 


(16) p(cos 8) = >>) w:P;(cos @) 


where w=1 and w (F740) are some constants. (The condition m=1 
follows from equation (11).) 


7. Phase-functions with absorption. Our foregoing remarks strictly 
apply to the case of perfect scattering; that is, to cases in which the 
interaction between matter and radiation results only in the trans- 
formation of radiation in one direction into radiation in other direc- 
tions. However, cases are known in which, in the process of scattering, 
a certain amount of the radiation is consumptively transformed into 
other forms of energy. In such cases, we can still describe the scat- 
tered radiation by a phase function (cos @); but the “normalizing 
condition” (11) will no longer be satisfied and we shall have instead 


(17 ECO = = QS 1). 


The quantity à defined in this way is called the albedo. Formally, 
this does not introduce anything very essential, as the source func- 
tion will continue to be given by equation (12). 

The case 


(18) p(cos @) = A(1 + x cos @) (—1< 2 <1) 
is of particular interest for the analysis of planetary illumination. 


8. The problem of a semi-infinite plane-parallel atmosphere with 
a constant net flux. Returning to the case of a perfectly scattering 
atmosphere, we observe that the equation of transfer 


dT (r, 8, 1 pr pr 
9), <9 AE E Í f 1,8, oplos @)da", 
dr $ ATJ o 0 
where 


(20) cos @ = cos ¢ cos v’ + sin 2 sin d cos (g' — œ), 
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admits the first integral 
' d T ir 
(21) <f Í I(r, 8, p) cos d sin dddo = 0, 
drJo Jo 
or 


r pir ` 
(22) TF = f f I(r, 8, p) cos ð sin ddbdp = constant. 
0 Yo 


The integral representing F is proportional to the net flux of radi- 
ant energy crossing unit area in the plane of stratification; and this 
is a :onstant for a perfectly scattering atmosphere. Because of this 
cc -.vancy of the net flux, a type of transfer problem which arises in 
connection with such perfectly scattering atmsopheres is that of a 
plane-parallel semi-infinite atmosphere with no incident radiation, 
and a constant net flux xF through the atmosphere normal to the 
plane of stratification. It is evident that for these problems, solutions 
of the appropriate equations of transfer must be sought which depend 
only on 7 and d, that is, solutions which exhibit rotational symmetry 
about the s-axis. Further, in these problems, the greatest interest is 
attached to the angular distribution of the emergent radiation I(0, u) 
at r=0Q and for p>0. 

Finally, we may note that for the cases of isotropic scattering and 
scattering in accordance with Rayleigh’s phase function,. the equa- 
tions of transfer have explicitly the forms 















I 
and 
dI 7i 
z H z 2 = I(r, u) Tarr >fe = f I(r, udu 





= (Sp? =1) f I(r, wan! |, 





In the foregoing equations we have written u for cos é. 
We require solutions of the integro-differential equations (I) and 
(II) which satisfy the boundary condition 


(23) ; I(0, uw) = 0 for —-1< p< 0. 


— 
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9. The problem of diffuse reflection. Another type of transfer prob- 
lem which arises quite generally (that is, also in cases when À is differ- 
ent from unity) is that relating to the phenomenon of diffuse reflec- 
iton. In these contexts we are principally interested in the angular 
distribution I(0, p; Bo, po) of the radiation diffusely reflected when a 
parallel beam of radiation of net flux xF per unit area normal to itself 
is incident on the atmosphere in some specified direction (x 8, po). 

One general remark relating to problems of diffuse reflection may 
be made here. It is that, at any level, we may distinguish between 
the reduced incident radiation xFe** which penetrates to the 
depth r without suffering any scattering or absorbing mechanism, 
and the diffuse radiation field which arises in consequence of multiple 
scattering. We shall characterize this diffuse radiation field by 
I(r, p, o). Making this distinction between these two fields of radia- 
tion, we may write the equation of transfer for problems of diffuse 
reflection in the form 


Pena dle p) I( o ) ~ ffx 8’ G 
cos U —— ~~ = U, arae 7U, 
ar tie 4g J 0 0 í 5 
(24) X p(cos ® cos # + sin ð s.2 W cos [p — oJ) sin 8’dd'de’ 
1 
— Fike an cos ® cos > + sin d ain de cos [po — ph. 


For the cases of isotropic scattering, and scattering in accordance 
with the phase functions (15) and (18), we have the equations 





























dI (r, p) 1 ft 1 
wW H = I(r, u) — — I(r, w)dp! — — Femin, 
dr 2J 4 
dI(r, 3, ¢) 
H A = I(r, 8, p) 
dr 
À T ir [ 
— — I(r, &, o) (1 + z(cos 8 cos 8 
T “eh tf 





+ sin ð sin & cos |p’ — ¢])] sin 8'dd’de’ 





1 
= gecom» + z(—cos® cos bo + sin & sin & cos ø) | 


and 
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dl (r, 0, p) 
os § ——— 
dr 


3 T ir 
— >f f I(r, 8, p) f + cos? ð cos? 0 


1 
+ “painted sin? ð’ + 2 cosd sind cos’ sind’ cos (g — p) 


= I(r, 3, p) 


1 
y + = sin? ð sin? # cos 2(~’ — a | ain i dd’dg’ 
3 
= eo |i + cos? & cos? do 
1. ‘ i 
To ag sin? ĝo — 2 cos & sin & cos ĝo sin Do COS p 


1 
+ D sin? & sin? ĝe cos 26 |. 





And again we require solutions of these equations which satisfy the 
boundary condition (23). 

It appears from the foregoing equations that for problems of diffuse 
reflection which arise in practice, we can expand I(r, uy, p) in a finite 
Fourier series of the form 


N 
(25) I(r, m, p) = 2, I™(r, u) cos mo. 
TD . 


And finally, it should be remarked that in the problem of diffuse 
reflection by a semi-infinite atmosphere, greatest interest is attached 
to the scattering function S(u, p; Ho, Yo) Which is related to the re- 
flected intensity I(0, u, œ) according to the equation 

1 
(26) I(0, p, p) = —FS(u, P; Ho Po). 
Au 


Defined in this manner S(u, 9; Ho, po) must be symmetrical in the pair 
of variables (u, p) and (uo, po). This is required by a principle of 
reciprocity due to Helmholtz. 


10. The equations of transfer incorporating the polarization of the 
scattered radiation in accordance with Rayleigh’s law. The axially 
symmetric case. The transfer problems which we have described in 
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the preceding sections do not exhaust all the physical possibilities 
that may arise. For example, an important factor which we have not 
included in our discussion so far concerns the state of polarisation of 
the radiation field. For many problems, this must be taken into ac- 
count before we may be said to have an adequate physical description 
of the phenomenon under consideration, since, on scattering, light in 
general gets polarized. On Rayleigh’s classical laws for instance, when 
an initially unpolarized beam is scattered in a direction inclined at an 
angle @ with the direction of incidence, it becomes partially plane 
polarized with a ratio of intensities 1: cos? @ in directions perpendicu- 
lar, respectively, parallel to the plane of scattering. (This is the plane 
which contains the directions of the incident and the scattered light.) 
It is, therefore, apparent that the diffuse radiation field in a scattering 
atmosphere must be partially polarized. The question immediately 
arises as to how best we can characterize the radiation field under 
these conditions in order that the relevant equations of transfer may 
be most conveniently formulated. This is a fundamental question: 
on its answer will depend the solution of a variety of problems, in- 
cluding the important one of the illumination and the polarization of 
the sunlit sky—a problem which was in fact first considered in a gen- 
eral way by Rayleigh in 1871. It is, therefore, somewhat surprising 
to find that even the basic equations of the problem should not have 
been written down before the problem aroee in an astrophysical con- 
text earlier this year. Perhaps I may briefly explain the particular 
astrophysical problem which gave the final impetus for formulating 
and solving transfer problems in which the polarization characteris- 
tics of the radiation field are incorporated and allowance for the polar- 
ization of the scattered radiation is made: 

It is now believed that in the atmospheres of stars with surface 
temperatures exceeding 15,000°K, the transfer of radiation must be 
predominantly controlled by the scattering by free electrons. And, 
according to J. J. Thomson’s laws for this process, scattering by free 
electrons must result in the partial polarization of the scattered radia- 
tion. Thomson’s laws agree, in fact, with Rayleigh’s as regards the 
angular distribution and the state of polarization of the scattered 
radiation. : 

Now, if our belief in the important role played by the Thomson 
scattering in the atmospheres of hot stars is correct, we should ex- 
pect that the radiation emergent from the atmospheres of such stars 
should be partially polarized. The question of the degree of polarizaiton 
to be expected under such conditions therefore becomes one of ex- 
ceptional astrophysical interest. But, before we can answer this ques- 
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tion, we must formulate the relevant equations of transfer, distin- 
guishing the different states of polarization, and solve them! One cir- 
cumstance, however, simplifies this particular problem. It is, that in 
a plane-parallel atmosphere with no incident radiation, the radiation 
field at any point must exhibit rotational symmetry about the s-axis;_ 
accordingly, the plane of polarization must be along the principal 
meridian (or, at right angles to it). In other words, under the condi- 
tions of our present problem, the specific intensities I, and J,, referring 
respectively to the two states of polarization in which the electric 
vector vibrates in the meridian plane and at right angles to it, are 
sufficient to characterize the radiation field completely. And the rele- 
vant equations of transfer appropriate for this problem are found to 
be: 


3 +1 
7 =i. Ilr, w’)[2(1 — wh) + ete? — 2) Jap’ 






+ 
Fu? I,(r, Han’ j 


—1 


dI, 3 +1 +1 
p I, — Zif Ilr, pu tdp’ +f I(r, wde} ; 
=t —1 


i 









In other words, we now have a pair of simultaneous integro-differen- 
tial equations to solve with the boundary conditions 


(27) T,(0, ») = I,(0, p) = 0 (-—1<y<0). 


11. The parametric representation of partially plane-polarized 
light. The vector form of the equation of transfer. Returning to the 
general problem of a partially polarized radiation field, we at once 
realize that the intensities J; and J, are not sufficient to characterize 
the radiation field completely. A third quantity is needed which will 
determine the plane of polarization. But the inclination of the plane 
of polarization itself to the meridian plane (for example) would be a 
most unsuitable parameter to choose: for, a proper parametric repre- 
sentation of partially polarized light should not only provide a com- 
plete set of variables to describe the radiation field, but also enable a 
convenient formulation of the rule of composition of a mixture of 
tndependeni polarized streams in a given direction into a single par- 
tially polarized stream. On consideration it appears that the most 
convenient third variable to choose is a quantity U also of the dimen- 
sions of intensity and in terms of which the inclination, x, of the plane 
of polarization to the direction to which J; refers is given by 
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(28) x == — tan“! 


The rule of composition of a number of independent plane-polarized 
streams can be formulated as follows: If we have a number of inde- 
pendent plane-polarized streams of intensities J‘*) (say) in a given 
direction, the resulting mixture will be partially plane-polarized and 
will be described by the parameters 


(29) Ty = $, I™ costxa; = I, = DS I) sin? xa, 
and 
(29% U = >) I sin 2xa 


l 
where xa denotes the inclination of the plane of polarization of the 
stream Į to the direction (in the transverse plane of the electric 
and the magnetic vectors) to which J; refers. 

With the rule of composition, as we have just stated, the equations 
of transfer for Iı, I, and U can be formulated in accordance, for ex- 
ample, with Rayleigh’s laws. For the problem of diffuse reflection of a 
partially plane-polarized parallel beam of radiation (characterized by 
the parameters F, F, and U™) incident on a plane-parallel atmos- 
phere in the direction (—j0, go), the three equations of transfer for the 
intensities I;, I, and U of the diffuse radiation field can be combined 
into a single vector equation of the form 


al 
B— = I(r, u, p) 
dr 


3 +1 tr 
re aa: ’ et I(r, f dp’ de’ 
TA d is J Jiu, p; —u', eo I(r, w, eo )dy'de 


3 
= 16 OJ (u, Pi Ho, go) Ferrin, 





where 

(30) I= (I„In U), Fe (Fup Fn UW), 
1 0 

(31) Q=/0 1 O], 
0 0 


and 
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Slay #5 me, p) 
2(1 —m*) (1 af) tt m 
tape 1 — 1 aA cos (p—p) | DL a1 sin (e—a) 
tent cos 2(p—p) —pi cos 2(p—p) ta'm nin 2(p —pn) 

32) = 

( ) oe COS 2(¢—es) 1-}cos 2(p—gx) = — als sin 2lp—p) 
— 2a (1 aL — er ain (p —ps) (1 — pA VXI — mA cos (e—#) 
Haat cin 26 —wr) —p en 2{e—~m) —am cos 2(e—) 


The matrix QJ therefore plays the same role for this problem as the 
phase function p(cos @) does in the simpler problems in which polar- 
ization is not allowed for. 

We require to solve (VII) which satisfies the boundary condition 


(33) I(0, p, p) = 0 (-—1<y<0). 


Since the equation of transfer is linear in F, it is clear that the in- 
tensity I(un, g; ue, Yo) diffusely reflected by the atmosphere in the out- 
ward direction (u, p) must be expressible in the form 


3 
(34) Ilu, p; we, po) = — OS(x, p; Ho, po) F. 
i 16u 


And our principal interest in this problem is in the determination of 
this scattering mairix S. 

12. The Schwarzschild-Milne integral equation. In the preceding 
sections we have formulated several typical problems in the theory of 
radiative transfer and we have seen how all of them lead to integro- 
differentia! equations of varying degrees of complexity. The question 
now arises as to whether there are any general methods for solving 
such equations. Until recently, the only example of such integro- 
differential equations which had been considered to any extent is the 
simplest we have written down, namely equation (I). And here the 
method used was one of reducing the integro-differential equation to 
an integral equation. This reduction to an integral equation was 
achieved in the following way: 

Writing equation (I) in the form 


al 
(35) i p— = I — J(r), 
dr 
where 


1 pH 
(36) J) => Í Ke, wd 
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we observe that its formal solution is 


r p 
(37) . ji 
= -f CDA (1Sa <0). 
0 H 


Substituting this solution for I(r, uw) back into the equation defining 
J(r) (equation (36)) we find, after some elementary reductions, that 


1 s 
(38) IG) => J Ex(|#— r|) (Dat, 
where à 
3 Fy = y_, 
(39) ef eon 


is the “first exponential integral.” This is the Schwarzschild- Milne in- 
tegral equation for J (T). 


13. The method of Hopf and Wiener. The integral’ equation (38) 
for J(r) is seen to be homogeneous with a symmetric kernel. How- 
ever, the kernel has a logarithmic singularity at ¢=r. Integral equa- 
tions of this general structure have therefore a definite mathematical 
interest and have, in fact, been considered by a number of mathe- 
maticians including E. Hopf, J. Brdnstein and N. Wiener. But this 
method based on the reduction of the equation of transfer to a linear 
integral equation for the source function has not so far been extended 
successfully to the solution of the other more interesting equations of 
transfer we have formulated. I shall therefore pass on to a different 
method of attack on these equations which has been developed dur- 
ing the past three years and which allows the solution of practically 
all the different types of transfer problems which arise in practice, by 
a systematic method of approximation. Also, for the particular prob- 
lenis enumerated, exact soluttons for the angular distribution of the 
emergent (or the diffusely reflected) radiation can be found explicitly 
by passing to the limit of “infinite” approximation. 


14. The method of replacing the integro-differential equations by 
systems of linear equations. The fundamental idea in this new 
method of solving an integro-differential equation is to replace it in 
a certain approximation by a system of ordinary linear equations. 
This reduction to an equivalent linear system is made by approximat- 
ing the integrals over u which occur in the equation by a weighted 
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average of the values which the various integrands take at a suitably 
selected set of points in the interval (—1, +1). It is evident that in 
making the necessary division of the interval (—1, +1), we must 
be guided by reasons of “economy” in the sense that with a given 
number of divisions we must try to achieve the maximum accuracy 
in the evaluation of the integrals. The problem which we encounter 
here is therefore the same as that considered by Gauss in 1814 in 
deriving his formula for numerical quadratures. In this formula of 
Gauss, the interval (—1, +1) is divided according to the zeros of a 
Legendre polynomial, P.(u) (say), and the integral of a function f(y) 
over the interval (—1, +1) is expressed as a sum in the form 


+1 
(40) J twee Dose 


where the wetghts a, are given by 
1 + Palu) 
Palu) Y 1 we wy 


The reason Gauss’s formula is superior to other formulae for quad- 
ratures in the interval (—1, +1) is that for a given m it evalues 
the integrals exactly for all polynomial of degree less than, or equal to, 
2m— 1; in other words, it is almost “twice as accurate” as we should 
expect a formula which uses only m values of the function in the in- 
terval to be. 

For certain formal reasons, we shall not enter into here, in our fur- 
ther work we shall use divisions of the interval (—1, +1) only accord- 
ing to the zeros of the even Legendre polynomials. Further, when the 
division according to the zeros of P3,(u) is selected, we shall say that 
we are working in the sth approximation. It is, therefore, apparent 
that when an equation of transfer is reduced to an equivalent linear 
system in the mth approximation, we are effectively using a polyno- 
mial representation of order 4# —1 (in p) for the various intensities 
which occur in our problem. 

Finally, it may be observed that, when working in the ath approxi- 
mation, we may use the following relations between the points of the 
Gaussian division, u;, and the Gaussian weights a;: 


(42) G; = Gj; B® — my GGg=2zti,---,+n), 


and 





(41) a; du. 





(43) > ayn; = (m = 1, a y 2n — 1). 
ful 


1 
2m + 1 
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The identity (43) arises from the fact that in the sth approximation 
Gauss’s formula evaluates exactly integrals of all polynomials of de- 
gree less than or equal to 4n—1. 


15. The solution of equation (I) by the new method. We shall illus- 
trate the method of solving linear integro-differential equations by 
reducing them to equivalent linear systems in the various approxi- 
mations by considering equation I. 

In our mth approximation we replace equation (I) by the system 
of 2m equations 


(44) wt et Dall, (i= ti,--s,+ 4), 
where, for the sake of brevity, we have written I;(r) for I(r, m). 
In solving the system of equations represented by equation (44), 
we shall first obtain the different linearly independent solutions and 
later, by combining them, obtain the general solution. 
As our first trial, we seek a solution of the form 


(45) Lage (i= + 1,-++, +), 


where the g,’s and k are constants, for the present unspecified. Intro- 
ducing equation (45) ın equation (44), we obtain the relation 


1 
(46) eC + wk) = > Di ag 
Hence, 
(47) constant (i Xi 4) 
5i 1 i ie t ’ , A”), 


where the “constant” is independent of #. Substituting the foregoing 
form for g,in equation (46), we obtain the characteristic equation for k: 
1 a 
(48) 1—— 

1+ pik 


Remembering that a_;=a, and p_;= —y,, we can rewrite the charac- 
teristic equation in the form 





49 ee es 
(45 ee 


It is, therefore, seen that k? must satisfy an algebraic equation of 
order ». However, since : 
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(50) > a; ™ 1, 
| a 


k?=—(0 is a root of equation (49). Equation (48) accordingly admits 
only 2# —2 distinct nonzero roots which must occur in pairs as 


(51) + .ka (a= 1,- a — 1). 
And corresponding to these 2n —2 roots, we have 2# —2 independent 


solutions of equation (44). The solution is completed by obeerving 
that 


(52) Lm or+uHit+Q) (= t1,---, n»), 


where b and Q are two arbitrary constants, also satisfies equation 
(44). The general solution of equation (44) can therefore be written 
in the form 


a1 Dee Bar a-l I gt har 
53 IL=b RNS E 
S ft Orra a tet 
(i= +1,---, t»), 
where b, Lie (a=1, --+-,#—1) and Q are the 2s» arbitrary constants 


of integration. 

For the astrophysical problem on band, the boundary conditions 
are that none of the Irs increase exponentially as r— © and that, 
further, there is no radiation incident on r= 0. The first of these con- 
ditions requires that in the general solution (53) we omit all terms in 
exp(+2,r), thus leaving 

a—l L of Bar 


(54) hod) — 41+ utah (i= +1,--, tn). 


Next, the abeence of any radiation in the directions —1 <p <0 at 


7=(0 implies that in our approximation we must require 
(55) Is=0 atr—Ofori=oi,---,a. 
Hence, according to equation (54), 


1 Ii 
(56) 2 netm (imi, n). 
a=1 I= Hike 
These are the # equations which determine the # constants of integra- 
tion La (a=1, +--+, #—1) and Q. The constant b is left arbitrary, 
and this, as we shall presently see, is related to the assigned constant 
net flux of radiation through the atmosphere. 


_ — = a 


akaa 


' (57) Dalz) = 2 
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16. Some elementary identities. The further discussion of the solu- 
tion obtained in §15 requires certain relations which we shall now es- 


. tablish. 


Let 








Ee eke (m = 0,- , 4n). 


There is a dunke recursion formula which ee defined in this man- 
ner satisfies. We have: 








1 
58 Dalz) = — 1— : 
(58) (2) — out *( =) 
or, using equations (42) and (43), 
ite 
(59) D(x) = — |— Cm,odd — De-s(2) | 
z Lm 
where 
1 if m is odd, 
(60) feiodd = { ee 
0 if m is even. 
For odd, respectively, even values of m, equation (59) takes the form 
1 
(61) Darala) = — -J = Dips) |, 
2j3— 1 
and 
1 
(62) Dy,(z) = — 7 Paala). 


Combining these relations, we have 








1 2 1 
(63) Dszi(z) = Lj l T = Daraa) | œ — 2Ds(2). 
x L2/— 1i crz 
From this formula, we readily deduce that 
D:ıpı(2) : + : F 
ej = Dae” (Qj — 3) 
(64) A ; 
—— |2 -D i 
+ Gare t Gare 2 ~ PO] 


and 
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(27 —1)x* (27 — 3) at 
2 
3x73 7 3r?! 


(65) 


[2 — Do(z)]. 


If we now let x be a root k of the characteristic equation (48), 


(66) Do(k) = 2, 

and we find from equations (64) and (65) that 

(67) D,(k) = D:(k) = 0, 

2 2 2 

(68)  D:(k) = — Q@-DP w-ar T Zyra 
G=2,--+,m), 

(69) E ea oe EE E A 

(2j — 1)k (2j —3)k 3k43 

G = 2,+--, n). 


17. A relation between the characteristic roots and the zeros of the 
Legendre polynomial. In terms of the D:,(k)’s introduced in $16, we 
can express the characteristic equation for k in a form which does not 
explicitly involve the Gaussian weights and divisions: Let ps; be the 
coefficient of u*/ in the polynomial representation of the Legendre 
polynomial P;,(u), so that 





(70) Prat) = > pim’. 
f_O 
Now consider 
= at = 2; 
(71) È aD =D ( È pan ), 


Since the y,’s are the zeros of Pia (u) 
a aj 
(72) 2, Prt = 0 
fun} 
and the characteristic equation can be expressed in the form 


(73) - Sapa. 
jn0 
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where the D,,’s are defined as in equation (68). Substituting in partic- 
ular for Dy, and Dy, we have 

2 pan 
(74) 3 pa + 2pm 0. 


From this equation it follows that 


1 3po 2 2 
75 oe (— ft gt 
(75) (ins Be? (— 1) a Aan 
or 
(76) kite kahi’ pe = 1/313. 


18. The law of darkening. Returning to the solution (54) of the 
transfer problem considered in §15, we evaluate the net flux xF ac- 
cording to the formula 


+1 
(77) F =2 f Iudu. 
—1 
In our present scheme of approximation, we can write 
(78) F = 25) olyn. 
Evaluating this sum with the J,’s given by equation (54), we obtain 


(79) F= 24 S La’eD, (k) +> out 


Using equations (43) and (67), we have 

(80) F om 46/3, 

We can now rewrite the solution (54) in the form 
3 a—1 Lge at 

81) I; = — F —— 

Pre birra 


In terms of this solution, the source function for the problem under 
consideration can be obtained in the following manner. We have 


trt m+ oh (me dyes poem). 


1 pH 1 
J= —} Id~—Da,7; 
2J 2 


-2 rf E Lee *"Dal he) + 2r + o} | 
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or, using equation (66), 
3 a—l 
(83) Jai p{ E Lam +74 Qh. 
4 al 
The angular distribution J(0, p) of the emergent radiation can be 


found from the source function (83) in accordance with the formula 
(cf. equation (37)) 


ji dr 
84 I(0, p) = J (r)i — . 
(84) CE J (dered 
We find 
3 nw—1 Le 
(85) 7(0, = rd tet oh. 


It is to be particularly noted that the foregoing expression for I(0, p) 
is in agreement with the solution (81) for r=0 and at the points of 
the Gaussian division p = pu. 

Comparing equation (85) with equation (56) which determines the 
constants La and Q, we observe that the angular distribution of the 
emergent radiation defined for the interval 0SyS1 is determined in 
terms of a function which has zeros assigned in the complementary 
interval —1 <u <0. Thus, letting 





a—l1 Le 
(86) Su) = Ls —pt+Q, 
aml a Uke i 
the boundary conditions require that 
(87) . SQu) = 0 (i= 1,- ,9), 


while the angular distribution of the emergent radiation is given by 
: 3 
(88) I(0, u) = gys n). 


19. The elimination of the constants and the expression of the 
solution in closed form. We shall now show how an explicit formula 
for S(u) can be found without solving explicitly for the constants 
LD, and Q: 

Consider the function 


-+ 


(89) ii (1 — uka)S(u). 
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This is a polynomial of degree m in p which vanishes for p= p; 


=i, +--+, . Consequently there must exist a proportionality of the 
form 

a—1 wl 
(90) TT (1 — kaz)S(u) < JI (ue w). 

aml iml 


The constant of proportionality can be found from a comparison of 
the coefficients of the highest powers of p on either side. In this man- 
ner we find that 


Il @ - ») 
(91) Sy) = (= 1) + he 
I] (i — kan) 
This is the required formula. 
According to equation (91) 
Ü (u + m) 
(92) S=) = h ky EI 
II (1 + kap) 
or, using the result (76), we can write 
` 1 
where 
r Ul (u + m) 
i=] 
(94) HO = ——— 


Ss II (1 + kan) 


In terms of the function H(p) defined in this manner, the angular dis- 
tribution of the emergent radiation can be expressed in the form 


31/3 
(95) A EE 


20. The solution of equation (II) by the new method. A particular 
integral. As a further illustration of our method of solving equations 
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of transfer, we shall next consider equation III appropriate for the 
problem of diffuse reflection by an isotropically scattering atmos- 
phere. The equivalent system of linear equations in the sth approxi- 
mation is 


OO woe — Daly Fem mle, to). 
dr 2 4 

It is seen that the homogeneous system associated with equation 
(96) is the same as equation (44). Accordingly, the complimentary 
function for the solution of equation (96) is the same as the general 
solution (53) of the homogeneous system. To complete the solution 
we require only a particular integral. This can be found in the follow- 
ing manner: Setting 


1 
(97) se (¢—m4t1,---, +2) 


in equation (96) (the 4,’s are constants unspecified for the present) 
we verify that we must have 


(98) k,(1 + m/u) = = 2: a,k,+1. 


Equation (98) implies that the constants k; must be expressible in the 
form 

Y 
99 kh; = ———_—_ i= +1,- £”), 
99) 1 + pi/ Mo N ) 
where the constant y has to be determined from the condition (cf. 
equation (98)) 


è 1 ay 
100 = — — + 1. 
(100) Y I TF a/n 
In other words 
101 tacte > eae ahs cee 
wen me 1 + i/o iis E 
with 
1 
(102) yoa 
ai a 
tes d 


\ 
\ 


A 
) 


t 
\ 
l 


l 
| 
1 
} 
l 
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represents the required particular integral of equation (96). 

The constant y defined as in equation (102) can be expressed in 
terms of the H-function introduced in §19 (equation (94)). For this 
purpose consider the function 





(103) Poveda eat a. 
fm 1 — yee 
This clearly vanishes for 
(104) 2=0 and z= k, (a=™1,-++,#—1). 
Accordingly . 
(105) T(a) I] (1 — usa) 
fal 

cannot differ from 

a—1 
(106) z|] (z- ke) 

aml 


by more than a constant factor since (105) represents a polynomial of 
degree » in x. The constant of proportionality can be determined by 
comparing the coefficients of the highest powers. In this manner we 
find that 


“TI (x — k.) 





(107) T(2) = (— Y'm a 
LI (1 — py) 
j=1 
But 
108 = 
(108) y= Tue) 
Hence 
 He-a 
(109) y= (= 1)* 
nO TIa- wu) 


or according to our definition of H(p) 
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(110) y = H(u)H(— mo). 


21. The law of diffuse reflection for the case of isotropic scattering. 
Now, adding to the particular integral (101) the general solution of 
the homogeneous system compatible with our present requirement of 
boundedness of the solution for r—>œ, we have 


1 l La ’a H (po) H(— uo) | 
111) I;~—F —— + Q + ——_ ela! 
wee ae reer eae ene 


(i= 1,---,*), 


where the constants La (a=1, ---,#—1) and Qare to be determined 
by the boundary conditions at r =Q. 
At r=0 we have no diffuse radiation directed inward. The condi- 
tions which determine the constants of integration are therefore 
o La H(m)H(— po) 
(112) oem e a 
2 1- Hike e i= H/o 
The angular distribution of the diffusely reflected radiation can be 
found in terms of the source function 


1 1 
(113) (r) = A >, aly + ra 


0 @mti,---,+4). 


according to the formula 


dr 
(114) I(0, p) = f B(r)etls — . 
0 H 
We find 


1 
(115) (0, m; wo) = — F FOF 
4 am] 1 -- HŘa 1 + K/L 
As in §18, we again observe that the angular distribution of the 
diffusely reflected radiation defined in the interval OSuS1 is de- 
scribed in terms of a function which has zeros assigned in the interval 
0>u> —1. Thus, letting 


$3 Ole eel 


al La A (pe) A(— 
(116) s) =D tot Se, 


we have 


(117) S(u4) = 0 (i= 1,---,), 


_ 
— eye oe ni 
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and 
1 
(118) I(0, x; uo) = Ta p). 
And, again as in the earlier problem, we can find an explicit formula 


for S(u) without having to solve explicitly for the constants Le and Q. 
Thus, considering the function 


a—1 
(119) (1 — u/n) [| (1 — Rass) S(u) 
a=! 
we observe that it is a polynomial of degree » in u which vanishes for 
Hal, tml, ++ -,n. There must, therefore, exist a relation of the form 
m H (e — m) i 


(120) sW = (— a —*__________, 
Hic °° Us acta (1 p/ po) 


where X is a constant. In terms of H(u) we can rewrite the foregoing 
equation as 


H(— p) 
1 — p/p 


The constant X appearing in equation (121) can be determined 
from the relation (cf. equation (116)) 


(122) limit (1 — p/o)S(u) = H(u)H(— m). 
He 


(121) SG) = X 


According to equation (121) the left-hand side of equation (122) is 
XH(—go). Hence 





(123) X = H(p) 
and 
(124) Sla) = H (he) H(— p) ——. 


Ho 


The expression (118) for the angular distribution of the reflected radi- 
ation therefore becomes 


(125) T(0, p; uo) = = FH(u) H (0) — 
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22. Tabulation of the solutions of equations (I)-(VIJ). The method 
of solution of transfer problems which we have illustrated in the pre- 
ceding sections by considering the two simplest problems is, on ex- 
amination, found to be sufficiently general for adaptation to the solu- 
tion of the more difficult problems presented by the other equations 
of transfer formulated in §§8—-11. While the details of the solution of 
these other equations (particularly equations VI and VII) are con- 
siderably more elaborate and complex, the analysis nevertheless 
shows similarities with the simple problems we have considered in 
the broad features. Thus, it is found that, in all cases, the angular 
distribution of the emergent (equivalently, reflected) radiation is de- 
scribed by a function for the argument in the range (0, 1) while the 
boundary conditions specify the zeros of the same function in the in- 
terval (0, —1). This remarkable reciprocity, which exists in all the 
problems, enables the elimination of the constants and allows the re- 
duction of the solutions to closed forms in the general nth approxima- 
tion. And finally, these solutions, apart from certain constants, in- 
volve only H-functions of the form 


(126) H(i) = ——— -~ 
me ™™ TT + kan) 


me 
where the urs are the zeros of the Legendre polynomial P:,(u) and 
the k,'s are the positive (or zero) roots of a characteristic equation of 
the form 


ay peel oe (us) 


127 
(127) 2 T pp 


Ey 


where (yu) is an even polynomial in u satisfying the condition 
1 1 
(128) f ¥(u)dp S ri 
0 


(This last condition is necessary for H(z) to be real.) 

The different physical problems naturally lead to different charac- 
teristic equations and therefore to different H-functions. However, as 
the H-functions differ from one another only through the character- 
istic equations which define the roots Aa, we may properly call ¥(p) 
the characteristic function in terms of which H is defined. 

We tabulate below the solutions for the various transfer problems 
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j (equations I-VII) obtained in the sth approximation of our method 
of solutions. 


SOLUTIONS FOR THE EMERGENT AND THE DIFFUSELY REFLECTED 
RADIATION FOR VARIOUS TRANSFER PROBLEMS 


A. Isoiropic scattering 
J Problem with constant net flux: the law of darkening: 


31/3 
I(u) = -g Fae). 
Law of diffuse reflection: 
1 Ho 
I(u; 40) = — FH(u)H (uo) 
4 H -F po 
The characteristic function in terms of which H(p) is defined is 
F(u) = 1/2. 


B. Scattering in accordance with Rayleigh’s phase functton 
3(1 +cos? @) /4 





Problem with constant net flux: the law of darkening: 


Iu) = = FH) - 
Law of diffuse reflection: 
Tbs #5 ma) = SP (HOUE Gu) [3 — (3 — 8091 +) + st 
— Auno(L — pU — po) HO (u) HO (ua) cos (p — p) 
+ (1 — ph (1 — m) E(u) E(u) cos 2(p — go) } —*. 


u + po 


The characteristic functions in terms of which H Ou), HY(u) and 
HH (u) are defined are respectively 


3 
FOG) = — (3 — p, 
¥O(y) = Sa =g, 


3 
EOG) mL — ay 
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And finally, 
2(31/) 
T AO(4 318) — FO(— 3U 
C. Scattering tn accordance with the phase funciton \(1+ cos 8) 
Law of diffuse reflection: 
I(p, p; Ho, pe) 


ars L NP { H(i) () [1 — clu + Lo) — x(1 = d) to | 


q 


+ a(l — pY U1 — po) (uy) (ue) cos (p — po) } ETA 


The characteristic functions in terms of which H® (u) and H™ (p) are 
defined are respectively 


PO(p) = Sal + a(1 — A)a’], 


YOG) = Al = Bh, 


The constant c depends in a somewhat complicated manner on the 
characteristic roots defining H®(u) (cf. S. Chandrasekhar, Astro- 
physical Journal vol. 103 (1946) p. 165, equation [108]). 

) 


D. Scattering in accordance with Rayleigh’s law and ahowing for 
the polarisation of the scattered radiation 
Problem with constant net flux: the law of darkening in the two 
states of polarization: 


nie — FU — DET (y), 


wv 


3 1 
I,(u) = PTT H.) + ¢). 


Problem of diffuse reflection: the scattering matrix: 


3 
I(p, P; Ho, po) = icx S(x, P: Ho; eF 


where 
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(St—2)7 90900) HC") emt — 
(a= 4) 900 (1) HO R= 


(*o—4)z ups (7) A) HY — 


(o—8)7 aye (1) (7) SHO 


(Cd —4) am (0) E) Be Gt DG De 


. 


A 
tt Pe -a 


(bz up (M) EH- 


("#—A)g soo (") (") SH + 
PT] YE OYE 


(#—4)7 909 (Or) Ha 


(+A (A) ((2—- Dd) 


(td—4)7 op (OH) E Qe 
(4— A) us (Ot) H HE Dg (7 DE 


(08 —4)7 909 (7) (7) Hy 
(rn) (mt (EDO 


(t4 — e)z 900 (") A(t) He 
(Ob — A) s00 (HH) AMA — 1), Ot — D- 
(eA )9— ert +7] CN HHT 


et n 
(0d "ort $d sH 
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The characteristic functions in terms of which Ai(u), H;(u), H® (u) 
and H(z) are defined are respectively 


3 
Flu) = aN =en) 
TOG) == ACL H 2a); 
3 
elu) = — (1 = a), 


3 
Oe) = a (1 + u9’. 


And finally, the constant c is given by 
_ At 1)H,(— 1) + Ai(— 1)8(+ 1) 
ere 1)H,(— 1) — Hi(—- 1)B,(+ 1) 


23. Remarks on the tabulated solutions. The possibility of passage 
to the ‘“‘infinite approximation.” An examination of the solutions of 
the various transfer problems given in the preceding section discloses 
remarkable relationships between the laws of darkening of the emer- 
gent radiation from a semi-infinite plane-parallel atmosphere with 
constant net flux (and no incident radiation) and the laws of diffuse 
refleciton by the same atmosphere. The relationship is naturally the 
simplest for the case of an isotropically scattering atmosphere and 
can indeed be established directly from the equations of transfer. 
However, in the other cases, the relationship is of a more complex 
nature and has to be sought between the darkening function for the 
problem with a constant net flux and the asimuth independent term 
in the law of diffuse reflection. It is seen that both these functions 
involve the same A-functions and the same constants. 

While the relationship between the two problems has been estab- 
lished only in a particular scheme of approximation, it is apparent 
that the relationship tiself must be an exact one since it is present in 
every approximation and must consequently be also present in the 
limst of infinie approximation when the solutions will become the ex- 
act ones of the problem. A further result of this train of thought is 
the realization that if we can solve the problem of diffuse reflection 
exactly, we shall, at the same time, have also solved exactly the 
axially symmetric problem with a constant net flux and no incident 
radiation. 


` e a aaao T 


Fai ~~ = 
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Having thus been led to conceive the passage to the limit of infinite 
approximation, we naturally ask ourselves: Can we in fact perform this 
limiting process and thus obtain the exact solutions for the various prob- 
lems? The answer to this question must clearly depend on our ability to 
pass to the limit of the H-functions as we have defined them, as n— œ, 
We shall now indicate how this limiting process can be achieved in 
practice. 

24. The equation satisfied by H(p). For the purposes of passing to 
the limit of infinite approximations of the solutions of the various 


transfer problems, we shall first establish the following basic theorem 
relating to the H-functions. 


THEOREM 1. Let € (p) be an even polynomial of degree 2m in u such 
that 


[vous =. 


Let pi (ge1,---, +n) denote the division of the interval (—1, +1) 
according to the zeros of the Legendre polynomial of order 2n (>m); 
further, let a; (=a_;) denote the corresponding Gaussian weights. 
Finally, let ka (am1, +++, n) denote the distina postitwe (or zero) roots 
of the charactertstic equation 


=> at (u) a2y ajt(u;) l 
i 1+ ky; fol 1 — kp’ 


Then the function 
1 U (u + m) 
H(p) = ——____ 
me" TT han) 
aww 1 
satisfies identically the equation 
2 G;H (uj) ¥(p;) 
H m 1 ——_—_______, 
(u) + uH (u) 2 PETER 


Proor. We shall first consider the cage 


(129) : f wan < 2 . 


672 S. CHANDRASEKHAR [July 


In this case the characteristic equation admits » distinct nonvanish- 
ing positive roots and we consider the function - 





+1, 


(130) S= E 
r E Raji 
where La (a=1,- ++, n) are certain constants to be determined from 
the equations 
n Là 
(131) > —— +10 (¢mi1,--+-,m), 
am] 1 — Ratt 


~ or equivalently 
(132) Sui) = 0 (i= 1,1., 7#). 


By considerations of the type we are now familiar with, it can be 
shown that 


cue IG — m) 


a. Oy ce ie iii es 
m 5 ii SEa JI (1 — att) 


In other words, 
(134) S(u) m ky... katie * aB p). 


Since H(0)=1, we can rewrite equation (134) alternatively in the 
form 


(135) S(u) = S(0)H(— p), 
where 
(136) (Oe eee. 


Now, since W(j) is even in u, we can rewrite the equation which a 
characteristic root satisfies in either of the forms 


a,¥(u;) 
137 = HAREA 
ae i 2 1 + hu; 
or 
(138) 1 = >» LAGD] : 


7 1— ku 


=n 
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Let ka denote a particular characteristic root. Then, on account of 
equations (137) and (138), which are satisfied by any of the character- 
istic roots, we can clearly write 


S00) = Lis +1 
pm 


See SO ita 
139 ma Y — + — 
(139) 2 ny, 2 aitta) ATE ka TET 
G;$ (u;) 
KD A 
2 1+ Rett; 
Simplifying the quantity in brackets in the foregoing equation, we 
have 
z a,¥(u,) | a$ (uj) 
140) S(O) = — j| + — 
vou Oy = n| £ (1 + kans) (1 — kani) 2 1 + he; 
or, inverting the order of the summation, 


(141) so = Ty 2 +1], 





1+ keki Lami 1 — pp; 
But the quantity in brackets in equation (141) is S(u,). Hence 
6 S(u,)¥(u;) 
142 S(O) = — > 
(142) (0) 2 1+ ban, 


In equation (142) (as in equations (137)—(141)) the summation is, of 
course, extended over all values of j, positive and negative. However, 
since S(-++u;) =0 (equation (132)), in equation (142) only the terms 
with negative j make a nonzero contribution. We can, therefore, write 


5 GS(— p34) ¥ (u) 


(143) S(0) = 2 (a = 1,---, n) 
or, in view of equation (135), 
(144) - 1a yo AEU) (a = 1,- , 9). 


Hi 1 — Reps; 
Now, consider the function 


(145) _ > aH (ui) ¥ (ns) 


1 
j=l B+ hi 
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According to equation (144), this vanishes for p= —1/k. (aml, 
-+ n); for 


TE aH (p) as aiH (p) E(u) z 


(146) 
ka pı (— 1/ka) + uy; pı  1— kaij 


0. 


Hence 


(147) il hae 92 oHa) Hu) TI + a) 
also vanishes for 
(148) pm — 1/ka l (x= 1,- a). 


But the expression (147) is a polynomial of degree »# in u. It cannot, 
therefore, differ from 


(149) TL ka) 


by more than a constant factor; and the constant of proportionality 
is seen to be 


(150) PERRE” 


from a comparison of the two functions at u=0. It therefore fol- 
lows that 


Eai JI (1 + ban) 
(151) tag ODED yy, $= 
a utu) 
Fis 
Hence 
(152) H(u) = i+ „Hl Y BUEU À 
Hi BHE 


This proves the theorem for the case (129). 
Turning now to the case 


1 1 
(153) f Puda =>> 


we observe that, in this case, k =0 is a root of the characteristic equa- 
tion, and we are left with only (#—1) positive roots. We, therefore, 


j 


` 
| 
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consider in this case the function 


\ 


t 
` 





q 

) (154) S(u) = S +L- 

` aml 1 — Ratt 
in place of equation (130). However, the constants L, and La 
(a=1, +--+, n—1) are again to be determined by the conditions 
(155) SG.) = 0 (i= 1, ø). 


With this definition of S(p), equation (135) continues to be valid and 
the rest of the proof follows on similar lines. The only essential point 
of departure that needs to be noted is that, at the stage of the proof 
corresponding to equation (140) and before inverting the order of the 
summation, we must add the extra term _ 


a$ (us) uy; 

1+ hep; 

to the right-hand side of the equation. We cah do this without alter- 
ing anything, since the quantity we thus add is zero; for 

aË (us); 


3 a| Seu i-th 


1 at (ui) 
= —|1— — |m)Û, 
| 2. 1+ he 


(Note that we are permitted to set )\a;¥(u,;) =1, since the Gauss sum 
in the sth approximation evaluates the integrals exactly for all poly- 
nomials of degree less than or equal to 4n—1; and we have assumed 
2n> m.) 

This completes the proof of the theorem. 


25. The limit of H(u).as n— œ. The basic functional equation. The 
theorem proved in §24 suggests how the limit of the H-function as 
n—=œ can be obtained. We shall state this in the form of a theorem. 


THEOREM 2. The solution of the functional equation 


1 
Hi) = 1+ nH) f AR ay, 


(156) 


(157) 


where F(u) ts an even polynomial satisfying the condition 


f vos s Z, 
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is the limst function 


TI] @+ e 
limit z 
= eee 


äi TI (1 + box) 


where the u,’s and the k,'s have the same meanings as in Theorem 1. 


SKETCH OF PROOF. The theorem arises in the following way: It is 
known that the integral of a bounded function over the interval 
(0, 1) can be approximated by a Gauss sum with any desired degree 
of accuracy by choosing a division of the interval according to the 
zeros of a Legendre polynomial of a sufficiently high degree. The in- 
tegral which occurs on the right-hand side of the functional equation 
for H(u) can, therefore, be replaced by the Gauss sum 


> aH (us) E(u) 


158 
i ) j=l u + u; 


to any desired accuracy by choosing a sufficiently large ». But by 
Theorem 1, for a finite n, no matter how large, the unique solution of 
the equation 


= aB (utp) 


(159) H(u) = 1+ aED 
zl HFE 
i8 
i JI Ce + m) 
(160) — =. 
a II (1 + kan) 


If we now let no, equation (159) becomes 


H 
(161) HG) = 1+ aH) f —— gy, 


The solution of this functional equation is, therefore, seen to be the 
limit of the function (160) as n— œ, 

It is realized that the sketch of the proof of Theorem 2 we have 
just outlined does not meet the full demands of a rigorous mathe- 
matical demonstration. It is, moreover, probable that precisely the 


om, 
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questions of uniqueness and existence which we have ignored will 
cause the principal difficulties in the constructions of a rigorous math- 
ematical proof. However, as the equation arises in a physical context, 
and the physical situations are such as to leave no room for ambiguity, 
it is hardly to be doubted that the theorem is true. Indeed, as we 
shall presently show quite rigorously by an entirely different line of 
argument, the exact solutions for the various transfer problems are 
of the forms tabulated in §22 with the H-functions redefined in terms 
of functional equations of the form (161) instead of in terms of the 
Gaussian division and characteristic roots. Nevertheless, it may be of 
interest to pursue further the purely mathematical questions raised 
by Theorem 2. 


26. A practical method of determining the exact H-functions as 
solutions of the functional equations they satisfy. Assuming for the 
present the indications of the preceding sections that the exact solu- 
tions for the various transfer problems are of the forms found in our 
method of solution and that the H-functions which occur in them 
have to be redefined as solutions of functional equations of the form 
(161), we may observe that Theorem 1 of §24 suggests a simple prac- 
tical method for determining the exact H-functions numerically. For, 
starting with an approximate solution for H(u) (in the third approxi- 
mation, for example) we can determine the exact H-functions by a 
process of iteration using for this purpose the functional equation 
which it satisfies. In this manner the exact H-functions which occur 
in the solutions of the various transfer problems involving isotropic 
scattering with an albedo A <1, Rayleigh phase function and Ray- 
leigh scattering (including the state of polarization of the scattered 
radiation) have all been numerically evaluated. We have therefore 
now available exact numerical solutions for the cases A, B, C (for 
x=0) and D tabulated in §22. 


27. The constants in the solution. It is to be noted that the de- 
termination of the limit to which the H-functions which occur in the 
solutions for the emergent (or diffusely reflected) radiation in the mth 
approximation tend, as n>, still leaves open the question of the 
exact limiting values of the constants which occur in these solutions. 
It does not seem that any direct or simple limiting process can be 
applied to the formulae which define them in the nth approximation. 
Attention may be particularly drawn in this connection to the fact 
that the formulae which define these constants (in the mth approxi- 
mation) often involve the values of H-functions (now defined as ra- 
tional functions in terms of the Gaussian division and the characteristic 
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roots) outside the interval (0, 1) (sometimes even for complex values 
of the argument!), whereas it would seem that in the limit of infinite 
approximation H(z) has a meaning only in the interval (0, 1). (See, 
for example, the definitions of the constants c and g under the head- 
ings B and D in the tabulation of §22.) However, it appears that these 
constants can be determined indirectly by appealing to certain other 
identical relations which the problems must satisfy. 

Thus, considering the transfer problema involving the Rayleigh 
phase function, we have 


3 
(162) : I(u) = ri gFH (uy), 
where HY (u) is defined as the solution of the functional equation 
3 1 (3 — Ww) 
(163) H(u) 1+ Zaag) f CERIA a 
16 0 w+ py’ 


Now, as equation (162) gives the angular distribution of the emergent 
radiation for the axially symmetric problem with constant net flux, 
it follows that the outward flux of the emergent radiation must also 
equal xF. In other words, we must have 


1 3 
(164) F= af I(u)udu = y Fon 
0 
where a; denotes the first moment of H(p). Hence, 
2 
(165) A 
3aı 


Thus, once the solution of equation (163) has been determined (by 
iteration based on an approximate H(p) as suggested in §26) the con- 
stant g can be determined directly in terms of its first moment. Since 
q is the only constant which occurs in the solutions, they become de- 
terminate in this fashion. 

Similarly, in the transfer problems in which the`polarization of the 
scattered radiation in accordance with Rayleigh’s law has to be prop- 
erly allowed for, the solutions again involve a constant c. It does not 
seem postible to pass directly to the limit of infinite approximation in 
the formula defining this constant in the #th approximation. But we 
can determine it by appealing to the flux condition in the problem 
with the constant net flux. Thus, with the solutions T;(u) and I,(u) for 
the emergent radiations in the two states of polarization as given in 
§22 (with the functions H;(u) and H,(u) now defined properly in 


ee T 
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terms of functional equations of the form (161)), we must have 


1 
Fa2f E) + 10) Jedu 
(166) A : i 
l -> Fla = ean + (a+ cA) | 
where a denotes the first moment of H;(u) and A; and Ag are the 


first and the second moments, respectively, of H,(u). Hence, we can 
determine c from the equation 


4 
(167) (2(1 — c) 8a, + Ay + cå: = woe 


28. The functional equation for the problem of diffuse reflection. 
The discussion in the preceding sections has shown how we can ob- 
tain in practice the exact solutions for the angular distribution of the 
emergent and the reflected radiations from a semi-infinite plane- 
parallel atmosphere for a wide variety of scattering laws. From a 
strictly mathematical point of view, the limiting process by which the 
passage to the limit of infinite approximation was achieved may not 
have been as rigorously justified as one might have wished. We shall, 
therefore, now show how the exact solutions obtained in the manner 
of the preceding sections (by redefining, for example, the H-functions 
which occur in the solutions in the general sth approximation, in 
terms of functional equations of the form (161)) can be justified by 
following an entirely different line of argument. The basic idea in the 
development we are now going to describe is due to the Armenian 
astrophysicist, V. A. Ambarzumian. 

In the problem of diffuse reflection, we are interested in the solu- 
tion of the relevant equations of transfer principally, only to the ex- 
tent that we want to establish the law of diffuse reflection as specified 
by the o(u, 9; Ho, pa) which gives the intensity reflected in the direc- 
tion (u, œ) when a parallel beam of radiation of unit flux normal to 
itself is incident on the atmosphere in the direction (—j, go). Now, 
Ambarzumian starts with the almost trivial observation that the 
intensity o(u, P; Ho, po) must be invariant to the addition (or removal) 
of layers of arbsirary optical thickness to (from) the atmosphere and 
shows (and this is really the point of the observation) how this in- 
variance can be used to derive a functional equation for the scattering 
function o(u, P; Ho, poju. Ambarzumian has explicitly derived the 
form of this functional equation for the law of diffuse reflection 
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from an atmosphere scattering radiation in accordance with a gen- 
eral phase function, that is, the functional equation associated with 
the equation of transfer (24). However, when one proceeds to solve 
the resulting functional equation, one is soon led to simultaneous 
systems of nonlinear, nonhomogeneous functional equations of such 
a highly complex nature that one might almost despair of solv- 
ing them! But, on examination, it soon appears that a knowledge of 
the forms of the solution obtained by the method described in the 
earlier parts of this lecture enables us, in all cases, to reduce the 
Ambarzumian type of functional equations to equations of the fol- 
lowing standard form 


(168) HG) = 1+ wey) f =A p, 


and helpe us, moreover, to confirm the results obtained by our method 
of passage to the limit of infinite approximation. 


29. The functional equation for the scattering matrix. In this sec- 
tion we shall derive, following Ambarzumian’s general ideas, the func- 
tional equation for the scattering matrix Sintroduced in §11 (equation 
(34)). This problem is, therefore, more advanced than the ones con- 


ered by Ambarzumian; but it serves to illustrate the power of his idea. 


To obtain the functional equation for S, we first rewrite the equa- 
tion of transfer VII in the form 


al 
(169) ae = I(r, Hi, p) = B(r, H, p), 


where 


ar 


+1 
B(r, p, p) = o Jie, e; — u, oMr, K, pde do 
(170) 


+ = OS (x, P, Ho, go) Ferm, 


and express the intensity I(u, ~; Ho, po) reflected in the direction (p, ¢), 
where radiation with a net flux xF is incident in the direction 
(— He, pe), in the form 


3 
(171) I(u, P, Lo; po) = 16: 0 P: Me, go) F. 


Now, consider a level at a depth dr below the boundary of the 
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atmosphere at r=0. At this level the radiation field present can be 
decomposed into two parts: first, there is the reduced incident flux of 


amount 


ara ee(1-*) 


Ho 


and, second, there is a diffuse radiation field. The amount of this dif- 
fuse radiation field which is directed inward can be inferred from 
the equation of transfer: for, since at 7 =0 there is no inward intensity, 
at the level dr, we must have an inward intensity 


dr 
(173) I(dr, — K, p’) om B(0, — p, p^ T 


in the direction (—p’, ~’). Both of these radiation fields will be re- 
flected by the atmosphere below dr by the same laws as those by 
which the atmosphere below r =0 reflects. This invariance is due to the 
fact that the removal of a layer of arbttrary thickness from a semi-infinite 
atmosphere cannot alier tts reflecting power. This is Ambarzumian’s 
basic idea. Accordingly, the reflection of the radiations (172) and 
(173) by the atmosphere below dr will contribute to an outward in- 
tensity, in the direction (u, œ), the amount 


3 dr 
I(dr, u, 9) = qa (1 = a QOS, p; Ho, oo) F 
(174) = 


3 a , , du t 
Toe of f Stu, pi K’, e) BO, — 2’, p) — de’, 
16rp o vo H 
On the other hand, from the equation of transfer, we conclude that 


dr 
I(dr, H, p) E I(0, H, p) + — [Z(0, Hi p) = B(0, H, p)] 
(175) ° 


3 dr dr 
=—-(1+") OS(u, P; Uo, go) F — — BO, H, p). 
16u H K 


Combining equations (174) and (175) and passing to the limit dr = 0, 
we have 


3/1 1 
—(—+=) OStu, Pi Los po)F = B(0, u, p) 
H Ho 


(176) ™ 3 1 ar dy’ 
+f f Sere BONE r ae 
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But, according to equations (170) and (171) 


3 
B(O, Hy, p) = —@ | 16. Pi Ho, po) 
16 
(177) 3 ar a i 
+—f Ta, p; — B”, NOSE”, p”; Mo, po) n io’ |F 
Or P r ? ’ d 1 ? p” 


Substituting for B(0, u, p) from the foregoing equation in equation 
(176) and remembering that F can be an arbitrary vector, we find, 
` after some minor reductions, that 

1 1 

(++ =) Stu, P5 Hoy po) = J(u, P; Ho, po) 


u 


3 ; = fi t fi ff, du” H 
+f f J(u, 9; ZH 9 OS 1P ; Ho, Po) yn 
3 1 ir d / 
(178) +f J Sy p; u’, PJOJ(— H's 9's Ho, po) Tie 


tof S f S(t, 952, POTE, p — BDO 


X Sw", o”; Mo, =) E Eig y E i. 


This is the required functional equation for the scattering matrix. 
Now, the matrix J (see equation (32)) has the property 


(179) Jalu, p; Ho, po) = Sai(uo, P; H, Po). 


From this property of J for transposition, it follows from equation 
(178) that S has also the same property: 


(180) Sine, P; Hor Po) = Swi(uo, P; p, po). 


It can be verified that equation (180) is equivalent to Helmhotis’ 
principle of reciproctty for the problem under consideration. 


30. The reduction of the functional equation for S. We shall now 
indicate how the functional equation for S derived in the preceding 
section can be solved. 

From the form of the equation for S and the manner of its relation 
to J, it is evident that in a Fourier analysis of the elements of S in 
(p—go) we must have the same nonvanishing components as in the 
corresponding elements of J. We may accordingly assume without 
loss of generality that S has the form 
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OR 6) 7 S00) Boe 


(a — d) woo (tn) Eeg (on — 1) (x! T) 


(Sa) e T) oan 


(A 4) 7) Gen A 


(06 — 4) up (OnSite (orf T) Ct — aD tg — 


(tb — d)z ups (tr! m) oot — 


(0b — 4)z 909 (tr! Sn) BA + 


(on m) Ss 


(6 — 4)z B09 (P Mf) gf — 


- (NES 


(to — d)z ays (or! m own + 
(ad — d) upp (on M ES G — 1), (OF DE — 


(teh —d)g 909 (i Sn) Tete — 


CA SS 
(181) 


Caa Soo OH) a 
(0h =a) o (On rt) Ro Cr 1) = Dy 
ees NG 

(d “tri id S 
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where, as the notation indicates, S®, and so on, are all functions of p 
and uo only. From the property (180) of S for transposition, we now 
conclude that 


(182) S$? (p, po) = Si; (uo, #)- 


If we now substitute the form (181) for S in equation (178) and 
equate the different Fourier components of the various elements, we 
shall clearly obtain three systems of functional equations governing 
the functions of the different orders, distinguished by their super- 
Bip ts. Of these systems, the first, involving the zero-order functions 

0). gD, S© and SẸ, is the most important and, at the same time, 
ne most difficult. We shall accordingly consider this system briefly. 

First, we may write down the equations which are found for SP, 
S9, 5), and S. The equations are 


(—+-) Str (u, po) 
= fe +f a EEE Sta Ue, “NI 


(183) x a LS =f = = [u "Sir W, p) + Sh W, m)l} 


tefi +f P 
x fi — a “fs Gaus 0G "a 


1 1 
(— + =) Sui 
Lo 


m 





= faif : [n Sii (u, p) + Sis (u, wI} 


(184) hw 


+24 = KASE G uh 


x {=~ i (1-4 re (W, me 


2 (a, 0) + Ssa (u', 10) it 
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1 1 
(=+) si, uo) 
u po 
3 1 dw , 
= {us ae -f = [Six (ey bo) ++ Sir (u', po) i 
8 Jo H f 
3 fidu’ . 20) oy 
(185) x h+ f A [asi (u W) + Sia (u M) 
0 
3 1 gy! i 
$241 w+ f - (1 — nSP, ua) 
BJo H 


x {- J an (1 = p’ Si (a wh; 


~— 





8 


1 1 
(— + =) Si (a, Ho) 
Ho 


h 


3 fidy’., 
= fi +—f = [L Sis W, po) + Sas W, uk 
0 


f 3 ft dy’ 
(186) X {1 pe f T [u S (u, 2) + Siau 2] 
` 0 
9 f°) du’ 
3235 K 


: dy 2. (0) 
x f a= ISR W, a). 
0 B 
An inspection of these equations shows what we have already seen 
from the functional equation for S, that among these functions of 
zero-order the relation (182) must hold in particular. In other words 


— m 





(1 — n a 





SE (n uo) = SE (uo, u); Sie (u, po) = Sx (uo, H); 
So (it Ho) = Ss (10, 1): 


In view of these relations, it follows from equations (183)—(186) that 
we can express the functions S9, SQ, SẸ and S®@ in the forms 


(187) 


1 1 
(188) (— + ) 52, nme arent 


Ho 


1 1 i l 
(189) (— + =) A EP E E 
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1 1 
(190) (+ j =) SY Gi uy toluene 


1 1 
(191) (+ + =) 5 AREE ET 


where 


(192) yle) = p A ipa ETI (u, u’) Pan (p, u^], 
(193) u) =1-— p + ips — (1 — 2 Sin (u, 2), 


(9%) x(u) = 142 f= at Se Gas Gah, 


and 


(195) ty) a [= og SS Gaal. 


Substituting for S$, and so on, from equations (188)—(191) back into 
equations (192)}-(195) we obtain the functional equations for the 
problem in their normal forms. We have 











vu) eu) + xN] 
(196) 
: + agla) pie 5 Wr) HEN, 
4 
nena “(1 — KA 
(197) 
+ — 7 — polpu) a — Wolu), 
3 
x(u) = 1+ — ; xy f — 7 enn) + x(n’) | 
(198) 





+S f ew) + EN] 
4 | : PERE H t 1 


~ 
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3 1 du ; 
ra) = one) S a (tO 


(199) 





+20 f 


31. The solution of the functional equations (196){199). Equa- 
tions (196} (199) represent a nonlinear, nonhomogeneous system of 
four simultaneous functional equations which one might despair of 
even attempting to solve. However, with the guidance provided by 
the form of the solution obtained in our general sth approximation, 
it is possible to reduce the solution of equations (196)—(199) to two 
simple functional equations, each of form_(168). Thus, it can be veri- 
fied by direct substitution that the solution of the system of equations 
(196} (199) is given by 


Ht = wD 6W) 
FE ana 








(200) y(u) = (2(1 — c) uH (a), 

(201) o(u) = Hu) (1 — cy), 

(202) x(u) = H-(u)(1 + cu), 

and 

(203) 1) =E as, 

where A;(u) and H,(u) are defined in terms of the functional equations 
1 H, 

(204) Ayu) = 1 + — SaN (14) J= a — p*)dp! 

and 

009 mo) 1t amt fa ae, 


and c is a constant related in a determinate way with the moments 
of H;(u) and H,(u). We find 
_ BAL — a1) + 3(2aia9 — Ardo) 

3(A? + 2a%) 


where ao, Ap and a, A; are the moments of order zero and one of 
H(p) and H,(u), respectively. 

With ¥(u), d(4), and so on, defined as in equations (200)}-(203) we 
can verify that the solutions for S®, and so on, are in entire agree- 


(206) 


688 S. CHANDRASEKHAR [july 


ment with our earlier results obtained by passing to the limit of infi- 
nite approximation. 


32. The completion of the solution for S. The discussion of the 
‘other two systems for the functions of order one and two turns out 
to be very simple, as it appears that all the functions S™ are equal 
to each other and similarly all the functions S are equal to each 
other. Therefore, writing 


(207) Si (u, uo) = S™ (u, po), 
and 
(208) S$ (u, wo) = S” Cu, wo), 


it is found that the equations governing S® and S? are 
1 1 
(>+) su w 
H Mo 


(209) : fı + f E WNL + WASO, wo) 





x fi + > J = nh + W'S, w} 


H 


and 





(— + ~) S (u, po) = fı H J A (1 +D, m)} 
(210) 
E AHDS. 
u 





x PA 
UET 


From these equations it follows that the functions S® (u, ue) and 
S (4, po) are symmetrical in the variables u and wy and that they are 
expressible in the forms 


(211) (++ =) S(p, po) = HO) E(u), 
H k 
and 


1 
(212) (—+ =) 5%, m) = BOGED Gu) 
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where H® (p) and H(p) are solutions of the functional equations 


(213) HOG) = 1i+— -og f E - = — (1 — pw’) (1 + 2p!) ay’, 


and 


* H®(y’) 





(019 HM) = 1+ — = pE) J = (1+ wy 
0 

With this, the solution of the functional cae for S is completed 
and it will be observed that the solution for S which we have now 
obtained is of exactly the same form as that given in §22 (under D) 
with the only difference that the H-functions which appear in the 
solution are now defined in terms of the exact functional equations 
which they satisfy; further, the constant c is shown to be related ina 
definite way with the moments of H(p) and H,(u). 


33. A class of functional equations and their solution. The solution 
of the functional equations for the problem of diffuse reflection for 
laws of scattering, other than the one we have described, can be car- 
ried out in an analogous manner. It is not our intention to go into the 
details of the solution of these other cases here, but it may be of some 
mathematical interest to see the type of functional equations which 
these problems lead us to consider. 

The problem of diffuse reflection in accordance with Rayleigh’s 
phase function leads to the following simultaneous pair of functional 
equations: 











jste + =H f= vw) (3 — wae 
m veh 3 
+ ms) eg ee 
and 
oti) = t tte) fray 
on P 
+ nela) ; ET 


Again, guided by the form of the solution obtained by the direct 
solution of the equation of transfer (see the tabulation in §22, under 
B), we are led to surmise that the solutions of equations (215) and 
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(216) must be of the forms 





(217) ¥(u) = HO (u)(3 — c) 
. and 
(218) (u) = qui (y), 
where H™() satisfies the functional equation 
H® (py!) 
(219) HOW) = 1+ — pH) f= “> (8 = wan! 


and g and c are two constants related in the manner 
(220) 8q? = 3 — e, 


Direct substitution confirms that the solutions of equations (215) and 
(216) are indeed of the forms surmised and shows further that, in 
agreement with equation (165), 
(221) : i 
1 3a 

where a is the fret moment of H® (u). 

Similarly, the problem of diffuse reflection in ETEN with the 
phase function \(1-+x cos @) leads to the following pair of functional 
equations: 





1 t yuh) 
Hu) = 1+ nar) f ae 


1 6) 
Sao) | i a 


dp 
(222) 





and 





(223) 





0 eeu” 


And, it is found by direct verification that the solution of these equa- 
tions can be expressed in the form 


(224) y(u) = H(u)(1 — cu), 


and 
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(225) plu) = qu (ny), 
where H®(u) now satisfies the functional equation 


= = — [1 + 2(1 — r)u’*] dy’ 





(226) HO) a14— NaH () Ls 


and g and c are two constants related in the manner 





(227) zg? = è + 2(1 —d), 

and given explicitly by the formulae 

(228) ` ym N and c= zA(1—)2) j 
eae Say 


a and a; being the moments of order zero and one of H® (p). 


34. Some general remarks. In some ways it is remarkable that sys- 
tems of functional equations as complex in appearance as equations 
(196)-(199), (215)}-(216) and (222)—(223) are should be capable of be- 
ing reduced to single functional equations of the form (168). There 
must clearly be something in the structure of these equations which 
, makes this reduction possible. But, as to what it precisely is, is at 
present shrouded in mystery] 


35. Some integral properties of the functions H(u). The discussion 
in the preceding sections has disclosed the important role which func- 
tional equations of the form 


(229) Hl) = 1 + wH(u) a 





g ena í 


play in the theory of radiative transfer. The n of the prop- 
erties of these equations is, therefore, a matter of considerable inter- 
est. Of course, from the practical standpoint of solving such equations 
numerically, the most important property is that derived from Theo- 
rem 1 ($24), namely, that when we replace the integral on the right- 
hand side by a Gauss sum, the solution can be explicitly written down 
as a rational function involving the points of the Gaussian division 
and the roets of the associated characteristic equation 


(230) beane ae 


However, in addition to this property, there are a number of integral 
theorems (of an essentially elementary kind) which can be proved for 
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functions satisfying equations of the form (229). We shall give two 
examples. 
THEOREM 3. {GA (u)¥(u)du—1— [1 —2f0¥ (u)du |". 


Proor. Multiplying the equation satisfied by H(p) by W(u) and 
integrating over the range of u, we have 


f awra 


(231) 





= f “Yd + J f y BOUE EW dude! 


Interchanging u and p’ in the double integral in equation (231) and 
taking the average of the two equations, we obtain 


ECLI 
(232) ~° er 
a f Yu)du + — f f HOVNE WWW uK 


or, alternatively, 
ass) JS “A@)ew)an| — f * Aw) Yuan + f TEN, 


Solving this equation for the integral in question, we have 
1 1 1/32 
ass) f awiji f voa). 
0 0 


The ambiguity in the sign in equation (234) can be removed by the 
consideration that the integral on the left-hand side must uniformly 
converge to zero when ¥(u) tends to zero uniformly in the interval 
(0, 1). This requires us to choose the negative sign in equation (234) 
and the result stated follows. 


COROLLARY. A necessary and suficient condition that H(p) be real ts 
1 1 
J V(u)du S —- 
0. 2 
This is, of course, an immediate consequence of the theorem. 


The physical meaning of the limitation on W(y) implied by this 
corollary is interesting: it is really equivalent to the condition that, 
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on each scattering, more radiation should not be emitted than was 
incident; further, the equality sign is admissible only in the case of 
perfect scattering in the sense of equation (11). >- 


THEOREM 4. [1—2 fot (udu |"? f EHE (u)u’du+ LoGaN aisde 3/2 
= fY (u)p’dy. 


- Proor. To prove this theorem, we multiply the equation defining 
H(u) by ¥(u)u? and integrate over the range of u. We find 


f H(u)¥(u)p’du 


= [meets fi [EEEO sas 


= f ¥(u) ud 


+f eee = ae H(p) A (wu) ¥ (nu) ¥(u’) 


3 'S\d r 
aa (p? + p’)dudp 


(235) 
= f F (u)u’dy 


+= f f HENEU — wl ep!) dud! 


ma f EW) utd + | f l OO | J EOLO 


= "i f Oona 


Using Theorem 3 we obtain, after some minor reductions, 


f -2 f Woyda J “HWW dy 


+i f aervwusn) = f verses 


which is the required result. 


COROLLARY. For the case of a perfectly scattering atmosphere when 


(236) 


f “W(u)du = 1/2, 
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we have the further integral 


f EOUN 2f i edatan | 


The corollary we bave just stated generalizes a classical result of 
Hopf and Bronstein for the case of an isotropically scattering atmos- 
phere. For, in this latter case 


(237) Y(u) = constant = 1/2, 
and, according to Theorem 3 and the corollary of Theorem 4, we have 


238 H(u)dp = 2, 
(238) J 20a 

1 2 
(239) A(u)udp = aa 
Hence 


(240) e ENEE EA 


This is the Hopf-Bronstein relation. It, therefore, follows that for all 
cases of perfect scattering we have an integral of the Hopf-Bronstein 
type which is essentially that given by the corollary of Theorem 4. 


36. The equation of transfer in spherical atmospheres, and its re- 
duction for the case cpar—*. So far we have restricted ourselves to 
transfer problems in plane parallel atmospheres. We shall now briefly 
indicate how the methods we have described can be extended to treat 
transfer problems in spherically symmetric atmospheres. In such 
cases, the intensity in the radiation field will be a function of the dis- 
tance r from the center of symmetry and the angle 0 measured from 
the positive direction of the radius vector; and the equation of trans- 
fer will take the form 





(241) p—-+ 
where »=cos ¢@ and $ denotes, as usual, the source function. 


In outlining the manner in which equations of transfer of the form 
(241) can be solved, we shall restrict ourselves to an isotropically 
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scattering atmosphere. In this case equation (241) becomes 


ol 1—p al 1 +1 
(4) p+ <= — al Ho f Ie, ude 
or r Ou 2 -1 

According to the ideas developed in the earlier parts of this lec- 
ture, we shall replace the integral which occurs on the right-hand side 
of equation (242) by a sum according to Gauss’s formula for numeri- 
cal quadratures, and reduce the integrodifferential equation to the 
system 








r 


, ; 
dI 1 — m /d 1 
(243) aaa (=) = — xpl;+—xp >, al; 
dr. Op Ps; 2 
(i = +1,- ~, + #) 


of 2 ordinary linear equations in the ath approximation. It is at once 
seen that our present system of equations differs, in an essential way, 
from those which we have considered so far: equation (243) now in- 
volves (0I/0u)»,., and, before we can proceed any further, we must 
know the values which we are to assign to dJ/dp at the points of the 
Gaussian division in our present scheme of approximation. At first 
sight it might be supposed that the assignment of values to ðI /ðp at 
pep, t= tl, ++, +n, is largely arbitrary, particularly when » is 
small. Bee ee on Gousideration. it appears that this assignment can 
be done in a satisfactory manner in only one way and, indeed, ac- 
cording to the following device: 
Define the polynomials Qa(u) according to the formula 


(244) hese Wsi 
dyu 

and adjust the constant of integration in Qa by requiring that 

(245) Qn = 0 for |u| = 1. 


This can always be accomplished, since, when m is odd, Ow is even 
and when m is even the indefinite integral of Pa(u) already contains 
(1—y?) as a factor. The first few polynomials Qu(u) are given below: 


m Pa(u) Qalu) Oulu) 

1 p (1 — 2/2 1/2 

2 (3—1) a(l — p?)/2 u/2 

3 (Sæ — 34)/2 1/8(Sp* — 1)(1 — s”) 1/8(5 — 1) 

4 1/8354 — 30u7 +3) 1/8n(7p* — 3)(1 — p) 1/84(72 — 3) 

5S 1/8(635 — TO + 15g) 1/16(21u4— 14 ++ 1)(1— p22) 1/16(214 — 14 + 1) 
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Now, by an integration by parts, we arrive at the identity 
+1 or + dO, +1 

(246) f Oo nee f jeder ee f Pa (u) du. 
as] Op —1 du —1 


Expressing the first and the last integrals in equation (246) as sums 
according to Gauss’s formula, we have, in the sth approximation, 


(247) Eana (=) aSa P We 


Equation (247) provides us with exactiy the right number of equa- 
tions to express (I /ðu) sa; ($= +1, <- - , +) as linear combinations 
of I;. Essentially what equation (247) allows is to determine in a 
“best possible way” the derivatives of a function in terms of its values 
at the points of the Gaussian division. This problem has apparently 
not been considered before. 

Returning to equation (243) we now observe that this equation, to- 
gether with equation (246), provides the required reduction of the 
equation of transfer (242) to an equivalent system of linear equations. 

For purposes of practical solution it appears most convenient to 
combine equations (243) and (247) in the following manner. 

Since we have arranged Qa(u) to be divisible by (1—y?), we can 
clearly write 


(248) Qalu) = OQa(u)(1 — p3). 


The first few of the polynomials (4) are listed in the preceding 
tabulation. 

Now, multiply equation (243) by 6,Q.(u:) and sum over all #’s. 
We obtain 


a 1 ð 
T De Ft Qal) + T D all — mAai) (=) 
(249) 4 
= — Kp), Oal) + a Ko( >) ai.) [D a0 a(H4) | 


(m = 1,-++, 2n). 
But, according to equations (247) and (248) 
ð ð 
Eal = Dant (E) = E acm (=) 
= » GP a(i) I. 


A, 


(250) 
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Equation (249), therefore, reduces to 


d 1 
ae > GOD (ui) Ty + F3 >; hP alh) Ii 
(251) 


E o nee LAE aI) aOa(u)] 


(m = 1,-+-, 2n). 


This is the required system of linear equations in the nth approxima- 
tion. 

Equation (251) for the case m = 1 admits of immediate integration. 
For, when m=1 


' (252) Pi(u) = u and Ou) = 1/2, 
and equation (251) yields 
1d 1 
(253) —— aul: +— DS awl, = 0 
2 dr f 
or 
1 
1 Fo 
(254) D uipi = — TA 
2 r 


where Fe is a constant. This is the equivalent, in our epee ree 
of the flux integral 

Fe 
(255) F m= 2 i udu = =! 

r? 


—1 


which the equation of transfer (242) admits directly. 
Again, since O.(u) is odd when m is even, equation (251) reduces 
for even values of m to the form 


q 1 
aso gp © Oa) H D Pa) = — p D Oal) 


(m = 2,4,- , 2#). 
For m=<=2n, the foregoing ae further sepa to 


(257) Z. -E MEAE = — Kp >, ttal) Ti. 


Finally, we may note the explicit forms of the equations in the sec- 
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ond approximation. They are 


1 Fo 
D amli = y 


r3 
d 2 1 2 
p7 Do Gils + = 2 alm — 1), = — xp Dy oul, 
d t 4 3 
(258) T 2, ayu(5m — 1): + = E Gyti(Suy — 3); 
: 
oleire 2? a,(3y4 — 1) 


a 3 2 2 
= Dy amI — 3); = — rp Dy ayulTm — 3) Ii. 


From the point of view of astrophysical applications, greatest inter- 
est is attached to the case when xp varies as some inverse of power. 
And when 


constant 
(259) kp = ——__—— (s > 1), 
r” 
the equations of the second approximation (258) can be solved ex- 
plicitly and the various physical quantities expressed as integrals over 
the Bessel functions, J, and K,, of purely imaginary argument, and 
of order 


at5 
’ 2(n — 1) 


It does not, however, seem that the passage to the limit of infinite ap- 
proximation can be achieved as simply as in the case of tranafer prob- 
lems in plane parallel atmospheres. 


37. The equation of transfer in a differentially moving atmosphere. 
The influence of Doppler effect. Finally, we shall turn to a class of 
transfer problems which is of an altogether different character from 
the ones we have considered so far. The problems in question arise in 
connection with the study of the transfer of radiation in atmospheres 
in which the different parts are in relative motion. To be specific, con- 
sider a plane-parallel atmosphere in which the material at height z 
has a velocity w(si) with respect to a stationary observer. The novelty 
of the situation arises on account of Doppler effect which makes the 
radiation scattered in different directions have different frequencies 


(260) 
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as judged by a stationary observer. Consequently, the radiation field 
in the different frequencies will interact with each other in a manner 
which is fot always easy to visualize. However, in the astrophysical 
contexts, two circumstances simplify the problem. First, the veloci- 
ties which are involved are small compared to the velocity of light, C, 
and second, the only effects of consequence are those which arise from 
the sensitive dependence of the scattering coefficient a(r) on fre- 
quency. This last circumstance, in particular, allows us to ignore all 
effects such as aberration and so on, and concentrate only on the 
effects arising from the change of frequency on scattering. Under these 
conditions, the equation of transfer can be shown to take the form 


Pid e e (7 -n =u) fto, sai 
(261) poz SE 


1 pH w w 
E aa 
2 —1 C Cc S 
where yẹ denotes the frequency of the “center of the line.” 

With suitable simplifying assumptions concerning e(r) and w(s), 
the discussion of the equation of transfer (261), in the first approxima- 
tion in our scheme of replacing integrals by Gauss sums, leads to a 
variety of novel types of boundary value problems in hyperbolic 
equations. It may be of some interest to specify the nature of these 
beundary value problems and indicate the methods which have been 
developed for their solution. 


38. A new class of boundary value problems in hyperbolic equa- 
tions. As related to the equation 


(262) 


the boundary value problems which are of most frequent occurrence 
are of the following general type: 
The value of f and its derivatives are ad for 


(263) y= 0 and OS2egh, 


that is, along AB in Fig. 2. Along AD (x=0 ane OSysh) and BC 
(x =l, 0 Sy Sh), we are further given that 
of 
-(=) +60)  @s950, 
Gol) 


(208 oR 


(265) fh, y) = ¥(y) (OS 73h) 
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where ¢(y) and W(y) are two known functions. The problem is to 
solve equation (1) in the rectangular strip A BCD satisfying the stated 
boundary conditions. For the particular boundary value problems 


which occur in the astrophysical contexts, the following “systematic 
method? of solution has been found convenient. 


D C 


A” B"! 


+e 
VAN 
4A Q SB 


FIG. 2. Fia. 3. 





Let the characteristics x =y and h—x=y through A and B inter- 
sect BC and AD at A’ and B’, respectively. Further, let AA’ and 
BB’ intersect at O. First, since the function and its derivatives are 
known along AB, we can find the solution inside and on the sides of 
the triangle OAB directly by Riemann’s well known method. Next we 
use the requirement that the solution be unambiguously defined along 
AO and OB together with the boundary conditions specified along 
AD and BC to determine f along AB’ and df/dx along BA’ as solu- 
tions of certain integral equations of Volterra’s type. With the knowl- 
edge of the function and its derivatives thus completed along the part 
B'ABA’ of the “supporting curve” ABCD, the solution inside the 
entire region O'B’A BA’ becomes determinate by Riemann’s method. 
In particular, the function and its derivatives along B’A’ can be 
found and the continuation of the solution in the second square 
B'A’B"'A"' follows along similar lines. 
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While the method outlined above shows how solutions satisfying 
the given boundary conditions can be found in principle, it suffers 
from the disadvantage that the method of solution depends on solving 
a succession of Volterra integral equations; and, unless the boundary 
conditions specified along DABC are specially simple, we should not 
expect to go very far in the explicit carrying out of the solution by this 
method. It would, therefore, be useful if an alternative method of 
solution can be devised which will eliminate the need of solving in- 
tegral equations and reduce the practical problem to one involving 
(at most!) only quadratures. It is remarkable that this can actually 
be accomplished by constructing suitable Green’s functions and ap- 
plying Green's theorem to contours, such as RAS and PQB. 


39. The Green’s functions C(x, y; x1, yı) and I(x, y; xı, 1). It is 
found that Green’s functions which are appropriate for the solution of 
the boundary value problems of the type formulated in $38 are 
. Cle, Y; x1, 1) and T(x, Y; x1, 91), defined as follows: 

C(x, Y; %1, 91) is a solution of the hyperbolic equation (262) which 
satisfies the boundary conditions 


(266) C(x1, Y; ty y) = 1 (y Sy) 
and 
(267) C(x, tı + y1 — Z; %1, 91) = 1 (z & x1). 


In other words, if O represents the point (x1, Y1), OB the characteristic 
a-+-y=xi+4, through O and OA the line through O parallel to the 
y-axis, then the boundary conditions require that C take the value 1 
along both OA and OB (see Fig. 3). Asolution satisfying these bound- 
‘ary conditions can be found = It is given by 


(a6ay Y; 21, Yı) = cos (x — tı) + — (2 — z f Ja( [z — x1] sind) 
X Tin(y: — y — [z — a1] cos 8) sin dad, 


where J, denotes the Bessel function of order zero and Tils) the 
“Bessel integral” 





(269) Tils) = f = di 


(I(t) denotes the Bessel function of order 1 for a purely imaginary 
argument.) 
The second function, T(x, y; %1, yı), 18 defined in terms of 
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wv 


C(x, Y; %1, 91) according to the formula 


eC ôC 
(270) T(z, Yi #1, J) = —-— —. 
oz dy 


jae 


: 
E 
š 
> 
E 
: 
Ô 





Continuity Conditions: 
e'f m ev'aF 
df d F 
e7 df aa oe = qua aF a —) 
x dy dr dy 
Fic. 4. 


40. Some further boundary problems. The boundary value prob- 
lem formulated in §38 does not exhaust the type of problems which 
occur in theory of radiative transfer in moving atmospheres. How- 
ever, no progress has so far been made in the solution of these other 
problems. It may, therefore, be of particular interest to describe here 
the nature of these more complex boundary value problems. 

A typical problem is to solve (see Fig. 4) 

(271) = , 2P +F=Q 
TE a 3y (a = constant), 


for F in the rectangular strip FEDG (0 Sx S1, OSS 41), and 
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a ad 
ðs? ay? 


for f in the rectangular strip EBCD (mSxSm, 0y Sy) satisfying 
the following boundary conditions: 

Along FG (x=0, OSySy1) and GD (y =y, OSxSx) relations of 
the form 


(272) se ae 


oF oF 
(273) (= n aS) = 99) OSysy) 
ox oy gun!) 
and 
oF oF 
- (274) \ (= + a<) = ¥(x) (0S T S 2) 
Oz OF / gay: 


are specified where $(y) and W(x) are two known functions. Along 
EB (y = 0, Sx Sx) and BC (x«=21, 0 8&7 Sy) f is given, while along 
the part AB (x* =%,(1+a) $x Sx, y=0) of the x-axis, the derivative 
ðf/ðy is also given. And, finally, along ED (x= x,, OSyS) certain 
“continuity conditions” of the type 


(275) f(a y) = OE (x, y) (0 Sy Sy) 
and 

af ð oF aF 
(276) (= -5 = 00) (Z + an) OEE 


are specified, where Q(y) is a known function. 

It would be of considerable interest to know how such boundary 
value problems can be solved. (In Fig. 4 the particular boundary con- 
ditions which occur in a specific problem are indicated.) 


41. Concluding remarks. In concluding, I may recall what I said 
at the beginning, namely, that the advance of a branch of theoretical 
physics often leads to the creation of a new mathematical discipline. 
I think it may be conversely said, with almost equal truth, that the 
creation of a new mathematical discipline is often the sign that the 
particular branch of theoretical physics has reached maturity. I hope 
I have given you the impression that theoretical astrophysics has 
now come of age. 

Since the lecture was given in December, the mathematical theory 
of radiative transfer has advanced along several directions and in this 
Addendum we shall briefly summarize the results of these newer in- 
vestigations. The particular sections of the lecture to which these 
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advances refer are indicated by the numbering of the paragraphs 
which follow; however, §42 breaks new ground not covered by the 
lecture. = 


11a. Efliptically polarized radiation fleld. In §11 we outlined how 
the equations of transfer for a partially plane-polarized radiation 
field can be formulated and gave the explicit form of these equations 
for the particular case of Rayleigh scattering. It is not difficult to 
extend this discussion to include the case of a general elliptic polari- 
zation of the radiation field. In this latter case, we must consider, in 
addition to the intensities J; and J, in two directions at right angles 
to each other in the plane of the electric and the magnetic vectors, 
the two further quantities 


(277) U = (I; — I,) tan 2x and y = (I, — r) tan 2B sec 2x 


where x denotes the inclination of the plane of polarization to the 
direction to which } refers and —x/2 SP S +71/2 is an angle the 
tangent of which is equal to the ratio of axes of the ellipse character- 
izing the state of polarization. (The sign of 8 depends on whether the 
polarization is right-handed (+) or left-handed (—).) And the rule of 
composition (due to Stokes) is that a mixture of several independent 
streams of polarized light is characterized by values of the param- 
eters I;, [,, U and V which are the sums of the respective parameters 
of the individual streams. With this rule of composition, the equations 
of transfer for Iı, I+, U and V can be formulated in terms of the basic 
laws of single scattering. 

For the case of Rayleigh scattering, it is found that the equations 
of transfer for Iı, I, and U are of exactly the same forms as when, 
only, plane polarization is contemplated; that is, in the case of 
Rayleigh scattering, the equations are reducible. Moreover, it is found 
that for Rayleigh scattering, V is simply scattered in accordance 
` with a phase function 3/2 cos @; and the exact solution of the equa- 
tion for V therefore presents no difficulty. 


23a. The functional equation relating the law of darkening and the 
scattering function for semi-infinite plane-parallel atmospheres. In 
§23 we have remarked on the remarkable relationships between the 
angular distributions of the emergent radiation in the problem with a 
constant net flux and the law of diffuse reflection. It has since been 
possible to trace the origin of these relationships: they arise simply in 
consequence of the invariance of the emergent radiation J(0, p) (in 
the problem with a constant net flux) to the addition (or removal) of 
layers of arbitrary thickness to (or from) the atmosphere. The mathe- 


Í 


} 
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matical expression of this invariance is that the outward radiation 


_ I(r, +u) (0<u <1) at any level r differs from the emergent radiation 


I(0, u) only on account of the fact that at r there is an inward directed 
radiation field specified by I(r, —p’) (0<p’<1) which will be re- 
flected by the atmosphere below r by the law of diffuse reflection of a 
semi-infinite atmosphere. In other words, we must have 


1 1 
(278) = I(r, + 4) = 10, uw) + =f SO(u, w)I(r, — pdw, 
2J o 
where 
ir} 
(279) Su, w= — f Sl gi w, #08! 
2rJ o 
is the azimuth independent term in the scattering function S(u, ¢; 
u’, $^) (cf. equation (26)). i 


Differentiating equation (278) with respect to r and passing to the 
lmit r=0, we obtain 


On the other hand, from the equation of transfer 
dI 
(281) pod (r, u) — Br, u) 


where B(r, u) is the source function appropriate for the problem 
(see equations I, II and VI) we conclude that 


al (r, 1 
(282) [A] - P [I(0, a) — B(0, u)], 
and 
al(r, — 1 
(283) [A] a B(O, — p^). 


Now combining equations (280), (282) and (283), we obtain 
1 1 du’ 
(284) KOM = BODHI S SH BO,- wt) 
0 
which is a functional equation relating (0, u) and S(u, p^; it can 


be shown that it is precisely in consequence of this equation that the 
relationship between I(0, u) and S®(u, u) noticed in §23 arises. 
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35a. Representation of H(z) as a complex integral. According to 

equations (102) and (110) 

kad aj 1 


(285) E Ie " F@Ee 


where H(s) is defined as usual in terms of the roots of the character- 
`> istic equation (gee equation (49)) 


2 Gj 
286 1 = SSe 
(286) D Tam 


The arguments leading to equation (285) (§20) are seen to be suff- 
ciently general to establish the identity / 


* a, ¥(e)) 1 
an ERTI 1- A/s HOH 3) 


IES 
j ma — a/a) 


(287) 


where H(z) is now defined as in equation (126) in terms of the roots 
of the characteristic equation 


a,¥(u;) 
(288) { = rae ri Ba 


and W(u) has the same meaning as in equation (127). 
Now let. 








(289) G(z) = -fr , log BaT ) 
where 

; 1G kas) 
(290) T(s) = 1—22% eee 


G s Ua- s 


It is seen that defined in this manner G(x) is regular for R(x) >0. 
By evaluating the residue at the pole on the right 


(291) =fr (i++) = Zj (1+) 
2xt pas ie a gs? — x? 2 °8 G ' 





~ 
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if R(x) >0 and R(a)>0. Similarly; by evaluating the residue at the 
pole on the left, we have 


voy 4f" (1 =A = a (1+) 
— og { 1 — — = — — lo —}. 
re E i ee 2° 5 


Hence, 








(293) =f “tog (1 ~~ A alee (1+), 
Accordingly 

aaf { boat -8-ali- DS 
(294) 


seS ee he e (1+) 
a=] f= Mj 

= log H(s). 

We have thus shown that 





1 imo xdg 
(295) log H(x) = — f log T(z) 
aut —te gs — 


From the representation (295) of the H-function as a complex 
integral, it would appear that the solution of the functtonal equation 


T 





(296) H(u) = 1 + pH(p) y Udy i 


has the representation (cf. Theorem 2, §25) 








1 př» 
(297) log H(u) = —| log T(s) Ea ni 
TIY to i — H 
where, now (see equation (290)), 
(298) T(x) = 1 — 25? f —— l 
o uyu 


Our arguments do not of course establish rigorously the represen- 
tation (297) of the solution of equation (296). However, Professor 
E. C. Titchmarsh, with whom I have corresponded, has kindly com- 
municated to me a rigorous demonstration of the representation 
(297) by one of his colleagues, Mr. M. M. Crum. 
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42. The theory of radiative transfer in atmospheres of finite opti- 
cal thicknesses. In the lecture attention was directed almost exclu- 
sively to transfer problems in semi-infinite plane-parallel atmos- 
pheres. The exténsion of this theory to the study of the transfer of 
radiation in plane-parallel atmospheres of finite optical thicknesses 
raises problems of a higher order of difficulties; these difficulties arise 
principally from the circumstance that boundary conditions have to 
be explictily satishied on both sides of the atmosphere. Thus, if we 
consider an atmosphere of optical thickness 7; (< ©), we are inter- ; 
ested, for example, in solutions of the equations of transfer I-VII 
which satisfy the boundary conditions 


(299) I(0, — u) = 0 (O<y<1), | 
and > 
(300) I(r1, +p) = 0 O<y< 1). 


However, in analogy with the theory of semi-infinite atmospheres, 
we may expect that in the case of finite atmospheres, also, the angular 
distributions of the emergent radiations can be expressed in terms of 
functions (like H(u)) which will be explicitly known in any finite 
approximation and which, in the limit of infinite approximation, will 
become solutions or functional equations of a standard form. It now 
appears that this reduction can in fact be achieved and that the pair 
of functional equations 


(301) X(w) sith J ee 
and 
(302) F(p) = ela + pf ERAT TATA Hud 


where (u) is an even polynomial in u satisfying the condition 
; : i 
(303) f Padda <= 
0 
plays the same basic role in the theory of atmospheres of finite optical 


thicknesses as the functional equation 


1 AW’) 
uty! 
played in the theory of semi-infinite atmospheres. And just as 


(304) H(p) = 1 + uH (p) 





F(u)dy' 
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1 i 


30 Bures ee ee 
ii ay Hi’: pe TT (1+ kan) 


where the &,’s are the positive roots of the characteristic equation 


(306) ip piesa Lae 


provides a rational approximation to the solution of equation (304), 
so also the functions X(u) and Y(u) defined in the manner of the 
following equations provides an approximation to the solution of 
equations (301) and (302): 


0 (— 1)* 1 1 
(307) wi: -+ we [C3(0) — AO] Wu) 
e [P(— w)Co(— u) — Pu) Ci(p) | 
(— 1)* 1 1 
Us 
W= m (AO > GOP Ww 
-[e/*P(u)Co(u) — P(— w)Ci(— »)] 


(308) 


where 


(309) Pw) = fI = w, Wu) = TI 0 = an’, 


237] wil 


IT TE ut hn 


-O PN = 
(310) diigis I IT (kn — kan) 


x Tet ka) II E hw), 


2i+1 a—2}—1 


UL (hy + ken) 





(d) =l eel 
Cile) Te 21+1 2-211 

(311) H II (hn — Bow) 
' $m] m1 


41+1 a—i}1 
x LLECH kru) [I(t knti). 
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In equations (310) and (311), (r - -- , rs) and (S1, +--+: ,5,-~ are j, re- 
spectively, #—j distincti integers from the get (1, 2,---, »), 
(0) {* 1 for even integers of the form 4J, 
ah "24 for even interes of the fon 40 ES, 
d) + 1 for odd integers of the form 4} + 1, 
(313) any & { . 
— 1 for odd integers of the form 4/ + 3, 


(312) 


and 
(314) fa ™ ete/*P(—1/k,) and na = Enp 1/ Ra) 
(am 1,- ø). 


Finally, it should be noted that the definitions of Co(u) and Cilu) 
according to equations (307) and (308) are valid only in even orders 
of approximation; in odd orders the role of Cy and Cı should be inter- 
changed. 

Moreover, there exist also functional equations for the scattering 
and the transmission functions for the problem of diffuse’ reflection 
and transmission by atmospheres of finite optical thicknesses. These 
equations arise from general invariances of the type considered in 
$§28, 29 and 23a and lead to a whole new class of systems of func- 
tional equations which can all be reduced to the solution of pairs of 
functional equations of the form (301) and (302). It is therefore 
apparent that the study of the transfer of radiation in atmospheres 
of finite optical thicknesses will lead to the development of a mathe- 
matical theory at least as extensive as the one described in the lecture 
in the context of semi-infinite atmospheres. 
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YERKES OBSERVATORY, UNIVERSITY OF CHICAGO 


THE JANUARY MEETING ON FLUID DYNAMICS 


The first program of the Committee on Fluid Dynamics of the 
American Physical Society was held at Columbia University on Janu- 
ary 30, 31 and February 1, 1947. The American Mathematical 
Society acted as a coSponsor. These meetings of the Committee on 
Fluid Dynamics continue a series of closed meetings conducted during 
the war under the sponsorship of the Bureau of Ordnance of the U. S. 
Navy. The total attendance at the meeting was approximately three 
hundred. An audience survey on Thursday afternoon showed that the 


following 70 members of the American Mathematical Society were / 


present: 


Valentine Bargmann, Shepard Bartnoff, Stefan Bergman, Lipman Bers, Garrett 
Birkhoff, H. W. Bode, E. M. Boggs, T. E. Caywood, L. L. Cronvich, W. D. Duthie, 
Nat Edmonson, K. O. Friedrichs, W. J. Fry, Abe Gelbert, J. H. Giese, H. E. Goheen, 
N. A. Hall, Gerald Harrison, E. L. Haynes, A. D. Hestenes, J. H. Hett, Banesh 
Hoffmann, J. S. Isenberg, Aida Kalish, B. O. Koopman, P. A. Lagerstrom, Solomon 
Lefschetz, Joseph Lehner, B. A. Lengyel, Benjamin Lepson, C. C. Lin, D. P. Ling, 
Charles Loewner, E. R. Lorch, A. N. Lowan, J. K. L. MacDonald, A. K. Mitchell, 
Vladimir Morkovin, E. N. Nilson, G. H. Peebles, C. L. Pekeris, W. H. Pell, F. V. 
Pohle, Harry Polachek, Hillel Poritaky, Wiliam Prager, N. A. Renzetti, Daniel 
Resch, Moses Richardson, J. K. Riess, J. H. Rosenbloom, Artbur Sard, Hyman 
Serbin, Max Shiffman, S. S. Shu, Joseph Slepian, R. J. Slutx, T. L. Smith, George 
Springer, Benjamin Tannenbaum, A. H. Taub, J. E. Thompson, C. A. Truesdell, 
Y. W. Tschen, H. S. Tsien, J. W. Tukey, J. V. Wehausen, F. J. Weyl, H. A. Wood, 
A. W. Wundheiler. 


Invited papers Fi to F6 were presented at the Thursday morning 
session, at which Professor H. W. Emmons presided. In the afternoon 
three invited addresses were given on aspects of Recent developments 
in compressible flow by Professors John von Neumann, G. F.J. Temple 
(of the Aeronautical Research Council of Great Britain) and Theo- 
dore von Kármán. Dr. H. L. Dryden presided. 

Invited papers G1 to G6 were presented at the Friday morning 
session at which Dr. E. U. Condon presided. Contributed papers H1 
to H13 were presented at the Saturday morning session at which Dr. 
R. J. Seeger presided. 

Abstracts of all lettered papers except G4, G5 and G6 appeared in 
the Bulletin of the American Physical Society for January 30, 1947. 

Of the 34 persons participating as speakers or chairmen, 9 were 
members of the American Mathematical Society. 

F1. Rudolf Ladenburg: Interferometry of faster-than-sound phe- 
nomena. 

F2. A. H. Taub: Refraction of shocks 4m ideal gases. 
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F3. H. W. Liepmann: On the interaction beiween boundary layer and 
shock waves. 

F4. Arthur Kantrowitz: The formation and stability of normal shock 
waves in channel flows. 

F5. Francis Clauser: Notes on the thermodynamic propulston of wind 
tunnels. 

Fó. W. F. Hilton: Variation of aerodynamic lift in the transontc 
speed range. 

G1. Harold Wayland: Scale factors in water entry. 

G2. Garrett Birkhoff and T. E. Caywood: Fluid flow patterns. 

G3. R. W. Wood: The tnteractton of shock-waves, the spectra of cavity 
charge explostons, and the production of artificial meteors. 

G4. H. W. Emmons: The solution of transonic fluid flow problems. 

GS. C. C. Lin: Some recent investigations in hydrodynamic stability. 

G6. J. W. Tukey: Lsnearssaiton of solutions in supersonic flow. 

H1. H. A. Einstein: On the hydraulic analogy between surface waves 
on a hqusd and pressure waves in a compressible fluid. 

H2. Valentine Bargmann: On nearly glancing reflection of shocks. 

H3. J. H. Giese: Compressible flows with degenerate hodographs. 

H4. Stefan Bergman: On an operator method in the theory of two- 
dimensional flows of a compressible fluid. 

HS. Zdenek Kopal: Some remarks on the limitations of linearised 
theory of supersonic flow around cones. 

H6. F. L. Whipple: Supersonic problems tn astronomy. 

H7. R. N. Thomas: Comments on the motion of a solid body at high 
veloctty through a compressible medium. 
H8. H. K. Skramstad and G. B. Schubauer: Laminar boundary- 
layer oscillations and stability of laminar flow. 
H9. Albert May and Jean C. Woodhull: Drag coeffictent of steel 
spheres entering water. 

H10. J. H. McMillan and E. N. Harvey: Drag and cavtty of fast 
spheres shot inio water. 

H11. P. N. Metzelaar and D. E. Allmand: Impact pressure pro- 
duced by flat plate siriking water surface. 

H12. B. L. Hicks: On the characterisation of fields of diabatic flow. 

H13. Y. H. Kuo: On the initial motion of a strong spherical shock. 


J. W. TUKEY 


THE APRIL MEETING IN NEW YORK 


The four hundred twenty-fourth meeting of the American Mathe- 
matical Society was held at Columbia University on Friday and 
Saturday, April 25-26, 1947. The attendance was over 300, includ- 
ing the following 300 members of the Society: 


C. R. Adams, C. F. Adler, R. P. Agnew, E. J. Akutowicz, Leonidas Alaoglu, T. W. 
Anderson, C. B. Allendoerfer, R. G. Archibald, L. A. Aroian, M. C. Ayer, R. A. Bari, , 
Joshua Barlaz, P.. T. Bateman, G. E. Bates, M. F. Becker, E. G. Begle, Richard 
Bellman, Stefan Bergman, Arthur Bernstein, Felix Bernstein, Lipman Bers, D. H. 
Blackwell, Gertrude Blanch, J. H. Blau, R. P. Boas, H. W. Bode, G. L. Bolton, 
Samuel Borofaky, J. M. Boyer, A. D. Bradley, H. W. Brinkmann, Paul Brock, A. B. 
Brown, G. W. Brown, R. H. Brown, E. F. Buck, R. C. Buck, L. H. Bunyan, R. S. 
Burington, J. C. Burkill, Herbert Busemann, K. A. Bush, Hobart Bushey, J. H. 
Bushey, K. E. Butcher, Albert Cahn, S. S. Cairns, W. R. Callahan, H. H. Campeigne, 
K. Chandrasekharan, J. O. Chellevold, Herman Chernoff, Claude Chevalley, Ed- 
mund Churchill, J. A. Clarkson, M. D. Clement, R. M. Cohn, I. S. Cohen, Nancy 
Cole, T. F. Cope, Richard Courant, M. J. Cox, F. G. Critchlow, H. B. Curry, J. H. 
Curtis, M. D. Darkow, A. S. Day, S. P. Diliberto, J. L. Doob, C. H. Dowker, Y. N. 
Dowker, William H. Durfee, Churchill Eisenhart, Benjamin Epetein, Ky Fan, J.M. Feld, 
William Feller, F. G. Fender, A. D. Fialkow, L. A. Fine, C. D. Firestone, W. B. Fite, 
D. A. Flanders, M. C. Foster, F. H. Fowler, G. A. Foyle, W. C. G. Fraser, Gerald 
Freilich, Bernard Friedman, K. O. Friedricha, C. S. Gardner, Irving Gerst, J. H. 
Giese, B. P. Gill, Leonard Gillman, V. D. Gokhale, H. E. Goheen, H. H. Goldstine, 


Gerald Harrison, Philip Hartman, K. E. Hazard, L. B. Hedge, G. A. Hedlund, A. E. 

Heins, M. H. Heins, Alex Heller, L. A. Henkin, T. H. Hildebrandt, Einar Hille. 
P. G. Hoel, Banesh Hofmann, T. R. Hollcroft, E. M. Hull, Witold Hurewicz, L. C. 
Hutchinson, W. H. Ingram, R. C. James, S. A. Joffe, Fritz John, R. E. Johnson, A. W. 
Jones, L. G. Jones, Mark Kac, Aida Kalish, Edward Kasner, Stanley Katz, M. E. 
Kellar, H. S. Kieval, F. L. Kiokemeister, J. R. Kline, Morris Kline, E. G. Kogbet- 
liant, E. R. Kolchin, B. O. Koopman, Jack Laderman, M. E. Ladue, R. E. Langer, 
P. D. Lax, Solomon Lefschetz, D. H. Lehmer, Benjamin Lepson, Howard Levi, Nor- 
man Levinson, D. C. Lewis, Marie Litxinger, Charles Loewner, L. H. Loomis, E. R. 
Lorch, Lee Lorch, A. N. Lowan, C. I. Lubin, E. H. Luchins, Brockway McMillan, E. 
J. McShane, L. A. MacColl, R. E. MacKenzie, G. W. Mackey, Saunders MacLane, 
H. M. MacNeille, H. F. MacNeish, A. W. Manning, Murray Mannos, A. J. Marla, 
M. H. Maria, J. W. Marshall, M. H. Martin, Imanuel Marx, F. I. Mautner, S. 
Minakshisundaram, A. K. Mitchel, T. W. Moore, K. A. Morgan, I. R. Moses, 
G. D. Mostow, H. T. Muhly, F. J. Murray, D. S. Nathan, C. A. Nelson, E. D. 
Nering, E. N. Nilson, Lonis Nirenberg, P. B. Norman, Lawrence Norwood, C. O. 
Oakley, E. J. Olson, A. F. O'Neill, F. W. Owens, J. C. Oxtoby, J. S. Oxtoby, G. W. 
Patterson, L. G. Peck, Anna Pell-Wheeler, C. R. Phelpe, R. S. Phillips, Everett 
Pitcher, F. V. Poble, Wiliam Prager, Walter Prenowitz, G. B. Price, M. H. Protter, 
Hans Rademacher, Arthur Radin, John Raleigh, C. E. Rickart, G. de B. Robinson, 
Mina Rees, Daniel Resch, J. S. Rhodes, Moses Richardson, R. G. D. Richardson, 


714 


THE APRIL MEETING IN NEW YORK 715 


F. D. Rigby, J. F. Ritt, M. S. Robertson, J. B. Robinson, R. M. Robinson, S. L. 
Robinson, Ira Rosenbaum, L. J. Rosenbaum, R. A. Rosenbaum, J. H. Rosenbloom, 
M. A. Rosenlicht, A. E. Ross, Charles Saltzer, Arthur Sard, Samuel Seslaw, S. A. 
Schaaf, A. T. Schafer, R. D. Schafer, I. J. Schoenberg, Lowell Schoenfeld, I. E. Segal, 
H. N. Shapiro, Max Shiffman, D. N. Silver, David Singer, P. A. Smith, Andrew 
Sobcryk, George Springer, E. P. Starke, Fritz Steinhardt, J. J. Stoker, C. N. Stokes, 
E. G. Straus, L. M. Straus, Walter Strodt, Fred Supnick, J. L. Synge, M. M. Sullivan, 
Otto Szász, W. C. Taylor, J. M. Thomas, Hing Tong, C. C. Torrance, J. W. Tukey, 
Annita Tuller, H. E. Vansant, H. S. Vandiver, G. L. Walker, A. D. Wallace, Henry 
Wallman, C. T. Wang, J. A. Ward, W. G. Warnock, Herbert Federer, Alan Wayne, 
J. V. Wehausen, Alexander Weinstein, F. P. Welch, Louis Weisner, G. W. White- 
head, P. M. Whitman, W. F. Whitmore, Albert Wilansky, C. S. Williams, John 
Williamson, Jacob Wolfowitz, A. W. Wundheiler, M. A. Wurster, J. W. Young, Oscar 
Zariski, H. J. Zimmerberg, Leo Zippin, O. J. Zobel, M. F. Zucker, Antoni Zygmund. 


The meeting opened Friday afternoon at 2:00 with an address on 
The small and the large in variational analysts by Professor Max Shiff- 
man of New York University. Vice President Saunders MacLane pre- 
sided. 

On Saturday morning there were two sections for contributed 
papers: one in Analysis in which Professor G. A. Hedlund presided 
and one in Algebra and Topology in which Professor A. D. Wallace 
presided. On Saturday afternoon there were two sections for con- 
` tributed papers: one in Analysis, in which Professor I. J. Schoenberg 
presided, and one in Applied Mathematics, Geometry and Logic in 
which Professor H. A. Rademacher prebided. 

A 2:30 P.M. Saturday Professor Claude Chevalley of Princeton 
University gave an address on the Theory of algebraic Lie groups. 
Professor Solomon Lefschetz presided. 

The Council met in the Men’s Faculty Club at 12:15 P.M. on 
April 26, 1947. 

The Secretary announced the election of the following seventy-five 
pereons to ordinary membership in the Society: 

Mr. Loren Wesley Akers, University of Kanses; 

Dr. Binyamin A. Amira, Hebrew University, Jerusalem, Palestine; 

Professor German Ancochea, Universidad de Salamanca, Salamanca, Spain; 

Mr. James I. Asnin, Colorado Fuel and Iron Corporation, Denver, Colo.; 

Mr. Frederick Edward Atkins, State Teachers College, California, Pa.; 

Mr. Howard Hayden Barnett, University of Kansas; 

Mr. Frank Samuel Beckman, Pratt Institute; 

Professor William Henry Bradford, John McNeese Junior College of Louisiana State 
Univeraity; 

Miss Helen J. Bradley, University of Tennessee; 

Mr. Roy P. Brady, Hunter College; 

Miss Ruth Alice Brendel, University of Buffalo; 

Professor Grover Preston Burns, Marshall College, Huntington, W. Va.; 

Mr. Franklyn George Creese, San Leandro, CaHf.; 
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Mr. Walter Melvin DeCew, McGraw-Hill Book Company; 

Mr. Eliseo Mark Di Domenica, Drexel Institute of Technology; 

Miss Genevieve Hazel Dixon, Buffalo, N. Y.; 

Miss Mary Patricia Dolciani, Cornell University; 

Professor Theodore Dreier, Black Mountain College, Black Mountain, N. C.; 

Professor Leonard Philip Edwards, University of New Brunswick; 

Professor Frank Mahony Ellis, Youngstown College; 

Professor Herman Harvey Ferns, Univeraity of Saskatchewan; 

Professor Aaron D. Fleshler, Sampson College, Sampson, N. Y.; 

Dr. Curtis Maxwell Fulton, University of California at Los Angeles; 

Mr. Lewis McLeod Fulton, Jr., Duke Univeralty; 

Dr. Lirs Jakob Girding, Lund University; 

Dr. Irving Gerst, Control Instrument Company, Brooklyn, N. Y. 

Mr. Charles C. Goldman, University of Cincinnati; 

Mr. Irwin Leonard Goldman, Columbia University; 

Mr. Leon Goldstein, Naval Ordnance Plant Laboratory, Indianapolis, Ind.; 

Mr. Max Goldstein, Los Alamos Scientific Laboratory, Los Alamos, 'N. Mex.; 

Mr. Arthur Grad, Stanford University; 

Deborah Tepper Haimo (Mrs. Franklin), Cambridge, Mase.; 

Mr. George Charles Helme, Pratt Institute; 

Mr. Donald Lincoln Herr, Control Instrument Company, Brooklyn, N. Y.; 

Mr. Robert Eugene Horton, University of California at Los Angeles; 

Mr. Hai-Tain Hst, Yale Untversity; 

Mr. Eugene Isaacson, New York University; 

Mr. Hyman B. Kaitz, National Income Division, Department of Commerce, Wash- 
ington, D.C.; 

Mr. Stanley Katz, Hydrocarbon Research, Inc., New York, N. Y.; 

Mr. J. Lee Kavanan, University of California at Los Angeles; | 

Professor M. Wiles Keller, Purdue University; 

Mr. Samuel George Kneale, University of Kansas; 

Mr. Hendrik S. Konijn, State Department, Washington, D. C.; 

Mr. Thomas Phillip George Liverman, University of Delaware; 

Mr. Jens Lloyd Lund, Oakland, Calif.; 

Mr. Charles Edward Mack, Jr., Grumman Aircraft Engineering Corporation, Beth- 
page, N. Y.; 

Mr. L. Kenton Meals, University of Missouri; 

Mr. James William Mettler, State Teachers College, California, Pa.: 

Mr. Harry Frederick Mist, University of Chicago; 

Professor D. S. Mitrinovitch, University of Skopié, Skopié, Jugoslavia; 

Professor Alexander McFarlane Mood, Iowa State College of Agriculture and Me- 
chanical Arts; 

Mr. Albert Harrison Moore, Pratt Institute; 

Mr. Allen Thurmond Myers, University of Arizona; 

Mr. Kenneth Neal Nickel, University of Kansas; 

Mr. Henry Joseph Osner, University of California; 

Dr. Morris Ostrofaky, Gulf Oil Corporation, Pittsburgh, Pa.; 

. Mr. Arthur Radin, College of the City of New York; 

Mr. Hans Vilhelm Ridstrém, Matematiaka Institutet, Stockholms Högskola, Stock- 
holm, Sweden; 

Mr. Andress Owen Ridgway, University of Maryland; 

Mr. James Daniel Riley, University of Kansas; 
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Mr. Saul Rosen, University of Delaware; 

Mr. Maxwell Alexander Rosenlicht, Brooklyn, N. Y.; 

Miss Joyce Rubin, Polytechnic Institute of Brooklyn and Seward Park High School, 
Brooklyn, N. Y.; 

Mr. Harry Daniel Ruderman, Manhattan High School of Aviation Trades, New 
York, N. Y. 

Mr. Arnold Bernard Schacknow, Polytechnic Institute of Brooklyn; 

Sister Mary Charles Schaffer, Immaculate Heart College, Los Angeles, Calif.; 

Dr. Menahem Max Schiffer, Institute of Theoretical Physica, Hebrew University, 
Jerusalem, Palestine; 

Dr. Alfred Ernest Schild, Carnegie Institute of Technology; 

Dr. Mobammad Pazioduin Siddiqi, Research Institute, Osmania University, Hydera- 
bed-Deccan, India 

Mr. Daniel N. Silver, Newark College of Engineering; 

Mr. Theodor Teichmann, Princeton University; 

Professor Jose Joaquin Trejoe-Fernfndez, University of Costa Rica; 

Mr. Gordon Allen Tully, Comptroller’s Office, State Capitol, Little Rock, Ark.; 

Mr. John R. Van Andel, Aeronautical Instruments Laboratory, Naval Air Material 
Center, Philadelphia, Pa.; 

Dr. Leo M. Wulf, Monmouth Junior College, Long Branch, N. J. 


It was reported that the following had been elected to membership 
on nomination of institutional members as indicated: 


University of Alabama: Mr. Haskell Coben; 

University of Arizona: Mr. Joseph Foster Foster, Jr.; 

University of Chicago: Mesers. Harley Flanders, Albert Furman, Deniel Orloff, 
Efrem Herbert Ostrow, Lyman C. Peck, Herman Robin, and AER James 
Thomas; 

College of the City of New York: Mr. Martin David Devis; 

Columbia University: Mr. John Bartholomew Webster; 

Harvard University: Mesers. Paul Olum and William Gurdon Saltonstall; 

Institute for Advanced Study: Dr. Andrew Donald Booth, Miss Kathleen Hyldia 
Valerie Britten, Dr. John Charles Burkill, Mr. Komaravolu Chandrasekharan, 
Dr. Jean Frédéric Delsarte, Professor Beno Eckmann, Dr. Subbaramiah Minak- 
ahisundaram; , 

State University of Iowa: Miss Helen Emogene McCue; 

Kenyon College: Mr. Thomas Forbes Smith; 

University of Maryland: Miss Jean Marie Boyer, Mr. Stuart Troy Haywood; 

Michigan State College: Mr. James Goodrich Renno, Jr.; 

University of Missouri: Mr. Jerry William Gaddum; 

New York University: Mr. Louis Nirenberg; 

Oklahoma Agricultural and Mechanical College: Mr. R. R. Reynolds; 

Pennsylvania State College: Mesers. Frank T. Kocher, Jr., and James Ruseel Ziegler; 

Rice Institute: Mrs. Erna Herzog Pearson, Mesra. Howard Edward Taylor and 
Thomas Jefferson White; 

University of Rochester: Mr. Erich W. Marchand; 

Stanford University: Mesers. Wray Grayson Brady, Burnett Chandler Meyer, Albert 
Boris Novikoff, and Joseph Ullman; 

University of Toronto: Mesers. Hubert Whitfield Ellis, Theodore Franklin kiana 
Leo Moeser, and Ralph Gardon Stanton; 
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Untversity of Washington: Mr.-George Edward Uhrich; 
Wealeyan University: Mr. Richard Godfrey Billard; 
University of Wisconsin: Mesers. Edmond Darrell Cashwell, Paul Lawrence Chesein, 


Robert Davies, Arie Gaalswyk, Carlton Wayne Larson, Harvey C. McKenzie, 
Merrill Roberts Moore, Donald Ross Morrison, Donald Alan Norton, Francis 


The Secretary announced that Major I. B. Perrott of the College of 
Technology, Leicester, England, had been admitted to the Society in 
accordance with the reciprocity agreement with the London Mathe- 
matical Society. 

The Secretary announced the election by mail of the University of 
British Columbia and the University of Tennessee to institutional 
contributing membership in the Society. The Council voted to elect 
Southern [Illinois Normal University to institutional membership. 

The following appointments by President Einar Hille of repre- 
sentatives of the Society were reported: Professor E. J. Moulton at 
the Conference on Science as part of the Centennial Celebration of 
Rockford College on February 21-23, 1947; Professor H. J. Ettlinger 
at the inauguration of William Vermillion Houston as President of The 
Rice Institute on April 10, 1947; Professor H. A. Rademacher at the 
Fifty-first Annual Meeting of the American Academy of Political and 
Social Science on April 18-19, 1947; Professor F. E. Johnston at the 
inauguration of Leonard M. Elstad as President of Gallaudet College 
on April 26, 1947; Professor F. R. Bamforth at the Centennial Con- 
vocation of Otterbein College on April 26, 1947; Professor R. C. 
Huffer at the Centennial Ceremony of Rockford College on May 3, 
1947; Professor W. L. Ayres at the inauguration of George Dinsmore 
Stoddard as President of the University of Illinois on May 16, 1947. 

The following additional appointments by the President were re- 
ported: Professors A. W. Tucker (Chairman), Nelson Dunford, 
Samuel Eilenberg, W. T. Martin, and Gabor Szegé as a Committee 
on the Reorganization of the Society’s Programs; Professor T. F. 
Cope and Dean A. E. Meder as auditors of the Society’s accounts for 
1947; Professor W. T. Reid as Chairman of the Committee on Places 
of Meetings for 1947 and Professor C. B. Allendoerfer as a member 
of the Committee on Places of Meetings for 1947-1949 (committee 
now consists of Professore W. T. Reid, Chairman, C. B. Allendoerfer, 
and G. B. Price); Professors Solomon Lefschetz (Chairman), Garrett 
Birkhoff and Nelson Dunford as a committee to study the question 
of cooperation with the Pan, American Congress, to be held in Mexico 
City in November, 1947; Professors C. C. MacDuffee (Chairman), 
L. M. Graves, E. J. McShane, A. P. Morse, and A. W. Tucker as a 
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Committee on Nomination of Officers and Members of the Council 
for 1948; Professors F. D. Murnaghan (Chairman), W. T. Martin, 
and Gabor Szegt as a Committee to Select Gibbs Lecturers for 1948 
and 1949; Professors J. R. Kline and M. H. Stone as representatives 
of the Society on the A.A.A.S. Inter-Society Committee on Science 
Foundation Legislation; Professor William Feller as liaison officer of 
the Quarterly of Applied Mathematics for the period 1947-1949; Pro- 
fessor C. O. Oakley as Chairman and Professors Garrett Birkhoff and 
R. M. Thrall as members of the Committee on Publicity, for the pe- 
riod 1947-1949 (committee now consists of Professors C. O. Oakley, 
Chairman, Garrett Birkhoff, J. B. Rosser, Dr. J. M. Thompson, Pro- 
fessors R. M. Thrall and R. J. Walker); Professors J. L. Synge (Chair- 
man), Richard Courant, G. C. Evans, John von Neumann, William 
Prager, and Dr. Warren Weaver as a Committee on Applied Mathe- 
matics; Professors Saunders MacLane (Chairman), R. C. Archibald, 
J. L. Coolidge, G. C. Evans, Marston Morse, G. B. Price, Hermann 
Weyl, and J. W. T. Youngs as a Finance Committee in connection 
with the Birkhoff Memorial Project; Professors D. V. Widder (Chair- 
man), C. R. Adams, R. E. Langer, Marston Morse, and M. H. Stone 
as an Editorial Committee in connection with the Birkhoff Memorial 
Project. 

The Secretary reported the following actions taken by mail since 
the Christmas meeting of the Council: (1) the adoption of a report, 
setting up procedures in accordance with which a mathematical or- 
ganization might become a sponsor of Mathematical Reviews; (2) the 
approval of a report of the Committee on Applied Mathematics, 
providing for a Symposium on Non-linear problems in mechanics of 
continua, to be held at Brown University on August 2-4, 1947; (3) ap- 
proval of a recommendation of the Colloquium Editorial Committee 
that Professor Richard Brauer of the University of Toronto be in- 
vited to deliver a series of Colloquium Lectures at the 1948 Summer 
Meeting. The Secretary also reported Professor Brauer’s acceptance 
of this invitation. 

The Secretary reported that the following had been chosen as the 
voting representatives of editorial committees on the Council for the 
year 1947: Bulletin, Professor R. E. Langer; Transactions, Professor 
Oscar Zariski; Colloquium Publications, Professor J. F. Ritt; Ameri- 
can Journal of Mathematics, Professor Richard Brauer; Mathemati- 
cal Reviews, Professor O. E. Neugebauer; Mathematical Surveys, 
Professor J. L. Walsh. It was also reported that Professor J. F. Ritt 
had been selected as Chairman of the Colloquium Editorial Commit- 
tee for the year 1947. 
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It was reported that certain changes in the By-Laws had been ap- 
proved by the Society at the February, 1947, meeting. These changes 
create rotation in the terms of office of members of the Board of 
Trustees and provide for an increase in membership dues. The sec- 
tions of the By-Laws, as revised, were published as part of the report 
of the February Meeting in New York in the May issue of this 
BULLETIN. i 

It was reported that the Society had cooperated with the Journal 
of Mathematics and Physics by distributing to members a circular, 
advertising the Journal and offering a reduced subscription rate to 
Society members. 

Recommendations regarding meetings of the Society in the mid- 
west were presented and adopted as follows: (1) That the Society 
continue the policy of holding one midwestern meeting a yearatsome | 
institution away from Chicago; (2) That two meetings be held an- 
nually in the Chicago area; (3) That no regular meeting of the Society 
be held in the midwest at the time of the Annual Meeting at the 
University of Georgia; (4) That the November, 1947, meeting in the 
midwest be held at Washington University. 

The Council voted unanimously to accept the invitation of Harvard 
University to hold the International Congress of Mathematicians at 
that institution in 1950, | 

A report from the Board of Trustees regarding the questions of the 
Society’s library and adequate housing for the Society was presented 
and discussed. The Council authorized the President to appoint, in 
conjunction with the Board of Trustees, a committee to study the 
problems involved. 

The resignation of Professor A. C. Schaeffer as Associate Secretary 
for the far west was accepted with regret. 

Certain invitations to deliver addresses were announced: Professor 
C. B. Allendoerfer for the October, 1947, meeting in New York City; 
Professors Marshall Hall and P. R. Halmos for the November, 1947, 
meeting in the midwest; and Professor D. H. Lehmer for the Novem- 
ber, 1947, meeting in the far west. | 

The Council voted to accept the recommendation of the Committee 
to Select Gibbs Lecturers that Professor Hermann Weyl be invited 
to deliver the twenty-second Josiah Willard Gibbs Lecture at the 
1948 Annual Meeting. The Secretary reported the appointment of 
Professor Gabor Szeg3 as Chairman of this Committee, replacing 
Professor F. D. Murnaghan, and of Professor J. J. Stoker as a new 
member of the Committee. 

The final report of the Special Committee on Applied Mathematics 


~~ 
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(Professor J. L. Synge, Chairman) was presented. In accordance with 
this report, certain problems were referred by the Council to the Com- 
mittee on Applied Mathematics, for study and recommendation to 
the Council. These included problems concerning the desirability of 
setting up a separate division for applied mathematics, the establish- 
ment of a Committee on the Organization of Known Results, and a 
Committee on Advanced Reference Texts in Applied Mathematics. 
A statement entitled Instruction and Research in Applied Mathemat- 
ics, prepared by the Special Committee on Applied Mathematics 
and approved by the Council, appears elsewhere in this issue of the 
BULLETIN. 

Profeseor Saunders MacLane, reporting for the Finance Commit 
of the Birkhoff Memorial Project, announced that the solicitation of 
particular groups was in progress and that subscriptions and contribu- 
tions would be requested from members of the Society about June 1, 
1947. 

Titles and cross references to the abstracts of papers read at the 
meeting follow below. 

Papers 1-8 were read in the Analysis section Saturday morning; 
papers %17in the Algebra and Topology section Saturday morning; 
papers 18-22 in the Analysis section Saturday afternoon; papers 
23-27 in the Applied Mathematics, Geometry and Logic section 
Saturday afternoon; papers 28-67 were presented by title. Paper 
number 8 was read by Dr. Szász, number 14 by Professor Hall, num- 
ber 16 by Miss Boyer, and number 18 by Mr. Chandrasekharan. Dr. 
Toralballa was introduced by Professor J. J. Lynch, "Mr. Shen by 
Professor Antoni Zygmund, and Professor Fekete by Professor Otto 
Szász. 

1. L. V. Toralballa: The integral in a normed division quast-ring. 
(Abstract 53-5-235.) 

2. Yael N. Dowker: Invartani measure and the ergodic theorems. 
(Abstract 53-5-197.) 

3. F. G. Gravalos: A nots on dynamical systems with two degrees of 

freedom. (Abstract 53-5-203.) 

4. D. C. Lewis: Generalised orthonormality of polynomials. (Ab- 
stract 53-5-215.) 

5. Charles Loewner: A topological characterisation of a class of in- 
tepral operators. (Abstract 53-5-216.) 

6. Albert Wilansky: An application of Banach linear functsonals to 
the theory of summability. Preliminary report. (Abstract 53-5-240.) 

7. Alexander Weinstein: On Dirichlet s discontinuous factor and à 
class of many-valued funcitons. (Abstract 53-5-238.) 
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8. K. Chandrasekharan and Otto Szász: On Bessel summation. 
(Abstract 53-5-196.) 
9. R. D. Schafer: The exceptional simple Jordan algebras. (Abstract 
53-5-180.) 
10. Grace E. Bates: Decomposttions of a loop into charactertstic fres 
summands. (Abstract 53-5-164.) 
11. Wiliam H. Durfee: Quadratic forms over fields with a valuation. 
(Abstract 53-5-168.) 
12. J. A. Ward: Analytic functions in linear algebras. (Abstract 
53-5-185.) C5 
13. G. de B. Robinson: On a theorem of Nakayama concerning thà 
prime factors of the degrees of the irreducible representations of the sym- 
metric group. (Abstract 53-5-179.) 
14. D. W. Hall and D. C. Lewis: Os coloring six-rings. (Abstract 
53-5-273.) 
_ 15. C. H. Dowker: Topologies of infinites complexes. (Abstract 53-5- 
271.) 
16. Jean M. Boyer and D. W. Hall: On Peano spaces as continuous 
images of intervals. (Abstract 53-5-270.) 
17. A. E. Rosa: On continuous iransformations of a Jordan curve. 
(Abstract 53-3-162.) 
18. K. Chandrasekharan and S. Minakshisundaram: Some results 
on double Fourier series. (Abstract 53-5-195.) 
19. D. H. Lehmer: Approximations to the surface area and electro- 
static capactty of the ellipsoid. (Abstract 53-5-214.) . 
20. E. R. Lorch: On certatn implications which characterise Hilbert 
space. (Abstract 53-5-217.) 
21. R. C. Buck: Integral valued entire functions. (Abstract 53-5- 
193.) 
22. Mark Kac: Distribution properties of certain gap sequences. (Ab- 
stract 53-7-290.) 
23. A. E. Heins: Water waves over a channel with a dock. (Abstract 
53-5-248. ) 
24. R. M. Robinson: On the decomposition of spheres. (Abstract 
53-5-262.) 
25. Ira Rosenbaum: A method of determining the nth q-ary truth- 
function tn m-valued logic. (Abstract 53-5-264.) 
26. Felix Bernstein: A lattice color problem. Preliminary report. 
(Abstract 53-5-267.) 
27. J. L. Synge: A psidal angles for symmetrical dynamical systems 
wiih two degrees of freedom. (Abstract 53-7-296.) 
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28. P. T. Bateman: Modular subgroup of finite index. Preliminary 
report. (Abstract 53-3-109-#.) 

29. Richard Bellman: On ihe boundedness of solutions of nonlinear 
dtfferenital and difference equations. (Abstract 53-3-120-t.) 

30. Richard Bellman: On the solutions of the heat equation. Prelimi- 
nary report. (Abstract 53-5-190-#.) 

31. Richard Bellman: On the siability of solutions of dtfferentsal- 
diference equations. Preliminary report. (Abstract 53-5-191-#.) 

32. Stefan Bergman: Functions satisfying linear partial diferential 
equattons and iheir properties. (Abstract 53-5-121-2.) 

33. Stefan Bergman and Menahem Schiffer: On Green's and Neu- 
mann's funcitons in the theory of partial differential equations. (Ab- 
stract 53-5-192-2.) 

34. Richard Brauer: Appiscaisons of induced characters. (Abstract 
53-3-110-#.) 

35. Richard Brauer: On Ariin's L-serses with general group charac- 
ters. (Abstract 53-3-111-2.) 

36. Richard Brauer: On the seta-functions of algebraic number fields. 
(Abstract 53-3-112-2.) 

37. Leonard Carlitz and E. L. Cohen: Diviser functions of polyno- 
mials in a Galois field. (Abstract 53-3-113-t.) 

38. R. P. Cesco: On strong summabdslsty. (Abstract 53-5-194+4.) 

39. E. L. Cohen: Sums of an even number of squares in GF[p*, x]. 
(Abstract 53-3-115-2.) 

40, John DeCicco: An extenston of Euler's theorem on homogeneous 
functions. (Abstract 53-3-150-#.) 

41. John DeCicco: Charactertsation of Halphen’s theorem on central 
and parallel fields of force. (Abstract 53-5-257-1.) 

42. J. B. Diaz and H. J. Greenberg: The determination of upper and 
lower bounds for the deflection of a clamped plate. (Abstract 53-5-243-t.) 

43. J. B. Diaz and Alexander Weinstein: Schwarz’ inequality and 
the methods of Rayletgh-Ratz and Treffts. (Abstract 53-5-2444.) 

44. C. H. Dowker: An tmbedding theorem for paracompact metric 
spaces. (Abstract 53-3-157-t.) 

45. Bernard Epstein: Some inequalities relating to conformal map- 
ping upon canonical shit-domains. (Abstract 53-5-200-#.) 

46. M. Fekete: On generalised transfinste diameters. (Abstract 53-7- 
288-t.) ; 

47. K. O. Friedrichs: On the non-occurrence of a limiting line in 
transontc flow. (Abstract 53-7-292-4.) 

48. K. O. Friedrichs: Water waves on a shallow sloping beach. (Ab- 
stract 53-7-293-é.) 
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49. K. O. Friedrichs and Hans Lewy: Dock problem. (Abstract 53-7- 
294-4.) 

50. H. J. Greenberg and Witold Hurewicz: The stability of periodic 
dynamical processes subject to discontinuous impulses. (Abstract 53-5- 
247-4.) 

51. Philip Hartman and Aurel Wintner: Tdplertan (L*)-bases. (Ab- 
stract 53-7-289-t.) 

52. R. E. Johnson: The modules of a ring. Preliminary report. (Ab- 
atract 53-5-172-.) 

53. Mark Kac, Raphael Salem and Antoni Zygmund: A gap theo- 
rem. (Abstract 53-5-210-1.) 

54. Edward Kasner and John DeCicco: Differential geometric prop- 
erties of the polar surfaces of a general algebratc surface. (Abstract 53-5- 
260-t.) 

55. C. N. Moore: Generalised limits tn general analysts. III. (Ab- 
stract 53-5-220-#.) 

56. John von Neumann and E. R. Lorch: On the euclidean character 
of the perpendstcularity relaison. (Abstract 53-5-221-7.) 

57. Ira Rosenbaum: A method of determining the number n correlated 
with the given truth table of an arbitrary q-ary function in m-valued logic. 
(Abstract 53-5-265-#.) 

58. I. M. Sheffer: A limst theorem. (Abstract 53-5-230-#.) 

59. Y. C. Shen: Iterpolaiton to some classes of analytic functions by 
functions with pre-asstgned poles. (Abstract 53-5-231-t.) 

60. Walter Strodt (National Research Fellow): Note on quast-har- 
monic functions. Preliminary report. (Abstract 53-5-234-42.) 

61. Otto Szász: Quast-monotone series. (Abstract 53-7-291-t.) 

62. L. V. Toralballa: A generalisaiton of ihe finite integral. (Ab- 
stract 53-5-184-7.) 

63. W. R. Utz: On the decom postition of meromorphic functions. (Ab- 
stract 53-5-236-#.) 

64. J. L. Walsh: The location of the critical potnts of simply and 
doubly periodic functions. (Abstract 53-5-237-4) 

65. G. T. Whyburn: On locally simple curves. (Abstract 53-5-285-#.) 

66. G. T. Whyburn: On n-arc connectedness. (Abstract 53-5-286-2.) 

67. Bertram Ycood: Regular and singular elemenis in the ring of 
operators on a Banach space. Preliminary report. (Abstract 53-3-139-2.) 


T. R. HoLicrort, 
Associate Secretary 


THE APRIL MEETING IN CHICAGO 


The four hundred twenty-fifth meeting of the American Mathe- 
matical Society was held in Eckhart Hall at the University of Chi- 
cago, Chicago, Illinois, on Friday and Saturday, April 25-26, 1947. 
Thus the Society returned to its traditional Chicago meeting place 
after an absence of four years. This meeting was the largest April 
meeting in Chicago in the history of the Society. The previous maxi- 
mum occurred in 1939, with an attendance of about 250; this time the 
attendance was about 300, including the following 259 members of the 
Society: 

W. R. Allen, E. W. Anderson, R. V. Andree, M. L. Anthony, K. J. Arrow, Max 
Astrachan, W. F. Atchison, H. C. Ayres, W. L. Ayres, Reinhold Baer, R. W. Ball, 
R. H. Bardell, R. C. F. Bartels, H. J. Barten, J. H. Bell, P. O. Bell, Arthur Bernhart, 
Herman Betz, S. F. Bibb, R. H. Bing, K. E. Bisshopp, H. L. Black, L. M. Blumenthal, 
D. G. Bourgin, A. J. Brandt, Foster Brooks, F. L. Brown, R. H. Bruck, P. B. 
Burcham, I. W. Burr, L. E. Buah, Lee Byrne, R. H. Cameron, J. W. Calkin, B. G. 
Carlson, R. E. Carr, P. W. Carruth, E E an Chittenden, A. M. 
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Samuel Eilenberg, J. H. Engel, Paul Erdos, M. H. M. Eseer, H. P. Evans, G. M. 
Ewing, J. V. Finch, Harley Flanders, H. M. Fliess, L. R. Ford, R. S. Fouch, J. S. 
Frame, ae set Marianne Freundlich, C. G. Fry, Albert Furman, R. E. 


C. Hildebrandt, R. C. Hildner, D. L. Holl, C. C. Haiung, S. 
Hughes, Rufus Isaacs, T. J. Jaramillo, Madeline Johnsen, 


Ha 
E. D. Hellinger, R. G. Helsel, Fritz Herzog, M. R. Hestenes, J. F. 
P 
H. F. 
Kanter, Wilfred Kaplan, Irving Kaplansky, Wiliam Karush, J. L. Kelley, 
id, S. 
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Mathis, A. E. May, J. R. Mayor, L. K. Meals, B. “Meserve H E. Meyer, Hermin 
Meyer, E. J. Mickle, H. F. Mist, A. C. Moeller, J. T. Moore, M. G. Moore, F. 
V. E. Marfoot, D. R. Morrison, M. E. Munroe, J. R. Muselman, S. B. Myers, 
August Newlander, Ivan Niven, E. A. Nordhaus, M. J. Norris, J. I. Northam, Rufus 
Oldenburger, J. M. H. Olmsted, Isac Opatowski, Morris Ostrofaky, E. H. Ostrow, 
L. J. Paige, Gordon Pall, H. C. Parrish, R. S. Pate, P. M. Pepper, Sam Perlis, H. P. 
Pettit, George Piranian, J. C. Polley, D. H. Potts, J. E. Powell, A. L. Putnam, Tibor 
Rado, E. D. Rainville, W. C. Randels, M. K. Rapp, M. O. Reade, O. W. Rechard, 
P. V. Reichelderfer, W. T. Reid, J. G. Renno, Haim Reingold, M. M. Resnikoff, 
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P. R. Rider, R. F. Rinehart, D. H. Rock, G. F. Rose, E. H. Rothe, Herman Rubin, 
Hans Samelson, R. G. Sanger, L. J. Savage, Robert Schatten, O. F. G. Schilling, 
W. T. Scott, M. E. Shanks, A. S. Shapiro, L. W. Sheridan, Seymour Sherman, H. A. 
Simmons, D. M. Smiley, M. F. Smiley, A. H. Smith, F. C. Smith, G. W. Smith, W. S. 
Snyder, E. H. Spanier, R. D. Specht, Abraham Spitzbart, R. H. Stark, N. E. Steen- 
rod,, Rothwell Stephens, B. M. Stewart, W. M. Stone, E. B. Stouffer, L. W. Swanson, 
T. T. Tanimoto, H. P. Thielman, Leonard Tornheim, E. A. Trabant, E. F. Trombley, 
H. L. Turrittin, Henry Van Engen, J. I. Vase, H. E. Vaughan, Bernard Vinograde. 
R. D. Wagner, M. T. Wechsler, C. P. Wells, E. T. Welmers, George Whaples, N. A, 
Wiegmann, L. R. Wilcox, R. L. Wilder, J. E. Wilkins, C. O. Williamson, R. L. 
Wilson, R. S. Wolfe, G. S. Young, P. M. Young, J. W. T. Youngs, Daniel Zelinsky. 


Professor N. E. Steenrod of the University of Michigan opened the 
sessions both mornings at 9:30 with the Symposium lectures, de- 
livered under the title Foundations of algebraic topology. Professors 
Rado and Eilenberg presided at these lectures on Friday and Satur- 
day respectively. On Friday at 1:45 P.M., with Professor Hestenes 
presiding, Professor Marcel Riesz of Lunds Universitets Matematiska 
Institution and the University of Chicago gave an hour address en- 
titled Lorents transformations and Clifford numbers. 

Sessions for short research papers were held as follows (Presiding 
officers are indicated in parentheses): 10:45 a.m. Friday: Section I. 
Algebra (Professor Baer), Section II. Analysis (Professor Graves); 
3:00 p.m. Friday: Section I. Topology (Professor Eilenberg), Section 
II. Applied Mathematics, Foundations and Analysis (Professor 
Kleene); 10:45 a.at. Saturday: Section I. Analysis (Professor Hal- 
mos), Section II. Algebra and Geometry (Professor Pall). 

At the close of the Friday afternoon sessions afternoon tea was 
served in the Eckhart Hall Common Room and in the Library across 
the hall. Thanks are due to the Mathematics Department of the Uni- 
versity of Chicago for their hospitality, and also to Dr. Irving Ka- 
plansky who was in charge of the local arrangements. 

An informal business meeting was held at 8:00 p.m. Friday, for the 
purpose of crystallizing opinion in regard to location of future mid- 
western Thanksgiving meetings. Although only thirty-six members 
attended, they represented the opinions of a much wider group, and 
the whole question of midwestern meetings was thoroughly discussed. 
Several resolutions were passed and these were telegraphed to Secre- 
tary Kline for consideration by the Council of the Society at its meet- 
ing in New York on Saturday, April 26. 

Titles and cross references to the abstracts of papers read follow. 
Papers presented by title are indicated by the letter “#.” Papers 
numbered 1 to 8 and 9 to 16 were presented Friday morning in Sec- 
tions I and II respectively; papers 17 to 22 and 23 to 28, Friday after- 
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‘noon; papers 29 to 36 and 37 to 44, Saturday morning. Paper 1 was 
presented by Dr. Kaplansky, paper 7 by Professor Whaples, paper 10 
by Professor Mickle, paper 12 by Mr. Rechard, paper 15 by Dr. 
Piranian, paper 19 by Professor Helsel, paper 27 by Professor 
McKinsey, and paper 43 by Professor Niven. Mr. Bearman and Mr. 
Ostrom were introduced by Professor Cameron. 

1. Irving Kaplansky and R. F. Arens: Topological representation of 
algebras. (Abstract 53-5-174.) 

2. M. J. Norris: : Indetermsnates over a universal algebra. (Abstract 
53-5-177.) 

3. R.L. itso i tote a te taveibades cacti 
group of an equation with an applscaiion to the problem of reducibslity. 
(Abstract 53-5-188.) 

4. L. J. Paige: Neofields. Preliminary report. (Abstract 53-5-178.) 

5. P. W. Carruth: Generalised power series fields. (Abstract 53-3- 
114.) 

6. M. F. Smiley: Alternative regular rings without nilpotent elements. 
(Abstract 53-5-181.) 

7. C. J. Everett and George Whaples: Representation of classes of 
finite sets. (Abstract 53-5-170.) 

8. H. S. M. Coxeter: Continusty tn real pea geometry. (Ab- 
stract 53-5-256.) 

9. Tibor Rado: On two-dimenstonal ere of bounded vartaiton 
and absolute continusty. (Abstract 53-3-131.) ` 

10. Tibor Rado and E. J. Mickle: A new geometrical interpretation 
of the Lebesgue area of a surface. (Abstract 53-5-223.) 

11. P. V. Reichelderfer: The effect of a hpschtisian transformation on 
the area of a continuous surface. (Abstract 53-5-225.) 

12. O. W. Rechard and P. V. Reichelderfer: A new criterion for the 
extenston of rectangle functions. (Abstract 53-5-224.) 

13. W. G. Leavitt: A normal form for mairtces whose elements are 

- holomorphic functions. (Abstract 53-5-213.) 

14. L. H. Kanter: On the roots of orthogonal polynomials and the 
related Christoffel numbers. (Abstract 53-5-211.) 

15. Paul Erdös and.George Piranian: Over-convergence on the circle 
of comvergence. (Abstract 53-5-201.) 

16. Wilfred Kaplan: The level curves of a harmonic function. (Ab- 

stract 53-5-212.) 

17. M. E. Shanks: Decompostiton homology groups. Preliminary re- 
port. (Abstract 53-5-282.) 

18. Beno Eckmann: On infinite complexes with automorphisms. Pre- 
liminary report. (Abstract 53-5-272.) 
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19. R. G. Helsel and Tibor Rado. On the Cauchy area of a Fréchet 
surface. (Abstract 53-5-207.) 

20. O. H. Hamilton: A fixed point theorem for upper semi-continuous 
transformaitons on n-cells for which the images of points are non-acyclic. 
(Abstract 53-5-274.) 

21. R. H. Bing: A homogensous indecomposable plane continuum. 
(Abstract 53-5-268.) 

22. R. L. Wilder: Recogntiton of manifolds by accessibility properties. 
(Abstract 53-5-287.) 

23. Rufus Isaacs: Recent progress in the theory of compressible fisids. 
(Abstract 53-5-249.) 

24. J. W. Calkin: Incsptent shock waves in one dimension. (Abstract 
(53-5-242.) 

25. M. Z. Krzywoblocki: On the two-dimensional? steady flow of a 
compressible viscous fluid far behind a solid symmetrical body. (Ab- 
stract 53-5-251.) 

26. Isaac Opatowski: A pplication of a theorem of Jacobs to compres- 
sible and rotaitonal flows. (Abstract 53-5-252.) 

27. J. C. C. McKinsey and Alfred Tarski: Some theorems about the 
_ Sentenisal calculi of Lewis and Heyting. (Abstract 53-5-263.) 

28. J. E. Wilkins: Neumann series of Bessel functions. (Abstract 53- 
5-241.) 

29. G. M. Ewing: Varsatton problems formulaied in terms of the 
Wetersivass integral. (Abstract 53-5-202.) 

30. E. H. Rothe: Extrema of functions in Banach spaces. Prelimi- 
nary report. (Abstract 53-5-226.) 

31. J. E. Bearman: Rotations in the product of two Wiener spaces. 
Preliminary report. (Abstract 53-5-189.) 

32. C. W. Mathews: Cauchy type double integral representations for 
functions of a complex vartable. (Abstract 53-5-218.) 

33. T. G. Ostrom: The solution of linear integral equations by means 
of Wiener integrals. (Abstract 53-5-222.) 

34. R. H. Stark: Some classes of monotone functions. (Abstract 53- 
5-232.) 

35. W. F. Eberlein: A note on ergodtc theory. (Abstract 53-5-199.) 

36. M. R. Hestenes: Suffictent conditions for isoperimetric multiple 
sntegral problem in the calculus of variations. (Abstract 53-5-208.) 

37. Marshall Hall: Cyclic projective planes. (Abstract 53-3-152.) 

38. B. M. Stewart: Left associated matrices with elements in an alge- 
bratc domain. IJ. (Abstract 53-5-183.) 

39. V. G. Grove: On the Darboux tangents. (Abstract 53-5-258.) 
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40. R. D. Wagner: The generalized Laplace equations in a function 
theory for commutative algebras. (Abstract 53-3-119.) 

41. C. C. Hsiung: Differenisal geometry of a surface at a parabolic 
poini. (Abstract 53-5-259.) 

42. B. J. Lockhart: Covartants of a valence correspondence on an 
algebraic curve. (Abstract 53-5-261.) 

43. Paul Erdös and Ivan Niven: On the roots of a polynomial and 
ats dertvative. (Abstract 53-5-169.) 

44, Arthur Bernhart: Quantitatios analysis of rings in minimal 
maps. (Abstract 53-5-166.) 

45. R. H. Bing: Extending a metric. (Abstract 53-5-269-1.) 

46. W. F. Eberlein: A nonlinear differential equaiton. (Abstract 53- 
5-198-#.) 

47. W. F. Eberlein! A note on spheroidal wave functions. (Abstract 
53-5-245-4.) 

48. Benjamin Epstein: On the mathematical descriptton of ceritain 
breakage mechanisms. (Abstract 53-5-246-2.) 

49. Rufus Isaacs: Inverse sterates. (Abstract 53-5-209-2.) 

50. G. K. Kalisch: On extensions of topological fields. (Abstract 53- 
5-173-t.) 

51. S. C. Kleene: Analysts of lengthening of modulaied repeisiive 
pulses. (Abstract 53-5-250-#.) 

52. D. H. Lehmer: On the Tarry-Escott problem. (Abstract 53-5- 
175-i.) 

53. E. J. Mickle: Metric foundations of continuous transformaitons. 
(Abstract 53-5-219-#.) . 

54. M. J. Norris: A note on regular and completely regular topological 
spaces. (Abstract 53-5-275-3.) 

55. M. J. Norris: On the representation of real numbers by sequences 
of integers. (Abstract 53-5-276-2.) 

56. A. E. Ross: On continuous transformaitons of a continuous closed 
curce. (Abstract 53-3-161-2.) 

57. H. M. Schaerf: Generalization of the theory of distance sets to 
topological groups. Preliminary report. (Abstract 53-5-277-#.) 

58. H. M. Schaerf: On A. Weal’s condition M. Preliminary report. 
(Abstract 53-5-278-2.) | 

59. H. M. Schaerf: On sets of the form BA in topological groups. 
Preliminary report. (Abstract 53-5-279-2.) 

60. H. M. Schaerf: On the continutty of measurable mappings of 
netghborhood spaces. (Abstract 53-5-280-2.) 

61. H. M. Schaerf: Properties of measures beinvariant under a com- 
postion law. Preliminary report. (Abstract 53-5-228-4.) 
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62. H. M. Schaerf: Two theorems on measure spaces with a composi- 
tion Jaw. Preliminary report. (Abstract 53-5-229-4.) ' 

63. G. E. Schweigert and G. S. Young. Remarks concerning intari- 
anis for certain fintie iransformaitons. II. (Abstract 53-5-281-t.) 

64. M. F. Smiley: Binary systems which are almost loops. (Abstract 
53-5-182-2.) | 

65. C. F. Stephens: Concerning linear and nonlinear difference equa- 
tions. (Abstract 53-5-233-2.) 

66. E. A. Trabant: The Riemannian geometry of the symmetric top. 
(Abstract 53-5-255-#.) 

67. S. M. Ulam and John von Neumann: On the group of homeo- 
morphisms of the surface of the sphere. (Abstract 53-5-283-t.) 

68. N. A. Wiegmann: Some theorems on normal matrices with analogs 
of the generalised principal axis iransformation. (Abstract 53-5-187-2.) - 


R. H. BRUCE, 
Associate Secretary 





THE APRIL MEETING IN STANFORD UNIVERSITY 


The four hundred twenty-sixth meeting of the American Mathe- 
matical Society was held at Stanford University, California, on April 
26, 1947. The total attendance of approximately ninety included the 
following sixty-three members of the Society: 

T. M. Apostol, H. M. Bacon, G. A. Baker, R. A. Beaumont, E. M. Beesley, 
B. A. Bernstein, Z. W. Birnbaum, H. F. Bohnenblust, A. H. Bowker, W. G. Brady, 
J. L. Brenner, A. C. Burdette, F. G. Creese, P. H. Daus, G. C. Evans, E. J. Farrell, 
E. A. Fay, F. G. Fiaher, Evelyn Fix, A. L. Foster, J. W. Green, Leonard Greenstone, 
William Gustin, S. M. Hallam, Frank Harary, J. G. Herriot, J. L. Hodges, Alfred 
Horn, C. G. Jaeger, E. L. Lehmann, R. B. Leipnik, Hans Lewy, Rhoda Manning, 
B. C. Meyer, E. D. Miller, W. E. Milne, C. B. Morrey, F. R. Morris, Jerzy Neyman, 
C. D. Olds, Edmund Pinney, George Pélya, Robert Russel, A. C. Schaeffer, Henry 
Scheffé, Abraham Seidenberg, Ernst Snapper, Herbert Solomon, D. C. Spencer, Lee 
Swinford, J. D. Swift, Gabor Szegð, Alfred Taraki, A. H. Taub, A. E. Taylor, J. L. 
Ullman, F. A. Valentine, A. H. Van Tuyl, R. K. Wakerling, Morgan Ward, P. A. 
White, A. R. Williams, František Wolf. 


The morning session was devoted to contributed papers, Professor 
C. B. Morrey presiding. During the afternoon session Dr. Abraham 
Seidenberg of the University of California delivered the invited hour 
address entitled The local uniformisation theorem. Following this the 
remaining contributed papers were presented, Professor H. F. 
Bohnenblust presiding. 

Titles and cross references to the abstracts of papers read at the 
meeting follow below. Papers whose abstract numbers are followed 
by the letter “” were read by title. Paper 7 was read by Mrs. Lehmer. 

1. P. A. White: On the equivalence between avotdabtlity and co-local 
connectedness. (Abstract 53-3-163.) 

2. A. E. Taylor: The inverse of a polynomial function of a closed 
operator. (Abstract 53-3-135.) 

3. F. A. Valentine: The determinaiton of connected linear sections. 
(Abstract 53-5-284.) 

4. R. A. Beaumont: Rings over a group. (Abstract 53-5-165.) 

5. Morgan Ward: Elliptic divistbility sequences. (Abstract 53-5- 
186.) 

6. B. A. Bernstein: Field tn terms of multiplication and a unary 
operation. (Abstract 53-5-167.) 

7. D. H. Lehmer: On the panne of Ramanujan's function. (Ab- 
stract 53-5-176.) 

8. Edmund Pinney: Aaroaemtaliy driven oscillations in suspen- 
ston bridges. (Abstract 53-5-253.) 
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9. Z. W. Birnbaum: Probabilities of sample-means for bounded ran- 
dom vartablies. (Abstract 53-5-266.) 

10. William Gustin: A bilinear integral identsty for harmonsc func- 
tions. (Abstract 53-5-205.) 

11. A. H. Taub: Orbis of charged particles in constani clecdromag- 
netic fields. (Abstract 53-5-254.) 

12. George Pólya: On virtual masses. (Abetract 53-7-295.) 

13. Howard Eves: Some consequences of a simple theorem on torque. 
(Abstract 53-3-142-t.) 

14. Howard Eves: Systems of particles with a common centroid. (Ab- 
atract 53-3-143-é.) 

15. Leonard Greenstone: Mapping by analytic functions. Part II. 
Pseudo-conformal distortion theorems. Preliminary report. (Abstract 
53-5-204-2.) 

16. H. J. Hamilton: Mertens’ theorem and sequence transformations. 
(Abstract 53-5-206-+4.) 

17. A. C. Schaeffer and D. C. Spencer: A general class of problems 
in conformal mapping. (Abstract 53-5-227-2.) 

A. C. SCHAEFFER, 
Associate Secretary 
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BOOK REVIEWS 


| Mathematical methods of statistics. By H. Cramér. (Princeton Mathe- 
matical Series, no. 9.) Uppsala, Almqvist’ and Wiksells, 1945; 
Princeton University Press, 1946. 16+575 pp. $6.00. 


This book has long been needed, and its effect on the future de- 
velopment of mathematical! statistica in both teaching and research 
will be sharp and lasting. The achievement of the author is to present 
the first treatise on statistics in which the mathematical develop- 
ments are carried through according to standards of rigor comparable 
- to those now customary in pure mathematics and excelling those in 
many fields of applied mathematics. He has accomplished this by 
integrating modern statistical concepts developed by the English and 
American schools of statisticians, with the mathematical methods of 
the modern work in probability of the French and Russians. While 
uniting these two streams he has added important contributions of 
his own. ; 

The book is divided into three parts. Part I, called Mathematscal 
tniroduciton, consists mainly of an exposition of measure and integra- 
tion, but contains also needed parts of matrix theory, theory of 
Fourier integrals, and some other topics. Part II, called Random 
variables and probability dssirsbuisons, develops general concepts asso- 
ciated with random variables and applies them to some specific dis- 
tributions such as the binomial, normal, chi-square, and so on. Part 
III, called Statsstscal inference, deals also with asymptotic and exact 
sampling distributions. Actually only a little over a fourth of the book 
deals specifically with statistical testing and estimation, and here the 
treatment is not exhaustive but limited to fundamentals. Much re- 
cent work of a fundamental character in statistical inference is omitted 
because the author’s contact with foreign publications was curtailed 
by the war; for example, there is no reference to any of Wald’s work. 
The main value of the book will be to supply mathematical back- 
ground for those working in advanced mathematical statistics. 

In his preface the author states that be has tried to make his book 
accessible to the reader with “a good working knowledge of the ele- 
ments of the differential and integral calculus, algebra, and analytic 
geometry.” However, a student not previously familiar with e-ô 
analysis would find the book too difficult. On the other hand, the 
level of difficulty is much below that of the author’s Cambridge Tract. 
The reviewer would guess that American students beginning gradu- 
ate mathematics should be able to handle the book. At its chosen 


133 


734 BOOK REVIEWS [uly 


level of difficulty it is a masterwork of exposition. The student is led 
with skill and charm from the familiar to the new: For example, be- 
ginning on the real line, Lebesgue measure is introduced as a natural 
generalization of the notion of length of an interval. Using upper and 
lower Darboux sums, the Lebesgue integral of a bounded function on 
a set of finite measure is revealed as a generalization of the Riemann 
integral, the allowable subdivisions of the set in the Darboux sums 
being now less restricted. With a fixed function for the integrand and 
a variable set, the Lebesgue integral furnishes a concrete example of 
a completely additive set function, and this leads to the considera- 
tidn of more general measures called “P-measures.” Next a simple 
modification of the Lebesgue integral, in which Lebesgue measure is 
replaced by P-measure, yields the Lebesgue-Stieltjes integral. With 
this one-dimensional development behind him the student is then pre- 
pared for a k-dimensional development using fewer steps, namely: Le- 
besgue measure, P-measure, Lebesgue-Stieltjes integrals. 

Among subjects usually developed in a mathematically question- 
able way but here presented with rigor we may mention (1) the 
asymptotic normality of large classes of statistics, (2) the asymptotic 
distribution of Karl Pearson’s chi-square statistic for goodness of fit 
in cases where parameters of the theoretical distribution are esti- 
mated from the sample, (3) the optimum properties of R. A. Fisher’s 
maximum likelihood estimates. All of these developments are enriched 
by original contributions of the author; especially exciting is the new 
small sample theory of efficiency of estimates created by him in rela- 
tion to (3). , 

One hesitates to make any adverse criticisms of this book for fear 
of giving a wrong impression of the ‘balance of good and bad: the 
weight of the mathematically praiseworthy is overwhelming, while 
the few features which are possibly objectionable are mainly so for 
nonmathematical and subjective reasons based on one’s statistical 
taste and philosophy. Of the half dozen such features which troubled 
the reviewer two may be worth mentioning. A correct exposition is 
given of the meaning of Neyman’s confidence intervals, in which the 
interval is a random interval such that the probability that it cover 
the unknown parameter value @ is a fixed preassigned number a, 
independent of the true value of @. But after this the author gives a 
new twist to the method. A fixed interval (a, b) is preassigned. A 
“confidence coefficient” a for the statement a £0 Sb is then calculated 
from the sample, so that a is a random variable. While there seem to 
be no definitely wrong statements made, nevertheless the result may 
be confusion of the reader as to the meaning of confidence intervals. 
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The simple frequency interpretation is lost: Thus with Neyman’s 
confidence intervals if the statistical assumptions were satisfied in the 
applications, the user would know that of all statements he makes 
with confidence coefficients a & ao, the fraction of these statements 
which are correct will be not less than æo “in the long run,” regardless 
of what the true values of the parameters happened to be in the situa- 
tions encountered. The user of the Cramér “confidence intervals” has 
no such assurance: It becomes obvious that in a sequence of con- 
fidence statements aM may be wrong, by thinking of a sequence of 
experiments in which ô is fixed and outside the interval (a, b). 

Another criticism, which may be of a controversial nature, is that 
the book shows insufficient concern with the question whether data 
generated in a given way may safely be assumed to be results of trials 
on the same random variable, or in Shewhart's language, whether 
the underlying chance cause system is constant. This manifests itself 
in several ways: (1) Among the illustrations of “random experiments” 
are some, such as commodity prices, or quality characteristics of fac- 
tory output, whose “randomness” is highly questionable. (2) In the 
first description given of statistical tests, the order of the observations 
is disregarded, that is, it is assumed that the critical region of the test 
is always a part of the sample space completely symmetrical in all 
coordinates. (3) No tests of randomness are mentioned. 

Clearly an oversight is the statement that in using the analysis of 
variance to test the hypothesis of equality of a set of unknown means 
the appropriate critical region of Fisher’s statistic s is |s| >s, and 
that the s-tables.are calculated for such a two-tailed test. 

The number of misprints is so amazingly low as to deserve com- 
ment, 

Here are some suggestions to the author for additions to a future 
edition of this fine work, or to teachers for supplementing the present 
edition: (1) It would be useful in view of the recent development of 
sequential analysis to have some material on measure and integration 
in the space of infinite sequences (xı, x3, -- - ). (2) It would be en- 
lightening to relate the estimation and testing problems arising in the 
analysis of variance, the analysis of covariance, and linear regression, 
as examples of a single theory for “linear hypotheses.” (3) Even 
though the treatment of statistical inference is not intended to be ex- 
tensive, a brief mention at the end of the book of Wald’s formulation 
of the general problem of statistical inference and his concept of sta- 
tistical decision function might be justified. (4) The value of the book 
to most users would be increased by augmenting the 39 problems. 

HENRY SCHEFFE 
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Moderna teoria delle funsioni ds variabile reale. By G. Vitali and 
G. Sansone. (Monografie di matematica applicata per cura del 
Consiglio Nazionale delle Ricerche.) 2d ed., Bologna, Zanichelli, 
1943-1946. Vol. 1, 9+194 pp., vol. 2, 7-+511 pp. 


The first edition of this excellent treatise was reviewed in vol. 43 
(1936) p. 15 and vol. 45 (1939) p. 218 of this BULLETIN. The first 
volume has not been changed much in the revision; a discussion of 
the theorems of Egoroff-Severini and Lusin in chapter III seems to be 
the most important addition. On the other hand, the second volume 
has grown by more than 200 pages. A completely new chapter on 
approximation and interpolation has been added. About 80 pages are 
devoted to the theorem of Weierstrass (the Landau-de la Vallée- 
Poussin approach for the rational case and that of Dunham Jackson 
for the trigonometric one), best order of approximation, Chebychev 
polynomials, the interpolation polynomials of Lagrange and Hermite, 
Bernstein polynomials, and so on. 

There are other important additions. Thus in chapter I a discussion 
of L, spaces is added. In chapter II the theory of Fourier series has 
been enlarged somewhat, the main addition being devoted to (C, a) 
summability. In chapter III the formula of Mehler has been added 
as well as a discussion of the zeros of Legendre polynomials. The 
major addition to this chapter, however, is a discussion of the func- 
tions on the sphere as well as (C, a) and Poisson summability of the 
series of Laplace and of Legendre. Chapter IV on Hermite and La- 
guerre polynomials is practically unchanged. Finally, in the last chap- 
ter on Stieltjes integrals the discussion of characteristic functions 
(= Fourier-Stieltjes transforms of distribution functions) has been 
completed by the addition of the Bochner-P. Lévy inversion formula 
and some convergence theorems. The additions have done much to 
enhance the value of the treatise which has become a convenient and 
reliable handbook in classical analysis. The book can be strongly 
recommended. It is to be hoped for that the misspelling of the name of 
Walsh will be corrected in the third edition. 

ENAR HILE 


Cours d'analyse mathématique. By G. Valiron. Paris, Masson, 1942- 
1945. Vol. 1, 2+522 pp., vol. 2, 2+605 pp. 


The two volumes under review constitute a comprehensive account 
of the following topics: the differential and integral calculus, the gen- 
eral theory of analytic functions of a complex variable, algebraic func- 
tions and Abelian integrals, a brief introduction to analytic functions ` 
of several variables, the theory of ordinary differential equations in 
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the real and complex domain, a brief introduction to the calculus of 
variations, differential geometry, partial differential equations of the 
first and second order. The primary object of these volumes is to give 
an exposition of the material of the “certificat de calcul différentiel et 
intégral.” However on many occasions the author amplifies the scope 
of his work and goes out of the immediate confines of his curriculum. 
In spirit, the treatment is classical and aims at giving a rigorous and 
at the same time succinct account of the topics treated. The author 
has attained his goal in a distinguished manner and has made avail- 
able to the mathematical public a very useful pair of volumes on the 
subject of classical analysis. 

One notable feature of the work is the extensive treatment given 
to the differential and integral calculus (some three hundred pages, 
about three-fifths of the first volume). In this way an unequivocally 
solid foundation is laid for the material that follows. This fact lends 
significance to the book on the American scene where just such ma- 
terial is basic in the cradle phase of graduate mathematical instruc- 
tion. i 

We have remarked that the spirit of the work is classical; there is, 
however, constant reference to research in mathematical analysis of 
recent years that keeps these volumes in close contact with modern 
interest. The general pattern of each chapter is to start with a brief 
historical account of the topics treated and terminate with reference 
to recent monographs and special tracts for further study. 

The first volume starts with a resumé of the fundamenta] proper- 
ties of the real and complex number systems, point sets, sequences, 
and a sketch of the theory of continued fractions. The second chapter 
treats systematically infinite series and products. The author then 
turns to a study of functions of a single variable which includes the 
usual theorems on continuous and differentiable functions, monotone 
functions, convex functions, arc length, the Riemann integral and 
applications, including proofs of the transcendental character of ¢ 
and r. There follows a brief treatment of the Lebesgue integral of a 
complementary nature. 
` The remaining chapters on functions of a single real variable are 
devoted to functions defined by series or integrals, Fourier series and 
orthogonal functions, the reduction and mechanical calculation of in- 
tegrals. 

A careful account is given of functions of several variables and 
multiple integral theory. These topics are treated in fitting detail. 
Particular mention should be made of the care used in discussing 
change of variable in double integrals. Of course these topics are 
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treated under hypotheses which are restrictive enough to allow simple 
proofs but which are quite adequate for the usual applications. 

The author then proceeds to his account of analytic functions of a 
single complex variable. The major topics treated are: the elementary 
functions; the Cauchy theory and applications including the calculus 
of residues; the Weierstrass theory, analytic continuation, and repre- 
sentation theorems for entire functions; conformal mapping including 
the fundamental mapping theorem, the results of Schwarz concerning 
polygonal domains, and as an application of the fundamental the- 
‘orem a study of the elliptic modular function and theorems of the 
Picard type; elliptic functions; analytic functions defined by integrals 
and Hadamard’s prime number theorem treated by the method of 
Landau. 

The first chapters of Volume II are concerned with the theory of 
algebraic functions of a single variable and the associated theory of 
Abelian integrals. Applications are made to plane algebraic curves 
and the Jacobi inversion problem. 

As preparation for the comprehensive treatment of the theory of 
ordinary differential equations which follows, a study is made of 
analytic functions of several variables, implicit function theorems, 
the method of majorants, and in addition a brief account is given of 
the theory of contact and envelopes. 

The theory of ordinary differential equations is treated in both the 
real and complex domains. The ground covered is extensive and is 
well suited for a semester graduate course. Topics treated include the 
elementary theory; classical equations of the first order; the linear 
theory, and in particular, the problem of isolated singular points in 
the complex domain (studied by the methods developed by G. D. 
Birkhoff) ; nonlinear differential equations in the complex domain; the 
classical existence theorems; a brief account of the applications of 
Lie’s theory; the theories of Poincaré and Bendixson concerning sin- 
gularities in the real domain; Sturmian theorems. 

The remaining chapters are concerned with the elements of the cal- 
culus of variations, the classical differential geometry of curves and 
surfaces in euclidean 3-space, and partial differential equations of the 
first and second order. 

Even this brief account of the topics treated will indicate the vast 
labor involved in the preparation of these volumes. Apart from pre- 
senting a wealth of material in a concise rigorous manner, the book 
has the special merit of synthesizing the subject matter of a Trasié 
d'analyse with the results of the research of the last decades. 

Mauric HENS 
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Algèbre. Vol. 1. Equivalences, opérations, groupes, anneaux, corps. By 
Paul Dubreil. (Cahiers scientifiques, no. 20.) Paris, Gauthiers- 
Villars, 1946. 7+305 pp. 585 fr. 


This book is the first volume of a series which is to cover the ma- 
terial necessary to a thorough introduction to modern algebra. The 
author presents a rather complete discussion of the basic facts of alge- 
bra such as the theory of groups, rings and fields. The material is ele- 
mentary, that is, fundamental definitions and their consequences are 
discussed in a self-contained fashion. Thus, complications of proofs 
which usually arise when a mathematical system is specialized do not 
occur. No appeal to previous knowledge is made; at no place are facts 
stated without proof. The following list of contents illustrates the 
aim of the author to emphasize basic principles, constructions and 
techniques: Chapter I, sets and correspondences; chapter II, opera- 
tions; chapter III, groups; chapter IV, regular equivalences: chap- 
ter V, fields; chapter VI, rings; chapter VII, algebraic equations. 

Starting with elementary facts of set theory-and emphasis on a 
single operation (defined by the use of abstract relations or equiva- 
lently by subsets of a cartesian product) additional postulates for the 
underlying mathematical system are gradually introduced. This 
method of presentation helps clarify the significance and implications 
of a given set of hypotheses, and the student becomes aware, at an 
early stage, of the interplay of ideas in a proof. An illustration of this 
approach may be found in the careful exposition of the general prin- 
ciples for the existence proof of complete fields; all details here are 
prepared carefully. In this connection it is to be pointed out that the 
“abstract” work of the mitial chapters is by no means dry. The illus- 
trations and exercises are chosen with thought; they are not construc- 
tions ad hoc. Rather, the reinterpretation of familiar results are used 
to enliven the general theory. 

It is good to find in this book (p. 209) a clear statement of the dis- 
tinction which should be made between the concepts of polynomial 
prevalent in algebra and analysis. The main body of the text is sup- 
plemented by four notes which are particularly useful since they em- 
phasize the characterization of the system of natural numbers and the 
principles of induction. 


O. F. G. SCHILLING 


Funsioni analitiche. By Francesco Tricomi. 2d ed., Bologna, Zani- 
chelli, 1946. 7+134 pp. 300 lire. 


This is a brief sketch of the elementary theory of analytic functions 
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of one complex variable. The author succeeds admirably in presenting 
a very readable account which makes plain the importance of the con- 
cepts, the power of the methods, and the broad outlines of the proofs. 

More space than is usual in such a brief account is given to the con- 
nections of this theory with the theory of harmonic functions and of 
contour integration in vector analysis. Nine pages are devoted to sim- 
ple applications to the theory of hydrodynamics. About six pages are 
devoted to well-illustrated discussions of the graphical representation 
of analytic functions by means of level lines of the real and imaginary 
parts. There are twenty-nine very good diagrams. 

Little attention is given to questions of foundations. The reader is 
apparently assumed to have a working knowledge of real analysis 
from the point of view of a moderately rigorous upper-college course 
in the calculus, and the proofs are handled in the spirit of such a 
course. 

The first chapter treats the definitions of continuity and analytic- 
ity, with some emphasis on the connection of the latter with the prob- 
lem of conformal mapping. The second chapter discusses the Cauchy 
integral formula, with special attention to the relation of the Cauchy 
integral theorem to Green’s theorem; the principle of the maximum 
is here derived for harmonic functions, and for the modulus of an 
analytic function. The third chapter considers Taylor’s series and 
Laurent series, and the classification of singularities. The fourth chap- 
ter treats the general problem of analytic continuation, the Weier- 
strass concept of the complete analytic function, and Riemann sur- 
faces; the special topics of Schwarzian reflection, exponential and 
trigonometric functions, Mittag-Leffler’s theorem for meromorphic 
functions, and the Weierstrass product-theorem for entire functions 
are considered. 

WALTER STRODT 


NOTES 


Professor P, A. Alexandroff of the University of Moscow has been 
elected a foreign associate of the National Academy of Sciences. 
= Dr. L. M. Brown of the University of Edinburgh, Dr. J. M. Hyslop 

of the University of Glasgow, Dr. J. M. Jackson of University 
College, Dundee, and Dr. A. J. Macintyre of the University of 
Aberdeen have been elected fellows of the Royal Society of Edin- 
burgh. 

Miss Mary L. Cartwright of the University of Cambridge and 
Professor T. G. Cowling of the University College of North Wales 
have been elected fellows of the Royal Society. 

Dean R. D. Carmichael of the University of Illinois has retired 
with the title emeritus. 

Professor O. E. Neugebauer of Brown University and Professor 
Haseler Whitney of Harvard University have been elected to mem- 
bership in the American Philosophical Society. 

Professor P. A. Smith of Columbia University has been elected to 
membership in the National Academy of Sciences. 

Dr. Patricia Dolciani of Cornell University has been awarded the 
Sigma Delta Epsilon post doctoral fellowship for 1947-1948 and will 
study at the Institute for Advanced Study. 

Messrs. Paul Olum of Harvard University and E. H. Spanier of 
the University of Michigan have been awarded Frank B. Jewett 
fellowships for 1947-1948 by the American Telephone and Telegraph 
Company. 

Associate Professor J. B. D. Derksen of the Netherlands School of 
Economics at Rotterdam has joined the Statistical Office of the 
United Nations at Lake Success. 

Dr. G. H. A. Grosheide and Dr. J. Haantjes of the Free University 
of Amsterdam have been promoted to professorships. This is a cor- 
rection of an item in the March issue of this Bulletin. 

Mr. K. J. Arrow of Columbia University has been appointed re- 
search associate with the Cowles Commission for Research in Eco- 
nomics. 

Professor W. L. Ayres of Purdue University has been appointed 
Dean of the School of Science. 

Mr. R. C. Buck of Harvard University has been appointed to an 
assistant professorship at Brown University. 

Professor Samuel Eilenberg of Indiana University has been ap- 
pointed to a professorship at Columbia University. 
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Dr. Abe Gelbart of Syracuse University will be on leave of ab- 
sence at the Institute for Advanced Study. 

Professor H. H. Germond of the University of Florida has ac- 
cepted the position of director of research for F. W. Marshall Com- 
pany, New York, New York. 

Associate Professor H. S. Gould of Victoria College, University of | 
Toronto, has been appointed to an assistant professorship at Purdue 
University. 

Dr. E. J. Gumbel of Newark College of Engineering has been ap- 
pointed to an associate professorship at Brooklyn College. 

Dr. O. G. Harrold of Princeton University has been appointed toa 
professorship at the University of Tennessee. 

Assistant Professor Edwin Hewitt of Bryn Mawr College has been 
appointed lecturer at the University of Chicago. 

Dr. Carl Kossack of the Navy Department has been appointed to 
an associate professorship at Purdue University. 

Professor C. G. Latimer of the University of Kentucky has been 
appointed to a professorship at Emory University. 

Professor L. L. Lowenstein of Alfred University has been appointed 
to a professorship at Kent State University. 

Assistant Professor Andrewa R. Noble of Montana State Univer- 
sity has been appointed to an associate professorship at Pacific 
University, Forest Grove, Oregon. 

Mr. J. I. Northam of the University of Wisconsin has been ap- 
pointed to an assistant professorship at Kansas State College. 

Assistant Professor A. M. Peiser of Rutgers University has been 
appointed mathematician with Hydrocarbon Research, Incorporated, 
New York, N. Y. 

Professor H. B. Phillips of the Massachusetts Institute of Tech- 
nology has retired. 

Assistant Professor R. S. Phillips of New York University has been 
appointed to an associate professorship At the University of Southern 
California. 

Associate Professor Arthur Rosenthal of the University of New 
Mexico has been appointed to a professorship at Purdue University. 

Professor A. C. Schaeffer of Stanford University has been ap- 
pointed to a professorship at Purdue University. 

Assistant Professor Ruth G. Simond of Berea College has been 
appointed to an assistant professorship at™ Morningside College, 
Sioux City, Iowa. 

Assistant Professor G. B. Van Schaack of Union College has been 
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appointed to an assistant professorship at Washington University. 

Assistant Professor G. L. Walker of Temple University has been 
appointed to an assistant professorship at Purdue University. 

Assistant Professor A. D. Wallace of the University of Pennsyl- 
vania has been appointed to a professorship at Tulane University. 

Assistant Professor Kenichi Watanabe of the University of Hawaii 
has been appointed to an assistant professorship at Wabash College, 
Crawfordsville, Indiana. 

Associate Professor E. L. Welker of the University of Illinois has 
been appointed asociate in mathematics in the Bureau of Medical 
Economic Research of the American Medical Association. 

Dr. G. W. Whitehead of Princeton University has been appointed 
to an assistant professorship at Brown University. 

The following promotions are announced: 

Max Astrachan, Antioch College, to a professorship. 

John Dyer-Bennet, Purdue University, ‘to an assistant professor- 
ship. 

Cleota G. Fry, Purdue University, to an assistant professorship. 

W. H. Gottschalk, University of Pennsylvania, to an assistant 
professorship. 

M. H. Heins, Brown University, to a professorship. 

H. K. Hughes, Purdue University, to a profeseorship. 

C. W. Jordan, Williams College, to an assistant professorship. 

M. W. Keller, Purdue University, to a professorship. 

R. R. Kuebler, Dickinson College, Carlisle, Pennsylvania, to an 
assistant professorship. 

G. E. Markle, University of Detroit, to an assistant professorship. 

R. D. Mindlin, Columbia University, to a professorship. 

M. G. Moore, Bradley University, Peoria, Illinois, to an associate 
professorship. 

W. D. Munro, University of Minnesota, to an assistant professor- 
ship. 

Nilan Norris, Hunter College, to an assistant profeseorship. 

Sam Perlis, Purdue University, to an assistant professorship. 

E. K. Ritter, Postgraduate School, United States Naval Academy, 
to an associate professorship. 

C. K. Robbins, Purdue University, to an associate professorship. 

J. C. Smith, Lafayette College, Easton, Pennsylvania, to an asist- 
ant professorship. - 

D. W. Western, Brown University, to an assistant professorship. 

The following appointments to instructorships are announced: 
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Brown University: Mrs. R. C. Buck, Dr. Kathleen E. Butcher: Uni- 
versity of California: Dr. E. W. Barankin; United States Naval 
Academy: Mr. J. R. Gorman. 

Professor P. J. Daniells of the University of Sheffield died May 25, 
1946. 

Professor L. G. Owen, formerly of the University of Rangoon, died 
February 23, 1947. 

Mr. C. C. Andersen of Chicago, Illinois, died on April 21, 1947. 

Professor H. J. Gay of Worcester Polytechnic Institute died May 1, 
1947, at the age of forty-nine years. He had been a member of the 
Society since 1921. 

Professor Emeritus C. J. Keyser of Columbia University died 
May 8, 1947 at the age of eighty-six years. He had been a member 
of the Society since 1897. 

Professor W. T. Short of Oklahoma Baptist University died 
February 19, 1947. 


ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of the 
Society. They are numbered serially throughout this volume. Cross 
references to them in the reports of the meetings will give the number 
of this volume, the number of this issue, and the serial number of the 
abstract. 

Announcement. Beginning with the report of the 1947 Summer 
Meeting, this BULLETIN will publish the abstracts of papers offered 
for presentation at a meeting of the Society as part of the report of the 
meeting. This arrangement will save considerable space in the BULLE- 
TIN due to the fact that it will no longer be necessary to print the 
title of a paper and the name of the author as part of the abstract 
and also as part of the report of a meeting. The present plan of pub- 
‘lishing abstracts was inaugurated in 1930 in the expectation that 
abstracts would appear in the BULLETIN before the papers were read 
at meetings of the Society. Unfortunately a large proportion of the 
abstracts are not received in time to make such advance printing 
possible. 

The Editors are pleased to announce in this connection that the 
Secretary of the Society plans to have available for distribution at 
as many meetings of the Society as possible mimeographed copies 
of the abstracts of papers to be presented. It is believed that such a 
distribution of the abstracts will be of considerable assistance to easier 
understanding of the papers presented. 


ANALYSIS 
288. M. Fekete: On generalized transjintie diameter. 


The function g(x) is called a generator function if (1) g(x) is continuous for 
O<x< œ; (2) g(x) is strictly decreasing with x1; (3) lims.og(z) = ©. Let C be an in- 
finite limited-closed point set of a Euclidean E, of q dimensions and g(x) a gen- 
erator function. Put Cy.sg(8.) =minimum of 21 sae({P.P,]) when s 22 and Py, 
1stan, isa subset of C of x22 points and [P,P,| denotes distance of P,, Pp. Then 
$= 84(C, g), the “diameter of order » of C with respect to g(x)” cannot increase as # 
increases and is positive for #22. Call lim, ..8.=3= 8(C, g) the “transfinite diameter 
of C with respect to g(x).” In case q=2, g(x) =log x7, 3 coincides with the transfinite 
diameter introduced by the author (Math. Zeit. vol. 17 (1923)); for g=3, g(x) =x}, 
8 is the generalization of the former notion by Pétya-Szegd (J. Reine Angew. Math. 
vol. 165 (1931)). For arbitrary gz1 and g(x), &(C, g)=s=s(C) =the span of C. It 
is obvious that 8(C, p) S8(D, g) whenever Cis contained in D (monotonicity) whence 
lim, .03(C(p); g) & 8(C, g) when C(p) is the p-neighborhood of C. It is easity shown that 
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the former relation always holds with the equality sign (continuity). A deeper result 
is the “law of subadditivity”: If C=C’+C’ and 8(C’, g) = 8’, 8(C”, g)— 8", s(C)=s 
then (¢(8) —g(s))“*'5 (£(8) —g(s)) 7+(¢(8’) —g(s))-., This leads, in case g=3, 
g(x) =x, to an improved form of Kellog’s rule of conductor capacities. (Received 
April 26, 1947.) 


289. Philip Hartman and Aurel Wintner: T ðplerian (L*)-bases.. 


Let (¢) be an odd, periodic function of period 2r. The problem of conditions, sufti- 
cient or necessary, in order that the sequence ¢(#), ¢(2¢), 6(3#), - - - form an (L")-basis 
on (0, r) is considered. The similar problem of the posibility of an (Z")-expansion, 
f(O ~È csp(ni), for arbitrary functions f(t) of clase (L*) in (0, +) is also treated. The 
problem is attacked by considering the infinite set of linear homogeneous equations 
Dz m0, where D is the Toeplitz D-matrix associated with the Dirichlet series > ¢an. 
(Recetved April 15, 1947.) 


290. Mark Kac: Distribution properties of certain gap sequences. 


Erd&s and Fortet noticed that for f(z) =cos 29x%-++cos 4rz and #,=2*—1 the dis- 
tribution function of (*) mYr f(m), O21, cannot approach the normal dis- 
tribution. In this paper it is shown that the measure of the set of x's for which (*) 
is less than œ approaches, as m—œ, the integral klw, x)dx, where b(w, x) 
m 1 f ollooer bl exp (—o%)de. Actually, a much more general theorem can beestablished 
but its statement is too complicated to be included here. (Received April 25, 1947.) 


291. Otto Szász: Quast-monotone series. 


A sequence {a,} of positive numbers is called quasi-monotone if, for some ae20, 
Catı QGn(1+a/e), nm 1, 2,---. A series is called quasi-monotone if its terms form 
a quasi-monotone sequence. Such series have many properties in common with mono- 
tone series (a, decreasing). Thus, (1) if J an< œ, then *a,—0, (2) the series >a, and 
> 2*ay" are either both convergent or both divergent. Analogous results hold for 
infinite integrals. (Received April 11, 1947.) 


APPLIED MATHEMATICS 


292. K. O. Friedrichs: On the non-occurrence of a limiting line in 
transonsc flow. ‘ 


_In this paper the author treets gas flows around an air foil or in a duct which are 
subsonic at the beginning and the end and possess supersonic regions adjacent to the 
boundary. Consider a set of such flows depending on a parameter such as the free 
stream Mach number M. Then the problem arises whether for a certain value M* 
of M a limit line can appear for the first time. It is proved that that cannot occur. 
To this end the linear hodograph differential equations for x and y as functions of u 
and y are considered and it is shown that if the Jacobian never vanishes for M < M”, 
it does not vanish for M= M*, neither at the boundary nor in the interior of the flow. 
(Received April 11, 1947.) 


293. K. O. Friedrichs: Water waves on a shallow sloping beach. 


The potential function of the motion of water waves on a beach whose slope is an 
integer fraction of a right angle was first derived by J. J. Stoker and H. Lewy. In the 
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present paper a different representation of this potential is given from which it is poe- 
sible, with the aid of the saddle point method, to derive an asymptotic representation 
valid for small slope angles. Simple formulas for the variation of wave length, ampli- 
tude and phase with the depth are obtained. The agreement with the results of exact 
calculations for a beach with a slope of 6° is perfect. (Received April 11, 1947.) 


294. K. O. Friedrichs and Hans Lewy: Dock problem. 


The problem of two-dimensional gravity waves in a half space filled with water, 
one-half of the surface being covered by a rigid plate called the “dock,” requires the 
determination of an analytic function x(s) defined in the lower half space such that 
dx/ds is real on the positive real axis while dy/ds-+y is negative on the negative 
real axis and such that x behaves like ke~ at infinity when approached in positive 
real direction while it vanishes at infinity when approached by any other direction. 
The solution is given explicitly in terms of two analytic functions represented ex- 
plicitly as complex integrals. One of the functions is bounded at the origin, represent- 
ing the edge between the dock and the free water surface, the other one having a loga- 
rithmic singularity there. The ratio of the amplitudes at the edge and at infinity 
for the former solution is 1/2¥2 in agreement with the general result for waves on 
aloping beaches and with a slope angle px/2g derived ina paper of the second named 
author. (Received April 11, 1947.) 


295. George Pólya: On vtriual masses. 


A solid moves through an ideal incompressible fluid that fills the whole space out- 
side the solid and is at rest at infinity. The motion of the solid is pure translation with 
velocity 1, the density of the fluid is 1 and its kinetic energy T. The so-called virtual 
mass of the solid, 2T= M, depends on the direction of the velocity; the direction is 
assessed with respect to a coordinate system rigidly tied to the solid. Averaging M 
over all directions, we obtain 4f. There are reasons to conjecture that of all solids 
with given volumes the sphere kas the minimum average virtual mass M. This conjecture 
has been verified for a general ellipsoid and the analogous theorem in two dimensions 
bas been completely proved. (Received April 11, 1947.) 


296. J. L. Synge: Apsidal angles for symmeirical dynamical sys- 
tems with two degrees of freedom. 


The path of a particle on a surface of revolution corresponds to a geodesic on a 
certain surface of revolution S for which distance is defined by the Jacobi action. 
There is direct correspondence between apsides for the two systems, and the apsidal 
angles are the same. Upper and lower bounds for the apeidal angle are obtained. (Re- 
ceived April 10, 1947.) 


NEW PUBLICATIONS 
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i 
A TERNARY OPERATION IN DISTRIBUTIVE LATTICES 
GARRETT BIRKHOFF AND S. A. KISS 


It can be easily seen that the graph [1, p. 9], of the Boolean alge- 
bra B* of 2* elements (consisting of the vertices and edges of an 
m-cube) has 2*(#1) “link-automorphisms,” whereas B* has only (#1) 
_ lattice-automorphisms, In an unpublished book,? one of us has de- 
veloped new operations in B* and other distributive lattices, which 
admit such a wider group of invariance. The purpose of this note is 

n a role of the symmetric and self-dual ternary operation 
~ [1, p.74 ' 


(a, b, c) =La ADY BAJU (CAd) 
=(aUd)VnGbUAN (USD 

in a general distributive lattice L, with reference to the wider group 

of symmetries which it admits. 


THEOREM 1. In any metric distributive lattice [1, p. 41], the folowing 
conditions are equivalent: (i) a\bSxSaV2, (ii) |a—x|+|x—5] 
=|a—b], (iii) (a, x, b) =x. 

Proor. V. Glivenko [3, p. 819, Theorem V] has shown the equiva- 
lence of (i) and (ii); condition (i) says that x is metrically “between” 
a and b in the sense of Menger. But now if ab Sx Sab, then’ 
(a, x, b)=(aNb) UDALL (Na) = (aNb U [xA (aU) ] =x. Con- 
versely, if (a, x, b) =x, then 


s= (a NDYBGADUYU(tAaA Zab, 
and dually, x Sab. Hence (i) and (iii) are equivalent. 


(1) 


DEFINITION. The segment joining a and b is the set of x satisfying 
any (hence all) of the conditions of Theorem 1 (cf. Duthie [4]); we 
denote it [a, b]. 

THEOREM 2. The element (a, b, c) is the intersection of the seis 
la, b] [b, c] [c, a]. 

Proor. This is obvious from condition (i) and formula (1). 

COROLLARY 1. The element (a, b, c) minimizes 


Received by the editora October 21, 1946, and, in revised form, January 16, 1947. 

1 Numbers in brackets refer to the bibliography at the end of the peper. 

*S. A. Kiss, Trassformations on lattices and structures of logic, Bull. Amer. Math. 
Soc. Abstract 52-14. 
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|2-—a|+|2—a]+|2—-cl. 
ProorF. In fact, |x—a| +|x—)| 2=|a—5| and symmetrically. Add- 
ing, we get for all x 
a{{z—-e|+|2—8|+|*—cl} 
>|e—4|+|b—cl+|ce—a| 
By Theorems 1 and 2, equality holds if and only if x = (a, b, c). 


Since (a, b, c) can be defined in terms of distance and a, b, c, we get, 
further, the following corollary. 


(2) 


COROLLARY 2. Any tsometry of a metric dtstributsve lattice preserves 
the operation (a, b, c). 


In neither nondistributive lattice of five elements, does every triple 
of elements a, b, c, determine a unique x minimizing |x—a| +|x—b] 
+|x—e| - it would be interesting to know what the lattices are in 
which this “midpoint” is uniquely determined. 

By using a weighted dimension function [1, Theorem 3.9] on B?, 
we can find easily lattice-automorphisms which are not isometries. 
However, in the finite-dimensional case, we can obtain a converse to 
the preceding corollary. 

We define distance in the graph of a finite-dimensional lattice in the 
usual way, by making all segments have length one. Thus if d[x] 
is the number of “links” in the longest chain joining O and «v, 
|x—y| =d[xUy]—d[xAy]. This makes L a metric lattice [1, Theo- 
rem 3.9]. i 


` THEOREM 3. The isomeiries of the graph of a finite-dimenstonal dis- 
tributive lattice L are precisely the automorphisms with respect to the 
ternary operation (a, b, c). 


ProoF. Corollary 2 above proves one half. To prove the converse, 
since any isometry carries “linked” elements into “linked” elements, 
it suffices to note the following lemma. 


LEMMA. In L, a and b are “linked” (that is, a covers b or b covers a) 
if and only if (a, x, b) =a or b for ah x. 


Proor. By Theorem 1, (a, x, 6) =a or,b for all x if and only if 
[a, b] consists only of a and b—that is, if and ony if a and b are equal 
or linked. 

DEFINITION. We shall call elements a, a’ ret a distributive lattice 
complemeniary if and only if (a, x, a’) =x for all x. 

It is easily seen that a given a can have only one complement. 
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For if it has two, say a’ and a”, then'a”’ = (a, a”, a’) = (a, a’, a!) =a’, 
for any symmetric ternary operation. It is also easily seen that if a, 
and a’ are complementary, then we have a “double algebra” with an 
“extreme pair” ;? we denote xOy = (x, a, y) and xUy = (x, a’, y), and 
get a distributive lattice. 

More generally, the 2* mutually distributive operations introduced 
by one of us? in B* are the operations (x, a, y), one for each of the 2" 
- different elements a of B". 

Added January 15, 1947. It may be shown that distributive lat- 
tices can be defined in terms of the ternary operation (a, b, c), by 
_ postulating 


(3.1) (0,6,D =a | for a fixed pair O, J, 
(3.2) (a,b, cg) = 0, 

` (3.3) (a, b, c) = (b, a, c) = (b, c, a) (symmetry), 
(3.4) ((a, b, c), d, e) = (a, d, e), b, (c, d, 6)). 


The proof is straightforward, if we try to prove the right known set 
of postulates.t The greatest trouble comes in proving that (a, b, c) is 
actually defined by (1) in the distributive lattice defined by the binary 
operations af \bes(a, 0, b) and aU b æ (a, I, b). This trouble is resolved 
by using Theorem 2 above. Law (3.4), which contains both ordinary 
distributive laws as special cases, may be proved by direct substi- 

tution. 

The structure of the group of automorphisms of B* with respect to 
the ternary operation (a, b, c) is of interest for its own sake, and be- 
cause it is the structure of the group of symmetries of the n-cube. 

For any fixed a, the correspondence 


(4) l z—(zfV\o)U(e Ma) azta 


(here + denotes addition in the additive group of the corresponding 
Boolean ring) is an automorphism for (a, b, c); this defines a simply 
transitive, elementary Abelian subgroup of order 2*, of symmetries of 
the n-cube; the case a= I, xx’ gives the “antipadal reflection” gen- 
erating the center of the group. We also have the subgroup “of 


* Cf. M. H. A. Newman, A characterisation of Boolean lattices and rings, J. London 
Math. Soc. vol. 16 (1941) p. 257, 

t Namely, those of p. 7 of Distributive postulates for systems like Boolean algebras, 
by G. D. Birkhoff and G. Birkhoff, Trans, Amer. Math. Soc. vol. 60 (1946) pp. 3-11. 
It might be poesible to base postulates on the conditions of §§8—-10 of E. Pitcher and 
M. F. Smiley, Tromsttivities of betweennoss, Trans. Amer. Math. Soc. vol. 52 (1942) 
pp. 95-114, 
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stability” leaving the vertex O fixed, and consisting of the lattice- 
automorphisms of Br: The entire group is the product of these two 
subgroups. 

There is an obvious analogy between the ternary operation (1) and 
the ternary operation ab`?c of a group G; in the latter case, the group 
of automorphisms for ab 'c is the holomorph' of G. This similarly is 
the product of the subgroup of group-automorphisms and a simply 
transitive subgroup of right-translations x—xa. It would be interest- 
ing to extend our ternary operation to Newman's “double systems” 
(reference of footnote 2). 

However, it should be noted that in doing this, we should not use 
, the ternary operation a+b-+c of Baer-Certaine. For with respect to 
this, B” has 2" (2*—1) - - - (2®—2*') automorphisms; hence we can- 
not even define (a, b, c) in terms of it. 
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HARVARD UNIVERSITY AND 
STANDARD OIL DEVELOPMENT CoMPANY 


s J. Certnine, The ternary operation (abc) ab“ of a group, Bull. Amer. Math. Soc. 
vol. 49 (1943) pp. 869-877; this operation had previously been discussed by R. Baer. 
It satisiies (aab) =b, instead of (aab) =a. 


ON RELATIONS EXISTING BETWEEN TWO KERNELS 
OF THE FORM (a, b)+ AND (b, a)+b 


P. HEBRONI 


Let sand ¢ be variables in the interval from 0 to 1, and leta, b,c, - +> , 
be functions of s and #. Putting, as is customary, 


Gis f DODD, 


we have 
(a b,c) = (a,c) + (8,0), 
(a b c) = (a, b) + (a, c), 
((a, b), c) = (a, (b, c)) = (a, b, c. 
From this follows readily the meaning of (a, b, c, d). Putting, again, 
[e, b] = a + (a, b) + b, 


we have 
[0, a] = a, la, 0] = a, [[a, b], c] = (a, [b, c]] = [a, b, c]. 
We put finally, 
{a,b,c} = (a, b, c) + (a, b) + (6,0 +5. 
The function a is said to be reciprocable if there exists a function 4 - 
such that 
(*) [c,¢]=0 and [3, a] =0. 


(Each of these equations, it is well known, implies the other.) We say 
then that d is the reciprocal of a. If a is reciprocable, then so is å, 
and the reciprocal of & is a. In what follows we shall designate the 
Fredholm determinant of a function a by D,, and the reciprocal of a 
by 4. Of the various relationshipe that exist among the symbols (a, b), 
(a, b, c), [a, b], [a, b, c] and {a, b, c}, we state here the following: 


(1) ; la, b,c] = $a, b, c} + [a c], 
(2) [2,b, 4] = {a, b, a}. 
The following’ relations also hold true: 
(a) fa, b, 0} =(a, b)+b {0, a, b} =(a, b)+a {a, 0, b} =0, 
` Received by the editors November 21, 1946. 
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(8) fa, (b, c) +c, d} z | [a, b] » C, d}, 
(y) ((a, b)+a, {8, c, d}) = (a, c, d) + (a, ¢), 
(8) {a, btc, d} = {a, b, d} + {a, c, d}; 
and more generally: 
($) {a,{d,¢, d}, ¢} = vie b], c, [d, el}, 
W) (la, b,c}, [a,0,f})= fa, @, [c,d], À + 0), f}. 
(B) can be derived from (¢). For we have by (a) and (9), 
fa, (bL) +o, a} = { a, Íb, c, 0}, d} = ‘{[a, b], c, [o, d]} 
= {[a, b], C, d}. 
(y) could likewise be derived from (y). For we have, by (a), (Y), 
and (8), 
(Ca, b) + a, {5, c, d}) = ({0, a, b}, 18, c, 2}) 
= {0, (a, [b, 5], c) + (2, c), d} 
= {0, (a, 0, c) + (a, c), d} 
~ = {0, (a,c), d} = (a, c, d) + (a, ©). 


(y) and (8) are thus seen to be special cases of ($) and (4). For what 
follows, however, (y) and (ô) will be amply sufficient. 
Of the Fredholm determinant it is known that 


(3) Die, b] = D, D 


(v. G. Kowalewski, Determinanten, 1909, p. 467), from which relation 
follows easily: 


(4) Die, ™ Da Dy De. 

From (3) we derive the known fact: 

(5) \ De De = Doan = Do = 1. 
Again, by (2), (4) and (5), we have 

(6) Diea) = Dts = De Dv Da = Di: 


Let D.s 0, so that d existe. We put c= (a, b)+b, e= (b, a) +b and 
conclude that 


(7) "Dea De 
To prove (7), we put w= {a, e, a}. We have, then, by (6) 
(8) D, = Ds. 


On the other hand we have: 
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w = fa, 6, a} = (a, e, d) + (4,6) +(e, d) +e 
= (a, (b, a) + b, a) + (a, (b, a) +) + ((b, a) + b, d) + (b, a) + b 
= (a, b)+ b + ((a, b) +b, a + (a, &) + 2) 
= (a,b) +b + ((a, b) + 5,0) = (a, 5) +b = c; 
therefore Da = D,. From this and (8) follows (7). 
Equation (7) holds true even when D,=0. For, ‘putting 
com (Aa, b) +5, . e = (b, Aa) b, 
we have for all A for which Dye% 0, 
(9) : De = Dy. 
Dy and Dy, however, can easily be shown to be entire functions of X, 
and, moreover, the zero points of D,, accumulate nowhere. It follows, ; 
therefore, that (9) holds true for all À, particularly for A = 1, that is, ` 
(7) is true even in the case of Dam Q. 
Retaining the notation c= (a, b)+b, e= (b, a)+b, we state that if 


D0, and D.” 0, ponent å and č exist, then there exists also ë, 
and we have 


(10) P= fa ca}. 
Proor. We have c+(c, €)+-¢=0. From this follows (by (8)), 


(11) (2, c, a} + {a (c, 2), a} + {a č, a} = 0. 
But from (æ) and (8), we obtain 
| fā, c, a} = {4, (a, b) +b, a} = {[a, a], b, a} 
(12) 
= {0,3,a} = (b,a) +b = e. 
' Again, by (8) we have, | 
t (a), a} = {4, (a, b) +b, 2), a} = {4, (a, (6, 2) +, 2), a} 
= {[4, a], (6,2), a} = {0, (b, 2), a} = (b, č a) + (3, 2). 
On the other hand we have by (Y) | i 
(e, (2, 2, a}) = (@, a) +b, {4, č, a}) = (B, č, a) + (6,2); 


therefore. { 4, (c, 2), a} = (e, { 4, č, a}), from which, and (11) and (12), 
follows 


e+ (e, {4, Č, a}) 5 fa, Č a} = 0, 
and thus the statement above is proven. 
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In a similar way it can be shown that if D.»40 and D,#0, so that 
' gand ł exist, then č also exists and we have 
Z= fa, à, a}. 
The above results are summed up in the following: 


THEOREM 1. If a and b are any functions whatever of sand t, then the 
Fredholm determinants of c= (a, b)-+b and e= (b, a) +b are equal. 


If D.*0 and D,~0, so that & and č exist, then @ also exists, and 
we have @=(4, č, a)+(4, 2)+(¢, a)+2; and similarly, if D0 and 
D,s<0, so that 2 and 2 exist, then č also exists, and we have 


č = (a, č, a) + (a, 2) + (8, 8) + 2. 


JERUSALEM, PALESTINE 


ON THE REPRESENTATION OF oc-COMPLETE 
BOOLEAN ALGEBRAS 


L. H. LOOMIS 


A g-complete Boolean algebra is a Boolean algebra in which for 
every sequence of elements a,,4#=1, ---, there is an element Ufa,, 
the countable union of the a; such that a,C Ufa, for every $, and 
such that if ax for every + then Ufa,Gx. The dual operation, 
countable intersection, can be introduced through complementation, 
and the distributive law aN\U a, = UF (aaa) and its dual can be 
proved (see [3, p. 93]).1 Certain types of Boolean algebras have repre- 
sentations as algebras of point sets, the representation preserving all 
the operations of the algebra. Among these are ordinary Boolean 
algebras with no further operations (Stone [1, p. 106]) and complete 
Boolean algebras for which' very general operations and distributive 
laws are assumed (Tarski [2, pp. 197-198]). On the other hand it is 
well known that a o-complete Boolean algebra has in general no such 
representation. For example, the quotient of the algebra of Lebesgue 
measurable subsets of [0, 1] modulo the ideal of sets of measure zero 
is a o-complete Boolean algebra which is not c-isomorphic to any 
o-complete Boolean algebra of point sets. The following theorem, 
which we shall prove in this note, shows that this example illustrates 
the general situation. 


THEOREM. Every o-complete Boolean algebra is o-isomorphic to a 
o-complete Boolean algebra of point sets modulo a o-ideal in that algebra. 


In particular, every abstract measure algebra can be considered as 
an algebra of point sets modulo sets of measure zero. Bischof [4] has 
recently obtained a proof of this special case of the theorem, but his 
proof leans heavily on the existence of a measure and does not gen- 
eralize. 

If we are given a representation of an abstract collection R of ob- 
jects onto a family F of sets, then each point of the representation 
space determines a subfamily of sets F, and hence a subcollection R, 
of R, namely, those objects in R whose image sets in F contain p. This 
suggests the way to define points in attempting to build up a represen- 
tation. A point will be a certain kind of subset of R, the image a of a 
will be the set of points containing a, and the representation R of R 
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will be the collection of such sets a. If R is closed under a complemen- 
tation operation and the representation is to preserve complements, 
then clearly a point must be a “selection subset” of R, which for each 
a ER contains a or a’ but not both. If R is a Boolean algebra and the 
representation is to be an isomorphism with respect to Boolean opera- 
tions, then a point P must be a selection subset and must have the 
further properties that (1) if aR and bEP then aVbEP, and (2) if 
a,CP,i=1,---+,, then (fa, isin P and is not null. Such a subset of 
R is called a dual prime ideal. Stone’s theorem asserts that the corre- 
spondence a—a, where a is the set of dual prime ideals containing a, 
is actually an isomorphism. If R is a o-complete Boolean algebra. and 
the representation is to be a o-isomorphism, then the point P must 
be not only a dual prime ideal, but must also have the stronger multi- 
plicative property that ifa;C P,+=1,---, œ, then fra, isin P and 
is not null. Such a dual ideal could be called a dual prime o-ideal. It 
can easily be shown that the correspondence a— is a a-tsomorphism 
sf and only tf the set a of dual prime o-tdeals containing a is nonvotd 
jor every non-null a in R. In general there are not enough dual prime 
g-ideals. In fact, the above mentioned algebra of measurable subsets 
of [0, 1] modulo sets of measure 0 has #o dual prime o-ideals. For let 
a; be the set of numbers in [0, 1] which in dyadic representation have _ 
0 at the sth place. Then m(a,) —=m(a{) =1/2, and the measure of the 

- product of any # such sets or their complements is at most 2-*. Thus 
any dual prime o-ideal would have to contain an infinite product of . 
measure 0 and consequently, in the quotient space, a null product, 
which contradicts the definition of a dual prime o-ideal. This proves 
the assertions we have made about this example, and it also shows 
that in defining points for our representation we cannot use the strin- 
gent requirements of dual prime o-ideals. : 

We shall, in fact, go back to our weakest definition and take a point 
to be simply a selection subset with respect to complementation. We 
repeat that the set a corresponding to the element a is the set of all 
points containing a, and that ®t is the collection of such sets a. The 
correspondence a—n clearly preserves complementation. Let B(8) be 
the o-complete Boolean algebra (Borel field) of point sets generated 
by &, that is, the smallest family of sets including R and closed under 
the operations of complementation and countable union. Let Jt be 
the family of sets of @(#) of the form fa; if Nf~a,—0 or Nra, if 
Ny a;=0. Let X(N) be the c-ideal generated by X, that is, the smallest 
family of sets including Jt and closed under the operations of count- 
able union and of intersection with any set of B(R). Let R be the 
quotient o-complete Boolean algebra (8) /$(M) and let a be the ele- 
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ment (coset) of R containing a. The theorem can oS stated more ex- 
actly as follows. 


THEOREM. The o-complete Boolean algebras R and R are o-isomorphic 
under the correspondence a—. 


First, the correspondence a— is a g-homomorphism onto the whole 
of R. For if a=U a, then ANa =0 and a’f\a;—0 for every i. 
Therefore, by the definition of N, aNffa!’ EN and Nu EN for 
every #, so that å =U ú., which proves the correspondence to be a 
g-homomorphism. The images a of the elements of R thus form a 
-complete Boolean algebra and hence cover the whole of Ñ (which is 
‘generated by these images). That this -homomorphism onto § is a 
g-isomorphism is the obvious content of the following lemma, the 
proof of which depends ultimately upon an application of the diagonal 
process. 


LEMMA. If i=0 (that ts, aC 4(M)) then a=0. 


Any element of (N) is included in a countable sum of elements 
of X, for the elements of $(Jt) having this property clearly form a 
o-ideal including Jt. Thus, to prove the lemma it is sufficient to prove 
that 


(1) if aCU Naa then oC U fh an. 
X w=] mæl am] mæl 

Because of the more intuitive distributive law involved we shall prove © 

the complementary form 


(2) # N WaeCa then A Ü Ta. 
m=] m=] a=] m=] 


The hypothesis of (2) implies that 


(3) N Gece) Ca for every function m(s). 
mæl 

This can occur only if (i) a occurs in the sequence Gag, or if (ii) the 

sequence contains a complementary pair. For otherwise we can form 

a point P containing all the elements ayy) ahd also containing a’, 

invalidating the inclusion (3). But the conditions (i) or (ii) imply the 

conclusion of (2). For suppose on the contrary that 


(4) l vai Ü an) = 5 x0. 


næ] men] 
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Since bCUS 1a, for every #, we can find an index m(1) such that 
_ bana) ¥0, an index m(2) such that (67 Gmay) Nam 0, and, induc- 
tively, indices m(s) such that bANiako ~0. The sequence ayy 80 
chosen cannot have the property (ii), and since 6Ca’ it cannot have 
the property (i). The hypothesis (4) thus leads to a contradiction and 
(2) has been established. 
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SOME REMARKS AND CORRECTIONS TO 
ONE OF MY PAPERS 


PAUL ERDOS 


Professor Hartmann pointed out two inaccuracies in my paper Somes 
remarks about addsiive and multiplicative functions (Bull. Amer. Math. 
\ Soc. vol. 52 (1946) pp. 527~537) (see one Reviews vol. 7 
(1946) p. 577). 
His first objection is that my proof of Theorem 12 (see p. 535) as- 
sumes that f(p*) 20. The only place the error occurs is in the fifth 
- formula line of p. 536. But the error is quite easy to correct, only a 
O(1) term is missing. The correct version of the formula is 


> ulm) Sm Do se + O(1) < "lI (1 4 >n + O(1). 


Otherwise the proof is unchanged. 

His second objection is against Theorem 13 (pp. 536—537) and is 
more serious. 

Theorem 13 was stated as follows: Let g(s) 20 be multiplicative. 
Then the necessary and sufficient condition for the existence of the 
distribution function is that 


where (g(p) —1)’=g(p) —1 if | g(¢) -1| S1 and 1 otherwise. 

I try to prove this by putting log g(n) =f(m) and state that g(r) 
has a distribution function if and only if f(#) has a distribution func- 
tion. ' 

In his review Hartmann points out that first of all this implies 
g(n}>0 (instead of g(#)20), andin a letter he points out that 
my statement is incorrect if g(#) has a distribution function but 
lims.,0G(x) >0 (G(x) being the distribution funetion of g(x)). (I 
seem to remember that in my mind J was somehow unwilling to ad- 
mit these G(x) as distribution functions, but neglected to state this.) 

In fact it is easy to see that this case can occur..Put g(p*) = 1/2 for 
all p and a. Then G(x) =1 for all x20, but clearly f(m) has no dis- 
tribution function, and the series (1) do not converge. Thus Theorem 
13 is incorrect as it stands. The correct version may be stated as fol- — 
lows: 


Received by the editors January 20, 1947. 
' 761 





(1) 


762 - . PAUL ERDOS [August 


THEOREM 13’, Let g(m) 2&0 be muliplicaisos. Assume thai the series 
(1) converge. Then p(n) has a dtstribuiton function. The converse ts also 
true unless G(x) = 1 for al x 20. 


First of all we remark that if 
a | 


we have G(x) = Í for all x20 (since almost all E P are divisible 
by a p with ‘g(p) =0). Thus this case can be neglected, and we can 
„asume that the primes with g(t) =0 can be neglected, since they do 
not influence the convergence of the series (1) or the existence of the - 
distribution function.! 

The first part of Theorem 13 follows as on p. 537 of my paper. 

Next we investigate the converse. If we assume that lime.,eG(x) =0 
the convergence of (1) follows as on p. 537, since in this case it really 
is true that g(s) has a distribution function if and only if f(s) has a 
distribution function. 

Assume now 


(2) lim G(x) = c > 0. 
s—+H0 


We shall show c = 1. Suppose that c <1, we shall show that this leads 
to a contradiction. | 
Denote by F(x) the density of integers with f(n) <x (where f(s) 
mlog g(#)). Clearly F(x) exists and satisfies (G(x) is a distribution 
function) 
(3) , lim F(z) =c> 0, lim F(x) = 1° (c < 1). 
——o +e ` 
From now on we make constant use of my joint paper with Wintner!, 
(referred to as E.W.). It follows from (3) that there exist real numbers 
a and b such that l 


(4): ~w<a<b<o and F(t) — F(a) > 0. 


From (4) and E.W. §9, p. 717 it follows that RO <A (except 
for a sequence of primes q with >-1/q<, which can be neglected). 
Next we deduce (E.W. §3, pp. 714-715) that 


(5) ree 





1 Amer. J. Math. vol. 61 (1939) pp. 713-721. 
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Further it follows that (E.W. §4, p. 714) 


6) > > <B 





(B independent of 7). 


In $6, p. 716 it is shown that from IFÆ)| <A, (4) and (5) it il 
that 


(7) > (4m) < Cn. 


But clearly (7) contradicts (3) (since (3) implies that the density of 
integers with f(m) >D is-not less than c for every D), which completes 
the proof of Theorem 13’. 

The following, question can be raised: Let f(s) be additive and as- 
sume that for some a<b the density of the integers satisfying 
asf(n) <b exists and is different from 0. Does it then ney that 
f(n) has a distribution function? 

By the same methods as just used we can show that | 

2 Fi 
Oa ye, 
? $ ; Pd 
But at present I cannot decide whether the distribution function has 
to exist. 

Professor Hartmann also pointed out the following misprints in my 
previous paper: 

(1) The first sentence of Theorem 12 should read “Let f(p*) SC.” 

(2) The inequality symbol in oe two formula lines at the bottom 
of p. 535 should be “S$” instead of “>.” 

(3) On p. 537, in the line following the third formula line 
“(log g(p))*> --+-” should be “(log g(p))*> +--+.” 

(4) On.p. 537, the fifth formula line should be cS (4 Jp)” in- 
stead of “$ (1/2) - 

(5) In the next to She last line of the paper, p. 537, “+ - - f(n)” 
= should be € - - + g(m).” x 

(6) The first formula on p. 529 should read “ - - - exp exp (dọ (n))” 
instead of “ - - - exp'exp (¢(m)).” 
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RAMANUJAN’S FUNCTION 7(n)—A CONGRUENCE 
PROPERTY 


È. P. BAMBAH 


In a recent paper! S, Chowla and I proved that 


(1) t(n) = no:(#) (mod 7) 
where 
2. (n)a" - gel (1 — x”) (| z | < 1) 


and o,(#) is the sum of the kth powers of the divisors of n. 
The following is another short proof of (1). 
Writing 


P = 1 — 24>) o(n)2*, 
: : 


Qmi+ 2405 oy(m) 2", 
and 
Rei — SAE oilan 
Ramanujan proved that 
1728 5° t(#)x* = Q? — K. 
: l 


From re'ation 10, Table III, p. 142, Ramanujan’s Collected Papers, 
Cambridge, 1927, we derive 


3(1128) F` r(n)a* = 3(0' — RY) 


= 41472 5° ntos(n)x* — 7R? 
s 1 


— I(PQ — 4P?R + 6P%0? — 4POR). 
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Therefore comparing coefficients of x*, we have 
3(1728)r(m) = 41472m‘03(m) (mod 7) 
or 
T(n) sm s403(2) (mod 7) 
= no3(m) (mod 7), 
for if? l 
l (n/7) = — 1, a(n) = 0 (mod 7) 
and if (#/7)= +1, or n=0 (mod 7) 
á | ni = n (mod 7). 


- Note: The results for moduli 5 and 691 can be similarly obtained 
by using Relations 5, Table II, and 6, Table I, respectively, of Raman- 
ujan’s Collected papers, pages 141-142. 
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* This is a perticular case of the more general theorem: If pisa prime, and 
if (h/p) = —1, then o(p_ya(f¥+h) m0 (mod $). 


A CONGRUENCE PROPERTY OF RAMANUJAN’S 
FUNCTION 1(n) 


R. P. BAMBAH, S. CHOWLA, AND H. GUPTA 
We have recently proved! that 
(1) (ts) = co(n) (mod 8) 
if (n, 2)=1, where | 


D r(m)a* = sJ] (1 — z) (z| < 4), 
oln) = $, d. 
din 


We give, in this note, a new and short proof of (1). 

In the following we write J for any integral power series with in- 
tegral coefficients. 

We have (1—x)!=(1—zx?)+2J. Therefore 


(1 — z)! = (1 — 244 8J. 


Hence 
È r(n)a" = zí (1 — (1 — s9 (1 — z$) --- p+ 8J 
= g { > (— 1)*(2u T pareo by a 
(2) E ; 
of Dawe + ar} +8 
_ ef Saco by a 
But? 
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7 23 . 
162 | Daven | = (61 + 22+ xf +t xl? 4...) 
5 ; 


= (iF 2242r 424) 
— (1—23 +2 2+ 


(3) ocom sE (om) — Aon/4) } a 
i - 8E fol) — 4o(w/8)}(— De 
= 165 o(n)= E | (» is odd). 
Therefore, from (2) and (3), ie 

E rine = E e)a + 8J (m2) 1. 


From the above, comparing coefficients, we have if (#, 2) =1 
| r(n) = o(s) (mod 8) 
and if 2| n 
t(n) = 0 (mod 8). 
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A NEW CONGRUENCE PROPERTY OF 
RAMANUJAN’S FUNCTION 7r(#) 


R. P. BAMBAH AND 8. CHOWLA 


In a joint sitting we guessed, with the help of Gupta’s tables, that 


(1) T(n) = #°o(#) (mod 9), 
where 

2, T(n)" = =I] (1 — x”) (| z | < 1) 
and 


oin) = >) AF, oln) = oln). 
d|a 
Each of us obtained a separate proof of (1). But we publish only 
one. 


ProorF oF (1). Writing 


P = 1 — 24>) o(m)x*, 
Q = 1 + 2409 o3(n)=*, 


R=1— 5045 oy( 1) x, 
1 
Ramanujan proved that 
1728 t(n)” = Q? — RI. 
Writing J, (y=1, 2, 3,- +--+) for an fe power series in x with 


integral coefficients, we derive from relations 8, 1, and 3, Table III, 
p. 142 of Ramanujan’s Collected papers, Cambridge, 1927, 


1728 F` r(n) 2" = Q? — R? m 5184 F` (305 (1) z”) 


. — 2R? — 6P?Q? + 2P'R + 6POR 


Received by the editors September 11, 1946. 
768 


A NEW CONGRUENCE PROPERTY OF r(x) 


= 5184F" (ntes(n) a) 


169 


+ R(3PQ — 2R — P*) — 3P(2PQ* — P*R — QR) 


~ 


= SIME n'os(n)s” - 
+ (1 — 5047) (125 n'o(n)2*) 
— 3(1 — 24Js) (1728 ntas(n) z) | 
= sD n'os(n) x* + 17285 nio(n) 2” 


— 5184 >) mtos(m)a* + 24373. 
1 


Comparing the coefficients of x*, we have 


27r(n) = Bin og() + 278%o() — 81m%e5(n) (mod 243) 


or 
T(n) = no(n) + 3(m — nol”) (mod 9) 

m #'o(n) + 3(? — n®)o(#) (mod 9) 

= #?o(#) (mod 9), 
for if 

# = 0, 1 (mod 3) then 1s? — #? = 0 (mod 3) 
while if 
n = 2 (mod 3) then -o(#) = 0O (mod 3). 
- COROLLARY. 


T(s) = 0 (mod 9) for almost all n. 


THe UNIVERSITY OF THE PANJAB, LAHORE 


TOPOLOGICAL ABELIAN GROUPS WITH ORDERED NORMS 
R. C. JAMES, A. D. MICHAL, MAX WYMAN 


The purpose of this paper is to study Abelian groups with a norm 
whose values are in another Abelian group having an order relation. 
Postulates on the ordering are‘given which are sufficient for the 
space to be a topological group under the neighborhood system of 
this norm. It is seen that the added assumption that the ordering is 
Archimedian implies the space is a subset of a normed linear space. 
A differential is defined in the general space. This is seen to be closely 
related to the Fréchet differential if the ordering is Archimedian 

DEFINITION 1. An S-space is a set S which is an Abelian group 
with a relation a>§ (or œ <f) defined for some pairs a, $ of-elements 
of S and satisfying the postulates: 

1. If a>, and >y, then a>vy. 

2. If m>ay and maa, then a:+ay>a_tay. 

3. If a>0, and ay>0, then there exists an œ>0 such that 
a >a and a@>ay 

4. If a>0, then a0. 

DEFINITION 2. A set T with operations x+y and ||-|| defined for all 
elements x, y of T shall be said to be a G,-space if the following are 


, true: 


1. T is an Abelian group with respect to x+y. 

2. To every x in T and every positive number n there exists a 
positive integer N and an xy such that «= Nzxy, where N>n. 

3: |||] is a function from T to an S-space with the following proper- 


` 


a. [al 2 and rh if and only if x=0. 
a s| 
c. |næl| =|] |tel] for all integers ». 








By use of condition (2) of Definition 1, it is easily seen that an 
equivalent definition of S-spaces would result from replacing (4) by 
the condition that a> implies the impossibility of æ <8. Also, the 
proof of Theorem 1 would be much simpler if it were assumed that 
a>0 whenever sa>0 for some positive integer ». Condition (2) 
of Definition 1 would then be unnecessary as far as this theorem is 
concerned. An S-space of a G,space is more restricted than the 
postulates of Definition 1 alone would indicate. This is shown by the 
following two theorems: 
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THEOREM 1. For any element e>0 of an S-space, define the neigh- 
borkood U,,,. of an element xo of an associated G,-space as the totality 
of xEG, satisfying n||z— zol] <ne for some postive integer n. Then G, 
ts a topological Abelian group tf the neighborhood system is taken as the 
` totality of all such neighborhoods. , 


Proor. (a) Clearly xo is in every U,,,.. 

(b) Suppose U,,,.. and Usa are two neighborhoods of xo Then 
«4 >0, «>0, and there is an g>O0O such that a>e and q>6e. If 
n||x —xo| <ne, then n||x—zo| <ne and n||2—xd| <ne. Thus Un.» 
C Um, aO Una 

(c) If yo is in U,,,., then lly — xoll <pe for some positive integer 
p. If e = p[e—||y9—xal| J, then Um.. contains some element y>‘¥, if 
Une Un.e Choose yı and N2&p so that y—ys= Nyi. Then there 
is a positive integer g such that pl <ge’ = gp [e— || yo.—xal] ] 
and by (2) of Definition 1, gpl|yl| <gp Sf i Therefore 
Unm C Uso, 0 l 

(d) If xoxo, then ||æo—yo|>0 follows from (3a) of Definition 2. 

There is then by (2) and (3c) of Definition 2 an element «€G, and 
an integer 222 such that xo—yo=nu and n||ul| =||xo—yoll. If em l||ull, 
then U,,,/\Uy,,.=0. For suppose z is in both of these mi sele 


Then for some positive int p, pme= BPA S p||xo—s|| 
+pl|s— y| <2ep, or pnllul| <2plall Hence sir 2)« <0, which 
contradicts (3a) of Definition 2. 

This verifies that any G,-space is a Hausdorff space [1, pp. 228-229, 
(A), (B), (C), (5)].1 To show that x+y is continuous, let Upp.. be 
any neighborhood of x+y. If there is an element sx¥x+-y in Us, 
then choose u with s— (x+y) =u and n>2. As in (d) above, it fol- 
lows that if q=||ul|, then x’+y’CUsy,. if x’CUe,, and y'E Upa 
If the only element in U,,,,, is x+y, then U,,, contains only x and 
U,,, contains only y. For if p |s—zx | <ep, then pls +y—(x-+y)|| 
<ep and s+y €E Ugi,y,.; while if ql z—y] <q, then s+r E Usp, e Thus 
-x+y is continuous. Since yE Us. implies —y E U_,,., —x'is also con-' 
tiņuous. ` 

DEFINITION 3. An S-space is Archimedian if for every «a>0 and 
é>0 of S there exists a positive integer s such that a<ne. 

The following is an example of a G,-space whose S-space is not 
Archimedian. Let S be the set of complex numbers, and G, the same 
set. Let [et yal] = |x| +] 9] 4, and atit>c+ds if and only if b>d 
or b=d and a>c. These spaces clearly satisfy the postulates of Defi- 
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1-Numbers in brackets refer to the references cited at the end of the paper. 
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nitions 1 and 2. But if a=1+0 ¢and B=1-4, then there is no num- 
ber n such that na>8. ; 
Let S be the set of all real numbers, G, the set of all complex 
numbers x+yi with x and y rational, and ||x+y4l| = |x+yi|. This 
is a G,space whose S-space is Archimedian, but which is itself a sub- 
set of the normed linear space of all complex numbers. The meaning 
of assuming that an S-space is Archimedian is further shown by the 
following results. ; 


LEMMA 1. A G,space whose S-space ts Archimedian is a normable 
topological Abelian group. 


ProoF. Let G; be a G,-space whose S-space S, is Archimedian. Let 
U. be any neighborhood of zero. Then G is normable if U, generates 
Gı and U, is bounded and convex [2, Corollary 5.2]. 

(a) U. generates Gy. For let x€G; and choose an integer n such that 
ne>||x||. There is then a number N>n and an xy such that x= Ngy. 
But then Ne>||xl|| =N]]ex| and Nilxy||<Ne. Thus xy@U, and 
xeUVa=U4+--- U. 

(b) U, ts bounded [2, Definition 2.3]. For let Uy be any other 
neighborhood of the identity and choose n so that ne’>e Suppose 
that mxCU, for an m&n. Then p||max|| <pe<pne’Spme' for some 
positive integer p. Hence pm|=|| <pme’ and xC Uy. 

(c) U. ts convex [2, Definition 2.1]. For suppose that nz € U* for a 
positive integer n. Then nx =2x,+4+ -- --+-x,, where for each x, there 
is a positive integer p; such that b,||x,|| <p. Thus nhir: - bx)||=|| 
<m(pita:-- pale and EU.. 

It follows from Lemma 1 that if S is Archimedian, then G, is a, 
normable topological Abelian group and therefore a subspace of a 
normed linear space [2, Theorem 4.1]. The following is a similar, but 
stronger, result. Hereafter a G,-apace whose S-space is Archimedian 
will be called an Archimedian G,-space. 


THEOREM 2. For a given Archimedian G,-space Gi there is a normed 
linear space Tı which contains Gi as a subset and which ts contained in 
every normed linear space containing Gi. Also, every element of Ti is a 
limit poini of elements of Gy. - 


Proor. As noted above, there is a normed linear space T with 
GCT. Then $ $ ax, ET for any numbers a; and elements x; of Gy, 
such multiplication being defined in T. The set 7; of all such elements 
of T is clearly a linear space and as a linear subset of T is a normed 
linear space. Because of (2) of Definition 2, for any number a and 
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| element xs@G, there are numbers a; such that lim,;..a;=¢ and a,%o 
is an element of Gi. Let x=) t0, ET, where x:EG, and let e 
be any positive number. Choose numbers a; such that |a, —a,| 
<e/n|x,|| and œx, EG for each #. Then |e- zar] <. and 
>t ax, EG. Hence every element of T; is a limit point of elements 
of Gy. From this, it is clear that 71CT’ for any normed linear space 
T’ containing Gi. . 

The usual definition of a linear function as being additive and con- 
tinuous will be used in the following. If the G,-space is Archimedian, 
then the theory of the differential as defined below becomes a con- 
sequence of the established theory of Fréchet differentiation of func- 
tions with arguments and values in normed linear spaces. 

DEFINITION 4. Let G, and Gs be any two G,-spaces. If f(x) is a func- 
tion on a neighborhood U; of xoEG to Gy, then f(x) is differentiable 
at x=, if there exists a function f(xo; 6%) on Gi to Gs, defined for all 
elements x of Gj and such that: ` 

1. (xo; dx) is linear in éx. | 

2. For any integer »>0 there exists a p>0 such that n||f(ao-+ dx) 
—f (x0) —f (x0; 8x)|| <|| be] for all & such that 0 <||8æ|| <p. 

In this case, f(xo; dx) is called the differential of f(x) at xo. 


THEOREM 3. Let Gi and Gy be any two Archimedtan G,-spaces. If 
the function f(x) on UCG: to Gy has the differential f(xo; dx) at xoG Ui, 
and T; and Ty are the smallest normed linear spaces containing Gi and 
Gy, respectively, then there is a functon F on T to Ts such that: 

1. F(x) =f(x) for cH «GU. ° 

2. F has the differential F(x; 8x) at xo, where F(xo; dx) is the unique 
linear function on T: to Ts for which F(x; dx) =f(xo; dx) for ah xe. 


Proor. Let x be any element of Tı. The existence of elements x;GGi 
with x=lim;..7%, follows from Theorem 2. Define F(xo; x) as 
lim; ..f(%0; x1). Such sequences are clearly Cauchy sequences and con- 
verge to an element of any Banach space containing Ty. But F(xo; x) 
is then a linear function on T; to this Banach space, and is therefore 
homogeneous of degree one in x. Since xm? 144.7; for some ele- 
ments y:@G, and numbers a; this implies that F(xo; > 2.14.93) 
=) 1.10;F(xo; yı) and is an element of Ts [F(x0; ys) =f(x0; y) EG if 
yiGGi]. Thus F(xo; x) is a linear function on T; to T3. Since G is 
dense in Tı, it follows that this is the only linear function with 
F(xo; 8x) =f(x0; éx) for 6xC€G. Now define F on 7; by the relation 
F(x) =f(x) if x€ U, and 


F(x) = F(x) + F(a; x — zo) 
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otherwise. If # is any positive integer, then there is a number p>0 
such that 0<|/8x||<p implies x»+éCU, ahd nllf(xot+dx) —f(a0) 
—f (2x0; 8x)|| <||dx|| if && CG,. But then || F(xco+-8x) — F(x) — F(xc0; bx)|| 
<||Sxj] if 0<||äxj| <p and E71, since this is satisfied for 8x if 
x EG, and 0<||8x||<p, while F(xo+ 8x) = F(20)-+F(xo; 8x) if èx is 
not in U,CG;. Hence F has the differential F(x»; 8) at xo; while 





F(x) =f(x) if xGU, and F(x»; x) =f(xo; x) if rEG. ` | 


THEOREM 4. Let Tı and Ty be any two normed linear spaces. If a 
function f on T, to Ty has a differential f(xo; 3x) at the point xo (in the 
sense of Defintiton 4), then f(xo; dx) is a Fréchet differential of f at A 


Proor. Let e be any positive number and choose an integer n such 
‘that 0<1/n Se. By assumption, there is a number p such that 
nlf (æ+ dx) —f (20) —f (203 i) <||8x|| for all & with oe <p. But 
then |[f(ce+ 8x) —f (xe) —f(x0; &x)||<el|8x|| if O<|]8x||<p. Hence 
f (xe; dx) is the Fréchet differential of f(x) at xp. 


COROLLARY 1. Let G, and Gy be any two Archimedian G,-spaces, 
and f(x) be a function on a neighborhood of xo€G, to Gi. Then: (1) If a 
differentsal of f(x) exists, & ts unique. (2) If f(x) is differentiable at 
xxo, then f(x) is continuous at x=x,. (3) If f(x) is differentiahle at 
x= xo, then st is also differentiable in the sense of Michal [3], and the 
two differentials are equal. 


COROLLARY 2. Let Gi, Ga, and Gy be three Archimedian G,-spaces. 
Suppose p(x) ts a function on a neighborhood of xo EG: to Gy and is dif- 
ferentiable at xo, while f(p) is a function on a neighborhood of p(x) EG 
to Gy which ts differentiable at (xo). Then f[b(x)] is differentiable at 
Xo, and this differential is f(b (x0); (xo; bx) ]. 
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ALTERNATIVE REGULAR RINGS WITHOUT 
-~ NILPOTENT ELEMENTS 


MALCOLM F. SMILEY 


Introduction. Interest in N. Jacobson’s result that (associative) 
rings R which satisfy 


(1)’ a*l) = g . (n(a) an integer greater than one) 


for every a ER are commutative! [4, p. 702] led Forsythe and McCoy 

to show that every (associative) regular ring without nilpotent? ele- 
ments is a subdirect sum of division rings [3]. The principal tool they 
used was a very general theorem of G. Birkhoff on subdirect unions 
in universal algebra [1]. In this note we shall prove the one additional 
fact which is needed to extend their argument to the alternative case. 
Our interest is not, of course, directed to the commutativity of alter- 
native rings which satisfy (1), since this is an immediate consequence 
of Jacobson’s result and the Theorem of Artin. In fact, stich rings are 
associative. This consequence is well known if the additive order of 
no element of the ring is divisible by three. Our main result enables 
us to settle this exceptional case also. A corollary of our principal 
theorem is that every alternative algebraic algebra which has no nil- 
potent elements is the subdirect sum of alternative division algebras 
(cf. [4]). Whether this fact will find its place in a general theory of 
the structure of alternative algebraic algebras remains to be seen. 


1. Preliminaries. Max Zorn calls a ring R alternative in case, for 
every a, b, cC R, the associator (a, b, c) +a(bc) — (ab)c changes sign on 
interchange of two of its arguments [7, 8]. Interest in these rings cur- 
rently stems from a fundamental result of R. Moufang in the founda- 
tions of projective geometry [5]. It is known to be sufficient to as- 
. gume that (a, a, b)=(b, a, a)=0 [7]. Emil Artin has proved the 
following fundamental theorem. 


THEOREM OF ARTIN. If R is an alternative ring, then the subring of 
R generated by two of tts elements is an associative subring. 


In this note we shall need to use the following identities 


Presented to the Society, April 25, 1947; received by the editors February 20, 1947, 
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1 Numbers in brackets denote the references at the end of the paper. 

3 By a nilpotent element of a ring R we mean a nonzero element 6ER such that 
a” =Q for a positive integer #. i 
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(2.1) (x(ys))x = (xy) (sx), 
(2.2) x(y(sy)) = ((sy)s)¥ 


which have been established for alternative rings by Zorn [8]. 

J. von Neumann [6] calls an (associative) ring R regular in case 
for each a ER there is an xCR for which axa =a. By the Theorem of 
Artin, this is a meaningful definition in alternative rings and we may 
speak henceforth of alternative regular rings. 


2. The main result. In this section we shall prove the following 
theorem. 


THEOREM. An alternative regular ring Ris a subdtrect sum of alterna- 
iive division rings if and only if R has no nilpotent elements. 


Proor. An examination of the argument of Forsythe and McCoy 
will show that associativity of three elements of R which are not nec- 
essarily in a subring of R generated by two elements of R is used only 
in the proof of their Lemma 2 and in this case one of the three ele- 
ments is idempotent. Our theorem is, then, a direct consequence of 
the Theorem of Artin, the arguments of Forsythe and McCoy, and 
the following lemma. i 


LEMMA 1. If e is an idempotent element of an alternative ring R such 
that ex =xe for every xCR, then e(xy) = (ex)y =x(ye) for every x,y ER. 


Before we prove this lemma we shall first prove the more general 
lemma. 


LEMMA 2. If x is an element of an alternative ring R for which xy m yx 
for every yER, then xty =yx3 and x3(yz) = (x*y)s= (sx) for every y, 
sCR. 


Proor. That x*y = yx? for every yCR is an immediate consequence 
of the Theorem of Artin. Now, using the identities (2.1) and (2.2), we 
may compute 


(ys) x? = 2¥(ys) = 2[(a(ys))2] = 2[(2y)(s2)] 
= [(yx) (zs) ]x = ys). 


Thus (y, s, x*)=0, and consequently all associators involving x? 
vanish. 

PROOF OF Lemma 1. Take x=e m3 in Lemma 2. 

Remark. Lemma 2 is related to a result of R. H. Bruck [2, p. 302] 
which states that the mapping xx? is an endomorphism of a com- 
mutative Moufang loop into its center. In our original version we 
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noted that Bruck’s result is valid for alternative rings in connection 
with our proof that alternative rings which satisfy (1) are associative. 
Our thanks are due to the referee who formulated Lemma 2, which, 
as we shall see, is useful in both situations. 


3. The associativity of certain alternative rings. As we noted in the 
introduction, our main result is not needed to show that alternative 
rings which satisfy (1) are commutative. It is well known that a com- 
mutative alternative ring R is associative if 3a =0 implies that a =0, 
for every a ER. In this section we shall apply our main result to show 
that every alternative ring which satisfies (1) is associative. We first 
_ note that such a ring is regular and without nilpotent elements. By 
our theorem, such a ring is, then, a subdirect sum of commutative 
alternative division rings each of which satisfies (1). Now, an alterna- 
tive division ring which satisfies (1) necessarily has finite prime char- 
acteristic (see [4, p. 702]). To prove the associativity desired it is 
sufficient to prove the following lemma. | 


Lemma 3. If R is a commutative alternative division ring whose char- 
actertstic is three and which satisfies (1), then R ts assoctahve. 


Proor. Let aER and consider the subfield generated by a. This 
subfield is certainly finite since it is contained in the field 


K = [ort cea +--+ + enaa? 61,+ ++, Can © Pal, 


where n =n(a) and P= [0, 1, 2] is the prime field with three elements. 
Consequently, the field generated by a is finite and af =a, g=3%, with 
k a positive integer. But then a =b,-b =a", with r=3*'! and JER. 
The ring R is, therefore, associative by Lemma 2. 

Note added in proof. (Received May 12, 1947.) R. H. Bruck has 
asked us to include the following theorem of his in our note because 
of its importance in geometric applications. Every commutative alter- 
native division ring R is associative and hence a field. For, if a, b, cER, 
we may write (ab)c=i(a(bc)), from which œb =Po be follows by 
Lemma 2. It is well known that 3(a, b, c)=3(#—1)(a(bc)) =0. If 
(a, b, c) is nonzero, then P=1 and 3(#—1)=0. But then (#—1)? 
=f — 31(¢—1)—1=0, #=1, a contradiction. This result, together with 
our theorem, provides another proof of the conclusion reached in §3. 
‘Irving Kaplansky has given (in conversation) still other proofs. 
Bruck’s result and our theorem also imply that every regular commu- 
ative alternaitoe ring is associative, since a regular commutative alter- 
native ring has no nilpotent elements [1, p. 767]. We can then also 
show that every subdirectly irreducible commutative alternative ring 
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‘without nilpotent elements is a field (cf. [1, Lemma 2]), but we shall 
not do this here. 
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A NOTE ON RELATIVELY PRIME SEQUENCES 
RICHARD BELLMAN 


In volume 2 of Pélya-Szegd, Aufgaben und Lehrsäize aus der 
Analysis, pp. 133 and 342, there occurs the following result (appearing 
also in Hardy-Wright, Theory of numbers, p. 14): 


THEOREM 1. No two numbers of the form 2°+1, n=l, 2,---, 
have a common dtotsor greater than 1. 


The numbers 7°+1, »=1, 2,---, are the well known Fermat 
numbers, which may be generated by iteration of the quadratic poly- 
nomial (x) =(x—1)?+1, choosing x equal to 3. This follows easily 
by induction, since, putting ¢i(x)=(*), parC) =O(>.(x)), if 
p(x) me 27+-1, then daya(x) =27 "+1. 

The above observation leads to the following result of which 
Theorem 1 is a special case: 


THEOREM 2. Let d(x) be a polynomial in x with integral coefficients 
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possessing the folowing properties: 
(1) $a(0) = 900), net, 4(0) #0, 
(2) (x, 6(0)) = 1> (a), $(0)) = 1. 


Then if x is an integer and (x, 6(0))=1, no two of the numbers 
x, Gi(x),---, alx), : - - , kave a common divisor greater than 1. 


PROOF. Let us assume that the theorem is false, so that for some 
m>1, n>m, we have (da(x), da(x)) >1. Since ġ.(x) =hs_n(Ga(*)) 
madam(O) mod dn(x)mG(0), mod ga(x), if (palz), a(x))>1, 
(a(x), $(0))>1. However, since (x, ¢(0))=1, it follows that 
((x), @(0)) =1, and thus that (¢,(x), #(0)) =1, which is a contradic- 
tion. ; 

The sequence x, gi(x),-- >, al)n- +, will have an infinity of 
distinct prime divisors if there are an infinite number‘of terms of the 
sequence different from +1. This is true if x is an integer such that 
for y2x, ¢(y)>y,! or if x is such that ¢(x)>x and x is greater than 
the roots of ¢(x) = +1, or, finally, if |¢(+1)]>1. - 4 

It is easy to verify that ¢(x) =(x—1)?+1 satisfies the conditions 
of Theorem 2. If we choose x =3, we obtain the Fermat numbers, as 
mentioned above. Another admissible polynomial is (x—2)4—12, 
where we shall choose'x satisfying, the conditions (x, 4)=1, x25. 

Theorem 2 leads one to consider the following question: 

Consider an trreducthle polynomial f(x) with integral coeffictents, and 
choose an integer x so that all the tterates falx) yield distinct numbers. 
Can all these numbers be primes? 

That this question is probably very difficult to answer might be 
surmised from the fact that the primality of aH the Fermat numbers 
was disproved by exhibiting a specific counter-example, and the be- 
. havior of the general term of the sequence 2”°-+1 is still undetermined. 


PRINCETON UNIVERSITY 


1 These latter alternatives were suggested by the referee, who also pointed out 
some superfluous restrictions in the original statement of Theorem 2. 

2 The case where f(x) is linear has been worked out by the author and H. N. 
' Shapiro, and the answer is negative. 


PARAMETRIC SOLUTION OF LINEAR HOMOGENEOUS 
DIOPHANTINE EQUATIONS 


WALLACE GIVENS 


1. Introduction. Certain parametric expressions were recently 
shown by L. W. Griffiths [1]! to yield all the integral solutions of a 
system of linear homogeneous equations with integer coefficients in 
terms of integral values of the parameters. A simpler proof of this 
same result is given in the next section (cf. our equations (4) with 
Griffiths’ {1] equations (2)). Following this we prove that the denomina- 
tor in the formulas may be made independent of the values assigned 
the parameters, a possibility not discussed by Miss Griffiths. The - 
proof of this stronger theorem,is made to depend on one of its special 
cases, namely a result of Hermite’s which states that the # minors of 
order n—1 of an »—1 by n matrix can have preassigned integral 
values for a suitable choice of integral values of the components of the 
matrix. 


2. Form of the solution. Without essential loss of generality, we 
may assume that the system of equations is linearly independent and 
contains more unknowns than equations. Let the equations be 


(1) >> Gait: = 0, am1,2,---,r20, 
tml 


where the Ge; are rational integers, the matrix A =|la.,|| is of rank r 
and we set s=r-+s-+1 with s20. We shall suppose for convenience 
that the x; have been numbered so that the determinant of || oa (a, 
B=1,---,7) is different from 0. 

We now adjoin to (1) the system of equations 


(2) Dy friti = 0, pel Zesty, 
l 


and let D; equal (—1)*** times the determinant obtained by omitting 
the sth column of the n—1 by n matrix 





(3) | | phere = lip. 





Then x:= D; is an integral solution of (1) and (2) for any choice of 


Presented to the Society, December 28, 1946; received by the editors November 
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integral values of the p,,. If at least one of the D; is different from 

zero, a relatively prime solution of (1) and (2) is unique to within 

sign and hence is obtained by dividing the D, by their greatest com- 

mon divisor, d, which will depend on the matrix P as well as on A. 

That every relatively prime solution of (1) alone is obtained in this 
ay by some choice of P is proved by letting £, be a particular non- 
ro solution of (1) and taking 


i 0 0...0 fa 0 -0 — Eni 


0 0-:-0 0 0»: $n — Emi 


where for convenience we have supposed the last »—r variables re- 

numbered, if necessary, so that- „740. With this choice of P, 

D;=(—1)H (£)! (determinant of ||aasl|),. Hence an arbitrary 

solution of (1) is of the form 

$D: =. pDs De pDs 
? d ,, ; Ta J 3 . 

where $ is an arbitrary integer. This is Griffiths’ result. 

In case r=0, (2’) is an »—1 by » matrix with signed minors equal 
to (—1)*+1(&,)*&,. Modifying (2’) in this’ case we can obtain a 
matrix having the &, for signed minors. For, making even permuta- 
tions on the rows and adding suitable integral multiples of one row 
to another, we can arrange to hgve all zeros in the last column except 
perhaps for the last element in it. Moreover, the values of the minors 
are unchanged and the elements of the first n—1 columns remain 
divisible by &. Dividing each of the first »—2 rows of the reduced 
matrix by & and multiplying one row by (—1)*t!, we obtain a matrix 
having its signed minors equal to the (arbitrary) integers &,. This 
proves the result due to Hermite [2] and stated in section one. 
(Hermite’s original proof is also elementary in character.) 











(4) 1 = 


3. The stronger theorem. By Laplace’s expansion, the D, are 
polynomials in the elements of P with coefficients which are the 
signed r-rowed minors of A. The greatest common divisor of these 
minors, say a, is therefore a divisor of each D, for every choice of 
the parameters. We now show that the denominator d in (4) can be 
replaced by a, which is independent of the parameters, thus proving 
the following theorem. ~ 


If r<n—1, the polynomials D;/a in the n(n—r—1) parameters Poi 
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have the two properties: (1) x,=D,/a ts an integral solution of (1) for 
arbitrary integral values of the parameters and (2) every integral solu- 
tion of (1) is obtatned in thts way for some integral values of the param- 
ciers. If ron—1, the expressions pD,/a in the single parameter p hens 
these two properttes. 


l 
The case r=n—1 was proved above so we shall suppose s=n-' 
—1>0 in what follows. The proof then consists essentially in redu 
ing the given system of equations to an equivalent system in cano 
ical form (r of the variables =0, the others arbitrary) and obtainin 
the parameter matrix of the original from that of the reduced systern 
the existence of the latter being guaranteed by Hermite’s result. — 
PROOF OF THE THEOREM. Kronecker [3] proved that there exist 
square matrices M and N with integral elements, having deter- 
minants +1 or —1, of orders r and n respectively, and such that 


f 0 ¢ O---0 O---90 
(5) B= MAN = 


0 0 QO---¢4 0O---O 


where es = (dg/ds_1), dp is the greatest common divisor of the §-rowed 
minors of A and do=1. It is clearly possible to choose the determinant 
of M to be +1 and we do this. 

If, now, $; is a particular integral solution of (1) and we set 


(6) m= Dy mits, 
jul 


where JEER = N— has integral elements, n; will be an integral solution 
of the equations 


(7) 2, bami = O, W312, 8464 Fs 
i=l 
Hence m=m= -> =7,=0. Adjoining to (7) the equations 
(8) 2 gam = O, p= 1, y 5, 
tml 


and designating the signed (n—1)-rowed minors of the matrix 


where Q = Itga], 








a lo 
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by A,, it turns out to be possible to find values for the elements of Ọ 
so that 


(10) ' n= Aya, 
where a =d, = 66, - - - e, =the greatest common divisor of the r-rowed 
minors of A. Indeed (10) reduces for ¿Sr to p=m= -> on, m0 


and for >r to the equality of n; and (—1)#+ times the determinant 
obtained by omitting the sth column of the matrix llaa]. 
(om1, 2,--+,5; 7=r+1,---,). The existence of such integral 
values of the qr 18 guaranteed by the theorem of Hermite provee in 
.§2. The values of the parameters qpa (p=1, :--, 5; am1,---,7) 
may be assigned arbitrarily. 

We now define a parameter matrix P=QN-!, and consider the 
signed (#*—1)-rowed minors of the three matrices: 


a» i ead ee PP 


A particular minor of the first of these matrices is equal to the cor- 
responding minor of the second, multiplied by the determinant of 
M~, which we chose to be +1. Denoting as before the common ` 
value of these signed minors by D; we then find that they are related 
to the A; by the formula 























(12) A: = + 3 tD}, 
fal 


the plus sign being used if the determinant of N is +1 and the minus 
sign if it is —1. Using (10) and (6) we find that 


(13) t= + Dias 
and the sign may be absorbed into one row of the parameter matrix. 
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MERTENS’ THEOREM AND SEQUENCE 
-~ TRANSFORMATIONS . 


“HUGH J. HAMILTON 


The purposes of this note are to prove by sequence transformation 
theory a known [1, Theorem 6]! form of Mertens’ theorem which 
admits of a valid converse, and by extending this method to supple- 
ment some recent results of Sheffer [2] on extensions of Mertens’ 
theorem to higher dimensions. a 
Let Xog, and Dood, be two convergent series, with sums A and 
B, respectively. We shall refer to these series as “a-series” and 
“b-ceries,” respectively. By definition, their “Cauchy-product series” ` 
is Jo otb. We shall refer to this series as the “c-series” for 
the a- and b-series. Now Mertens’ theorem states that a suficient 
condition that the c-sertes converge to AB ts that etther the a- or the 
b-sertes converge absolutely. Examples show that the condition is not 
necessary. On the other hand, J. D. Hill has rephrased the theorem so 
that ita converse ts true.” 


THEOREM 1 A necessary and sufficient condition that the c-serses for 
an a-sertes and each b-series converge to AB 4s that the a-serses converge 
absolutely. 


In two dimensions our a-, b-, and c-series become, respectively, 
pee ne aa ob.j, and rae jox-i.1_y. We shall again suppose 
that the first two converge,’ and shall denote their sums by A and B, 
respectively. Sheffer has recently shown [2, Theorem 1] that a sufi- 
ehi ondion thal ikë csere comvereé IA Basal either ihe aor the 
b-series converge absolutely and the other series converge boundedly.‘ 
In our Theorem 3 (below) we show that a suffictent condition that the 
C-SErLES converge to AB is that either the a- or the b-series have only a finste 
number of nonsero terms. Sheffer’s results and ours may be regarded 
as generalizations of Mertens’ theorem, his being the more interest- 
ing and ours at first sight trivial. 

More interesting than either generalization is the problem of re- 
phrasing it so as to obtain a valid converse. Sheffer in fact does this 
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[2, Theorems 2 and 3] with his generalization to secure the orownig 
result. 


THEOREM (Sheffer). A necessary and sufficient condition that the 
c-serses for a b-sertes and each absolutely convergent a-series converge 
to AB ts that the b-sertes converge bowndedly. 


Unfortunately, this phrasing extends itself neither to the classical 
Mertens’ theorem nor to our generalization. However, the phrasing of 
Theorem 1 (above) extends itself readily to both Sheffer’s and our 
generalizations, as follows: 


THEOREM 2. A necessary and sufficient condsiton that the c-sertes for 
an a-sertes and each boundedly convergent b-series converge to AB is that 
the a-sertes converge absolutely. 


The duality between Theorem 2 and Sheffer’s theorem is interest- 
ing. Our simple proof (below) of Theorem 2 of course establishes 
Sheffer’s generalization of Mertens’ theorem [2, Theorem 1]. 


THEOREM 3. A necessary and sufficient condition that the c-serses for 
an a-series and each convergent b-sertes converge to AB ts that the a-serves 
have only a fintte number of nonsero terms. 


We now give proofs, remarking by the way that both Sheffer’s 
‘and our theorems are equally valid for n-tuple series with #>2 in 
general [2, proofs of Theorems 1 and 2]. Our proofs are applica- 
tions of linear sequence transformation theory. First, letting 
Cam yy: ons and Byam)? obi, we have 


Cu o Lad i È aBa = Do Be 


“Similarly, letting . Cas OSA H gadis i; and Burm M obi; 
we have 
Can = Gij brij = p> GijBmia—j = 2 Omi aBa 
ime bet J 

Thus the partial sums of the c-seriea are linear transformations of 
the partial sums of the d-series, both in one and in two dimensions. 

Now the well known Silverman-Toeplitz conditions that a sum- 
mability method be regular provide the following lemma. 


' Leusa 1. A necessary and sufficient condition that limase) tn Bi 


' See also [2, p. 1038, (10)]. 
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liM; aB: whenever the latter exists is that Soom with 
Peol <o. 

Similarly, we have [3, pp. 59-60, BC-+C with preservation of the 
limit] the following lemma. - 


LEMMA 2. A necessary and sufficient condtiton that 
litte aa) Cleo lon n-i Bim lim; jabi 
whenever the latter exists boundedly is that > <j-oas,™1 with 


Day=0| æy] <a. 


Again, we have [3, pp. 59-60, CC with preservation of the limit]. 
the following lemma. 


Liwma 3. A necessary ond suficient condition iha 
ir E ga Qai aiB m lim; jebi 
whenever the latier exists is that > cyan Q741 with all but a finite number 
of the ax; equal to sero. 


We assume for the moment that A =0. 

Poor or THEOREM 1. Note that Ca/A =) %o(dm-«/A)B; and ap- 
ply Lemma 1. 

Proor of THEOREM 2. Note that Cas/A =) ti29(Gei,.4/A) By 
and apply Lemma 2. 

Proor oF THEOREM 3. Note that Cus/A => tio(dm—+.a—j/A) By 
and apply Lemma 3. 

If A =0 we replace the lemmas by similar ones referring to [3, pp. 
49, 29, and 32] and reach our conclusions directly.. 

In conclusion we remark that the boundedness condition in Lemma 
2 and the condition in Lemma 3 that nearly all of the a;; vanish are 
necessary that the transforms in the respective lemmas be bounded 
even for all sufficiently large m and #, to say nothing of convergence 
[3, p. 41, 3 and 4].? 
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© See also proof of [1, Theorem 6]. 
T Compare [1], last phrase in statement of Theorem 2. 


A NOTE ON TRANSFORMS OF UNBOUNDED SEQUENCES 
PAUL ERDOS AND GEORGE PIRANIAN 


During an evening seasion at the recent Ithaca meeting it was 
conjectured that it is possible to construct a regular Toeplitz matrix 
Arsila,;|| with the property that for every sequence s, the trans- 
formed sequence 


(1) ba = > Ontsa 


possesses at least one limit point in the finite plane; and it was coun- 
ter-conjectured that for every regular Toeplitz matrix A there exists 
a sequence s, such that the sequence ż, of equation (1) tends to in- 
finity monotonically. It is the purpose of the present note to report 
that both conjectures are false and to prove a consolation theorem 
regarding the first conjecture. The notation of equation (1) will be 
used throughout the paper. 


THEOREM 1. If A ts a row-finite regular Toeplitz matrix, there exist 
sequences Sa stich that the corresponding sequences |t tend to infinity 
with arbtirary rapidity. 

Let A be a row-finite regular Toeplitz matrix. If mo is sufficiently 
large, each row whose index exceeds #4 contains a nonzero element, 
and therefore a last nonzero element (a row-terminal element). Let 
kı, ka, » ++ be the indices of the columns that contain row-terminal 
elements (kı<kı< +--+), and let the terma s, (kki, ka, - ++) be 
chosen arbitrarily. Regularity of the matrix A implies that each col- 
umn contains at most a finite number of row-terminal elements, that 
is, that for each column the row-terminal elements are bounded away 
from zero. It is now clear that if f(m) is any arbitrary real function, 
the terms Sr, Sa * +- can be chosen large enough so that |t] >f(n) 
(n>), and Theorem 1 is proved. 


THEOREM 2. If A is a regular Toeplits matrix, there exists a sequence 
Sy such that the sequence t, has no limit point in the finite plane. 

Here the matrix A is not required to be row-finite, and if the se- 
quence Ss, is chosen (as in the proof of Theorem 1) so as to tend to 
infinity with reckless rapidity, there is danger that the transformation 
A does not apply to the sequence (the transformation A applies to the 
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sequence Sn tf the sum > sn ota, exists in the ordinary sense when n ts 
sufficiently large). Let c be a constant such that Dr ana) <c/5 for 
all ». (Note: this implies that c &5.) Integers mi, mi, ma, Ma, ° °°, 


Me, Mr, > > can be chosen successively so that 
2 | aal < 1/6, 
bemi} 
1 a 
D |a| < 1/5 when # > #1, 
f i] 
- . © D |a| < 1/0? when # S ^, 
` bngt 
| rA ‘ S 
2 | dwa | < 1/5 when # > M 
and so that generally 
D | anal < 1e when s S #1 (r= 1,2,--+ 3% = 0), 
k—m,-+-1 ; , 
j . 
» | aan | < 1/5 whens >, (r = 1,2,---). 
b—} 


The sequence s, is now chosen according to the rule 
sy (1 +41/ġ" when mri < k Sm (r= 1,2,- +: My m — 1). 


To see that the transform of this sequence tends to infinity, observe 
that when #,1<" 31, 


(i) È fouls <= + 1/9" (r = 2,3,-+-); 


oe 1 1 | 
2 mias G+ Ya + G+ 1/9 +- 
1 


1 g 
oa E T T We) 


(ii) 





1 
= 3 1 1 r+2 
= Pa T /¢) 1 — 2/5 


i l 
< re + 1/c)** om Or hes); 


* 


7 


-n a 


-|n S aa 
a 


-M 


“a — 
— 


+ a 


NS 


o- 


mi oe — ee ee aa 
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, S Garsa = (1 + 1/6)" læs + Ba(1 + i/o] 
(iif) mp—itl i 
= (1+ 1/c)"[a, + pw + pa/c] (r= 1,2,-+-) 


where 
mr i Mrt? 
an= DD) Gar Ba = D> Gna, | Ba | /c < 1/5, 
mri+l i mr+l 
and, when # is sufficiently large, 
| cn + By | >-3/5. 
It follows that for all sufficiently large values ofn 


1 1+ 1/c 
AEL |$- SF 1/9 30" | 








> = (1 -+ 1/0", 


and the proof is complete: 
Only slight modifications in the last construction are necessary for 
the following result: 


THEOREM 2a. If A is a regular Toeplits matrix, there exists a sequence 


- Sa Such that ba = p.e™, with iMa sopa = © and lim,..6,=0. If the matrix 


A 4s also real, sn: i Se Cap Re ChOSED SO TROL URE séauence tats 
real and posttsos. 


In the inequality governing the choice of n,, the constant 1/5 must- 
be replaced by a quantity that tends to zero as r becomes large. Also, 
the growth of sa must be so slow that the ratio between the coefficients 
of a, and f, respectively tends to unity as r becomes large (this can 
be achieved by choosing ss=(1+1/c)""” when m,1<kSm,). Since 

lims.o(@%+8,)=1 and 8, is bounded, the theorem then follows i im- 
mediately. 

In every regular Toeplitz matrix, the early and the late elements 
in each row are small. Roughly speaking, the rate of growth of the 
sequence constructed above (and therefore the rate of growth of the 
transformed sequence) is retarded by the slowness with which the 
early and the late elements tend to zero. The proof of the following 
theorem indicates that this retarding effect is not a mere accident of 
the construction; the theorem itself salvages a portion of the conjec- 
ture that gave occasion to this note. 
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THEOREM 3. If f(n) is a real function such that liM. f(n) = ©, there 
exists a regular Toepists matrix A such that, for every sequence S. to 
which the transformation A is applicable, the inequality 
(2) | | < fn) 
is satisfied for tnfintiely many values of n. 


The theorem asserts that there exist regular transformations that 
transform every sequence to which they are applicable either into a 
sequence with at least one finite limit point, or else into a sequence 
whose terms tend to infinity (in absolute value) with arbitrary slow- 
ness independent of the sequence. The following matrix satisfies the 
promise of the theorem: If n is even, Gaa™ 1 when k=2/2, and other- 
wise Gay™O. If # is odd, Gna=1 when kR=(n—1)/2; aa,=0 when 
k<(n—1)/2; when k>(n—1)/2, an: takes the value zero except when 
k has one of the values Ai, ks, - - - about to be described. The num- 
ber k, (r=1, 2, +--+) is chosen so that f(k,) >2°; and if # is odd and 
ka>(#—1)/2, Gas, 2. 

Suppose now that s,is a sequence such that the inequality (2) does 
not hold infinitely often. Because of those rows of A that contain 
only one nonzero element, it is necessary that | sa| 2f(k) for all suff- 
ciently large k. This implies that for odd values of » the formal series 
> p-oGnbse Contains infinitely many terms whose absolute value ex- 
ceeds unity, and the transformation A cannot be applicable to the 
sequence Sa. 


THEOREM 4. There exists a regular Toeplits matrix A such that the 
Sequence |f] does not increase monotonically for any sequence Sa. 


‘Example: If » is even, choose a,4,=1 when k=#/2, otherwise 
Gas=0. If n is odd, choose a4,=1—1/n when k=(n—1)/2, otherwise 
Gap™= Ô. 
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NOTE ON POWER SERIES 
MAX A. ZORN 


1. The problem. The following question was raised by Bochner. 
Let J antt” be a power series with complex coefficients, such that 
substitution of convergent power series > ra,t! and Jrg! for £ and 
7 produces always a convergent power series in t. Is the double series 

ir” convergent? 

The answer is yes; we present a proof which presupposes from 
function theory only the Cauchy estimate for the coefficients o 
polynomials in a complex variable: l 


(C)- [vola (rl = ltl) sup | Set’. 


We note that this estimate is also valid in certain types of fields 
with non-Archimedian valuations, namely, those for which the values 
are dense and the index is infinite; this was shown by Schoebe in [1]. 


2. Homogeneous polynomials. We denote a vector (¢, n) by x and 
introduce as the norm ||x|| of x the maximum of [El and |n|. A 
complex Banach space results which, as a complete metric space, is 
of the second category with respect to itself. We then consider 
homogeneous polynomials P(x) => „œa; it is clear that 
P(Sx) ={*P(x), that P(x+fxo) is a polynomial in ¢, and that P isa 
continuous function of x. . 

The following three lemmata are immediate consequences of the 
estimate (C). 


(2.1) Lemma. If |P(x)| SM for |x|] st, then laati] <M for 
[él], Jn] so. 
(2.2) LEMA. | P(x)| S(|¢| =1) sup | P(x+fxe)|. 


This special case of the principle of the maximum is a special case 
of (C), applied to the constant term of P(x+¢o), considered as a 
polynomial in ț. It is used in the proof of (2.3). 


2.3) LEMMA. If | P(x)| SM for ||x—xdl Sf, then | P(x)| SM for 


la sf. 


PRooF (compare [2, p. 590]): | P(x) | I =1) sup | P(Sx0+x)| 
= (|p| =1) sup | Peti s)] < daal slih sup | Pe]. 
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3. Proof of the theorem. We may now dispose of the problem 
by proving a slightly stronger result. 


(3.1) THEOREM. If ihe substitution Emal, n=p} produces from 
Saut always a power series with a nonvanishing radius of con- 
SA then the series )_|aat*'n*| converges for sufficiently small |¢| 
and |n]. | 


Proor. The result of the substitution is, with (a, 8) =a, 
È( E ante) = D Poles 
no \ tia 0 


Now let ô be a complex number? for which 0 < ò| <1; there will exist, 
for every vector a, an integer m such that },P.(a)(ô=)*=9_P,(a8™) 
converges. We say that the set D of the vectors x for which $ P,(z) 
converges is of the second category. For every vector is in one of the 
sets 6-"D; if D were of the, first category, the sets 6-™D and there- 
fore the whole space would be of the same character. __ 

By virtue of the continuity of the functions P, there will exist 
(compare [3, p. 19}) a sphere ||x—<¢l] Sp, p>0, and an M such that 
| P.(x)| SM holds in it for all n. By Lemma (2.3), the same inequality 
ia valid for ||x||Sp; therefore, |P.(x)| SM/2* will be true? for 
||x|| <p/2. By Lemma (2.1) we have, for ll, [n] Sp/2, the inequalities 


| anga] SM /2* = 4/2, 
which establish the absolute convergence of the double series. 


4, Comments. The main point of our arrangement was the weaken- 
ing of the premise; this procedure was possible essentially because we 
worked with the complex numbers. It would be interesting to know 
whether the original conjecture holds in the real case. 


REFERENCES 


1. W. Schoebe, Besttrasge sur Funkitonentheoris in nichiorchimedssch bewertcien 
Koerpern, Halle, 1930. 

2. M. A. Zorn, Characerisation of analytic funchons in Banach spaces, Ann. of 
Math. vol. 46 (1945). í 

3. S. Banach, Théorte des optrations Kixéatres, Warsaw, 1932. 


INDIAXA UNIVERSITY 


* The introduction of the powers of a number in the place of the integers is a 
concession to the non-Archimedean case and otherwise not relevant. 

3 This inference can also be made in the non-Archimedean case, provided the 
valuation is dense. 


Eai 
—— pmm pe 
yor gip see 


i 


„ON THE CONVERGENCE OF DOUBLE SÉRIES 
ALBERT WILANSKY i 


. 1. Introduction. We consider three convergence definitions for 
double series, denoted by (p), (e), and (reg), which are respectively 


Pringsheim, Sheffer, and regular convergence. Definitions -will be 


given in §2. 


Convergence (e) has been defined by I. M. Sheffer in a paper! . 


which will be referred to as [S]. Convergence (p) and (reg) are well 
known, the latter having been discussed by G. H. Hard}? and others. 
[S] established the relation (o} C (reg); that is, every series which 


is convergent (e) is also convergent (reg) and to the same sum. The | 


question arises as to. whether the relation between these two types 
of convergence is actually. equivalence. It is part of the purpose of this 
paper to answer this question in the negative. An infinite set of con- 
vergence definitions will be presented, denoted by (on), aml, 2, 

with the property: 


(o) = (oat) < (cs) = (01) = (reg), 1, 2, ae 


and it will then be shown that every inclusion sign but the first, may 


_be replaced by equivalence. Of these the most difficult to prove is 


(ox) (01). The others just escape being trivial. 
The words “to the same sum” will a be understood in the 
symbols C and m. p 


2. Definitions. Definitions 3 ” 3.2 are iied from [S]. 

DEFINITION 1. A region is a finite set of values of the indices. a 
amples of regions are the following: 

(i) Triangular region: the set of indices (p, q) with p+q4 a N for a 
given N. 

(ii) Rectangular region: the set of (p, g) with pS M, qSN, for 
given M, N. 

By varying N in (i) (M, N, in (ii)) we obtain a aet of triangular 


(rectangular) regions, These two examples have in common the fol- 


lowing important property: 
PROPERTY (1). Given any square region containing (0, 0) there ts a 
region of ihe set under consideration which includes the square region. 
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The statement “Rts a region containing (p, Q” will be written “R 
ts a region (p, q).” 

DEFINITION 2. If R is a region, X (R) will denote Dva,nenain | RI 
wth denote [> (R) |. 





DEFINITION 3. Let {P} be a set of regions with Property (1). Con- 
vergence of ) Gi; to the sum A by means of {P} ts defined as: to every 
c>0 corrrespond indices p and q such that | 4—9 (R)| <e for every 
region RE {P} which is a region (p, g). 

DEFINITION 3.1. Convergence (p): The set {P} (of Definition 3) 
ts the set of rectangular regions (0, 0) of the example in Definition 1. 

DEFINITION 3.2. A region with the folowing property wih be called a 
o-region, or Sheffer region: “sf st contains (b, q), then t contains every 
(4, 7),4+2~, J Sg.” An equivalent definition of a o-region is that it is 
the logical sum of a finite number of rectangular regions (0, 0). The 
lower right boundary of a o-region may be thought of as a “stair- 
case” rising to the right. It should be noted that the set of o-regions 
has Property (1), and that each region is finite by definition. 


~a `æ —. 
™, partes =, ee ee 


— 


an a A eaaa I 
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DEFINITION 3.21. Convergence (o): The set {P} is the set of al 
o-regions. 

DEFINITION 3.3. A o-region whose lower right boundary rises to the 
right in exactly n steps ts called a oy-region. The figure illustrates n= 5. 
It is convenient to count the corners sticking out into the excluded 
portions of the array. These are called outer corners. The other n—1 
corners are called inner corners. It is obvious that »21. 

DEFINITION 3.31. Convergence (Ca), 222: The set {P} 4s the set 
of all o,-regtons, k Sn. 

Lemma 1. For m2&n22, we have (on) E (Tn). 

For every o,-region, kn, is also a o;-region, k Sm. 

DEFINITION 3.32. Convergence (01): This is defined as convergence 


(p) together with summabtutty by rows and columns to the same sum. 
In other words > /a,; converges (p) to the sum 


Am oe aye a 
iO foo jð i= 


The extra condition makes possible a more unifed theory. 

DEFINITION 3.4. Convergence (reg): A double sertes ts defined to be 
convergent (reg) if H is convergent (p), and if every row and column has 
a finite sum. 


LEMMA 2. (01) = (reg). 
This well known fact was proved by Pringsheim.’ There is a proof 
in Bromwich, Infinite sertes, 1926, chap. 5, p. 81. 


2.1. Consequences. The following lemmas are given in [S] for 
convergence (e). The proofs apply formally unchanged to conver- 
gence (Ca). We suppose throughout that # 21 is a fixed integer. 


LEMMA 3. A convergent (cn) series has a unique sum. 
Lemma 4. If $ `a,; converges (o.) to the sum A, then Dim: ‘Gij CON- 
verges (Ca) to mA. 


LEMMA 5 (The general principle of convergence). For n & 2, a neces- 
sary and sufficient condition that a sertes converge (os) 4s that to every 
e>0 correspond indices p and q such that 


| (Rd) — (Ra) |< 


3 Elementare theorie der unendliche Doppelrothen, Sitrungsberichte der Akademie 
der Wissenschaften der Mtinchen pp. 101-152, especially Sats II, p. 117. 


796 ALBERT WILANSKY ) [August 


for all Ry, Ra, which are o,-regions (p, q), k&n. 


LEMMA 6. If $ a; converges (Ca), then to every e>0 correspond 
indices p and q such that lag) <esft>p orj>dg. 


LEMMA 7. A series which converges (ox) ts summable by rows and 


columns to the same sum. 


For n=1 this is a restatement of part of the definition. For #22, 


Sheffer’s proof of Theorem 7 in [S] holds. 
Since a series which is convergent (¢,) is obviously convergent (p) 
we have: : 


COROLLARY. (oa) C(o1), 221. 

At this stage the following relations are clear: 
(1) (0) S (on41) © (on) & (01) =m (reg) C (p), n=1,2,--- 
That the last relation is strict inclusion is shown by the simple ex- 
ample: doj=1, d1j= —1, a,;=0 if #>1. 


3. Equivalence of all (c,). If R is a Cr+1-Tegion, let R* denote 
that o,-region whose outer corners are the inner corners of R. (In 
the figure R* is indicated by shading.) Let R-R*=R,4+ A+ -> 
+ R,.; a8 shown in the figure. Rand R* will be thought of as including 
their boundaries; the R; must be construed according: 


THEOREM I. (on) = (07) for all m, n=1. 


For definiteness we suppose m >n. In view of (1) we have only to 
prove (¢,)C(om). Suppose that `a; is convergent (ca), #21; we 
now show that it is convergent (o,4:) to the same sum. Let us sup- 


pose that the sum in question is zero; this can be brought about by 


the addition of a suitable constant to doo. 

Given «>0, we may by hypothesis choose p, q depending on e, 
such that | S| <e/3 for any region S that is a o,-region (p, q), k&n. 
Now let R be an arbitrary o.,:-region (p, q). There are two possi- 
bilities: 

Case I: (p, DER, 

Consider the identity R=(R—R)+[(R—R:) —(R—R:—R,) |. It 
is seen that |R|'S|R—R,|+|R—Ri| +|R-Ri—Ral <e, the last 
inequality holding since the three regions are o,-regions (p, q), k Sn 

Case II: (t, DER, 1SrSn+. 


Suppose at first that #22. In this case it is possible to dice s, t 


distinct from r and each other such that 1 <s, ¿&<n+1. Then we can 
write R=(R—R,)+[(R—R,) —(R—R,—R,)], and noting that the 


1 


- er 
ae SA piema” ~ m t merr 
— 
L 
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Ca 


regions on the right-hand side are again oẹ-regions (p, q), km", we 
have |R| <e. 
Case II when n= 1.: We require two lemmas. 


LEMMA 8. If $ a. is summable by rows and columns to the sum A, 
then a necessary and suffictent condition that i be convergent (p) to the 
same sum is the following: to every ¢>0 correspond indices p, q such that 
aa aed <esfr>p and s>q. 


This follows immediately from consideration of ie identity 
Day Lae D Lot? Eas 
— jut fond fom rt] j0 ` im fet 


The inversion is justified by the hypothesized summability by rows 
and columns to the same sum. The series is convergent (p) if and 


‘only if the left-hand side can be made smaller than e in absolute 


value for sufficiently large r, s. The last termon the right-hand side is 
the remainder of a a a a simple series whode general term is 
ajm) ols. ~ 
Note that in the seatenient of Lemnia 8, the symbol (p) can be 
replaced by (cı) without any alteration in the meaning of the lemma. 


Papas 9. If Sai; ts convergent {o,) the following condition 4s = 
: fo every e>0 corresponds an index p stich that tf r>p, then 


(Shou <e, for al s. 


First choose p’ and q’ as in Lemma 8, then choose p” depending on 
q' and e such that for'r>p” we have |Ð i-r+181| <6/(q'+1) for 








j=0, 1, 2, : - -,g'. Finally let pmax (p’, p’’). Then if r>p, we 
have 
$ Eala ZÈ Èa <e 88a 
imrit jo 
L Dy yi] <6, s>q’. 
tart l ao 








This proves Lemma 9 
To complete the discussion of Case II with nmi, we assume 
(>, QER. In view of the symmetry in all formulae, ¢ and j can al- 
ways be interchanged; thus the following argument will cover the 
case (p, DER. 
From R=(R—R)+R, follows |R| <e/3+ | Ral since the first 
region is a gı-region (p, q). Next 
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R| =| È Day È È a 





a|È È ult EH a, 


imf fwd 





where r, t, s are determined by Rs and t>r>p. Lemma 9 shows the 
possibility of making p so large (depending only on e) that each of 
the quantities on the right is less than e/3, Thus |R| <e. This com- 
pletes Case II. The relation (oa) (Tn41) ane been proved it is 
clear that Theorem [I is established. 


4, On convergence (c). Let us introduce the following notations: 

Let S, be a oy-region defined as follows: Its inner corners are at 
points (p, q) with p+q=k; its outer corners are at points (p, q) with 
pt+q=k+1, with the exception of the two points (k+1, 0) and 
(0, +1). Ss is bounded by a staircase which rises to the right ink 
equal stepe from (k, 0) to (0, k). 

Let T, be the “diagonal” region of points (p, q) with p+q=k. 
Thus 


(2) 2 (Sp — Sei) = > (Tepi) — Grio — to, + Gro + Go,m 
Lexma 10. A necessary condition for convergente (o) is that the 

- diagonal sums |T,| approach sero as ko. 

This follows from (2) and Lemma 6, taking account of (1). 

THEOREM II. (0) C(e,), siricily, for every nèt. 


The relation of inclusion is a trivial consequence of the definitions 
since every o,-region, kn, is a o-region. We now exhibit a class of 
double series each of which converges (e1) and thus (¢,) for every n. 
This class will be shown to contain a member which does not con- 
verge (a). 

Let a,;=0:4j;—Ui441 where {v,} is a sequence such that $ v, con- 
verges to the sum v. Such double series are considered by Pringsheim.‘ 
Verification of (sı) convergence is trivial, the sum being v. We have 


2 (Ts) = 2 r, br ™ 2 (oy — Dap) = (k F 1) (0> — 0m1) 


and if we choose v, = ( — De] FOWE havel fs = 2 and,by Lemma 
10, > a,; is not convergent (o). 


t Loc. cit. pp. 127-128, 


—_— -m lA MM 
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4.1 Remarks. Suppose that the hypothesis of a theorem involves 
convergence (e). It may happen (and does indeed in the case of all 
theorems in [S]) that convergence (cı) may be substituted in the 
hypothesis as follows: each o-region which occurs in the proof is a 
o,-Tegion for some #; if there is a largest such # call it N. Then con- 
vergence (ov) may be substituted in the hypothesis and may, by 
Theorem I, be replaced by convergence (o1). Lemma 10 is an example 
of an exception to this statement; there is no largest and conver- 
gence (c):is essential. | 

If a series is convergent (01) then, for a given n, the series is con- 
vergent (fa). Hence, given e>0 there are indices (p, q) such that 
| A -9 (R) | <e for every o,-region R which is a region (p,q). In 
general (pf, g) will depend on »; if the choice does not depend on n 
then the series is convergent (c). 


Brows UNIVERSITY 


THE DIFFERENTIABILITY AND’ UNIQUENESS OF CON- 
TINUOUS SOLUTIONS OF ADDITION FORMULAS 


NELSON DUNFORD AND EINAR HILLE 


The problem of representing a one-parameter group of operators 
(that is, a family Tẹ — © << &, of bounded linear operators on a 
Banach space which satisfies Ty,;=7;T;) reduces according to several 
well known methods of attack to establishing differentiability of the 
function T; at €=0. The derivative Ax = limo &-"(T;—Dx exists as 
a closed operator with domain D(A) dense, providing 7; is continuous 
in the strong operator topology (that is, limy..,Tx= Tix, xCX). It 
is then possible to assign a meaning to exp (£A) in a natural way 
and so that Tyexp (£A), ~ œ <E< œ. The operator A is bounded 
if and only if Ty is continuous in ~ in the uniform operator topology 
(that is, lime..,|7,—T4,| =0) in which case A =limy.of-(T;—D) ex- 
ists in the uniform topology. This implies that T+ is an entire function l 
of £; conversely, if T; is analytic anywhere, then A is bounded. These 
considerations extend to the semi-group case in which Tep = TT} is 


known to hold only for positive values of the parameters, although 
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1947. 


800 NELSON DUNFORD AND EINAR HILLE [August 


the number of distinct cases is much larger and, in particular, ana- 
lyticity does not imply that A is bounded. 

It is a matter of natural curiosity to ask whether or not similar 
results hold if the semi-group law f(§+ 9) =f(6/f({) is replaced by an 
arbitrary addition formula. The results presented in the following cor- 
respond to the case of an analytical group (that is, continuity in the 
uniform topology). The strong operator topology leads to particular 
difficulties which have been overcome only in part, but we hope to 
return to this case on a future occasion. 

In this note we consider the differentiability and uniqueness of con- 
tinuous solutions f(£) of the equation 


(1) f—ety =C, O], OSEt Ett Sa, 


where Gla, 8] is a symmetric complex function analytic for a, $ in 
the closure of a domain A bounded by a rectifiable Jordan curve. The 
solutions considered are functions f(t) on 0OS#Sw to a commutative 
complex ‘Banach algebra B with unit e. We define G[u, v] only for 
those u, vÆB(A), the subset of B consisting of elements x whose 
spectrum ox CA. For such u, v we define G [u, v] by the double resol- 
vent integral 


(2) G[«, o] = (Os aad. f. Gla, 8]R(a, u)R(B, 1) dad, 


where R(a, «)=(as—u)~! and Fu, T, are oriented seve N in A of 
ou, ov respectively. Thus by a solution of (1) is meant a function f(£) 
on 0S£sSw to B(A) which satisfies (1). 


THEOREM. If f(£) is a continuous B-valued solution of (1) and if 
GiLf(0), f(0)] has an inverse (Gila, B] =(d/da)G[a, B]), then F(E) has 
derivatives of all orders and f'(E) =GiLf(0), FE) L'O). If g(t) is any 
other continuous solution of (1) with g(0)=f(0) and g'(0) =f'(0), then 
g(t) exf(£). If oE) is a nonconstant scalar analytic solution of (1) then 
the only continuous B-palued solution of (1) with f(0) —(O)e ts given 
by f(t) =p (f (0)E) in a neighborhood OSESp. 


Lemma. Let Q[æ, B, y]=(Glæ, y]-—G[8, yl) (a—8), æ, B, YEA. If 
F(E) is continuous on OSE Sw to B(A) and 0 Sn, t Sw then uniformly 
witk respect to ¢ we have 
(3) lim QG), #9), SO] = Gilf(n), f], 


(4) Q(#, 0, w)(# — 0) = G(#, w) — G(r, w), 4, 0, w © B(A). 


s7 


—, = 
ee = — m 


—_—— er ee tne T r 
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First note that since f(£) is continugus in [0, w] the range of f(£) 
is a closed connected compact set RCB(A). If &=Ucx, «CR, then 


. 18 a closed subset of A and if T is an oriented envelope of ® in A, 


` then R[a, f(Ẹ)] is a continuous function of (a, £) for aET, 0S <w. 


' There is consequently a finite positive constant M = M(T).such that 


(5) | Rie, fO]| SMD,  a€T, 03 ¢ Sv. 


Further, lim;.,R[a, {(£)]=R[a, f(n)] uniformly with respect to a 
on T. It follows that uniformly in {, 08t Su, 


-Zf f J ele. B, r1Rla, fo) RIB, S IRI, JG) lead 


Rla, f(a) ] — RIB, f()] ‘ 
ef fan Deeg = ng ene 


-5f Í, — £0] { f Qla, B, RE DE LO ga 


— RIB, f(r of 2e See aah. 


Here T, Ti, are oriented envelopes of ® in A and T; is interior to F. 
Now 


f RA da = 2ri0(8, B, Y) = 2riG,(f, Y) 
80 


lim O[/(8), S), £0) 
i~n 2 


amt. Í. G1, Y)R[B, F) Rly, #08) ]d8dy + U 





~ (2xi)! 
= Gilf(n), H] + U. 
Here 
1 Oa, B, y) 
a f. f. dgdyR[y, f age f(n) Jda 


- aa fe arRly $001 f carla. f “Toy 
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But for a€I the last integral is zero so U=0. This completes the 
proof of (3). Equation (4) may be proved in a fashion analogous to 


the method used for establishing the multiplicative law in the opera- , 


tional calculus involving functions of one variable. 


We now proceed to the proof of the theorem. From the contour in- , 


tegral definition of G,[f(0), Z(t) ] we see that it is continuous in ¢ and 
hence 


ie . 
lim — J GLAO), f@) Jat = Gal f(0), f(0)]]. 


Thus we may fix a<w so that the integral on the left has an inverse 
in B. From the lemma we have 


1. 1 pe 
im— f OO, £0), We) ox = — f EO, sO lr. 
, HO Avg ade 


Hence 
lim - fee, 10, rilar} 
(6) = 
- £- f Go, sla} 


From (4) we have 


whence 


1 a 
ZrO -01> f ONO, 10), se) er 


-f7 > (oho, 1091 ~ GIKO), SOl} 


9 - f E+ - sola 
z =} f a ote f ' far} 
=> [fle) — AO) as t— 0. 


Thus (6) and (8) give the existence of 


, 
: 
| 
t 
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4 1 pe “1 4 
im — I - f(0)] = 4— f asl 70), solar} = Io) — O]. 


© Thus f(£) is differentiable at £ = 0. Applying the lemma once more we 


have 
í 


4 | 
e [E+ n) -—fO] = F {GLfm), KE] -— eLo, KOl} 


= — fr) = FOOL), 0), 101 


mn FOG LO), f (t) ] 


uniformly for © $¢ Sw. The existence of the higher derivatives is read- 
ily established. We shall indicate the argument for the case of the 
second derivative. We have 


r J r J a la, eR, FO |R[B, SE) ]daædg. 


It is readily shown that uniformly for 8 on T we have as 7-0 


FE) = F0) 





— {Rib fe + 0)] — RIB, £1} > — rO {RIB 01} 


Hence 


1 
(2x4)? 


and a contour integral argument of familiar type shows that this expres- 
sion equals /’(0)f"()Gu [f(0), f(€)] where Gu lo, B] = (8*/0008)G[c, B] 
and Gu(#, v) is defined by the usual contour integral for #, vE&€B(A). 
We see in particular that f’’(0) = [f’(0) |*Gu[f(0), f(0) | and hence is 
uniquely determined by f(0) and f’(0). Similarly it may be shown that 
all higher derivatives exist and are uniquely determined by f(0) and 





rO = = LOLO — f f Gla Ra, KOIR, NO ade 


FO) > 


Now suppose that g(¢) is another continuous solution of equation 
(1) with g(0) =f(0) and g’(0) =f’(0). From the preceding remarks we 
see that g()(0) =f (0), #=1, 2,+-++. From the contour integral 
representation of the function Q[f(£), g(£), f(n) ] combined with (5) we 
see that there is a finite K = K(f, g) such that for OSE, nw 


lol), O fa] ] 3 K, | Olen), Mn), (O] | SK. 


Since 


\ 
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GIKB, fn) ] — Cla, N] = OE, 8, lE — eE] 


we have 


(9) GÐ, #@)] -GH Il 3 K| YO — 2] | 
and a similar inequality in which f, g and £, 7 are interchanged. Plac- 
ing h(E) =f(£) —g(£) we have | 
ACE+ 9) = S(E+n) — cE +7) 
= GU), fi) ] — GIC), (n)] 
= GL, fm) ] — Glet), fn) ] 
+ Gle), f(n)] — Gle, e(n)]. 


\ 


Hence from (9) ae have 
[aE +n) SK{1/@ -—6O1 +11) -e@|=k{|4O| +] 4@]} 
whence | : 
| 4(28) | = 2K| aI. 

By repeated use of this inequality we get 

(10) h(t) S (2K)"| kE S|, m= 1,2,3,---. 
Now consider ~- 


ga(E) = gE) — > g” (0) - 


y] 


and let 


M,[g] = max | g (® | = max | g8 ~ 0 | 


in the interval [0, w]. Since 
E la Eni oa 
£n(é) ~ f e. J f fe (En) dt wd ty 1 8 afi, 

we have 

|e) | sala OSESo. 
Since ` 
[KOl = [O - ©] = AO — a1 OL l l, 
we see that |E] 5 2t*M,/a!, where M, is the larger of M, [f] and 


et ae ee 
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M,|g]. A combination of this inequality with (10) yields — 
| 
| O| a 7 Marn, ORES, m, n=l, 2,0 


Here we fix # so that 21-*K <1. Since m is independent of # and may 
be taken arbitrarily large we see that A(£) #0 and thus that g(£) =f(Ẹ), 
OSf Sw. 

Suppose now that $(£) is a nonconstant analytic scalar solution of 
(1). Since ¢ is analytic at f =0 we have $({) = galt <p and 


UD (tj tt) =Glecty, eeh fil, drl, [etl < e 


Differentiating $(¢) =G[g(t), 6(0)] we get #0) =$'(HGiI), 60)] 
and since p’({) 0 we have Gi[¢({), 6(0) | m1 and, in particular, 


| Gi[¢(0), ¢(0)] = 1. 


Differentiating (11) by parts with respect to $1 ‘id Pee s1=0 in 
the result one gets 


(E = $(0)G1[6(0), p] . 


whence ¢'(0) 0. But if $(¢) satisfies the conditions stated so does 
(at) for anyas0. We can consequently normalize ¢({) by assuming 
that (0) =1. Suppose now that f(t) is a continuous, and hence 
differentiable, solution of (1) such that f(0) =@(O)e, f"(0) =a. Then 
G1[f(0), f(0) ] =Gi[d(0), (0) lexe and hence it has an inverse. On the 
other hand the function ¢(af) is given by the series > a,a*{* at least 
for rg <p/| a| and for such values of ¢ we have’also oplat) = (toa) 
CA since | sa| S|al. From the construction of the series and the 
properties mentioned it follows that it satisfies (1) for |ti], [fa], 
[nita] <p/|a|. Further, $(0)=$(0)e=f(0), (0) eas) and 
thus f(£) = (a6). 


Tue INSTITUTE FOR ADVANCED STUDY AND 
YALE UNIVERSITY 


SOME GENERALIZED HYPERGEOMETRIC POLYNOMIALS 
SISTER MARY CELINE FASENMYER 


1. Introduction. We shall obtain some basic formal properties of l 


the hypergeometric polynomials 


falt; bj‘) = falti, Gi, °° 5 Gp; bi, bs, rta be; x) 
(1) p M ] 
= T 
j 1/2, 1; bi, tta by; 


(# a non-negative integer) in an attempt to unify and to extend the 
study of certain sets of polynomials which have attracted consider- 
able attention. Some special cases of the f,(a;; bj; x) are: 
(a) f.(1/2; —; x) =P,(1—2x) (Legendre). 
(b) fall; —; x) = [21/(1/2), | PO (1 — 24) (Jacobi). 
(c) fa(1, 1/2; b; x) = [n 1/0). ] P11 (1 — 2%) (Jacobi). 
(d) fa(1/2, $; p; 0) =H, (f, p, v) [12]. 

o (©) falt/2, (1+8s)/2; 1; 1] = F,(s) [3]. 
(f) fa(1/2; 1; 2) =Z.) [4]. 
(8) fal1/2, (st+m+1)/2; m+1; 1]= F(s) [8]. 


2. A generating function. Let G(y) be analytic at y =0, 
Gy) = Deny", 
al F 


and define f,(x) by the relation 





1 — rw ) =: 
2) 1— v esd 7 2, Sol)" 


If w is sufficiently small, the left member of (2) may be expanded in 
‘an absolutely convergent double series and rearranged so as to give a 
convergent power series in w. Let that be done. Then it is easily shown 
that 


z (— s\n + 1) cpa 


in which (a)-=a(a+1) - ++ (a+r—1); (a))=1. 


Received by the editors September 16, 1946, and, in revieed form, February 
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Thus, if G(y) is a generalized hypergeometric function,? 
(4) G(y) = Fli Ga, °t, Gy; bin br ++ , bai 9), 


then the f,(«) defined by (2) are precisely the polynomials f,(a,; b3; x) 
given by (1). This is a special case of a known summation formula 
given by T. W. Chaundy [5, p. 62]. It is necessary to note that in 
using the generating function we implicitly demand that the parame- 
ters a, and b; be independent of x. | 

Starting with (1) in its expanded form, 


(7) falt; b;; z) 2 (I2 b); = TEA ) 


we may, by replacing r by #—r and reversing the order of summation, 
write 


(—42)*(ar)n >: + (Gp)a 


m fals; by; 2) = Od... Oan 
—n, —n, 1/2—n, 1—bi—n, :--, 1—b— : 
Pra] 1—a,;—n,:--,1- nate eo jz], 


3. A differential recurrence formula. Let us return to (2) without 
the restriction that G(y) be of hypergeometric type. Two equations 
each involving G’(y) may be found by separate differentiations of (2) 
with respect to x and to w. Then G’(y) may be eliminated and 


(7) 6[ f(z) + fala) | a nifla) = fr(x)], 


in which @ is the operator xd/dx. 

Direct application of (7) to (d) and (f) of §1 yields the possibly new 
relations o[Hy (5, p, 0) +H., p, v) ]=7 [E0 p, 0) Beall, p, 9) 
(in which primes denote differentiation with respect to v) and 


IZ.) + Za] = sA — Zaal). 


4. Pure recurrence relations.’ Let pSq-+1, the parameters a; and 
b; be independent of #, no a; be equal to any b;, one, or one-half and 
let no b; be equal to a nonpositive integer. Then, for »@q+4, 
falan; bj; x) satisfies a pure linear recurrence relation of exactly g+4 
terms of the following type: 


* Sufficient conditions for the convergence of the series for G(y) in this form for 
pSg+1 are given in [2] and will not be restated here. 

* The proofs and details of the material in §$4 and 5 can be found in my diseerta- 
tion at the University of Michigan, 1945. : 
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Ja + (A; + Asx) fa—1 + (A; + A4x) fa +... 
(8) + (Armi + Aat) fas +H: 
+ (Ars + Arena) faes + Arfa ™ 0, 


in which the numerators of the rational functions Ás, are functions 
of n and a, only. If we change the hypothesis slightly so as to permit 
a; to equal either one or one-half, we obtain a linear recurrence rela- 
tion of g+3 terms. If we allow a; to equal one and a, to equal one-half, 
there exists a linear recurrence relation of g-+2 terms. 

As an example, Bateman’s Z,(t) [4] has the following recurrence 
relation: | 


n2(2n — 3)Z,(#) — (28 — 1) [3n? — ón + 2 — 2(2n — 3)é]Z,-1(2) 
(9) + (2# — 3)[3n? — 6n + 2 + 2(2m — 1)#]Z,_4(2) 
— (2# — 1)(n — 2)2Z,_,(4) = 0, 
which we have not been able to find elsewhere. BE 
Now let p>q+1- but retain the remaining conditions in the opening 
sentence of this section. Then, for #2 +3, f.(a;; bj; x) satisfies a pure 


linear recurrence relation of exactly p+3 terms and of the same type 
as (8) above. 


5. Contiguous polynomial relations. For the sake of simplicity, 
when discussing contiguous polynomials we use the shortened nota- 
tion -f,(ait+) to signify f.(ait1,---, Gp; bj; x) while fa(an—), 
Jabat), and fa(ba—) have similar meanings. Using Rainville’s re- 
sults [11] it can be shown that the f,(a,; bj; x) have the following 
canonical set of 2p+q—2 contiguous polynomial relations: 

For pSq-+1, 


(10) (a1 — au) fa = Gifa(ar +) — Gnfn(Gu +); m= 2,3,+°°, pf, 
(11) (a1 — bm + 1)fa = Gifalar +) — (be — 1)falbm —) 3m = 1,2, -q 
For p <q, (10) and (t1) with 
4(a1 — Om) (G1 + dn — 1)f, 
= a3(2a, — 1)fa(a1 +) — Gu(2dm 1) fa(Gn +) ; 
(12) + (a1 — 1)(2a1 — 1) fa(a1 —) — (Gm — 1)(24m — 1)f2(Gu —) 


es 2(a1 = Ey Se ACT +); m m= 2, goray f, 
j=l 
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in which 


~ (# + bj) (s+ 1 — by) iat (a, = b,) 


om], (bm) 


Thha = 


b; Ú (b. — bj) 


=l, (f) 
in which Titec indicates the product of $ factors, from which cs 
and Ce have been deleted. 
For p =q, (10) and (11) with 
2(a1 — ou) [2(a1 + on — 1) + 2] fr 
= 41(2a, — 1)fa(¢1 +) — Gn(2¢m — 1)fs(Gu +) 
03) + (a1 — DQa — 1 far —) — (Gu — 1) (20n — 1)fa(Ou —) 


-= 2(a1 ~~ Om) =D) T j1,mfu(d; H; m= 7, 3, eee ty 
j=l 


For p=q+1, (10) and (11) with 
(4: — Gn) [4(a1'+ ae — 1) — (40, + 4am — 2C + 2D — 3)z]fn 
= a;(2a; — 1)(1 — =)fa(ai +) — Gu(2an — 1)(1 — 2)f,(an +) 
(14) +(a- I) (2a, — 1)falar —) — Ge — 1)(20m — 1) fa(am —) 


= 2(a1 = Om) Dy Ty:1mfo(; +); m = 2, Jyh ye Ps 
4 f= 
in which 


` P € 
Cm a; and D= > 4b,. 
=! l 


If we admit f,1(a,; bz; x) and ion contiguous to it, we e have 
another contiguous polynomial relation, namely, 


(- -+ 1) fe = (” — bi + 1) fa—ı m Gifa(Gı +) 
E E E E So. 


By an extension of the method used by Rainvillė for the derivation 
of his formula (30) in [11], it is comparatively easy to obtain a simi- 
lar set of contiguous function relations applicable to any terminating ` 
generalized hypergeometric function in which the number of numera- 
tor parameters exceeds the number of HEE in the denominator by 
two or more. 


(15) 


) 
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6. Integral iaaio: Using standard methods* we obtain the in- i 


fo relations 





(0+) 
(16) falas; by; x) = =f (— y)-*e-*f,(1/2, a4; bi; — 2/y) ey, 


21/3 
(17) falai; by; 3) = = =f yMe-vf,(a,; 1/2, b,; xy)dy, 


and 


o Ty 


falti; bj; £) = Tenth, op =n 


(18) 


1 
f yer l(f ex YP f (as, "ss 5 Gy; bs, aa: be; xy) ay, ; 
0 


in which R(b1) > R(a1)>0. 
Some special cases of interest are: 





P (C+) 
UD fii) =f O DRs + D/slas. 


2x! 


00) P- 2a) = JS yie, (—; —; ay)dy. 


(21) Ewas S EA 


gil? 





(+ 
(22) fats p30) = SO (— H,G, p, — 1/y)dy. 


2r!/? 

7. An algebraic relation. Let us return to the generating function 

(2). After substituting 1/s for w, multiplying both sides of the result- 

ing equation by 1/s, and taking the inverse Laplace transform of 
both sides, we have 


(23) i : (5 Ga sl as Ena — my; 





s— 1 


Next consider the polynomials 4,(x) defined by 


(24) G(22s — 5°) = > k(x) 2*/s1, 


t The methods of this section were suggested by thoee used by Rice in [12] for 


obtaining relations for H,(f, p, #). 
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where G(y) is the same analytic function which appears in (2). Re- 
placing s by (—2x)/(s—1), we obtain 


a 1 — 4Axts eat (— 2x)" 
a 2 Fea) PE hd a (m1)? 
From (23) and (25) it follows that 





(26) falz) = 2, Carl 2x)” ha(z)/kL 


In a compact symbolic notation (26) appears as 
(26)’ Jala’) + L,(22h(2)), 


in which L(x) is the Laguerre polynomial. 

If the function G(y) in (24) is taken to be ,F,(a1,+--, Gy; 
bi, +++, be; Y), then the resulting ka(x) are the generalized hyper- 
geometric polynomials 

[=/2] (1) s—» Sdi (Gy) n—a(2x) *-24( — 1)* 
27) Mlt; By; x) = nl . 
27) (axi br; 2) 2 (bi)a—s -° © (banal — 2%) 1k 


These polynomials are generalizations of the Hermite and the ultra- 
spherical polynomials, 
ha(—3—s a) = Hala), Mlaj; 2) = nP, (a). 
Hence our f, without parameters is related by (26) to the ordinary 
Laguerre and Hermite polynomials by 
Ja; —; 2%) & L,(22H(z)). 


8. Bateman’s Z,(#) and the Laguerre polynomials. From (17) above 
it follows at once that 


1 2 
(28) f,(1/2;1;4 = zi J ye ¥f,(—; 1; ty) dy. 


Ramanujan’s formula® [6] which gives the product of two 1F;’s as 
an :/; and which was proved by C. T. Preece [9] is useful here. It 
yields at once 


fal; 1; 22/4) = La(2)La(— 2). 


But Bateman’s Z,(#) is given by 


‘ Rainville [10, p. 244]. 
' Balley [2, p. 97]. 


-” 
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Zali) = fa(1/2; 1; 8). 
With these results it is easy to write (28) in the interesting form 


Zl) = — =f EAL) afda 


REFERENCES 


1. P. Appell, Sær les fonchions hypergtométriques du plusieurs sariables, Memorial 
des Sciences Mathématiques, voL 111, Paris, Gauthiers-Villars, 1925. ; 

2. W. N. Bailey, Geweralized kypergeometric series, Cambridge Tract No. 32, 
London, Cambridge University Prese, 1935. 

3. H. Patoma D SOMA ea O CATETE aaa Tohôku Math. J. 
vol. 37 (1933) pp. 23-38. 

4. | Tiso systems of polynomials for ths solution of Laplace's inisgral eqwa- 
tion, Duke Math. J. vol. 2 (1936) pp. 569-577. 

5S. T. W. Chaundy, An extension of hypergometric functions, Quart. J. Math., 
Oxford Ser. vol. 14 (1943) pp. 55-78. 

6. G. H. Hardy, A chapter from Ramanujan's notebook, Proc. Cambridge Philos. 
Soc. vol. 21 (1923) pp. 492-503. 

7. P. Humbert, Sur les séries bypergéométriques, Annales de la Société Scientifique 
db Bruxelles vol. 43 (1923-1924) pp. 75-94. 

8. S. Pasternack, A generalisation of the polynomial Fa); Philosophical Maga- 
zine (7) voL 28 (1939) pp. 209-226. 

9. C. T. Preece, The products of teoo peneralized hypergeometric functions, Proc. 
London Math. Soc. (2) vol. 22 (1924) pp. 370—380. 

10. E. D. Rainville, Certatm generating functions and associated polynomials, 
Amer. Math. Monthly voL 52 (1945) pp. 239-250. . 

IL , The contiguous function relations for Fp with applications to Bate- 
man’s J™ and Rice's H,(f, p, 0), Bull. Amer. Math. Soc. vol. 51 (1945) pp. 714-723. 

12. S. O. Rice, Some properties of 1Fi(—n, n+1, £51, p39), Duke Math. J. oe 
~ (1940) pp. 108-119. 


MERCYHURST COLLEGE AND | 
THE UNIVERSITY OF MICHIGAN 








' SOME INEQUALITIES RELATING TO CONFORMAL MAPPING 
UPON CANONICAL SLIT-DOMAINS 


BERNARD EPSTEIN 


Let D be a domain of the extended s-plane (g—x-+4y) of finite 
connectivity #, which contains the point g= œ and is bounded by n 
proper! continua. According to a fundamental theorem in the.theory 
of conformal mapping of multiply-connected domains [4, 7]? there 
exists one and only one function t=59(s) which in the neighborhood 
of s= œ has a Laurent expansion of the form 


(1) tasa) sty. 


and which maps D conformally and bi-uniformly upon a domain Ds 
of the ¢-plane bounded by n rectilinear slits each of which makes the 
angle 0 with the positive direction of the real axis. The domain D; is 
itself also uniquely determined for each value of 0. 

In the present paper we shall derive two inequalities involving 
the coefficient a, appearing in (1) and the outer measure A of the 
complement (with respect to the entire plane) of the domain D— 
that is, the greatest lower bound of the total area enclosed by a set 
of analytic curves surrounding the boundary continua. The first of 
these inequalities is the following: 


A 
(2) Re (age?) a z 


The second inequality, which will be derived by using the theory 
of orthonormal systems of analytic functions [1, 2, 9, 10], constitutes 
a strengthening of (2), namely: 


3 -A 
dat 4 | 


(3) Re (a?) — 
' Go — Gri2 2r 


It suffices to prove the inequalities (2) and (3) for the case when 
the boundary continua of D are closed analytic curves G, Cn +>, 
Ca, for it is known that D can be approximated by an increasing se- 
quence of domains having such boundaries for which the mapping 
functions corresponding to (1) will converge to s9(s), so that (2) and 





Presented to the Society, April 26, 1947; received by the editors May 3, 1947. 
! A proper continuum is one which does not consist of a single point. 
” Numbers in brackets refer to the bibliography at the end of the paper. 


813 


814 BERNARD EPSTEIN [August 


(3) will continue to hold in the limit, when A is interpreted in the 
manner explained above. 

Since the boundary of D is for the present assumed to consist of 
analytic curves, it follows that s»(s) remains analytic there as well as 
in the interior of D. It then follows, taking account of the form of 
se(s) in the neighborhood of s= œ, that d(ss—s)/ds is quadratically 
integrable over D, that is, 


d 2 
4 eo f f p Ss — 8) | dad 

(4) ’ F u“ ı — 2) | dady 

exists. I, is real and non-negative, vanishing if and only if s¿=z, that 
is, if and only if D is identical with the domain into which it is to be 
mapped. Now the double integral appearing in (4) can be transformed 
into an integral taken along the boundary curves of D, as follows: 





(5) I= -ZÈ Gah- 1) ds 


the sense of integration being positive with respect to the tntersor of 
each boundary curve. By multiplying out the integrand, I» can be 
expressed as the sum of four terms, namely: 


(6a). -2Ef uF n ds, 


24 | 


(6b) LS f sas 


24 inl 


Oy 
1 an dsi 
(6c) PER as 83 — ds, 
24 2 C, Gs 
“ 1 k= n 
(6d) | m 
24 Lent ee 


The integrals (6a), (6b), (6c) will now be evaluated. by employing 
an artifice which has been used with great success by Grunsky [4]. 
One observes that on each curve C, the expression ¢~"(sy— {,) is real, 
where {, is any point on or collinear with the image of Cr, so that 


(7) 3, = os, + constant.® 
Replacing % in (6a) by the right-hand side of (7) and recalling 


that s,(z) is single-valued in D, one sees that (6a) vanishes. By per- 
forming the same substitution in (6b) and then integrating around a 


3 In general, of course, this constant will be different for each Cy 


| 


` 


l 
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| 7 A 
i large circle lying entirely within the domain of convergence of the 
expansion (1) instead of around the'curves C, (which is justified by 
the Cauchy integral theorem),.one finds that (6b) is equal to ras", 
(6c) may be evaluated most easily by integration by parts; the 
integrated part vanishes, leaving an integral which is the conjugate 
of (6b). Thus, (6c) is equal to rdye2™, 
Finally, (6d) is easily seen to be equal to —A. Thus, equation (4) 
may be rewritten in the form 


(8) Iı = — A+ 2r Re (ape), 


Since Je is of positive definite character, vanishing, as mentioned 
above, if and only if sy=s, the inequality (2). follows directly from 
(8).Since the real part of a complex number is at most equal to its 
absolute value, there is immediately obtained from (2) the following 
lower bound on |a|, valid for all values of @: 


t 


A 
(9) | ao| & 


That the factor 1/2 appearing in (2) cannot be replaced by any 
larger number is easily seen by considering the mapping of the ex- 
terior of an ellipse upon the exterior of a slit parallel to the major axis 
and letting the eccentricity of the ellipse approach unity. For example, 
for 0=0, the exterior of the ellipse x*R*/(R*+1)?+-y3R4/(R2—1)? 
= 1 (R>1) is mapped upon the exterior of the slit [—2, 2] of, the 
f-plane by eliminating w between the pair of equations: 


(102) z= w- 1/R?w, (10b) f = w+ 1/w. 
It is easily found that the Laurent expansion for { at s= œ is of the 
form l 


a) fespo 4... 


so that, in this case: 
Re (as?) 1 — 1/R? R? 

A. el 4/R) 31+ RD 
fering R (and hence the eccentricity) approach unity, the right-hand ` 
side of (12) is seen to approach 1/2. 


_ * The evaluation of positive-definite integrals has been used frequently as a means ` 
of obtaining inequalities in the theary of conformal mapping. To mention only one | 
example, one may cite the “Flichensatz” of Bleberbach [3]. 


Q ' 


(12) 
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A more refined estimate than (9) is easily obtained in the following 
manner. First, by setting 8 = 0, 0=x/2, @=x/4, and 0 = 31/4, respec- 
tively, there are obtained from (2) tbe inequalities: 


A A 
(13a) Rea & —:) (13c) Im Gr/4 a=) 
2x 2r 


A A 
(13) ReasaS—— (13d) Iman SS ->> 
2x jy 


(Grunsky, in [8], and Schiffer in [8] and [10], showed not only 
that ao—a,p (the “span” of D) is real, but that 


2A 
(14) Go — Grn A —* 
T 


While neither of these results can be obtained from the considera- 
tions presented here, it is of interest that previously no estimates 
like (13a) and (13b) for these coefficients separately had been ob- 
tained.) 

Now it is known [4] that for each value of 6, ss(s) can be expressed 
as a simple combination of so(z) and s,a(s), namely 
(15) si(a) = e {so cos 0 — isr sin O}. 

Combining (15) with (1), the following equation is obtained for a: 
(16) dy = 6% {ao cos 0 — issn sin O}. 


Now, if we set gp =a+8 and a,n=y+8 (here we use the fact that 
@o—G,p is real), it is found that (1) may be written in the form 


(17) 








a-y arty 
2° 2 


Since this inequality holds for all values of 0, it holds when @ is so 
chosen as to minimize the left-hand side of (17). The result obtained 
is 


a— y aPN u A 
oa 2 (( 2 ) +) ae 


‘A 
cos 20 + $ sin 280 & — >: 
2r 





which is completely equivalent to (17). 

The inequality (18) admits an interesting geometrical interpreta- 
tion, which may be seen in the following manner. From (16) and the 
real character of &j— đer, it is easily shown that the point ay, when 
plotted in the usual manner, describes the circumference of a circle 


| 
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with radius R= (a—y)/2 and with center at the point (a+) /2+48, 
whose distance r from the origin is precisely the second term of the 
left-hand side of (18). Thus, it is seen that the left-hand side of (18) is, 
both in magnitude and sign, equal to the distance between the origin 
and the nearest point of the circle described by the coefficients ay. 
The inequality (9) may be seen geometrically from (18), while it is 
clear from either (13a—d) or (18) that the origin lies inside (or per- 
haps on) the aforementioned circle. This latter fact has previously 
been obtained in [4] by Grdtzsch, who showed that for the clasa of 
all biuniform conformal mappings of a fixed domain D (of the type 
' destribed at the beginning of this paper) having at infinity a Laurent 
expansion of the form 


c 
(19) EEE o y 


the coefficients c cover a circular area of the complex plane whose cir- 
cumference is described by the points as; since $= is a mapping be- 
longing to the aforementioned class, it follows that the origin cannot 
be exterior to the circle. By combining this observation with the fact 
that @9—d,, is real and equal to the diameter of the circle described 
by the coefficients as, the inequalities 


(20a) Re a = 0, (20b) Re és;3 SO 


are obtained. These results are contained in (13a) and (13b), which 
were obtained by much simpler considerations than those used by 
Grodtzsch. 

As stated previously, we can strengthen the inequality (2) by 
the use of the theory of complete systems of orthonormal functions. 
As shown in [1], there can be chosen for every domain B whose 
boundary does not consist entirely of isolated points—that is, con- 
tains at least one proper continuum—in infinitely many ways an 
orthonormal* sequence of functions {f,(2) }, each of which is analytic 
and uniform, and possesses a uniform integral in B, such that every 
function f(s) defined in B which satisfies the above conditions and 
is quadratically integrable over the entire domain can be expanded in 
a series of the form 

bw 


(21) f@) = Do cafa(s) 


h=] 
which converges uniformly to f(s) in every closed subdomain of B. 
' Orthonormality is defined by the usual condition: [fafa (J ajdzdym Bx. 
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Such a sequence of functions is called a complete system for the 
domain B. 

It is known that the kernel function of the domain, defined as 
follows: 


(22) K(s, 21) = 2, fala) fil), 


is independent of the particular choice of the complete orthonormal 
system {f,(s)}. Identifying B with the domain D considered in $2, 
let two different complete orthonormal systems be constructed, be- 
ginning with the functions * 


(23a) CLS E 
BMS) ae Re (ae) — A)# 

and 

(23b) ges yes 


(2x(ao — Guja))*? 


respectively. (It follows from (8) that g(s) is normalized, while Schiffer 
[10] has shown this for A(s).) 
Letting s;=s, it is obvious from (22) that 


(24) K(s, 8) 2 | g(x) |°. 


Multiplying both sides of (24) by Js|‘ and letting |s| — œ, one ob- 
tains, taking account of (1) and (2), ; 

a te te ee 

|s% 2r Re (at) — A 

On the other hand, it is proven in [10] that every function which 
belongs to the class described at the beginning of this section and 
which is orthogonal to h(s) vanishes at z= œ to at least the third 
order, so that 


1 
(26) a | s |4K(s, 8) gr | sle aE |? = = (Go — aera. 


Combining (25) with (26) one obtains the inequality (3), which is 
seen to constitute a strengthening of (2). Replacing ay in (3) by the 
right-hand side of (16), one finds that the left-hand side of (3) is inde- 


' Here we disregard the special case s= s, for which (3) is directly seen to hold. 


i 


‘) 


} 


* 
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pendent of 6, so that (3) may be rewritten in the simpler form 


A 
(Qn et S 
a— y 2r 


(Here, as before, Ge =a+48, Gsp =Y +48.) If we note that (ay-+f*) is 
simply the scalar product of the vectors representing the numbers o 
and Gra, (27) may be written in the form 


(28) | a5|| ana] cosr S -É (a — y), 
l 2r 
where r is the angle between. the two vectors. 

It is of interest to note that, while (2) reduces to an equality only 
in the degenerate case when the domain D coincides with Da, (3) 
and its equivalents (27) and (28) becomes equalities for a nonde- 
generate class of domains. In particular, one can easily shew, by 


_ actually computing sẹ and ssa, that the equality sign may be taken 


in (3), (27), and (28) if D is taken to be the exterior of any ellipse. 
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NOTE ON AFFINELY CONNECTED MANIFOLDS 
SHIING-SHEN CHERN 


The aim of this note is to prove some statements concerning the 
differential geometry in the large of an affinely connected manifold. 
Let M be an orientable differentiable manifold of dimension # and 
class two. We say that an affine connection is defined ‘in M, if a set 
of quantities! I is defined in each allowable coordinate system x‘ 
such that under change of the allowable coordinate system they are 


transformed according to the following law: 
e grat Of" » Ox! ðr! ôg 
paraat arh az? a dz? 


(1) Ia 


The connection may be symmetric or asymmetric. 
It is well known that from If, the covariant derivative of a contra- 
variant vector X ‘can be defined as follows: 


ðX‘ 14 
+X Tu. 


í 
2 XY , = — 


We also recall that the affine curvature tensor is given by 


i i 
i ln on 


(3) Rj a et — Pulp + PaT: 
We put 

(4) Ray = Ra 

and introduce the exterior differential form 

(5) P = Rydx’da!. 


Then the main theorem of this note can be stated as follows: 


THEOREM. The integral of P over any two-dimensional cycle is equal to 
zero. 


To prove this theorem we consider » linearly independent contra- 
variant vectors Xd), © © +, Xœ and their determinant 


Received by the editors February 8, 1947. 
1 AT indices in this paper run from 1 to # and we agree as usual that repeated 
indices mean summation. i - 
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; 4 ty 
(6) A= eh.. Xm Xia), 


where ¢,,...¢, is the Kronecker index. When the vectors are parallelly 
transported, we have : 


(7) Oe Thdr | 

, A KOZ . 
The differential form —dA/A we shall denote for simplicity by ¢. It 
now follows immediately from (3) that its exterior derivative is 


(8) dọ = 2P. 


It is sufficient for the proof of this theorem to assume that the 
domain of integration is a simplicial two-dimensional cycle in a suffi- 
ciently fine simplicial decomposition of M such that each simplex lies 
in one coordinate neighborhood of M, as every cycle over which the 
integral of P is defined can be approximated by a simplicial cycle 
with the above property. On such a simplicial cycle we shall define a 
continuous field of » independent contravariant vectors at each point. 
According to a standard procedure in the theory of fibre bundles,? the 
sets of vectors are at first defined at the vertices of the cycle. They 
can be extended over the one-dimensional simplexes, because M is 
orientable. To extend the field over the two-dimensional simplexes 
and hence over the whole cycle, we notice that the sets of ø inde- 
pendent contravariant vectors at a point whose determinant is posi- 
tive (or negative) form a topological space which is the group space 
of the group of linear transformations in n variables with positive 
(or negative) determinant and is hence simply-connected.? As the seta 
of vectors defined on the boundary of a simplex give rise to a mapping 
of the boundary into the group space in question, the sim ply-connect- 
edness of this group space implies the possibility of extension over the 
two-dimensional simplexes. The integral of P over the cycle can now 
be interpreted as the integral of P over this field of independent con- 
travariant vectors in the space of all sets of x independent contra- 
variant vectors of the manifold M. From (8) it follows that the in- 
tegral is zero and the theorem is proved. 

With the terminology of the cohomology theory the theorem can be 
stated as follows: The cohomology class to which P belongs is the zero 
class. l 

We shall state the following corollaries of our theorem: 

3 Cf., for instance, N. Steenrod, Topological methods for the construction of tensor 
functions, Ann. of Math. vol. 43 (1942) pp. 116-131. 
? A proof is given later in this paper. 
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COROLLARY 1. Let M be a compact orientable affinely-connected mant- 
fold of class two and even dimension n. Then 


(9) f P~? = 0, 
M 
or 
(9a) f et OR Rigg o Rimito da” = 0. 
i 


The integrand of the integral (9a): 
. I = SR Ray Raa 
is a tensor density of the affine connection. 


COROLLARY 2. Let M have the same meaning as in Corollary 1. Then 
I can not be always positive nor always negative in M. 


Remark. In terms of the notation of Elie Cartan, the affine connec- 
tion can be written as the infinitesimal displacement of affine frames 
per .. e Ca: 


(10) Diada deit; 
with the equations of structure: 
(11) ae GO. diman i 
Then we have 
(12) | P= Q. 
I shall conjecture that all the differential forms 


i 


(13) Pos 070, «sf, 0 S a S n/4, 


define cohomology classes which are topological invariants of M. I 
hope to return to this in a later paper. 

For completeness I indicate here a proof of the well known fact 
that the space of all matrices (with a natural topology) (¢:,), | d| >0, 
is simply connected, as I am not able to give the exact reference. This 
space is a group manifold and the theorem in question follows from 
the following theorem which I quote from Chevalley in a slightly 
different version “ 


1 C. Chevalley, Theory of Lis groups, p. 59. 
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Let G be a connected Lie group and H a subgroup of G. If the komo- 
gencous space G/H is simply connected, the fundamental group of G is 
isomorphic to a factor group of the fundamental group of H. 
Using this theorem we shall give the proof by induction on the 
order # of the matrices. Let G be the group of all these matrices, H the 
subgroup of all matrices 


0 an: Gin 

O Gaat’ ` Onn 
and K the subgroup of all matrices 

10 ---0 


QO an’: aa 


so that 

KCHCG. 
The induction hypothesis states that K is simply connected. It is easy 
to verify that both homogeneous spaces H/K (the space of right 
cosets) and G/H (the space of left cosets) are Euclidean spaces and 


hence are simply connected. It therefore follows from the above theo- 
rem that H and hence also G are simply connected. 


INSTITUTE oF MATHEMATICS, ACADEMIA SINICA 


RATIONAL HARMONIC CURVES 
EDWARD KASNER AND JOHN DECICCO 


1. Introduction. We shall study curves related to rational frac- 
tional functions of a complex variable. This will generalize known 
results of curves related to rational integral functions. 

Curves defined by setting the real part of a polynomial (rational 
integral function) in the complex variable # —x-++4y equal to zero are 
well known. These had been studied initially by Briot and Bouquet, 
and Bécher; and finally characteristic properties have been given by 
Kasner. These curves have been called algebraic potential curves, by 
Kasner, and this term is employed in later papers by Loria and in the 
German Encyclopedia. But we shall find it more convenient to use 
the term: polynomial harmonic or polynomial potential curves. 

We define a rattonal harmonic or rational potentsal curve to be the 
locus obtained by setting the real part of a rational] fractional func- 
tion of a complex variable u =x+5y equal to zero. The class of 
rational harmonic curves of course includes the class of pelynomial 
harmonic curves. l 

We shall obtain various geometric properties of rational har- 
monic curves. These generalize corresponding results of Briot and 
Bouquet, and Kasner concerning the polynomial potential curves. 
We shall prove that the real asympiotes of a rational potential curve are 
concurrent and make equal angles with one another; the remaining 
asymptotes are minimal. This condition is only necessary but not 
- sufficient. We do find a characteristic property of rational potential 
curves by studying the related focal properties. In the final part of 
our paper, we study the Schwarzian reflection with respect to a 
rational harmonic curve. The satelite of a rational harmonic curve 4s 
tiself. This result gives the largest known clase of self-satellite alge- 
braic curves. 


2. Theorems of Briot and Bouquet, and Kasner concerning poly- 
nomial potential curves. For purposes of contrast, certain theorems 
concerning polynomial harmonic curves will be stated. 

The theorem of Briot and Bouquet concerning the asymptotes of 
a polynomial harmonic curve is as follows. 

The n asympiotes of a polynomial potential curve of degree n are all 

Presented to the Society, December 29, 1946; received by the editors October 10, 
1946. 

1 Briot and Bouquet, Theorte des fonctions elliptiques, vol. 4, Paris, Gauthier- 
Villar, 1875, chap. 2, p. 226. See also Bécher, Gottingen prize memoir. 
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real, concurrent, and disposed symmetrically about their common point, 
the angle between consecutive asympotes being r/n. 

In all cases, the point of concurrence O of the asymptotes is a 
center of the curve. That is, if any line is drawn through O, the sum of 
the distances measured from O on one side of O is the same as the 
corresponding sum for the points on the other side. This follows 
from the fact that when the origin of coordinates is taken at O, all 
the terms of degree (n—1) disappear. 

Kasner noted that this result is not characteristic for polynomial 
harmonic curves of degree n 24. Some of Kasner’s characterizations 
of polynomial harmonic curves are here stated.? 

An algebraic curve ts polynomial potential if and only tf tf is apolar to 
the fundamental contc of euclidean geometry which consists of the circu- 
lar potnts I and J at tnfintty. 

The polar curves of a circular point J (or J) with respect to a poly- 
nomial potential curve degenerate into sets of straight lines passing 
through the other circular point J (or I), and conversely. 

An algebraic curve is polynomial harmontc when and only when the 
polar conics with respect to the curve are rectangular hyperbolas. 

All the polars of polynomial potential curves are also polynomial 
potential curves. 

Any curve of degree n is polynomial potential if and only if tt passes 
through the n? foci of a curve of class n. 

Each polynomial harmonic curve of degree n passes through the 
foci of an infinite number of systems of confocal curves of class n. 

-Two algebraic curves of degree n are conjugate polynomial potential 
curves tf and only if they intersect orthogonally in the focs of a curve of 
class n. 

Kasner has given also various geometric eee of 

polynomial harmonic surfaces in space.? 


3. Our theorem concerning the asymptotes of a rational potential 
curve. Consider a rational conformal transformation of the form 
mas sl ae Gots’ + aul +--+ +a, 

g(x) bow? + biu t+ --- +b 
F(e) Ao + Aao t- +4, 
O GO) Bw + Bwt... +B, 


t Kasner, On the algebraic poienkal curves, Bull. Amer. Math. Soc. vol. 7 (1901) 
pp. 392-399, 

* Kasner, Some properties of potenkal surfaces, Bull. Amer. Math. Soc. vol. 8 (1902) 
pp. 243-248. 


(1) 
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in the conjugate complex variables u = x-+ċy and v =x —4ty. Of course, 
A; is the conjugate of a; AIEN 1,2,---,7, and B, is the conju- 
gate of b, for k=0, 1, 2, , S. The leading coefficients (do, bo, Ao, 

By) are assumed to be a dierent from zero. The polynomials f(u) 
and g(u) (and also F(v) and G(v)) have no common factors. 

We define a rational harmomic curve as the locus obtained by setting 
the real part of the rational fractional function U =f(u)/g(«) equal 
to zero. Thus a rational harmonic curve is the image in the (x, ¥)- 
plane of the Y-axis defined in the (X, Y)-plane by X =0 or U+- =0 
under the rational conformal transformation (1). Therefore a ratsonal 
harmonic or potential curve of total degree not exceeding n=r+s ts 
defined by the equation 
(2) (Gos? T- aye) - +» + a)(Boo' + By? + +--+ + B,) 

+ (Ao + Ayo? + +++ + Ay) (Bom? + byt + e+ + ba) = 0, 


where we may assume that the integers r and s are such that r=s20 so 
that the degree of U=f(u)/g(u) (or V= F(0)/G(0)) ts rg1. For other- 
wise, (1) followed by an inversion and reflection will define the same 
rational harmonic curve (2). (2) may be written in the form 


(3) JOCO) + F(s)g(w) = 0. 


Of course, the left-hand member of equation (2) or (3) is a poly- 
nomial in (#, v) or (x, y), of total degree which is not greater than 
n=r+s. This polynomial does not satssfy the Laplace equation; but we 
have proved elsewhere that tt does obey a certain partial differential 
equation of fourth order.‘ , 

In particular, we can show by (2) that the only real rational har- 
monic conic sections are the circles and the rectangular hyperbolas. Of 
course, the latter are the only real polynomial harmonic curves of 
second degree. 

Now we shall state the following result. The proof is given in §4. 


FUNDAMENTAL THEOREM. Lei a rational potential curve be defined by 
setting equal to sero the real part of a rational fractional function of a 
complex variable u=x+ty of degreer 21. This ts given by an equation 
of the form P(x, y)=0, where P(x, y), în general not harmonic, ts a 
polynomial of degree n=2r —k where OSk Sr. There are k real asymp- 
totes all of which pass through a common point and make equal angles 


4Kasner and DeCicco, A partial differential equation of fourth order connected 
with rattonal functions of a complex variable, Proc. Nat. Acad. Sci. U.S.A. voL 32 (1946) 
pp. 326-328. See also a forthcoming paper, Partial deferential equations related to 
rational functions of a complex variable. Duke Math. J. (1947). 
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with one another. The angle between consecutive asympiotes ts T/k. 
The remaining 2(r—k) asymptotes are minimal. 


Of course, if k=0 there are no real asymptotes, and all the 
asymptotes are minimal. On the other hand, if k=1 there is only 
one real asymptote. 

When k =r, this result reduces to the theorem of Briot and Bouquet 
concerning the asymptotes of polynomial potential curves. Thus our 
fundamental theorem is an extension to rational fractional functions 
of the theorem of Briot and Bouquet. 


4. Proof of the fundamental theorem. It is noted that if r>s, the 
degree of the rational potential curve (2) is exactly n=r-+s. In this 
case, let k=r—s, so that the degree is n= 27 —k. On the otber hand, 
if r=s the degree of the curve is equal to or less than r-+s = ?2r ac- 
cording as the expression (4p8y+A obo) is not or is zero. 

H r>s>0, so that n=r-+s=2r—h, the rational potential curve (2) 
passes through each of the circular points J and J at infinity. In 
general, there are s=r—k branches of the curve which pass through 
each of these circular points. The curve intersects the line at infinity 
s=r—k times in the circular point J, s=r—k-times in the circular 
point J, and in »—2s=r—s=k other real points. 

If r=s>0, and a9Bo+A obs40, the degree of the curve is # = 2r so 
that k=0. The curve intersects the line at infinity r times in the 
circular point [ and r times in the circular point J. l 

' Let r=s>0 and let apBy+Aobo—0. There must exist a least integer 
k such that 0<ASr for which the expression a.B,+-Asbe, which is 
the coefficient of #’v—* in (2), is different from zero. For otherwise, 
this would mean that (1) is degenerate. Since the conditions 


(4) aB; + A jbo = 0, Aob; + 0;Bo = 0, for j = 0,1,2,---,&— 1; 
GBs + Asbo £0, Aoby + GBo 0 
are satisfied, we find that the equation (2) may be written in the form 
(aor + ay? + o + a) (Bam + Bay) +--+ + B,) 
+ (Aos + Aw... + 4,) 
+ (bau + Bey wrt + -+ b) i 
(5) + (Boot + By) +- + Bwm’) 
- (aum + ariuh t -o Ha) 
+ (bese? + byw? + -e + brum) 
k (Aao + Ayyrhit... + A,) = 0. 
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From (4) and (5), we find that the degree of the curve (5) is exactly 
n=27—k. The curve intersects the line at infinity (r — k) times in the 
circular point I, (r—k) times in the circular pdint J, and in k other 
real points. 

Thus unless our rational harmonic curve reduces to a polynomial 
harmonic curve, tt is found that the rational harmonic curves always pass 
through the circular poinis I and J. 

It can be proved by the equation (2) of a rational potential curve 
that if r>s21 so that n=r+s=2r— k, the curve has s =r— k asymp- 
totes through the, circular point J and s=r—k asymptotes through 
the circular point J. Similarly the curve (5) where r=s21 and the 
degree is n=2r—k, OSkSr, has r—k asymptotes passing through 
I and r—k asymptotes passing through J. 

Next we consider the real asymptotes of the rational potential 
curve (2) where r>s20 so thet its degree is n=r+s=2r—k. The 
equation of any non-minimal line may be written in the form 
comu+tp, where m0 and the inclination to the x-axis is 
§ = — (1/2) log m. If this line is to be an asymptote of the curve (2), 
we find, upon substituting this into equation (2) and setting the coeffi- 
cients of #*t*and wt equal to zero, the following conditions on m 
and p. 

ao Bom’ + Abon" = 0, 
(6) 41Bom* + aom*\(sBop + Bi) 
+ Aob + bom™!(rAop + Ai) = 0. 
These equations are found to be equivalent to the system 
aoBom' + Aob = 0, 
(7) AoBo(Gob1 — arby)m + aoboAoBo(r — 5)p 
+ aobo(A1Bo — AoBi) = 0. 

Thus if r>s20 so that the degree of the curve ts n=r-+s=2r—k, 
there arer—s==k real asymptotes, ah of which pass through a common 
point and make equal angles wiih one another. The anes between consecu- 
tive asymptotes ts x/k. 

It is noted that by a translation, any Gal harmonic curve is 
changed into a rational harmonic curve. Upon translating (2) so that 
the new origin O is the common point of intersection of the real 


asymptotes, it is found that the rational potential curve (2) assumes 
a similar form with the conditions 


(8) dob; — Gibo = O, AÁıBo — AoB; = 0. 
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It follows by these conditions and (2) that the poini O ts not in general 
a center of the curve. The origin O is a center if and only if 

(9) either ao.Byp + Aobo = O or o,» A, = bı = By = Q. 

For a polynomial potential curve, the latter conditions of (9) are 
valid, and thus the point O is a center. 

If r==s, there are no non-minimal asymptotes when GBo +4 oh ¥0. 
Let k be the integer where 0 <k Sr, for which the conditions (4) hold. 
The equation of the curve is given by (5). Its degree is n= 2r— k. 
Upon eliminating v between the equation of the line: s = mu +p, where 
m0, and (5), it is found that if this line is to be an asymptote of 
(5) the quantities m and must satisfy the two conditions 

(aoBy + Axbo)m™—* + (Aoba + G4Bo)m" = 0, 
m—*-11(r — E) (ao Ba + Arbo) p + (GoBay1 + Arbo) | 
+ maB + Arbi] + mt [Aobri + 44130] 
+m [r(Aobi + asBo)p + (Arby + a4B1)] = 0. 
These equations are equivalent to the system 
(a.B, + A wb) + (Aods + G,Bo)m* = 0, 
k(Aobs + 44Bo)(G0By + A vdeo) p 
+ [CBs + Arbo) (Aobri + 441Bo) 
— (Aoba + GBo) (01Ba + Adi) |m 
+ [(aBs + oe + aB) 
— (Aobs + GBo) (ap Bry1 F Aani = 0. 

Thus for the raitonal potenital curve (5) of degree n =2r —k, there are 
k real asympiotes, ah of which pass through a common point and make 
equal angles with one another. The angle between consecuitve asymptotes 
ss T/R. 

It is found by (11) that the common center of the real asymptotes 


is not in general a center of the curve (5). 
This completes the proof of our fundamental theorem. 


(10) 


(11) 


5. Other properties of rational potential curves. An examination 
of equation (3) which defines a rational harmonic curve yields: 

An algebratc curve of degree n not exceeding (rs), where r> 1 and 
s>1, is rational harmonic tf and only tf tt passes through the r?° foci of 
a curve C, of class r and the $ foci of a curve C, of dass s such that no 
minimal line contains a focus of C, and a focus of C.. 

Of course, each rational harmonic curve of degree #Sr-+s passes 
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through the r? foci of an mfinite number of confocal curves C, of 
class r and the s? foci of an infinite number of confocal curves C, of 
class s$. 

If the real and imaginary parts of an analytic function of a complex 
variable are set equal to zero, the resulting curves may be called 
conjugate harmonic. Thus a pair of algebraic curves are conjugate 
rational harmontc if their equations are of the form 


(12) JGO) + F(e)g(w) = 0, — f(eyG(w) — F(a) g(te) = 0, 


where the various functions appearing in these equations are the 
polynomials defined by equations (1). 

A pair of algebraic curves of degree nar-+s are conjugate rational 
harmonic if and only +f they tntersect orthogonally in the r? foct of a 
system of confocal curves C, of class r and tn the s? foci of another 
system of confocal curves C, of cass s, such that no minimal line con- 
tains a focus of C, and a focus of C. 

It is remarked that the polar curves of a rational harmonic curve 
are not in general rational harmonic.* 


6. Satellite theory. A Schwarzian reflection or conformal symmetry 
may be defined as a reverse conformal transformation of period two. 
It results that a Schwarzian reflection leaves fixed the points of a 
unique analytic curve. If the curve is given in minimal coordinates 
by the equation 


(13) d(™, 0) = 0, 


the Schwarzian reflection T with respect to this curve is obtained by 
solving for (U, V) the equations 


(14) (U, 1) = 0, ¢(#, V) = 0. 


Kasner developed the geometry in the large of the Schwarzian 
reflection T with respect to a general algebraic curve; that is, when 
(u, v) is a general polynomial of degree n. In general, the degree of the 
Schwarsian reflecitton T is n?. In general, the image of the algebraic 
curve (13) under the Schwarzian reflection T as given by the equa- 
tion (14) is not only the curve itself but also a new algebraic curve 
which Kasner termed the satellite of the given curve (13). In particu- 
lar, the satellite of a conic is a confocal conic.’ 

$ Kasner and DeCicco, Rational functions of a complex variable and related potential 

curves, Proc. Nat. Acad. Sci. U.S.A. vol. 32 (1946) pp. 280-282. 
cet Kamen, La satekite conforme de nna curva algebraica general, Revista de la Unión 


“ Matemática Argentina vol. 2 (1946) pp. 77-83. Also Algebraic curves, sywrmetries, 
and satelisites, Proc. Nat. Acad. Sci. U.S.A, voL 31 (1945) pp. 250-252. 
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The Schwarzian e T with respect to the rational harmonic 
curve (3) is 


(15) f(U)G(e) +F(o)g(U) = 0, f(#)G(V) +F(V)g(u) = 0. 


The Schwarstan reflection T with respect to a rational harmontc curve 
of degree n=2r—k, where O Sk Sr, is of degree r?. 

In order to find the satellite of the rational potential curve (3), we 
have to eliminate (#, v) from the equations (3) and (15). It is found ` 
that the result yields the equation (3) where u is replaced by U and v 
is replaced by V. 

The satelisie of a rational potential curve ts ihe original curve siself. 

These new results are exact extensions of the corresponding 
theorems developed by Kasner concerning polynomial potential . 
curves, to our rational potential curves. 


COLUMBIA UNIVERSITY AND 
: ILLINOIS INSTITUTE OF TECHNOLOGY 


HARMONIC TRANSFORMATION THEORY 
OF ISOTHERMAL FAMILIES ` 


EDWARD KASNER AND JOHN DECICCO 


i. Harmonic transformations. Let a transformation T 


(1) X+4(x,9), Y= yle, y), 

with the jacobian 

D J = bby — bebe  0, 

be such that the components ¢ and y satisfy the Laplace equation 
(3) ss torm 0, Yan t Yer = 0, 


in a certain region of the real (or complex) cartesian plane. We shall 
term any such correspondence T a harmontc transformaiton. 

The harmonic transformations form an infinite set (H) of 0 
correspondences since they are defined essentially by four independ- 
ent functions of a single variable. The Aay of harmonic cor- 

respondences of course do not constitute a group.’ 

A subset of the class (H) of harmonic transformations is the con- 
formal group. The components ¢ and y of a conformal map are of 
course conjugate-harmonic, that is, they satisfy the direct or reverse 
Cauchy-Riemann equations 


(4) de = xt vy; dy = F ý> 


Thus a harmonic transformation is conformal if and only if its com- 
ponents are conjugate-harmonic. In general, the components of a 
harmonic transformation are not interrelated in any way whatsoever. 

We have proved that in the real domain the only groups con- 
tained in the infinite set (H) of «4/“ harmonic transformations are 
the group of ©) conformal mape, the group of * affinities, and 
the subgroups of these two. In the imaginary domain, we have found 
in addition two extra infinite groups each consisting of œ 1+4) 
_ transformations. 


| 

Presented to the Society, November 2, 1946, under the title Geometry of harmontc 
transformattons; received by the editors November 8 1946. 

1 Harmonic functions and barmonic transformations appear in the theory of 
minimal] surfaces and the Plateau problem. In particular see the fundamental papers 
of Schwarz and Dougks. Schwarz discuases the case where the jacobian of a harmonic 
transformation vanishes and studies possible singularities. See Abhandlungen, vol. 1, 
p. 293. Douglas studies the inverse of harmonic transformations. See abstracts in 
Bull. Amer. Math. Soc. vol. 49 (1943) and vol. 50 (1944). 
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In the present paper, we shall study the isothermal properties of 
harmonic transformations. We obtain ch izations not only of 
our set (H) of harmonic correspondences but new characteriza- 
tions of the conformal group. See our Theorems 1, 2, 3, 4 and 5. 


2. Minimal coordinates. In order to derive our results simply, it is 
found advantageous to introduce the minimal coordinates u=x2+4y, 
v=x—ty. The transformation T as defined by equations (1) may be 
written in the form 


(5) U = U(*,9), V = V(m, 9). 


Of course each of the components U=ġ+i} and V=ġ—+} repre- 
sents a polygenic function of the complex variable wextéy. 

If the components ¢ and y of (1) can be expressed as Taylor series of 
(x, y), we shall say that each of the expressions U and V of (5) is an 
analytsc polygentc function. The set of holomorphic functions defining 
the conformal group is a proper subset of the class of analytic poly- 
genic functions. 

It can be shown that for any transformation T defined by an 
analytic polygenic function, the right-hand sides of (5) can be ex- 
pressed as Taylor series of (#, v). Only for analytic transformations 
of this nature can we think of u and v as being independent complex 
variables, thus giving rise to the study of the four-dimensional com- 
plex plane. For any other transformation T, these minimal coordi- 
nates (#, v) must be considered as conjugate complex variables. 


3. The mean and phase derivatives. For any polygenic function 
t=to(u, 0), we consider the two linear differential operators 


ðw a 2) 
W, = — m —| — —1—]o 


os (We — iwy), 


OM 2 \ex ôy 
(6) 
Ow G n) 1 EEE 
wW, a — a — | — = =) Ws twy). 
ð 2\ar ð 2 ” 


The operator ð/ðu indicates performing the linear differential 
operation (1/2)(0/d%—10/dy), and is called the mean derivative. 
Similarly ĝ/ðv means the application of the linear differential opera- 
tion (1/2)(@/dx++40/dy), and is termed the phase derivative. In the 
case of analytic polygenic functions, these signify the formal partial 
derivatives with respect to # and v. 

The`mean and phase derivatives are commutative. The Laplacian 
operator can be expressed as the product of these two operators 
except for a constant factor. That is 
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ax? 0y? 


ðuðdv ðm 4 





On ðw 1 ( g? ð? ) 


= 4 (Ws T Wyy). f 


By (6), it is found that the jacobian J as given by (2) of any trans- 
formation T (analytic or not) can be written in the form 


(8) © J E by — brpa = UV, — UVa £ O0. 


A harmonic transformation T can be written in the form (5) where 
Uu Ve = 0; or in the more explicit form . 


(9) U'= f(u) + g0), V = P(o) + Gla), 


where the four functions appearing on the right-hand sides are all 
analytic functions of one variable. In the real domain, the coefficients 
of F and G are the conjugates of those‘of f and g respectively. 

By (8), it is found that the jacobian J of a harmonic transforma- 
tion (9) is’ 


By this, it can be shown that any pair of harmonic functions, one 
of which is not a linear integral function of the other with constant 
coefiicients, defines a nondegenerate transformation of our har- 
monic set (H). 


4. Discussion of the harmonic transformation theory of certain 
isothermal families of curves. We shall study the problem of char- 
acterizing harmonic transformations by means of converting some 
isothermal families in the (x, y)-plane into isothermal families in the 
transformed (X, Y)-plane. Emphasis must be placed on the word 
some as we have proved elsewhere that the only point transformations 
carrying every isothermal family of curves into an isothermal family 
are the conformal ones. 

It is evident by (9) that under any harmonic transformation T, a 
parallel pencil of straight lines in the (X, Y)-plane corresponds to an 
isothermal family of curves in the (x, y)-plane. We shall prove that 
this is characteristic of the infinite set (H) of harmonic transforma- 
tions, and of the products of conformal maps by ctrcle-to-lins transfor- “ 
mations. The following precise result will be demonstrated. 


THEOREM 1. If, by a ivansformation T from the (x, y)-plane to the 
(X, Y)-plane, more than four distinct parallel pencils of straight lines 


/ 
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in the (X, Y)-plane correspond to isothermal families in the (x, y)-plane, 
then in the real domain T is a harmonic transformation or else T ts the 
product of a conformal map by a cirde-to-line transformation; thon 
necessary every parallel pencil of stratghi lines in the (X, Y)-plane 
corresponds to an isothermal family tn the (x, y)-plane, 


It is remarked that a ctrcle-to-line transformation is a point corre- 
spondence whereby every straight line in the transformed (X, Y)- 
plane corresponds to a circle or straight line in the (x, y)-plane. The 
circle-to-line transformations form an eleven-parameter set which in- 
cludes the collineation group and the Moebius inversive group. 

To discuss this result, we shall adopt minimal coordinates (#, v). 
The transformation T, which is not necessarily an analytic polygenic 
function, can be written in the form (5) with nonvanishing jacobian 
J as given by (8). Whenever u (or v) appears as a subscript, the mean- 
ing is the application of the mean (or phase) derivative (6). Only where 
T is defined by an analytic polygenic function will the subscripts 
denote formal partial differentiation with respect to # (or v). 

In minimal coordinates, a parallel pencil of straight lines in the 
(X, Y)-plane can be written in the form V—mU=const., where m is 
a fixed constant, essentially defining the direction of the parallel 
pencil. By the transformation T, this parallel pencil corresponds in 
the (x, y)-plane to the family of curves 
(11, |; V(s#, 0) — mU (#, 8) = const. 


For this family to be isothermal, the left-hand side must be a func- 

tion of a harmonic function. If A denotes the expression 
Vue — MUn . 
(12) A = — it 
(Vu —mU.)(V, — mU.) 

the condition that (11) be isothermal is 
(13) As/(Vs — mU a) = A,/(V, — mU,). 

Substituting (12) into (13), this condition becomes 

(F. zE mU,)?[(Vix = mUa) (V was og MU aus) 
(14) == (Fas =F mU wy) (Varn = mU x.) | 
f = (Va — MUn) [Vs — Us) (Vure — MU ur) 
= (Vav a mU us) (Vor — mMm Us) |: 

Since this is of the fourth degree in m, it is obvious that, undera 

given transformation T, there can. be at most four parallel pencils of 


straight lines in the (X, Y)-plane which correspond to isothermal 
families in the (x, y)-plane, unless (14) is an identity.. 
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Now let the transformation T be such that there are more than four 
such distinct parallel pencils of straight lines in the (X, Y)-plane 
which correspond to isothermal families in the (x, y)-plane. Therefore 
the preceding equation is an identity in m. 

Since the jacobian J 0, it follows that at least one of the expres- 
sions U, or U, is not zero. Therefore the quantities (V.—mU,) and 
(V,—mJU,) are relatively prime in the indeterminate m. Thus since 
each of these quantities are repeated factors of the identity (14), they 
must each be factors of the bracketed expressions in (14). The full 
discussion of the resulting identities is too complicated and will not 
be given here. 

In conclusion, we find that in the imaginary domain the set of 
transformations 


(15) U = a(w)f(r) +k, V = b(W) + k; 
U = a(o) f(s) +h;  V = bu) + k; 


“where (k, k) are constants, possess the property of Theorem 1 besides 
those there stated. 


5. Discussion of harmonic maps of isothermal systems of curves. 
We shall consider those systems of curves which are converted into 
isothermal systems under harmonic transformations. 

By appropriately changing the arbitrary constant to an isothermal 
parameter, it is known that any isothermal system of curves in the 
(X, Y)-plane can be written in the form 


(16) F(U) + G(V) = const. 


We shall obtain a condition on F and G that this system shall cor- 
respond to an isothermal family in the (x, +)-plane under a harmonic 
transformation T. 

Substituting the harmonic transformation T: U=U(u, 0), 
V=V(#s, v), where U,,.=0 and V,,=0, into (16), we see that the cor- 
responding family of curves in the (x, y)-plane is defined by (16) also, 
in which the left-hand side is considered to be a function of (#, v). 

The condition that this system of curves in the (x, y)-plane be 
isothermal is 


(FoU, + GV.) [(FoUs + GrVs)(FoouU sU, + GrvrV a») 
= (MoO De GHVV) Cae. £GnV 
+ (UssVu — UuVex)(FouGrU, — FoGrrV.) | 
= (FoUs + GV.) [(FoU» + GrVs) Foo Us + Gory V eV) 
(RU. GeV VO) Fea. Gav.) 
+ (Us Vs — UsVex)(FooGrU s > FoGrrV s) J. 


(17) 
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THEOREM 2. The only isothermal systems of curves in the (X, Y)-plane 
which correspond to an isothermal family in the (x, y)-plane by every 
transformation of our harmonic set (H) are the parallel pencils of strasght 
lanes. 


This is deduced from (17) upon observing that it must be an 
identity in the partial derivatives of U(x, v) and V(#, v). Hence 
upon setting the coefficients of Uuu, Vues, Ur, Ve» equal to zero, 
we find Foy =0 and Gyy=0. Hence both F and G are linear integral 
functions of U and V respectively. Therefore the family in the 
(X, Y)-plane is a parallel pencil of straight lines. 

6. Transformations whereby every pencil of straight lines cor- 
responds to isothermal families. We wish to discuss in the real or 
imaginary domain the transformations whereby every pencil (parallel 
or not) of straight lines in the (X, Y)-plane corresponds to isothermal 
families of curves in the (x, )-plane. Simultaneously we shall con- 
sider the corresponding problem with respect to every parallel pencil 
of straight lines and every set of concentric circles. 

For this purpose, let F=log 4, G=e log k where h= U—U,, 
k= V— V, and e=1. Thus (16) represents a pencil with finite vertex 
of straight lines or a concentric set of circles according as e= —1 or 1. 

Substituting these into (17) and’ simplifying the result, we obtain 


(kU, + ehV o) [2(kUn + obVs)(B ULU, + eh Vals) 
— (BU aU + ak VV) (R Un + Ve) 
— e(UesVu — UsV ux) (RU» — BV,)] 
= (EU, + hV A [2(kU. + hV) (K UU, + ok VeV) 


— (KUU, + oh Vas) (h Us + oh Vs) 
— e(O sVs — UV or) (RU « — AVs) |. 


(18) 


This is a polynomial of the sixth degree in (4, k). We shall find all . 
harmonic transformations fer which this is an identity in (A, &). 

Upon setting the sixth degree terms equal to zero and simplifying, 
we find ! 


(1 + 6) [UUs AUVs + UVa) + 2KV aV} 


(19) — KV aV {2kU U, + UV, + UV) }] = 0. 


, Upon setting the remaining terms of third degree in (18) equal to 
zero, we find 
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(kU, + hV) (kU, — KV (UaV a — UV ex) 
= (KU u F hV ANRU 4 — KV AUVs — UVa). 


THEOREM 3. The only transformations in the real or imaginary 
domain whereby every pencil of straight lines (parallel or not) in the 
(X, Y)-plane corresponds to an isothermal family of curves in the (x, ¥)- 
piane are the conformal maps, circle-to-line transformations, and prod- 
` ucts of conformal correspondences by circle-to-line transformations. 


The set of harmonic transformations of Theorem 3 is i 
(21) U = af(u) + biglo), V = asf(s) + dag(s), 


where f and g are analytic functions of u and v respectively with f, +0 
and g,5£0, and (ai, bu, Ga, ba) are complex constants suck that aibs 
— Gx 40. In the real domain, the coefficients of g are the conjugates 
of those of f, and (bs, as) are the conjugates of (a, b) respectively. 

To prove that (21) is the total set of harmonic transformations of 
Theorem 3, it is observed that e= —1 in the identity (18). It follows 
that (19) is satisfied identically. From (20), we deduce 


(22) UusVa AS UuV uu = 0, UVa = UW = 0, 


(20) 


since the jacobian J of the transformation T is not zero. 
From these equations, we find 


Uu Vu 
= z fut) ye 0, 
Gi a bi 


(23) 








V, 
_ = £4(0) x 0, 
bs 


where f and g are analytic functions of u and v respectively, and 
(di, bi, da, ba) are constants such that aibs — arbi <0. Thus it follows 
that any harmonic transformation T of Theorem 3 is a conformal 
map, or an affinity, or the product of a conformal correspondence by 
an affine transformation. That the harmonic transformation T can 
be written in the form (21) follows from the fact that any affine 
transformation can be factored into the product of a translation by 
an affinity which leaves the origin fixed. 

The validity of Theorem 3 is established as a consequence of 
Theorem 1 and the set (24). 


7. Characterization of the conformal group. In this final section, 
we shall give a characterization of the conformal group in the real 
domain and also in the imaginary domain. 


THEOREM 4. The only transformations in the real domatn whereby 
every parallel pencil of straight lines and also every concentric set of 
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circles in the (X, Y)-plane corresponds to an isothermal family of Curves 
An the (x, y)-plane are those of the conformal group. 


In the imaginary domain, the complete set of transformations 
possessing the property of Theorem 4 consists not only of con- 
formalities but also of correspondences of the imaginary subset of 
harmonic transformation 


(24) U = a,[f(w) + ¢(0)], V= aalf(*) — K), 


where f and g are analytic functions of 4 and v separately with f, 40 
and g.x0 and (a1, as) are complex constants such that e1340 and 
a,£0. Any transformation of this set is the product of a con- 
formal transformation followed by an affinity of the special form: 
Usa(utv), Voas(u—v). 

The proof of the above result is as follows. By Theorem 1, the 
required transformation T is necessarily harmonic or else T is ‘the 
product of-a conformal map by a circle-to-line transformation, or of 
the form (15). However, it can be shown that a circle-to-line trans- 
formation or one of the form (15) will possess the property of Theo- 
rem 4 if and only if it is conformal. Hence only harmonic transfor- 
mations need be considered for which (18) must be an identity and 
«=1. From (19) and (20), we deduce the conditions 


UU (Uw. + UVa) = 0, Vu (UaVs + Ue) =O, 
OY ra UV uw = Q, Us, a UV as = 0. 


If U.Va + U, Va 0, we find from these that our transformation T 
is conformal. Otherwise the transformation T must be necessarily of 
the form (21) where Us V,+ Us Va = 0. Hence bı = rai, by = —ras, where 
x40. Upon replacing g(v) by the new analytic function g(v)/r we 
obtain our set (24). Of course, this set is imaginary, since for any real 
transformation T, the expression (UsV»+U.Vx) is always positive 
and can never be zero. This completes our discussion of Theorem 4. 


(25) 


THEOREM 5. The only transformations in the real or imaginary do- 
main which convert every pencil of circles into an isothermal es of 
curves are the conformal maps. 


Let the pencils of circles be in the (X, Y)-plane. By Theorem 4, the 
transformation T must be either a conformality or a correspondence 
of the set (24). To prove our new result, it remains to show that, by 
any transformation of this set (24), not every pencil of circles in the 
(X, Y)-plane corresponds to ar isothermal family of curves in the 
(x, y)-plane. i 
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Let us suppose that, by a transformation T of the set (24), a para- 
bolic pencil of circles Pp in the (X, Y)-plane corresponds to an iso- 
thermal family in the (x, y)-plane. Now T can be factored into the 
product of a conformal map T by an affinity of the special form: 
U=may(u+o), V=as(u—n). Since the inverse of I’ carries the given 
isothermal family of curves into an isothermal family, it follows that, 
by this special affinity, the pencil Po must correspond to an isothermal 
family. 

However, if the parabolic pencil of circles P, is taken to consist of 
all the circles tangent to the Y-axis at the origin, it is an easy matter 
to show that Ps corresponds to a linear family of conic sections which 
is not isothermal, under this special affinity. Therefore, by any 
transformation T of (24), the parabolic pencil of circles P, can not 
correspond to an isothermal family. 

The preceding arguments show that the only transformations T 
with the desired property are the conformalities. Theorem 5 is 
proved. 
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COLUMBIA UNIVERSITY AND 
ILLINOIS INSITTUTE OF TECHNOLOGY 


A GENERALIZATION OF STEINER’S FORMULAE 
E. VIDAL ABASCAL 


Let C be an arbitrary convex curve in the plane of length L and 
area F; and let C, be a curve parallel to C at a distance p from it, of 
length L, and area F,. Then according to Steiner’s classical result: 


L,=L+2xp, F, = F + ph + rp. 


In this paper we develop a generalization of these formulae for 
curves lying on a curved surface whose curvature K (o!, v?) (referred 
to geodesic parallel coordinates) is a function of v? alone. Explicit 
formulae are derived in the case of surfaces of constant curvature. In 
this treatment it is necessary to put certain restrictions on the curve 
C and the distance p to replace Steiner’s assumption of convexity. 
These restrictions (which are discussed below) are stated in their 
most obvious form, and a discussion of methods of relaxing them is 
deferred to a later paper. Our chief results are contained in the 
formulae (12) and (15) below. 
© Let the curve C be a simple, closed, bounding, and differentiable 
curve on the surface S. Choose a coordinate system in which y! =Q 
is the curve C, and in which v?=constant are the geodesics orthogonal 
to C. Further let v? be the arc length of C measured positively for 
motion on the curve which keeps the bounded area to the left, and 
let v? be the arc length of geodesics normal to C measured positively 
outward from C. Choose the unit normals to C so that they point 
toward the interior of C. Then we have: 


(1)! ds = (d)? + galt, (dr); — ga(O, 0°) = 1. 


For the moment we ignore the question of determining the region 
of S within which such a coordinate system is valid, and proceed to 
compute (g#)!?. In this coordinate system we have the following rela- 
tions (see L. P. Eisenhart An introduction to differential} geometry, 
pp. 181 and 188) 





8h gq) 1/2 ` is 
#2) aan tT E(u)” = 0, 
alga)! 
(3) e FET] 


Recetved by the editors December 26, 1946. 
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where «x is the geodesic curvature of C. 

We assume that K is a differentiable function a o?, that it is inde- 
pendent of v', and that it is never zero. Then the integration of (2) 
gives: 

(4) (gs)? = f(0%) sin [HK (7) Y] + kC) cos [P(E (09)!2]. 

If K(v°) is negative, complex numbers are introduced, and f and h 
‘must be so chosen that the resulting value of (gm)"? is real. From 
(3) we find that 


xy(%) = { f(0*)(K(o9)2/* cos [o'(K(o")) 1/3] 
— h(o*)(K(o))1/? sin [(K(0))"]} no 
or x,(0?) =f(v?)(K(0?))/?, Hence 


(9) 


K (0°) 
(E(u 


Furthermore equation (4) must be valid along C, on which v!=0 
and (gn)/*=1. Therefore from (4), k(v?)=1. Hence: 


oK) 
1/2 1/2 1/2 
D ED = 7 sin [AEE] + cos [Eo] 

The chosen coordinate system will fail to be valid whenever 
(1) (£a)? <0; or (2) when v! is so large that the region described 
overlaps itself. The second difficulty may be overcome by considering 
overlapping portions to be on separate covering sheets of S (as in a 
Riemann surface), but we must assume that (gm)!*7>0. We let C, 
be the closed curve v! =p (const.) and restrict ourselves to the interior 
of C,. Hence we require that: 

(8) ee sin [o'(K(p*))1/2] + cos [o'(K(v*))1/2] > 0 

(K (0%) ) 1/8 | 
for all v? and for 0 Sv! Sp. Without further assumptions on K, x, and p 
no simplification of (8) is possible. However, for constant K the 
validity of (8) may be inferred from other simple assumptions as 
follows: 

Case 1. K =constant >0. Then if «,(v?)>0 and 0Spsx2K" each 
term of (8) is positive, so (8) holds. 

Case 2. K =constant <0. Then (8) can more properly be written: 

K (07) 


@) q2 pn tinh [MC E)"] + cosh [p'(— K)*] > 


(6) fo") = 
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And here if x,(v?) >0 and p20, the inequality is valid. 
These are the assumptions which correspond to Steiner’s require- 
~ ment that C be convex, and henceforth we consider only curves C and 
values of p for which they are verified. 
Then from (7) the length Of C, is given by: 


l = 3 1/ 2 
(9) L, = f (elp, 99) 
or ; 0 
í K7? : 
(10) L, = : aa [o(K(o*)) 1/2 dv? + f cos [o(K (09)? ]dv. 


(We note that (10) holds even if C does not bound. However, the 
assumption that C bounds is essential for further developments.) 

When K is constant, (10) may be am a a by the use of the 
Gauss-Bonnet formula: 


(11) f (Pdt = Ie = K f f — (ess)dotde? = 2s — KF. ` 


Hence 
Ki 
(12) L,= e ee — FK’ sin [pK¥2] + L còs [pK]. 


When K is negative (12) may more appropriately be written: 


ginh — K)! 
L, = og Bink b Ee] + F(— K)}!? sinh [p(— K)3/3] 
Gn 
+E cosh [p(— K)¥?]. | a 


We note that as K-30, (12) and (12^) approach Steiner’s formula. 
Finally to find F,, the area of C,, we consider 


(13) ne ee f i { f aan ofan ast 


(12% 


(K(9%))* 


| | + fi J "cos [ean do 


F,=F +f ff aon EEEO pa) do’ 


(14) 
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When & is constant, (14) simplifies as follows owing to (11): 


ain [pK1/2] ee (= [oK] — 1 


05 FD =) + F cos [p1], 


When K is negative (15) may more appropriately be written: 


F,oL sinh [o(— K)"7] _ (= PK] = e) 


(15 Jae j 


+F cosh [p(— K)*'] 


We again note that if K—0, formulae (15) and (15) approach 
Steiner’s result. 


OBSERVATORI® DE SANTIAGO DE COMPOSTELA 


THE ESSENTIAL PART OF A SURFACE 
PAUL V. REICHELDERFER 


This paper attempts to place the concept of the essential part of the 
projection of a continuous surface upon a plane in its historical and 
mathematical setting, and to outline the role this concept is playing 
in the solution of the area problem. To that purpose those events most 
closely related to this concept will be sketched, and less relevant facts 
will be suppressed.1 


1. The length of a curve. Consider a continuous path curve C given 
by a representation 


(1.1) Ci z= a(s), y= y(u), 25m), OSHS 1, 


where the functions x(u), y(#), z(u) are defined, single-valued, real- 
valued, and continuous on the closed unit interval 0S#«<1. It is 
well known that the length L(C) of C may be defined as the limit of 
the lengths of inscribed polygons which converge to C—if 0 =u <% 
Sos Sic +++ KHa] be a subdivision of 0S# <1, then 


L(C) = lim $ { [x(w) — e(l] + [y (00) — (ea) 7 
(1.2) noo gml 


+ [s() — s(un) Pp, 


the limit? being taken with respect to subdivisions of 0Su<1 for 
which the maximum value of | th, — thii for ¢ between 1 and # con- 
verges to zero with 1/n. Observe that (1.2) gives an expression for 
the length of the curve C in terms of its representation (1.1), standard 
‘ algebraic operations, and one limit process. 


2. The area of a surface. Consider a continuous path surface S 


An address delivered before the Ames meeting of the Society on November 30, 
1946, by invitation of the Committee to Select Hour Speakers for Western Sectional 
Meetings; received by the editors November 20, 1946. 

1 A list of papers closely related to the facts to be presented in the sequel is in- 
chided at the end of this paper. Numbers in brackets refer to this bibliography. For 
an exhaustive treatment of the concepts of length and area and an extensive bibliog- 
raphy upon the subject, the reader should consult Rad6 [4]. This volume of the Col- 
loquium publications is now in the procesa of being published. The writer had the 
privilege of reading the manuscript. 

* Of course, it is necessary to discuss the existence of this limit and its Independence 
of the representation chosen for C. See Radó [4, III. 3]. 
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given by a representation? 
(2.1) S: zm x(u, v), y = y(#, 0), 5 = s(%, d), 0s4,05 1, 


where the functions x(u, v), y(u, vo), z(u, v) are defined, single-valued, 
real-valued, and continuous on the closed unit square 0 Su, 091. Be- 
fore the twentieth century mathematicians generally defined the area 
of Sin a way analogous to that for the length of a curve—namely, as 
the limit of the areas of inscribed polyhedra which converge to S. In 
1880 H. A. Schwarz inscribed sequences of polyhedra in a right circu- 
lar cylinder to show these interesting facts (see Schwarz [1]): there 
are sequences of polyhedra inscribed in the cylinder and converging 
to it whose areas have no limit; if r be any real number not less than 
the accepted value for the area of the surface of the cylinder, there are 
sequences of polyhedra inscribed in the cylinder and converging to it 
whose areas converge to r; in particular there are sequences of poly- 
hedra inscribed in the cylinder and converging to it whose areas con- 
verge to plus infinity. 


3. The Lebesgue area. Stimulated by Schwarz’s discovery, many 
mathematicians, including Peano, Lebesgue, and Gedcze (see Radó 
[2, 4]), set forth definitions for the area of a continuous surface. 
Lebesgue’s definition has gained wide acceptance, and is used in the 
sequel (see Lebesgue [1]). Given a continuous path surface S as in 
(2.1), consider a sequence of polyhedra P,—not necessarily inscribed 
in S—which converge to S. If E(P.) denotes the elementary area of 
the polyhedron P,—that is, the sum of the areas of its triangular 
faces—then lim inf E(P,) is an upper bound for the Lebesgue area 
L(S) of S, and L(S) is defined to be the greatest lower bound of all 
the upper bounds obtained in this way.‘ 


4. The area problem. The reader’s attention is invited to the follow- 
ing facts: (i) Given a continuous path curve C as in (1.1), consider a 
sequence of polygons p,—not necessarily inscribed in C—which con- 
verge to C. If e(p.) denotes the elementary length of the polygon 

—that is, the sum of the lengths of its linear segments—then 
fir inf 6(p,) is an upper bound for the length L(C) of C, and L(C) is 
the greatest lower bound of all the upper bounds obtained in this way 
(see Radó [4, III. 3]). Thus Lebesgue’s definition for the area of a 
surface is analogous to a possible definition for the length of a curve. 


* For a thorough discussion of the representations for continuous curves and sur- 
faces, see Radó [4, II. 3]. 

4 Again, the independence of L(S) upon the representation chosen for S must be 
discussed. See Radó [4, V. 2]. 
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(ii) The polyhedron P, is not required to be inscribed in the surface S; 
this permits one to prove that the Lebesgue area L(S) is a lower semi- 
continuous functional of S—that is, if S, be any sequence of continu- 
ous path surfaces converging’ to S, then lim inf L(S,) is an upper 
bound for L(S). (iti) In all cases where an area for a given surface has 
been assigned and widely accepted, the Lebesgue area agrees with the 
accepted value—in particular, the Lebesgue area L(P) of a poly- 
hedron P is equal to its elementary area E(P). (iv) While the defini- 
tion of the Lebesgue area L(S) of a continuous surface S guarantees 
the existence of a sequence of polyhedra P, such that the P, converge 
to S and the elementary areas E(P.) converge to L(S), it gives no clue 
as to a way of constructing such a sequence. (v) Let there be assigned 
in any manner whatsoever a real number A(S) to every continuous 
path surface S so that the following three conditions are fulfilled: 
A(S) is a lower semi-continuous functional of S; for every polyhedron, 
P, A(P) has the same value as the elementary area E(P); for every 
continuous surface S there exists a sequence of polyhedra P, such that 
the P, converge to S and the A(P,) converge to A(S). Then for every 
continuous surface S, A(S) must have the same value as the Lebesgue 
area L(S). (vi) The Lebesgue area of a surface S is not directly ex- 
pressible in terms of its representation (2.1) using standard operations 
(cf. §1). Hence one of the outstanding problems is the following: 


AREA PROBLEM: Given a continuous path surface S as in (2.1), ex- 
press tts area in terms of tts representation (2.1), using standard opera- 
tions. 


5. A solution to the area problem for a non-parametric surface. In 
one important special case—the so-called nonparametric case—the 
area problem is solved. Suppose the continuous path surface S has a 
representation of the form (see Radó [4, V. 3]) 


(5.1) Si =u, y= p, g= 3(u, d), 0S#,039 1. 


Under no additional hypotheses, Radó has shown (see Radó [1]) that 
L(S) may be given in terms of the representation (5.1) and standard 
operations as follows. Consider any sequence of subdivisions D, of 
the unit square 054,01 into oriented rectangles r:u’ Susu”, 
v’ Soo” for which the maximum of the diameters of the rectangles 


* A sequence of continuous surfaces S, converges to a continuous surface S given 
as in (2.1) if the Sa admit of representations Ss: z= x,(%, T), I= JalH, V), s= 3al% 9), 
O58, 751, x—1, 2,-+-+, such that £u, Ya, Za converge uniformly on 05x, vs to 
z, J, s respectively. For a treatment of the concept of convergence for continuous 
curves and surfaces, see Radó [4, II. 3]. 
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in D, converges to zero with 1/n. Then?’ 


-im D 4] f nce D — a) | a] 


se ED, 


+ | f A a(s, 0”) — s(%, v”) | Al 


1/2 
wAn. 


6. An expression for the length of a curve. One approach to the 
area problem in case S is any continuous path surface is to investi- 
gate various possible expressions for the length of a curve, expecting 
that these may afford a clue to a method for attacking the area prob- 
lem. An expression for the length of a curve which has been especially 
fruitful will now be considered (see Banach [1]). Let C be a continu- 
ous path curve given by the representation (1.1). The projéction of C 
on the x-axis is then represented by x=x(u), OSuS1. For each 
interval iiu’ Su Su”, where 0 Su’ <u” S1, and for each point xo, 
let N(xo, #) denote the number—posaibly zero, possibly plus infinity 
—of points #» in $ such that x(#o)=x0o. Then fer each interval $, 
N(x, 4) is a non-negative measurable function of x which is zero out- 
side of a certain interval, and’ [N (x, 4) may be regarded as the length 
of the one-dimensional curve represented by x=x(u), u’ Su £u’ — 
in fact, [N(x, į is equal to the total variation of x over the interval ` 
i (see Radó [4, III. 2]). Functions N(y, 4), N(s, 4) are defined similarly 
and have analogous properties. Now let D, be any sequence of sub- 
divisions of the interval 0 <u <1 into intervals 4:4’ Su Su” for which 
the maximum of the lengths of the intervals in D, converges to zero 
with 1/n. Then’ 


rozi Bf fas] +[ foes] 
[re 


t For other poæible solutions of the aree problem in the nonparametric case, see 
Radó [4, V. 3]. 

T Let I be any interval on the x-axis such that N(x, #) is zero for x not in Z. If 
N(x, 9) is sımmable on J, then {N(x, #) denotes the Lebesgue integral of N(x, $) on T; 
if N(x, į is not summable on J, then /N(sx, 4) is defined to be plus infinity. Clearly 
{N(x, 4) is independent of the choice of J, so long as N(x, 4) is zero for x not in J. 

8 For other possible expressions for L(C) see Radó [4, III. 3]. 


(6.1) 


1947] THE ESSENTIAL PART OF A SURFACE 849 


For purposes of comparison, another formula for L(C) is presented. 
If D be the generic notation for a subdivision of the interval 0 Susi, 


then 
1O = lub. D ff f N(x, | + | froo] 


[feat 


the least upper bound being taken with respect to all subdivisions D. 
Formula (6.1) is preferable to (6.2) because it states that L(C) may be 
computed as the limit of sums over any sequence of subdivisions D, 
of 0S S1 for which the maximum of the lengths of the intervals in 
D, converges to zero with 1/n. 


7, An expression for the area of a surface. Now let S be a con- 
tinuous path surface given by the representation (2.1). The projec- 
tion of S on the xy-plane is then represented by 


(6.2) 


x = x(u, 0), y =m y(#, 0), 0OS#oosl. 


For each set E in 0 £u, $1, and for each point (£e, yo), let N (x0, Yo, E) 
denote the number—possibly zero, possibly plus infinity—of points 
(to, 09) in E such that (10, Da) =x, y(t, vo) = yo. If one tries to parallel 
the reasoning used to obtain (6.1), one encounters trouble—the 
functions N(x, y, E) are generally too large. The following example 
illustrates the difficulty. Let € be a Peano curve given by 


©: z= z(u), y = y(n), s= 0, 0S «4,035 1, 


which fills the unit square 0 Sx, yS1. If € is regarded as a path sur- 
face, and Q denotes the unit square 0<u, v1, it is clear that 
N(x, y, Q) is everywhere plus infinity for OSx, yS$1. On the other 
hand, it is easily seen that the Lebesgue area L(@) is zero (see §3). 
So there is no hope for a formula for the Lebesgue area analogous to 
(6.1) for the length of a curve. : 


8. The essential multiplicity with respect to a region. A study of 
the works of Getcze (see Gedcze [1, 2, 3, 4]) led Radó (see Radó 
[2, 3]) to replace the function N(x, y, E) defined in §7 by a generally 
smaller function which may be described as follows. Let R be a 
bounded finitely connected Jordan region,” and let x(u, 0), y(u, v) be 

” A region is a connected open set plus its boundary. A bounded finitely connected 
Jordan region is a bounded region whose boundary consists of a finite number of 


simple closed curves. 
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two functions which are defined, single-valued, real-valued, and con- 
tinuous on R. These determine a continuous transformation T from 
R in the umplane into the xy-plane, 


(8.1) T: z= z(#, 0), y = y(#, 9), (4,0) E R. 


Observe that T may be regarded as a representation for a flat con- 
tinuous surface—that is, a continuous surface lying in the xy-plane 
(see §2). For any set E in Ķ, the function N(x, y, E) defined in §7 will 
be more completely denoted by N(x, y, T, E)—it is known as the . 
crude multiplicity of the point (x, y) under the transformation T 
with respect to the set E (see Radó and Reichelderfer [1], Radó [4, 
IV. 1]). If Ts be any other continuous transformation defined on %, 


Ty: 2 = Zyls, 0), Y = ul, D), (#, 0) E R, 


then the distance between T and T+ on § is the least upper bound of 
the distances between the points [x(u, v), y(u, 0) ] and [xe(1, 0), ya(u, 0) | 
for (u,v) in R. If (xo, yo) be any point in the xy-plane, the essential 
multiplicity x(xo, yo, T, R) of (xo, Yo) under T with respect to È is 
defined as follows. x(xo, Yo, T, R) has the non-negative integral value 
k if (i) all transformations T+ sufficiently close to T have a crude 
multiplicity N(xo, Yo, Tx, R) not less than k, but (ii) there are con- 
tinuous transformations Ty arbitrarily close to T for which the crude 
multiplicity N(xo, yo, Ty, N) is exactly k. x(xo, Yo, T, R) is set equal 
to plus infinity if. for every positive integer k all transformations T+ 
sufficiently close to T have a crude multiplicity N(xo, Yo, Ta, R) not 
less than & (see Radó and Reichelderfer [1], Reichelderfer [2]). 
Clearly the essential multiplicity x(x, y, T, R) never exceeds the 
crude multiplicity N(x, y, T, R)—in fact,” if R? denotes the set of 
interior points of R then x(x, y, T, R) cannot exceed N(x, y, T, R°). 
The essential multiplicity x(x, y, T, R) is a lower semi-continuous 
function of (x, y)—given any sequence of points (xa, ya) converging 
to a point (xo, yo), it follows that lim inf x(x,, Ya, T, R) is not less than 
x(xo, Yo, T, R). The essential multiplicity x(x, y, T, R) is a lower 
semi-continuous functional of T—given any sequence of continuous 
transformations T, defined on R and converging to a continuous 
transformation Teo on &, it follows that lim inf x(x, Y, Ta, R) is not 
less than x(x, y, To, R). | 


9, An intrinsic characterization for the essential multiplicity. If the 
essential multiplicity x(x, y, T, R) defined in §8 is to be used to solve 


u For a discussion and proof of the properties of the essential multiplicity, see 
Radó and Reichelderfer [1], or Radó [4, IV. 1]. 
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the area problem (see §4), it is clear that one must find a characteriza- 
tion—that is, an equivalent definition—for x(x, y, T, R) in terms of 
the continuous transformation T alone (see (8.1)). Such an intrinsic 
characterization has been found (see Radó and Reichelderfer [1], 
Radó [4, IV. 1]), and will be described presently. If C be any simple 
closed curve in its image C under T is a continuous closed curve in 
the xy-plane. Now if (xo, ¥0) be any point not on Č, the angle which 
the vector with end points (xo, yo) and [x(s, o), y(u, v)], (u, 0) EC, 
makes with a fixed direction has an algebraic change of the form 2r” 
as (4, v) traverses C once, where » is an integer depending only upon 
(xo, Yo), T, C, and the direction in which C is traversed. Let r be any 
bounded finitely connected Jordan region in R; it is bounded by a 
finite number of simple closed curves Co, Ci, +++, Cu (see §8); denote 
by Co, Ci, +--+, Ča the respective images of these curves under T, 
Let (xo, Ya) be any point of the xy-plane not on any one of the con- 
tinuous curves Co, Ci, +++, Ča, and let #; denote the integer asso- 
ciated with (xo, yo), T, Ci as (u, v) traverses C, in the positive sense 
relative to r, in the manner just described. The index L(x0, Yo, T, T) 
is defined as the sum mot+m+ +++ + (see Radó [4, II. 4]). Given 
any point (xo, Yo) in the xy-plane, let T= (xo, ye) denote the set of all 
points (#9, ve) in r for which x(t, yo) =o, y(t, 00) =o. The con- 
tinuity of the transformation T insures that T~ (Z0, Yo) is a closed set, 
which may be empty. If T— (zo, Yo) is not empty, let ¢ denote any com- 
ponent—a maximal connected subset—of T(x, yo). Then ø is 
termed essential if in every neighborhood of ø in R there exists a 
finitely connected Jordan region t containing ø in its interior and such 
that (xo, yo) does not lie on the image under T of any one of the simple 
closed curves bounding r and the index p(xo, yo, T, T) is not zero; 
otherwise ø is not essential. Observe that the property of being an 
essential component of T-"(x9, yo) is a local property—if Ty is any 
continuous transformation defined on R which is identical with T in 
a neighborhood of ø, then ø is also a component of Ty1(xo, yo), and o 
is an essential component of Ty"(xo, yo) if and only if ø is an essential 
component of T-"*(zo, yo). It is proven that for any point (xo, yo) in 
the xy-plane, the essential multiplicity x(xo, yo, T, R) is equal to the 
number of components of the set T~*(xo, yo) which are essential (see 
Radó and Reichelderfer [1]; Radó [4, IV. 1]). Thus x(x, y, T, R) may 
be defined in terms of the transformation T alone. 


10. The essential multiplicity with respect to a domain. In order 
to use the essential multiplicity to effect a solution of the area prob- 
lem, it seems necessary to have the concept defined when the con- 
tinuous transformation is defined over a domain—a connected open 
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set. Let D be any bounded domain in the uv-plane, and let x(x, v), 
y(u, v) be two functions which are defined, single-valued, real-valued, 
bounded, and continuous on D—nothing is assumed about the be- 
havior of these functions, or even their definition, on the boundary of 
D. These determine a bounded continuous transformation T from D 
in the ua-plane into the xy-plane, 


(10.1) T: z= x(u, v), y = y(#, 9), (w, 0) E D. 


Now there are sequences of finitely connected Jordan regions Ñ, in 
D such that any given closed set in D is contained in R, for all » suff- 
ciently large—such sequences are said to fill up D from the interior 
(see Radó and Reichelderfer [1]). For each value of n», consider the 
continuous transformation 


Ta: «= z(#, 1), s a y(#, ?), (#, 0) E Ra 


For each point (xo, yo) in the xy-plane the essential multiplicity 
x(%0, Yo, Ta, Ra) has been defined in §8. As n tends to infinity, it is 
shown that the numbers x(x, Yo Tn, Ra) havea limit k—this limit be- 
ing either a non-negative integer or plus infinity. Clearly & is inde- 
_ pendent of the choice of the sequence of Jordan regions Ra which 
fill up D from the interior. The essential multiplicity x(x0, Yo, T, D) 
of (xo, yo) under T with respect to D is defined to have this value k. 
From the intrinsic characterization of x(xo, Yo, Ta, Ra) described in 
89, it follows easily that x(x, yo, T, D) is equal to the number of 
components of the set! T—*(xo, Yo) which are essential (zee Radó and 
Reichelderfer [1]; Radó [4, IV. 1]). Thus x(x, y, T, D) may be de- 
fined in terms of the transformation T alone. Further, x(x, y, T, D) 
is lower semicontinuous with respect to both (x, y) and T (cf. $8). 


11. A comparison of the definitions for the essential multiplicity” 
If one compares the definition of the essential multiplicity x(x, y, T, D) 
‘when the range of T is a domain (see §10) with the definition of the 
essential multipùcity x(x, y, T, R) when the range of T is a Jordan 
region (see $8), a question naturally arises. It is clear that the defini- 
tion for x(x, y, T, D) might have been made, without using the defini- 
tion for the essential multiplicity with respect to Jordan regions, in a 
way completely analogous to that for x(x, y, T, R) in §8. Are these two 
possible definitions equivalent, or are two basically different ideas 
involved h Let T be a bounded continuous transformation as in 
(10.1), and let (so, yo) be any point in the xy-plane. If k be any non- 


u As in §9, T-'(xe, ya) denotes the set of all points (# va in D such 
that x{wo, Va) xe, (xe Ma) Ye’ 
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negative integer not greater than x(xo, Yo T, D), it is clear from the 
definitions of the essential multiplicities in §§8 and 10 that all con- 
` tinuous transformations Ty sufficiently close to T on D have a crude 
multiplicity N(xo, yo, Tx, D) not less than k. But if x(x, Yo T, D) 
has the value k, do there exist continuous transformations Ty defined 
on D and arbitrarily close to T on D for which the crude multiplicity 
N(xo, Yo, Ty, D) is exactly k? In view of what one is trying to do— 
namely, to replace the crude multiplicity of a point (xo, yo) under a 
continuous transformation T by a generally smaller multiplicity 
which has significance (cf. §§7, 8), this question gains importance. It 
has recently been answered in the affirmative (see Reichelderfer [2]) 
—given an arbitrary positive number e, the continuous transforma- 
tion T has been modified to yield a continuous transformation T4 
defined on D whose distance from T on D is less than e, and for which 
the crude multiplicity N(xo, yo, Ts, D) is equal to the essential 
multiplicity x(%o, Yo T, D). Thus the definition for the essential 
multiplicities as given in §§8 and 10, though differently phrased, are 
- basically the same. 


12. A measure for the essential part of a surface. Again, let T be 
a continuous transformation defined over a bounded finitely con- 
nected Jordan region # (see §8). Let D be any domain in R, and con- 
sider the bounded continuous transformation (cf. §10) 


(12.1) T(D): z= æ(#, d), y = y(%, 0), (#, 0) E D. 


For each point (xo, yo) in the xy-plane, x(x, Yo, T, (D), D)—denote 
it simply by x(xo, yo, T, D)—is equal to the number of components of 
I (xo, Yo) which lie in D and are essential (see §10). Now x(x, y, T, D) 
is a non-negative measurable function of (x, y) which is zero outside of 
a certain rectangle, and” /fx(x, y, T, D) may be regarded as a meas- 
ure for the essential part of the flat continuous surface represented 
by (12.1) (see §§6, 8). 


13. A partlal solution to the area problem. Now consider a con- 
tinuous path surface S given by the representation (2.1), and suppose 
the Lebesgue measure L(S) of S is finite (see §3). Under these hy- 
potheses, an expression for L(S) analogous to that for the length of a 
curve given in (6.2) is now described. Let 


a Let R be any rectangle in the xyplane such that r(x, y, T, D) is zero for (x, 7) 
not in R. If «(x, y, T,D) is summable on R, then ffx(x, y, T,D) denotes the Lebeague 
integral of x(x, y, T, D) on R; if x(x, y, T, D) is not summable on R, then 
I fx(x, Y, T,D) 1s defined to be plus infinity. Clearly {fx(x, y, T,D) is independent of 
the chaice of R, so long as x(x, y, T,D) is zero for (x, y) notin R. 
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Ta: y= y(u, 0), s= s(%, 0), 0s «4,051; 
Ty: £= 3(#,?), © = x(u, 0), Osw,05 1; 
Ty: x= z(u,v), y = y(#, 2), 054,05 1, 


be representations for the flat continuous surfaces obtained by pro- 
jecting the representation for S upon the coordinate planes ys, sx, xy 
respectively. If K be the generic notation for a finite system of dis- 
joint domains D in 0Sw, 791, then” 


soning. (If areo] 
(13.1) 1 | f Í EE N D| 
+I ff ei Be D|} a 


the least upper bound being taken with respect to all finite systems 
K of disjoint domains in 03, 031. Observe that the essential mulu- 
plicity functions described in §§8-10 play the role of the crude 
multiplicity functions in §6. It is not yet possible to describe a se- 
quence of finite systems K, of disjoint domains such that Z(S) is the 
limit of sums of the above radical over the K,—that is, so that (13.1) 
may be replaced by a formula analogous to (6.1)—although such a 
sequence of K, must exist. Nor is it possible to assert that the expres- 
sion in the right member of (13.1) must be plus infinity if the Leb- 
esgue area L(S) is plus infinity, although it has been shown that the 
expression in the right member of (13.1) cannot then be zero.“ 
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SUBDIRECT SUMS OF RINGS 
NEAL H. McCOY 


1. Introduction. In much of the rather extensive eae of rings, 
the rings considered are restricted by certain finiteness assumptions. 
Under these assumptions the notion of direct sum plays an important 
role, but for general rings the usual theorems about direct sums are no 
longer valid. However, in certain important cases it turns out that 
the concept of subdirect sum is an appropriate generalization of that 
of direct sum. The purpose of this address is to summarize some of the 
more important known results concerning subdirect sums of rings. 
Following the introduction of the necessary definitions, we shall give 
an indication of the nature of these results. 


2. Notation and preliminary concepts. Let Sı (¢=1, 2,--+,) be 
given rings, and denote by SS the set of all symbols 
(Si, $4, ° °° » Sn) (s E Sit = Loe , 1). 


If we define addition and multiplication of these symbols by 
($1, Sa t t Se) + (sdsd, eaS) = (nt sf sat i, 0 ++ Sat Se), 
and 

($1, St, °°, Sa)(S1,S89,°°°, 5a) = Comer eee Sasi), 


it is easy to verify that S is a ring which we call the direct sum of the 
rings S; (¢=1, 2, - - - , n). The set of all elements of S of the form 


(s1, 0, +++, 0) (s1 © Si) 


is clearly a subring Sf of S which is isomorphic to Sı under the cor- 
respondence 


514 (su 0, +++, 0). 


Furthermore, S{ is closed under multiplication on either side by 
elements of S and hence is not only asubring of S but actually a two- 
sided ideal in S. If, in like manner, we define S? (¢=2, 3, +--+, n”), it 
is clear that every element of S is expressible uniquely in the form 


si Hs Heee ts (sf EC S{,#=1,2,-+-,), 
An address delivered before the New York meeting of the Society on February 22, 
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the addition being ring addition in S. In the literature, S is usually 
said to be the direct sum of its ideals S/ and this is sometimes indi- 
cated by writing | 


So S{+Si+-.-+,. 


However, for our purposes, it is usually more convenient to use the 
definition given above, that is, to consider S as the direct sum of the 
rings S, which, although not subrings of S, are respectively iso- 
morphic to the ideals Sy in S. Obviously, the two concepts coincide 
up to an isomorphism. 

The direct sum of the rings S; (¢=1,2,--- , %) may -be reformu- 
lated as the ring of all functions defined on a set of » “points,” say 
{1, ae nt, such that at the point + the functional values are in 
Sı. This immediately suggests the following generalization. Let A be 
an arbitrary set of.“points” and suppose that with each point a of 
X there is associated a unique ring Sa. The ring of all functions f de- 
fined on X such that fla) ESa (acM) is the direct sum of the rings 
Sa l(a EN). In considering the direct sum of such a set of rings we shall 
find it convenient to use a notation and terminology which may sug- 
gest that the set A is-denumerable. However, we do not mean to 
imply any restriction on the cardinal number of the set A, or even that 
the set is necessarily well-ordered. 

With this understanding, let S;(¢=1,2,- ++) be an arbitrary set 
of rings, distinct or identical, and let us denote an element s of the 
direct sum 5S of this set of rings by 


sm ($1, S++) (ss E Si). 


The zero of S is clearly (0, 0, - - +), the 0 in the ith place being the 
zero of S,. Now let T be a subring of S. If l 


t= (A, Aye?) (h ES) 
is an arbitrary element of T, the correspondence 
i> ki 


defines a homomorphism of T into Sı, in other words, a homomor- 
phism of T onto a subring S,* of S,. The case of principal interest is that 
in which S* =S; (¢=1, 2,---+), that is, under each homomorphism 
i>i; every element of S; is the image of some element of T. If this is 
true we say that T is a subdtrect sum of the rings S; (¢=1, 2,---), 
and that each S; is a component of T. 

If the ring R is isomorphic to a subdirect sum T of rings SS; (¢m1, 
2,--+), T may be called a representation of R as a subdirect sum of 
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the rings S, (¢=1,2,---). If the isomorphism of R and T is given by 
r&i, 
it is clear that the correspondence 
reti>kh 


defines a “natural” homomorphism of R onto S;. 

Various problems now suggest themselves as follows. Given a ring 
R, find representations of R as a subdirect sum. Do such representa- 
tions always exist? Or, find necessary and sufficient conditions that 
a ring R have a representation as a subdirect sum of rings of some 
specified kind. The main part of this address will be devoted to giving 
partial answers to certain specific questions of this general type. 

The earliest references to infinite direct sums of rings or to sub- 
direct sums of any type are Prüfer [24],! Krull [14] and Kéthe [11, 
12]. Later on, we shall mention some of the essential contributions of 
these authors. However, much of the credit for the recent interest in 
this subject goes to Stone [26] for his fundamental work on the repre- 
sentations of Boolean rings. At this point it may be in order to quote 
one of Stone’s results since it will illustrate the type of theorem to be 
expected. 

A ring R of more than one element is a Boolean ring if a*=a for 
every element a of R. It is not difficult to show, either directly as in 
Stone [26] or as a special case of a well known general theorem, that 
a Boolean ring with a finite number of elements is isomorphic to a 
direct sum of a finite number of two-element fields, each of which we 
may consider to be the field I/(2) of integers modulo 2. For unre- 
stricted Boolean rings this result does not carry over but instead we 
have the following result of Stone [26]: 


THEOREM 1. A ring R is a Boolean ring if and only if 4 ts tso- 
morphic to a subdtrect sum of fields I/(2). 


To show that the word “subdirect” in the statement of the theorem 
can not be replaced by “direct,” it is only necessary to observe that 
the direct sum of any number of fields has a unit element but that 
there exist Boolean rings without unit element. 

As a matter of fact, most of the known theorems about subdirect 
sum representations are generalizations of Theorem 1 in the sense 
that they reduce to this theorem in case the rings considered are spe- 
cialized to be Boolean rings. An equivalent, and perhaps more 


1 Numbers in brackets refer to the bibliography at the end of the paper. 
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familiar, formulation of Theorem 1 is that’a ring is a Boolean ring if 
and only if it is isomorphic to a ring of subsets of some set. However, 
we shall not discuss this aspect of the theorem since it is the subdirect 
sum formulation which lends itself to algebraic generalization. 


3. A fundamental theorem. A problem of central interest is that 
of determining conditions under which a ring is isomorphic to a 
subdirect sum of given rings S,. A solution of this problem is given by 
the next theorem which, although implicit in earlier work of Prüfer 
[24], Krull [14], Kothe [11], and Stone [26], was apparently first 
formulated explicitly in something like its present form by McCoy 
and Montgomery [17]. 


THEOREM 2. A ring R is isomorphic to a subdirect sum of rings Si 
tf and only sf for each å there existis a homomorphism Riof R onto S; such 
that tf r is any nonsero element of R, h.(r) <0 for at least one 4. 


Proor. Let R be isomorphic to a subdirect sum of rings .S;, and 
k; the natural homomorphism of R onto S;. Since the zero elements 
must correspond to each other under an isomorphism, not all h,(r) 
can be zero unless r=0. Conversely, if A; is a homomorphism of R 
onto S; (¢=1, 2,-+-+) and not all k;(r) are zero for nonzero r, it is 
easy to verify that 


r<> (hi(r), Aa(r), +++) 


defines an isomorphism:of R with a subdirect sum of the rings Si. 
From this theorem it follows easily that if R is homomorphic to 
each of a set of rings S;* with the added condition that R is isomorphic 
to at least one of the S,*, then R has a representation as a subdirect 
sum of the rings S,*. For this reason, if in a representation of R asa 
subdirect sum of rings S; the natural homomorphism of R onto S; 
is an isomorphism for at least one 4, we say that this is a trivial 
representation; otherwise it is a nontrivial representation. | 
In view of the close relation between homomorphisms and two- 
sided ideals, the preceding theorem may be reformulated as follows: 


THEOREM 3. A ring R ts tsomorphic to a subdirect sum of rings S, of 
and only tf there exist in R two-sided ideals a; such that R/ucSi, and 
Ila; =0. 


Although Theorems 2 and 3 are fundamental in the sense that 
most results on subdirect sums are obtained as applications of one or 
the other of these theorems, it will be apparent that their principal 
contribution to the theory is that of stating the underlying problem 
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in convenient form. In any case, the main difficulty is that of estab- 
lishing the existence of the required homomorphisms or ideals. 

As an application of Theorem 3, let R be a commutative ring with- 
out nonzero nilpotent elements, that is, no positive integral power of a 
nonzero element is zero. A theorem of Krull [14] states that the set of 
all prime ideals in R has zero intersection. Furthermore, if p is a 
prime ideal, R/p has no proper divisors of zero and is therefore an 
integral domain. The following result of the writer [19] then is an 
immediate consequence of Theorem 3: 


THEOREM 4. A necessary and suffictent condtiton that a commuts- 
tive ring R be isomorphic to a subdirect sum of integral domains ts that 
R contain no nonsero nilpotent element. 


4, Subdirectly irreducible rings. A ring which has no nontrivial 
representation as a subdirect sum of any rings is said to be subdsrectly 
irreducible. Since a homomorphic image of a field is either a field iso- 
morphic to the given field or a one-element ring consisting of the zero 
alone, it is clear that every field is subdirectly irreducible.-More gen- 
erally, Theorem 3 shows that a ring R is subdirectly irreductble tf and 
only if the intersection of ah nonzero two-sided ideals in R is different 
from sero. Thus a subdirectly irreducible ring R has a unique minimal 
two-sided ideal J~0 which is contained in every nonzero two-sided 
ideal. 

Birkhoff [2] introduced the concept of subdirect irreducibility and 
proved the following fundamental result 3 


THEOREM 5. Any ring R ts isomorphic to a subdtrect sum of sub- 
directly irreducible rings. | 


Proor. Let a be any nonzero element of R, and consider the set 
of all two-sided ideals in R which do not contain a. Zorn’s Lemma as- 
serts the existence of a maximal ideal m, in this set. If now a varies 
over the nonzero elements of R the intersection of all m, is zero and 
hence, by Theorem 3, R is isomorphic to a subdirect sum of the rings 
R/m,. However, every nonzero two-sided ideal in R/m, contains 
3540, where 4 is the residue class to which a belongs modulo me, and 
thus R/m, is subdirectly irreducible. 

This theorem suggests the desirability of characterizing the sub- 


3 In McCoy [19] it was shown that any ring with unit element is isomorphic to a 
subdirect sum of trreducible rings, an irreducible ring being one which can not be ex- 
pressed as the direct sum of two proper two-elded ideals. The irreducible components 
constructed in proving this are actually subdirectly irreducible, but the significance 
of this concept was first obeerved by Birkhoff [2]. 
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directly irreducible rings. Any simple ring, that is, a ring containing 
no nonzero two-sided ideal except the entire ring, is clearly sub- 
directly irreducible. Beyond this, not much is known about the non- 
commutative subdirectly irreducible rings, However, in the com- 
mutative case, the subdirectly irreducible rings have been completely 
characterized in [21]. These results may be stated in the next two 
theorems, in both of which,the ideal J is the unique minimal ideal. 


THEOREM 6. Let R be a commutative ring with at least one element 
which is not a divisor of sero, and let D be the set of all dsvtsors of zero 
in R. Then R is subdtrectly irreducible tf and only sf it has the following 
properties: 

(i) The set of al elements x of R such that Dx=0 ts a principal ideal 
J =(j) 0. 

(ii) D ts an ideal and R/D is a field. 

(iii) If di is any element of D which ts notin J, there exists an clement 
ds of D not in J such that dd, EJ. 


A typical example of a ring satisfying these conditions is the ring 
I/(p™) of integers modulo a power of a prime. In this case, J = (p*-}), 


THEOREM 7. Let R be a commutative ring of more than one element in 
which all elements are divisors of sero. Then R is subdirectly irreducible 
if and only tf +t has the folowing properties: 

(i) There extsts a fixed prime p such that if aR=0, then p*a—0 for 
some postitve integer k, depending on a. 
(ii) The set of afl elements x of R such that xR=0, px=0, is a prin- 
cipal ideal J = (7) 50. 
iii) Tf OR 0, there exists an element c such that bcEJ. 


The ring of integral multiples of a prime p taken modulo p* is an 
example of a ring satisfying these conditions. 

In view of Theorem 5, any commutative ring of more than one ele- 
ment is isomorphic to a subdirect sum of rings, each of which satisfies 
the conditions of Theorem 6 or those of Theorem 7. 

We now observe that the representation of a ring as a subdirect 
sum of subdirectly irreducible rings is in no sense unique. For example, 
the set of all ideals (p,) in the ring I of integers, where each p; is a 
prime of-the form 4—1, has zero intersection and hence J is iso- 
morphic to a subdirect sum of the fields Z/(p,). On the other hand, it 
is clear that also J is isomorphic to a subdirect sum of the rings 
I/(@), where the q: are the primes of the form 4#-+1. We thus have 
two representations of J as a subdirect sum of subdirectly irreducible 
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rings, all the components being fields in one representation and none 
being a field in the other. Actually, no component in one representa- 
tion has even a subring isomorphic to a component in the other. 

The condition (ii) of Theorem 7 shows that j?=0, while condition (i) 
of Theorem 6 implies that 7?=0 unless D=0. We therefore have the 
following important special case due to Birkhoff [2]: 


COROLLARY. A subdirectly irreducible commutative ring of more than 
one element and without nonsero nilpotent elements ts a field. 


By this result, a subdirectly irreducible Boolean ring is a field, 
which is clearly isomorphic to I/(2). Theorem 1 thus follows im- 
mediately from Theorem 5. 

Now let R be a commutative ring of more than one element which 
is a p-ring as defined in McCoy and Montgomery [17]; that is, p is 
a fixed prime and 

xP y, px = Q, 


for every element «x of R. It will be pointed out presently that the com- 
mutativity of R need not be assumed since it is a consequence of 
x? =x for every x. Clearly, a p-ring can have no nonzero nilpotent 
elements and the following result of McCoy and Montgomery [17] 
follows from the corollary and Theorem 5: 


THEOREM 8. A ring R is a p-ring if and only if tt is isomorphic to 
a subdirect sum of fields I/(p). 


In a Boolean ring, 2x=0 for every element x and thus a Boolean 
ring is just a 2-ring. Theorem 8 is therefore a generalization of Theo- 
rem 1. 

It is easy to extend Theorem 8 to the case in which 


t =z, px = 0, 


for every element x of R. This extension, as well as some related 
results, will be found in [18]. 

Another interesting application of Theorem 5 is to the regular 
rings of von Neumann [27, 28]. A ring R is a regular ring if for each 
element a of R there exists an element x of R such that 


arta = G, 


We do not require the existence of a unit element. Clearly, regular 
rings are generalizations of division rings since the above equation is 
certainly satisfied if a has an inverse and we put x=a71, 

We now consider regular rings without nonzero nilpotent elements. 
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Although, in general, a homomorphic image of a ring without non- 
zero niJpotents may have such nilpotents, it can be shown that this 
does not happen in the case of regular rings. Furthermore, a sub- 
directly irreducible regular ring of more than one element and with- 
out nonzero nilpotent elements is a division ring. Hence we have the 
following result of Forsythe and McCoy [4]: 


THEOREM 9. A regular ring of more than one element and without 
nonzero nilpotent elements is tsomorphic to a subdirect sum of dimsion 
Tings. 


As a special case of this theorem, we mention the following result 
of Kéthe [13]: 


COROLLARY 1. Any commutative regular ring of more than one ele- 
meni ts ssomorphec to a subdsrect sum of fields. 


Since an algebratc algebra without nonzero nilpotent elements, as 
defined by Jacobson, is regular, we also have at once the result of 
Jacobson [9]: 


CoroLtary 2. An algebraic algebra of more than one element and 
without nonsero nilpotent elements is isomorphic to a subdtrect sum of . 
diviston rings. 

One further special case may be of interest. If the ring R has the 


property that for each element a of R there exists an integer » >1, de- 
pending on a, such that 


a* = G, 


then clearly R is a regular ring without nonzero nilpotents and is 
therefore isomorphic, to a subdirect sum of division rings, each of 
which has the same property as R. Jacobson [9] has proved that such 
a division ring is necessarily a field, that is, it is commutative. Ac- 
cordingly, we have the following result (Jacobson [9], Forsythe and 
McCoy [4]) which is an extension of a classical theorem of Wedder- 
burn to the effect that a division ring with a finite number of ele- 
ments is necessarily commutative: 


THEOREM 10. A ring R with the property that for each element a 
there exists an integer n>1, depending on a, such that a" =a, 15 neces- 
sarily commutative. | 

In particular, this result shows that the commutativity of a p-ring 
is a consequence of x? =x for every element x. 

In addition to the references already given, other results related 
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to the material of this section will be found in Brown and McCoy 
[3], McCoy [20], Moisi! [22] and Wade [29]. 


' 5. The radical of a ring with minimum condition. The important 
concept of radical of a ring has usually been defined only under as- 
sumption of certain finiteness conditions, in particular, under assump- 
tion of the minimum condition. A ring R satisfies the minimum condi- 
tion (for right ideals) if and only if each set of right ideals in R con- 
tains a minimal one, that is, an ideal containing no other one of the 
set. An equivalent restriction is the descending chain condition for 
right ideals which requires that in each sequence of right ideals I; 

such that 


h2IhlDhD-:-:-:, 


the equality must hold from some point on. 

An ideal is a mt ideal if each of its elements is nilpotent. Now if R 
is a ring which satisfies the minimum condition, the radical N= N(R) 
of R is the join (sum) of all nil right ideals in R. This means that N 
consists of all elements of R which are expressible in the form of a 
finite sum 5 a,, where each a; is an element of a nil right ideal. 

The following facts about the radical are to be found in the standard 
texts, and we state them briefly in preparation for some generaliza- 
tions to be discussed presently. The radical of R is a two-sided ideal 
in R which contains every nil ideal (right, left, or two-sided). If 
N(R) =0, R is said to be semi-simple, and the structure of semi-simple 
rings is given by the following classical results of Wedderburn and 
Artin. A ring R satisfying the minimum condition is semi-simple if 
and only sf st is the direct sum of (a finite number of) simple rings. 
Furthermore, each of these simple rings is isomorphic to a complete 
matrix ring over a division ring since a simple ring with minimum 
condition is necessarily of this type. It is also known that the residue 
class ring R/N is always ae and thus has the structure just 
described. 

If we relax the requirement that R must satisfy the minimum con- 
dition, the results as stated are no longer valid. Various attempts 
have been made to define a useful radical for an arbitrary ring, most 
of them quite naturally in terms of nilpotence.* However, it now ap- 
pears that other concepts are probably more fundamental in the defi- 
nition of radical. We shall presently define two different radicals of a 
general ring, both of which coincide with the radical as defined above 
in case the minimum condition is assumed, and both of which lead to 


~ $ See Jacobson [8] for references. 
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subdtrect sum decompositions which generalize the direct sum de- 
composition mentioned above. 

Before proceeding, we may remark that a regular ring which satis- 
fies the minimum condition is necessarily semi-simple (von Neumann 
[28]). Thus the regular rings, although not involving the concept of 
radical, do furnish a generalization of the notion of semi-simple ring. 


6. The Jacobson radical. We now turn to a brief discussion of the 
radical of a general ring as defined by Jacobson [8], based partly 
on previous work of Perlis [23] and Baer [1]. 

If a is an element of the arbitrary ring R, the set of all elements of 
the form x+ax, xCR, is a right ideal {x-+ax} in R. If aE {e-+ax}, a 
is said to be quast-regular, and an ideal is quast-regular if and only if 
each of its elements is quasi-regular. The Jacobson radtcal Ni = N(R) 
is defined to be the join of all quasi-regular right ideals in R. 

If s+ =0, it is easy to verify that g =x +zx, where 


ro — Ea 


and thus every nilpotent element is quasi-regular. Hence every nil 
ideal is a quasi-regular ideal and N; contains every nil right ideal of 
R. However, Nı may well contain elements which are not nilpotent 
—in contrast to the radical N as defined in the preceding section for 
rings with minimum condition. For example, if S is the ring of rational 
numbers of the form r/s, where s is odd, it is easy to verify that 
Ni(S) = (2) 0, and S has no nonzero nilpotent elements. 

Jacobson [8] has proved the following facts. The radical Nı = N(R) 
is a two-sided ideal in R, and R/N, is semi-simple in the sense that 
Ni(R/Ni(R)) =0. If R satisfies the minimum condition, then N(R) 
= N(R), and thus the Jacobson radical is actually a generalization 
of the ordinary radical N. If R, denotes the complete matrix ring of 
order # with elements in R, then N(R.) =(Ni(R)).. Furthermore, if 
R is a regular ring, then Ni(R)=0, that is, a regular ring is semi- 
simple. 

Before stating the result which shows the fundamental connection 
of the radical with the notion of subdirect sum, we need some pre- 
liminary definitions of Jacobson [7]. Let Mt be a vector space, of 
any finite or infinite dimension, over a division ring D, and let Sbea 
ring of linear transformations of M. If a€.S, the effect of applying 
the linear transformation a to the vector x of M may be denoted by 
xa. Suppose now that in M there exist at least $ vectors which are 
linearly independent relative to D. The ring S is said to be k-fold 


866 N. H. MoCOY [September 


transtisve if for every set x1, %2,° °°, x Of k linearly independent 
vectors and arbitrary vectors yı, Y3, ---, Ym there exists an element 
b of S such that xb =y; (¢=1, 2,---,k). The ring S is dense in M 


over D if it is k-fold transitive for all k=1, 2, ~- - (up to the dimension 
of Dt if M has finite dimension). The abbreviated statement that S 
is a dense ring is to be interpreted as meaning that S is a dense ring 
of linear transformations of some vector space over a division ring. 

We can now state the following fundamental theorem of Jacobson 


[8]: 


THEOREM 11. A necessary and suffictent condiiton thai a ring R be 
tsomorphic to a subdirect sum of dense rings is that Ni(R) =0.4 


Jacobson [7] has pointed out that a dense ring S satisfies the mini- 
mum condition if and only if its vector space Pt has finite dimension. 
Furthermore, a dense ring of linear transformations of an n-dimen- 
sional vector space is the ring of ak linear transformations of the 
space and hence is isomorphic to the ring of all matrices of order » with 
elements in a division ring which is anti-isomorphic to the underly- 
ing division ring. This shows that the dense rings generalize the com- 
plete matrix rings over division rings. Theorem 11 is thus an appro- 
priate analogue of one of the Wedderburn-Artin theorems for rings 
with minimum condition. 

It is easy to see that a commutative dense ring is necessarily a 
field and Theorem 8, for example, may be obtained as a corollary 
to Theorem 11 since a p-ring is necessarily semi-simple. 

Before proceeding to still another definition of radical, we may 
make a few additional remarks. In the first place, we point out that a 
dense ring need not be'simple since the (dense) ring of a linear trans- 
formations of an infinite dimensional vector space contains as a proper 
two-sided ideal the set of all finite valued transformations a, that is, 
transformations a such that Ma has finite dimension. However, an 
important result of Jacobson [7] shows that a simple ring with a 
maximal right ideal—in particular, a simple ring with unit element— 
is isomorphic to a dense ring. In this connection, we may also ob- 
serve that a dense ring need not have a unit element since the ring 
of all finite valued linear transformations of an infinite dimensional 
vector space is itself a dense ring without unit element. 

In a recent paper, Goldman [5] has discussed the radical of a 


4 Jacobson has formulated this result in terms of prémeiteve rings rather than dense 
rings, but has shown in [8] that the concepts are equivalent. If T is a right ideal in R, 
we may denote by I:R the set of all elements a of R such that RaCl. The ring Ris 
said to be primitive if there exists in R a maximal right ideal J such that J:R=0. 





& 
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general ring, using a definition which he attributes to Chevalley. 
According to this definition, the radical of R is the intersection of the 
annihilators of all simple R-modules. It can be shown, however, that 
this coincides with Ni(R) and hence we have an interesting alterna- 
tive definition of Ni(R). ‘ 


7, Another definition of radical. In preparation for the definition 
to be stated presently, let us give alternate characterizations of the 
previously defined radicals as follows. 

If R satisfies the minimum condition, the radical N(R) consists of 
the elements a of R such that every element of the principal two- 
sided ideal (a) is nilpotent. 

For arbitrary R, the Jacobson radical Ni(R) consists of the ele- 
ments a of R such that every element of the principal two-sided ideal 
(a) is quasi-regular. That is, for every element b of (a), we have 
bE {x+bx}. 

We now denote by G(b) the two-sided ideal in R generated by the 
elements of the right ideal {x-+bx}, that is, 


Gb) = {e+ b+ D yait D ybu}, 


where #, Y, Z; vary over R, the sums naturally being finite. We define 
the radica N,(R) to consist of the elements a of R such that bEG(b) 
for every element b of the principal two-sided ideal (a). This definition 
and the results to be presently stated concerning this radical are to 
be found in Brown and McCoy [3]. i 

It is clear that always N:(R) CN,(R), and if R happens to be com- 
mutative, Ni(R)=N,(R). Furthermore, it can be shown that the 
equality also holds if R satisfies the minimum condition. However, we 
shall presently give an example which will show that in general 
Ni(R) and N3(R) do not coincide; hence they are different generaliza- 
tions of the radical N(R). 

It can be shown that N(R) is a two-sided ideal in R, and that 
R/N:(R) is semi-simple in the sense that Ny(R/N:(R))=0. Also, if 
R. is the complete matrix ring of order » over R, then N,(Ra) 
= (Na(R)).. Actually, N(R), Ni(R) and N3(R) have these properties in 
common, 

If R has more than one element and a unit element 1, G(—1)=0: 
and hence N(R) R. If S is a simple ring with unit element it there- 
fore follows that N3(S)=0. The following result shows that simple 
rings with unit element are of fundamental interest in a study of this 
radical: 


THEOREM 12. A necessary and suficient condition that a ring R be 
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isomorphic to a subdsrect sum of simple rings with untt element is that 
N(R) =(), 


The main step in the proof of this theorem is that of showing that 
N(R) may be characterized as the intersection of all two-sided ideals 
ain R such that R/a is a simple ring with unit element.’ One part of 
the theorem then follows at once from Theorem 3, and the other 
part follows from the observation that if R is homomorphic to S, 
then N(R) goes into N,(.S) under the given homomorphism. 

It can be shown that a subdirect sum of a finite number of simple 
rings is isomorphic to the direct sum of some or all of these rings. 
From this, and the preceding theorem, it is easy to obtain the fol- 
lowing corollary. 


COROLLARY. Lei R be a ring tn which the descending chain condition 
is satisfied for two-sided ideals. A necessary and sufficient condtiton that 
R be isomorphic to a direct sum of a finite number of simple rings with 
unii element ts that N:(R) =0. 


An example may clarify the relation between Ni(R) and N(R). 
Let 2 be the ring of all linear transformations of a vector space M 
with a denumerabie basis over a division ring, and § the set of all finite- 
valued transformations of £. Jacobson [7] has shown that § is a 
two-sided ideal of 2 which is contained in every nonzero two-sided 
ideal of Q, and hence 2 is subdirectly irreducible. Furthermore, 
Johnson and Kiokemeister [10] have pointed out that § is the only 
proper two-sided ideal in 2. Now Na(2) =£ since £ has a unit element, 
and, hence N,(2) = or N2(2) =0. If Ns(2) were zero, the preceding 
theorem would show that £ is isomorphic to a subdirect sum of simple 
rings with unit element. However, since is subdirectly irreducible, 
this would imply that £ is itself a simple ring with unit element, 
which is obviously false. Thus N:(£) =§, and it is aleo easy to verify 
that Ni(%) —§. Since 2 and § are dense rings, we have Ni(D = N (F) 
=(), and therefore N, is properly contained in Ns in the case of both 
the rings £ and §. 

Incidentally, Johnson and Kiokemeister [10] have shown that the 
ring of all linear transformations of any vector space is a regular 
ring, and since N2(2) £0 we see that a regular ring need not be semi- 


s Cf. Segal [25] who eseentlally takes this as the defimttion of the radical of a group 
algebra. We may point out that a one-element ring is here considered as a simple 
ring with unit element, so that Na(R) =R in case there exists no maximal two-sided 
ideal a such that R/a has a unit element. If we complete Segal's definition by agreeing 
that his radical is to be the entire ring R in the case just described, then Segal’s 
radical and N4(R) actually coincide for every ring R. 


1947] SUBDIRECT SUMS OF RINGS 869 


simple with reference to the last defined radical. We may also re- 
~ mark that 2 is a regular ring which can not be isomorphic to a sub- 
direct sum of simple regular rings.® 

As another example, it may be of interest to state that in the ring 
A of all bounded operators in Hilbert space, Ni(A) =0 while N:(4) 
is the ideal of all completely continuous operators. 

In the definition of N3(R) one may just as well use in place of G(b) 
the ideal 


Gib) = {t+ 0+ E yar t+ D ybe, 
or the ideal | 
G'(b) = {s+ bs tit B+ D y+ D ybs}. 


Each of these lead to precisely the same radical N3(R). In case R 
happens to have a unit element 1, clearly 


GQ) = GB) = G0) = {E yd + Bai}. 


8. The F-radical of a ring. Most of the results of the preceding 
section have been generalized as follows by Brown and McCoy [3]. 
Let b+ F(b) be a mapping F of R into the set of two-sided ideals in 
R which is defined for all rings and has the property that if D5 is a 
homomorphism of R onto a ring S, then 


F) = F(). 


The mapping b—G(b), where G(b) is the two-sided ideal defined 
above, clearly has this property. If in the definition of N3(R) we re- 
place G(b) by F(b) we get what we shall call the F-radical Ny of R. 

It can be shown that Nr is a two-sided ideal in R which may be 
characterized as the intersection of all two-sided ideals a such that 
R/a is subdirectly irreducible and has-zero F-radical. Also, R/Nr 
has zero F-radical. Concerning subdirect sums we have the following 
theorem. 


THEOREM 13. A ring has sero F-radtcal if and only if t ts isomorphic 
to a subdtrect sum of subdtrectly irreducible rings of zero F-radical. 


These results show that the F-radical has a number of ‘radical: 
like” properties. However, in general, it need not reduce to the 
radical N in case the minimum condition is satisfied in R, and hence 
is not an actual generalization of that radical. 

Let us now consider a few illustrations. If F(b) is defined by 


* This apparently contradicts a statement of Kathe [13, p. 141]. 
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F(b) =0 for all elements b of a ring, then every ring has zero F-radical 
and Theorem 13 reduces to Birkhoff’s Theorem 5. If we define 
F(b) =G(6), it is not difficult to show that a subdirectly irreducible 
ring of zero F-radical is a simple ring with unit element, and Theorem 
13 yields Theorem 12. 

As another illustration, suppose that 


F(b) = G09) = {1+0 + D yai t+ Do yds}. 


In this case it turns out that a subdirectly irreducible ring of zero 
Fy-radical is a simple ring with unit element 1 and an element whose 


square is —1. Hence Theorem 13 gives us the following rather curi- 
ous result: 


THEOREM 14. A ring has sero F,-radscal if and only if 4¢ ts tso- 
morphic to a subdtrect sum of simple rings, each with a unt element 1 
and an element whose square is —1. 


A corresponding result will be obtained if in the definition of F(b) 
we replace b! by any fixed polynomial in b with integral coefficients 
and zero constant term. For other illustrations of the general theory, 
see Brown and McCoy [3]. 


9. Special subdirect sums. The earliest work on subdirect sums was 
not concerned with subdirect sums as we have so far discussed them 
but rather with subdirect sums in which additional restrictions are 
imposed. In the remainder of this address we shall give a brief 
exposition of some results concerning these restricted subdirect 
TL The material of the present section is primarily due to Kdthe 

11}. 

Let S be the direct sum of rings S;, the elements of which we may 

denote as usual by 


($1, S°) (ss GS, 441,2,--+). 

Now let S{ be the subring of S consisting of all elements of S of the 
form i 

(S1, 0, 0, N ) (31 E S1), 


and similarly S/ is the subring of S consisting of all elements with an 
element of S, in the tth “place” and zeros elsewhere. We shall say 
that a subdirect sum T of the rings S; is a special subdtrect sum if T 
contains all S/(¢=1, 2, ---). In this case, the rings S/ are actually 
two-sided ideals in T. Furthermore, the set of all elements of T with 


1 Köthe calls this a “transcendental direct sum.” 
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0 in the sth “place” is also a two-sided ideal TY and, for each 4, 
Te Si+Ti, 


that is, T is the direct sum of its ideals S/ and TY. 

Before stating the conditions under which a ring R is isomorphic 
to a special subdirect sum of given two-sided ideals in R, we need a 
result of a very special nature. If x is an element of R such that 
xR=Rx=Q, we may say that x is an annthslator of R. 


LEMMA 1. Let R be a ring with no nonsero annthtlator. If a, aa, 
b, by are two-sided ideals in R such thai ada = O, and R=oath 
=+ bs, then aba. 


Proor. Let a, be any element of a. Since R = a+b, we may write 
G1 ™ ds + bs, 


where Et, O:Cby. If x is any element of a, then xa,Cai\a.=0, 
and similarly xbs=0 since a \bi=0. It follows that xa,=0, that is, 
Ord, =0. From R =0,+h, it then follows that Ra,=0. In like anne 
it can be shown that a4R=0, and hence we must have a,=0 and 
G1 = by Eh. 

By a suitable change of notation, the lemma also shows that under 
the given hypothesis on R, Ren bem -bs implies that b = bs. 

The following theorem is due to Köthe [11] except for the restric- 
tion on R which seems to be necessary at one point in the proof. 


THEOREM 15. Let R be a ring with no nonsero annthtlator, and 
u (1=1, 2, : - - ) a set of two-sided tdeals in R. Necessary and sufficient 
-conditions that R be isomorphic to a special subdirect sum of the ai are: 

(i) ad \a;=0 for ij. 

(ii) For each 4, a, +s a dired component of R, that ts, there extsis a 
(unique) two-sided ideal b, in R such that aiid 

(ii) J[b:=0. 


The necessity of these conditions follows readily from the observa- 
tions made above—without any restriction on R. Clearly, these condi- 
tions are satisfied for the special subdirect sum T by identifying S/ 
with a, T? with b,. The same conditions obviously hold for the cor- 
responding ideals of any ring R which is isomorphic to T. 

To prove the converse, suppose that ideals a; in R satisfy the three 
conditions of the theorem. If a is any element of R, then by (ii) we 
can express a uniquely in the form 


ama + bi (a; E ay, bi E By). 
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Let us denote the homomorphism a—a; of R onto m by ki, and write 
k,(a) =a,. If a is different from zero,.a is not in some b, by (iii) and 
hence, for some $, a= k;(a} 540. As in the proof of Theorem 2 it fol- 
lows that 


a © (h(a), haa), ) 


is an isomorphism of R with a subdirect sum of the a. Moreover, 
Lemma 1 shows that a,Cb, for jtt, and hence if c&u then h,(c) =c, 
kc) =0 for j4. Thus we actually have a spectal subdirect sum, and 
`- the proof is completed. 

It may be of interest to point out that the ei cones is not true 
without some restriction on R. As an example, let R be the ring 
_ with the four distinct elements 0, a, b, a+b; it being given that 
xy=0 for all elements x, y of R and that 2x=0 for every element x. 
Then the ideals a1—{0, a}, a={0, b}, aam {0, o+0} satisfy the 
three conditions of the theorem with b= {0, b}, bh = fo, a+b}, 
b= {0, a}. In this case, however, the b; are not unique and further- 
more R can not be isomorphic to a special subdirect sum of the ideals 
Q1, Qa, Q; since a special subdirect sum of a finite number of rings 
is actually the direct sum, and the direct sum of these three rings 
has eight distinct elements. . 

We shall presently apply Theorem 15 to prove another result, but 
first we need a few preliminary remarks. If, considered as a ring, the ~ 
two-sided ideal a in R has a unit element e, we may say that e is the 
unit element of the ideal a. 


LemMA 2. If the two-sided ideal a has a unt element, a ts a dired 
component of R. 


Proor. If e is the unit element of a, then ey eye =ye for every y 
in R, and hence e commutes with all elements of R. If b= {x—ex}, it 
is easy to show that R-a+b. Furthermore, § may be characterized 
as the set of all elements b of R such that eb =be =0. 

A nonzero two-sided ideal in R which does not properly contain 
a nonzero two-sided ideal of R may be called a simple ideal. Thus a 
simple ideal is just a minimal nonzero two-sided ideal. The next re- 
sult is an immediate consequence of Lemma 2: 


Lemma 3. A simple ideal of R which has a unii clement ts a simple 
ring. 


We may now prove the following theorem. ` 


THEOREM 16. A necessary and sufficient condition that a ring R be - 
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tsomorphtc to a special subdsrect sum of simple rings with unit clement is 
that every nonzero two-sided ideal in R contain a simple ideal with unit 
clement. 


We first establish the sufficiency of this condition. If a is an an- | 


nihilator of R, the principal two-sided ideal (a) can contain no simple 
ideal with unit element; hence R has no nonzero annihilator. Let 
ai(¢=1, 2, +--+) bethe set of all simple ideals in R with unit element. 
By Pes 2, R=q,+5,, where b; consists of all elements x of R such 
that` eg¢=xe;=0, e; being the unit element of as. Furthermore, 
af \a;=0 for +547, since ag \q, is an ideal in the simple ideal a; (or aj). 


Thus the conditions (i) and (ii) of Theorem 15 are satisfied, and there ` 


remains to verify that Jb =0. If [[b:~0, it is a nonzero two-sided 
ideal of R and hence, by hypothesis, it contains some a;, say a. 
Hence [ [b; contains the unit element e; of m. But []6;Ch, and thus 
eJ [b =0, from which it follows that @=6,—0, and a=0. This is 
impossible since, by definition, a simple ideal is different from zero. 
Hence [[b;=0, and Theorem 15 shows that R is isomorphic to a 
special subdirect sum of the simple rings a; with unit element. 

Conversely, suppose that R is isomorphic to a special subdirect 
sum T of simple rings S; with unit element. We shall show that every 
nonzero ideal in T contains a simple ideal with unit element, and the 
same will therefore be true for R. Let b be a nonzero two-sided ideal 
in T, and b a nonzero element of b, say 


b = (bi, bs, bu -+ ), 


where 0; S; (¢1, 2, +++). Since b0, some b, s40 and suppose, for 
convenience of notation, that 6,0. Then b contains 


(bi, ba, bs, + ++ )(1, 0,0, =- ) = (81,0, 0,-+-), 


and therefore contains the two-sided ideal generated by (h, 0,0, +--+). 
a a Sı is a simple ring this is just the set of all elements 
(x, 0, 0, -), «€S;. This is therefore a simple ring with unit ele- 
~ ment, a the proof is completed. 

We conclude our remarks on special subdirect sums with a result 
of Köthe [11]. A ring with minimum condition which contains no 
nonzero nil ideal is sometimes said to be completely reducible. More 


generally, a two-sided ideal a in the arbitrary ring R may be said to be _ 


completely reducible if it contains no nonzero nil ideal of R and each 
get of right ideals of R which are contained in a has a minimal one. It 
can be shown that a completely reducible two-sided ideal a of R bas 
a unit element and is therefore a direct component of R. Thus a is 


— 
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also as a ring completely reducible and hence, by the results stated in 
$5, is a direct sum of simple rings each of which is isomorphic to a 
complete matrix ring over a division ring. 


THEOREM 17. A necessary and suficient condition that a ring R be 
isomorphic to a special subdirect sum of simple rings, each of which ts a 
complete mairix ring over a division ring, ts that every two-sided ideal in 
R coniain a completely reductble two-sided tdeal of R. 


The proof follows by arguments similar to those used in the proof 
of Theorem 16 except that the set of all simple ideals satisfying the 
minimum condition takes the place of the set of all simple ideals with 
unit element which was used in the proof of that theorem. 


10. Discrete direct sums. As usual, let S be the direct sum of 
rings S;, with elements 


S = (51, 53,°°°) (sı © Si). 


The subring T ọf S which consists of all elements s such that s, is dif- 
ferent from zero for only a finite number of values of ¢ may be called 
the discrete direct sum of the rings S,. It will be observed that a dis- 
crete direct sum is a restricted case of a special subdirect sum, and 
that a discrete direct sum of a finite number of rings is actually the 
direct sum. Furthermore, if R is isomorphic to a special subdirect 
sum of its ideals a, (¢—=1, 2, - ++), R will clearly be isomorphic to the 
discrete direct sum of the a, if and only if R is the join of the ideals 
a;. Therefore, a ring R without nonzero annihilator is isomorphic to a 
discrete direct sum of ideals a; if and only if R is the join of these 
ideals and the three conditions of Theorem 15 are satisfied. As an 
application of these observations, we can readily prove the following 
theorem. i 


THEOREM 18. A necessary and sufficient condition that a ring R be 
isomorphic to a discrete direct sum of simple rings with unii element ts 
that R be the join of its simple two-sided ideals with unit element. 

The necessity of the condition is almost obvious and we therefore 
consider only the sufficiency. Let R be the join of its simple two-sided 
ideals a; with unit element ¢,. Conditions (i) and (ii) of Theorem 15 
are satisfied as shown in the proof of Theorem 16, and 5, is the set of 
all elements b of R such that e =be;=0. Now each element a of R 
is expressible as a finite sum 


o= hi +46, +°'' +a, (aq, Gas 1,2,-+-, k) 
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Since a,¢jCa,May, we see that ae;=0 for 4547. Thus 
alen + +--+ + ¢,) 4, 


and R can have no nonzero annihilator. Suppose now that a€] [b;. 
Since a¢,4,, it follows that a,€[[6,Cb,. But a,,\,—=0, and 
hence a;,=0. Similarly, each a;,=0, and therefore a=0, that is, 
IIb: =0. Thus all the conditions of Theorem 15 are satisfied, and this 
completes the proof. 

If R.happens to be a Boolean ring, a simple ideal is a field of two 
elements, and R is the join of its simple ideals with unit element if 
and only if R has an atomic basis as defined by Stone. The case of 
Theorem 18 in which R is restricted to be a Boolean ring was proved 
by Stone [26]. | 

For another result which is related to the material of this section, 
see Jacobson [8, p. 319]. 


11. Ring imbedding. If a ring R is isomorphic to a subring of a 
direct sum S of rings S;, we may identify R with this isomorphic 
subring and consider that S contains R. Furthermore, there may be 
important subrings of S which also contain R. 

In the first place, we may point out that one may sometimes get 
an interesting result by simply considering R as imbedded in the 
direct sum S itself. For example, since a ring which is dense in a 
vector space Dt over a division ring is a subring of the regular ring 
of al linear transformations of M, and a direct sum of regular rings 
is a regular ring, Theorem 11 yields the following result: 


THEOREM 19. If Ni(R)=0, R is a subring of a regular ring. 


Since the radical as defined by Goldman [5] coincides with N(R), 
the results of Goldman [6] furnish necessary and sufficient conditions 
that a ring be a subring of a regular ring. It may be of interest to 
remark that from these conditions it is easy to show that there exist 
commutative rings which can be imbedded in regular rings but not 
in commutative regular rings. 

We now describe an imbedding procedure of a different nature. 
Let R be a ring which is isomorphic to a subdirect sum of rings Ss 
and let k; be the natural homomorphism of R onto S;. We consider the 
set Tı of all elements 


b= (h, iy, s+ +) 
of the direct sum of the rings S; with the property that if h, 4%, «+ +, 4. 
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is any finite set of distinct indices, there exists an element r of R (de- 
pending on the set of indices) such that 


his) = by (k= 1,2,-+-, n). 


meh is, at any finite number of “places, » t coincides with some ele- 
t a R. It is easily verified that Tı is a subring of S which con- 


S tile the method by which R has been imbedded in 7; is 
due to Prüfer [24]. Although his point of view was somewhat dif- 
ferent, he was apparently the firet to use any kind of subdirect sum 
representation. Prüfer was concerned with the case in which R is the 
ring of algebraic integers of a finite algebraic number field and, in our 
terminology, pointed out that R is isomorphic to a subdirect sum of 
rings R/(a), where a varies over thé nonzero elements of R. He then 
showed that the ring Tı, constructed as described above, is a ring 
containing R and that in T; each element of R is uniquely expressible 
as a product of prime factors. In other words, the elements of T; are 
“ideal numbers” whose adjunction to R restores unique factorization 
of elements of R. ' 

By an imbedding process somewhat similar to that just described, 
it is possible to imbed the ring of rational integers in the ring of p-adic 
integers. This is carried out in detail in Krull [16] where reference is 
made to Prüfer [24]. More recently, the same general idea has been 
used in various connections—in particular, in certain parts of the 
class field theory. 
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FIRST SYMPOSIUM IN APPLIED MATHEMATICS 


The first annual Symposium in Applied Mathematics of the Ameri- 
can Mathematical Society was held at Brown University, Providence, 
Rhode Island, Saturday to Monday, August 2—4, 1947. The subject of 
the Symposium was Non-linear problems in mechanics of continua. 
The following 265 persons, including 143 members of the Society, 
registered: 
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Leonard Becker, Reinier Beeuwkes, J. C. Bell, A. I. Bellin, Richard Bellman, A. A. 
Bennett, Stefan Bergman, Lipman Bers, Garrett Birkhoff, Gertrude Blanch, B. C. 
Blanco, W. E. Bkick, A. D. Booth, L. R. Boyle, F. R. Brand, P. J. Bray, R. C. 
Briant, S. R. Brinkley, K. H. Britten, J. H. Bronzo, Felix Buckens, A. S. Campbell, 
R M. Canning, E. W. Cannon, M. E. Carlen, G. F. Carrier, K. V. Casey, T. E. Cay- 
wood, A. I. Chalfant, H. A. Cheilek, P. P. Chen, Herman Chernoff, Peter Chiarulli, 
Charles Chin, W. S. Clement, R. F. Clippinger, Nathaniel Coburn, H. G. Cohen, 
Charles Concordia, D. P. Congdon, C. H. Coogan, E. A. Cook, John Crawford, J. E. 
Crawford, L. L. Cronvich, C. W. Crook, W. J. R. Crosby, J. M. Crowley, C. R 
DePrima, J. B. Diaz, G. H. Dixon, C. L. Dolph, M. F. Dowell, W. G. Driscoll, D. C. 
Drucker, R. P. Eddy, Franz Edelman, Nat Edmonson, F. E. Ehlers, H. W. Emmons, 
O. C. Enikeleff, H. J. Ettlinger, Herbert Federer, Morton Finston, F. G. Fisher, 
J. R. Foote, R. M. Foster, F. H. Fowler, A. H. Fox, J. C. Freeman, Bernard Fried- 
man, K. O. Friedrichs, D. L. Fuller, C. A. Garabedian, P. R. Garabedian, B. E. Gate- 
wood, Abe Gelbart, J. H. Gtese, Joseph Gillis, R. E. Gilman, Sydney Goldstein, 
Rosa Goldstein, H. H. Goode, H. J. Greenberg, H. R. J. Groach, A. R. Gruber, 
Harold Gumbel, Shirley Gumbel, N. S. Hall, G. H. Handelman, Duncan Harkin, 
M. G. Harrison, G. K. Hartman, G. E. Hay, L. B. Hedge, G. S. Heller, Joseph 
Hilsenrath, D. L. Holl, T. R. Hollcroft, D. F. Hornig, P. T. Hsu, E. M. Hull, L. C. 
Hutchinson, J. S. Isenberg, Fritz John, B. G. Johnston, Robert Kahal, E. L. Kaplan, 
Wilfred Kaplan, S. N. Karp, Stanley Katı, Sara Kaufman, C. E. Kerr, W. M. Kin- 
caid, Bertam Kiein, Knud-Endre Knudsen, B. O. Koopman, G. L. Kreezer, J. A. 
Krumhanal, M. Z. Krzywoblocki, C. F. Keanda, Gustav Kuerti, Y. H. Kuo, S. H. 
Lachenbruch, O. E. Lancaster, H. G. Landau, Philip LeCorbeiller, Patrick Leehey, 
Lester Lees, Norman Levinson, Samuel Levy, Henry Lew, J. A. Lewis, P. A. Libby, ’ 
C. C. Lin, R. B. Lindsay, D. P. Ling, J. N. B. Livingood, Charles Loewner, A. N. 
Lowan, R. D. Luce, S. W. McCuskey, S. S. McNeary, J. K. L. MacDonald, D. P. 
MacDougall, C. E. Mack, Paul Maeder, L. E. Malvern, J. H. Marchant, W. T. 
Martin, R. C. Meacham, George Melrose, Irving Michelson, C. C. Miesse, R. B. 
Montgomery, Melvin Mooney, Morris Morduchow, H. H. Mostafa, Wolfe Mostow, 
M. M. Munk, F. D. Murnaghan, P. F. Nemenyi, E. N. Nilson, Lawrence Nilson, 
Yves Nubar, Lars Onsager, Isaac Opatowski, Elias Orshanson, C. J. Osborn, W. H. 
Pell, P. M. Pepper, A. D. Perry, F. V. Pohle, Harry Polachek, Hillel Poritaky, William 
Prager, R C. Prim, M. H. Protter, Gordon Raisbeck, Mina Rees, Eric Reisaner, H. J. 
Reisener, J. A. Rice, J. M. Richardson, R. G. D. Richardson, J. K. Riess, R. F. 
Rinehart, Jacques Rivaud, R J. Rivlin, R. E. Roberson, R. C. Roberts, H. P. 
Robertson, S. I. Rubinow, B. T. Ruley, J. P. Russell, Edward Saibel, Charles Saltzer, 
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J. A. Saur, S. A. Schaaf, A. B. Schacknow, M. M. Schiffer, G. V. Schliestett, R. W. 
Schmied, R. N. Shwartz, W. R. Sars, C. H. W. Sedgewick, R. J. Seeger, Hyman 
Serbin, D. M. Seward, F. S. Shaw, S. F. Shen, W. L. Sherman, Marlow Sholander, 
S. S. Shu, D. N. Silver, David Singer, D. G. Skillman, C. V. L. Smith, Harold E. 
Smith, D. E. Spencer, V. E. Spencer, F. D. Stockton, J. J. Stoker, Henry Stommel, 
E. G. Straus, E. W. Suppiger, P. S. Symonds, J. L. Synge, A. H. Taub, Edward 
Temple, Feodor Theilheimer, G. B. Thomas, A. N. Tifford, C. B. Tompkins, Deonisie 
Trifan, Rohn Truell, C. A. Truesdell, J. W. Tukey, M. P. Tulin, Judith Ullman, 
Ernst Weber, J. V. Wehausen, Herschel Weil, Alexander Weinstein, E. T. Welmers, 
D. W. Western, F. J. Weyl, Alice Winzer, H. A. Wood, Dorothy Wrinch, A. W. 
Wundheiler, C. S. Yih, A. T. Yu, P. W. Zettler-SeideL 


The Symposium was cosponsored by the American Institute of 
Physics, the American Society of Mechanical Engineers, and the 
Institute of Aeronautical Sciences. 

The dormitories of Brown University and the Faunce House Cafe- 
teria and Lounges were available to those attending the Symposium. 

An address of welcome was given at 10:00 A.M. Saturday at the 
opening session of the Symposium by Dean S. T. Arnold of Brown 
University. l 

Professor J. L. Synge, Chairman of the Committee on Applied 
Mathematics, presided at the opening session. Following the address 
of welcome, Professor Synge gave a brief review of the plans for 
Symposia in Applied Mathematics of which this was the first. 

The ladies attending were conducted through Pendleton Hotse on 
Saturday afternoon. Tea was served by the ladies of the Depart- 
ments of Mathematics of Brown University in Pendleton House on 
Saturday afternoon and in John Carter Brown Library on Sunday 
afternoon. At 4:15 P.M. Monday, there was an excursion to Newport 
with dinner at the Viking Hotel. 

A photograph of those attending the symposium was taken Satur- 
day on the steps of the John Carter Brown Library. 

The four principal addresses given by invitation of the Committee 
on Applied Mathematics were as follows: at 10:00 A.M. Saturday, 
The foundations of the theory of elasticity by Professor F. D. 
Murnaghan of Johns Hopkins University; at 10:00 A.M. Sunday, 
Surface waves in shallow water by Professor J. J. Stoker of New York 
University; at 10:00 A.M. Monday, The edge effect in bending and 
buckling with large deflections by Professor K. O. Friedrichs of New 
York University; at 2:20 P.M. Monday, Non-linear problems in the 
theory of flutd motion with free boundaries by Professor Alexander 
Weinstein of Carnegie Institute of Technology. 

The Symposium was divided into three morning and three after- 
noon sessions. At four of these sessions, the principal addresses were 
given, each followed by a discussion period. In addition, twenty-one 
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twenty-minute papers were given. A group (usually three) of these 
papers in a certain field was followed by a half-hour discussion period. 

The twenty-one papers were presented in the following order: 

1. Samuel Levy: Large defiectton theory for rectangular plates. 

2. Eric Reisaner: Remarks on finite deflections of elastic plates. 

3. G. F. Carrier: On dynamic structural stabslity. 

4. Hillel Poritsky: An approximate method of integrating the ae 
graph equations of a compressible flusd. 

5. Lipman Bers: Some problems in two dimenstonal gas Sani 

6. Stefan Bergman: Operator methods in the theory of compresstble 
Slusds. 

7. C. L. Dolph and Nathaniel Coburn: The method of character- 
istics in three-dimenstonal steady supersonic flow of compressible fluids. 

8. Isaac Opatowski: Stream lines of compressible and rotational 
flows. 

9. S. R. Brinkley: Theory of the propagation of shock waves from 
cylindrical charges of explosive. 

10. Harry Polachek and R. J. Seeger: On shock wave phenomena. 

11. A. H. Taub: Some aspects of the interaction of shock waves in 
gases. 

12. Sydney Goldstein: Singularities in the solution of the boundary 
layer equations ai separation. 

13. Lester Lees: Stabdslity of the laminar boundary layer in a com- 
presssble fiusd. 

14. W. R. Sears: Some three-dimenstonal boundary layer flows. 

15. C. C. Lin: Remarks on the spectrum of turbulence. 

16. H. W. Emmons: A numerical treatment of the turbulence problem. 

17. Y. H. Kuo: On the stabilty of transsontc flow. 

18. Wilfred Kaplan: Numerical methods in the solution of problems 
of non-linear elastecsty. 

19. D. C. Drucker: Siress-strain relations for siratn-hardening ma- 
terials. 

20. William Prager: Discontinuous solutions in the theory of plas- 
tscity. 

21. Garrett Birkhoff: Recent applications of free boundary theory. 

The two following papers were on the program but were not pre- 
sented due to the absence of the authors: 

Richard Courant: Methods of solving non-linear hyperbolic partial 
differenisal equations. 

Arpad Nadai: Soma remarks concerning the theory of the formatton of 
surfaces of slip in plastic bodies. 

The presiding officers at the sessions were, respectively: Professors 
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J. L. Synge, Ernst Weber, Sydney Goldstein, H. P. Robertson, W. 
T. Martin, S. W. McCuskey, D. L. Holl and J. W. Tukey. 

At the close of the Monday afternoon session, a resolution of thanks 
and appreciation to Brown University for its hospitality was read 
by Professor H. J. Ettlinger and unanimously approved. 

The addresses and papers presented at the Symposium are to be 
published by the Society in a volume of the Proceedings of the First 
Symposium in Applied Mathematics. 


WILLIAM PRAGER, 
Secretary of the Committee on Applied Mathematics 


T. R. HOLLCROFT, 
Associate Secretary of the Society 


HANS FREDERIK BLICHFELDT 
1873—1945 


Beginning with his doctor’s thesis in 1898 under Sophus Lie at 
Leipzig, On a certain class of groups of transformation in space of three 
dimenstons (Amer. J. Math. vol. 22 (1900) pp. 113-120), Blichfeldt 
was for forty years one of America’s leading research men in groups 
and theory of numbers. 

Born in the village lar, Denmark, January 9, 1873, he was a tall 
strong youth at 15 when he came to America. For six years he did 
manual labor, once as a section hand on a railroad, “I worked with 
my hands doing everything, East and West the country across.” But 
he saved enough money to carry him through two years at Stanford 
University, where he received his B.A. in 1896. He-was appointed as 
instructor in the department of mathematics at that university in 
1897 and subsequently he was Assistant Professor from 1901 to 1906, 
Associate Professor from 1906 to 1913, Professor from 1913 to 1938, 
and Professor Emeritus from 1938 to 1945. 

He lectured as visiting professor at the University of Chicago, 
summer of 1911, and at Columbia University, summers of 1924, 1925. 
He received numerous calls to high permanent positions in leading 
universities, but remained at Stanford where he was head of his de- 
partment from 1927 until his retirement at 65 in 1938. He was elected 
to membership in the National Academy of Sciences in 1920. 

He made several trips to Europe in order to maintain close scientific 
relations with the mathematical life of that continent. He was a 
faithful friend to a number of outstanding mathematicians, to men- 
tion here only such names as Frobenius, Landau, Schur, and Harald 
Bohr. He represented the National Academy of Sciences at the Inter- 
national Mathematical Congress at Zurich in 1932 and the United 
States Government and the American Mathematical Society at the 
International Mathematical Congress at Oslo in 1936. All his life he 
kept a very intensive interest in his native land, visited that country 
several times, and in 1938 the King of Denmark made him a Knight 
of the Order of Dannebrog. He played a leading role in Danish affairs 
in United States. He died on November 16, 1945, at the age of 72 
from a heart attack following an operation. 

Professor Harold M. Bacon rendered me effective help in compil- 
ing the following list of publications and also in obtaining some of 
the biographical data. 
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PUBLICATIONS OF H. F. BLICHFELDT 


Triangles with rational sides having rational areas, Ann. of Math. vol. 7 (1896) pp. 
57-00. 

On a certain class of groups of transformation in space of throe dimensions, Amer. J. 
Math. vol. 22 (1900) pp. 113-120. 

A new determinaton of the primiites continuous groups in iwo variables, Trans. 
Amer. Math. Soc. vol. 2 (1901) pp. 249-258. 

Note on the functions of the form f(x) m (x) +airm t +a t+ - - + -tan which ina 
given tnisrval differ the least possible from sero, Trans. Amer. Math. Soc. vol. 2 (1901) 
pp. 100-102. 

On the determination of the distance between kwo points in space of m dimensions, 
Trans. Amer. Math. Soc. vol. 3 (1902) pp. 467-481. 

On the order of linear homogensous groups. I, Trans. Amer. Math. Soc. vol. 4 
(1903) pp. 387-397; II, vol. 5 (1904) pp. 310-325; III, vol. 7 (1906) pp. 523-529; IV, 
vol. 12 (1911) pp. 39-42. 

On the functions representing the distances and analogous functions, Amer. J. Math. 
vol. 25 (1903) pp. 331-348. 

A theorem concerning the invariants of linear homogeneous groups, with soms applica- 
lions to subsietution groups, Trans. Amer. Math. Soc. vol. 5 (1904) pp. 461466. 

On smprimticos lsncar homogencous groups, Trans. Amer. Math. Soc. vol. 6 (1905) 
pp. 230-236. 

The fists, discontiauous primise groups of collincakons in four variables, Math. 
Ann. vol. 60 (1905) pp. 204-231. 

On modular groups isomorphic with a given linear group, Trans. Amer. Math. Soc. 
vol. 8 (1907) pp. 30-32. 

The finie, discontinuous, primisve groups of collimsaitons in threes variables, Math. 
Ann. vol. 63 (1907) pp. 552-572. 

Theorems on simple groups, Trans. Amer. Math. Soc. vol. 11 (1910) pp. 1-14. 

A new principle in the geometry of mumbers, with some applications, Trans. Amer. 
Math. Soc. vol. 15 (1914) pp. 227-235. 

Finita groups of linear homogensous transformations. Part 2 of textbook on Theory 
and application of finite groups, by G. A. Miller, H. F. Blichfeldt, and L. E. Dickson. 
New York, Wiley; London, Chapman and Hall, 1916, pp. 17-390. 

Fintts collimeation groups, University of Chicago Presa, 1917. 

Report on the theory of the geometry of numbers, Bull. Amer. Math. Soc. vol. 25 
(1919) pp. 449-453. 

-On the approximates solutions in integers iad anion. Proc. Nat. Acad. 
Sci. U. S. A. vol. 7 (1921) pp. 317-319. 

The minimum salus of quodraiic forms, and the closest packing of spheres, Math. 
Ann vol. 101 (1928) pp. 605—608. 

The minimum values of positie quadratic forms in six, seven and sight variables, 
Math. Zeit. vol. 39 (1934) pp. 1-15. 

A new upper bound to the minimum value of the sum of linear homogensous forms, 
Monatshefte fur Mathematik und Physik vol. 43 (1936) pp. 410-414. 

Note on the minimum valus of the discriminant of an algebraic field, Monatshefte 
für Mathematic und Physik vol. 48 (1939) pp. 531-533. 

L. E. Dickson 


BOOK REVIEWS 


The theory of Lie groups, I. By Claude Chevalley. (Princeton Mathe- 
matical Series, no. 8.) Princeton University Press, 1946. 9-+-217 pp. 
$3.00. 


In this masterpiece of concise exposition, the concept of Lie group 
is put together with all the craftsmanship of an expert. The finished 
product is a fascinating thing to contemplate, equipped as it is with 
three inter-related structures—algebraic, topological and analytic. 
It has no loose ends, no doubtful regions: it can be explored freely 
without the usual necessity of having to stay within a safe distance 
of the identity. 

The reviewer was particularly struck that so much has been accom- 
plished in a volume of such modest size. One of the things which 
makes this possible is the effectiveness of the definitions—invariably 
they emphasize the property which can be most quickly put to work 
and which is most suitable to the logic of the situation. This insistence 

n calling things by their right names can be disconcerting at times 
since it tends to ignore intuitive meanings. A tangent vector at the 
point p on an analytic manifold, for example, is defined as a certain type 
of mapping of the family of functions which are analytic at p. But 
in the end, this book should be easier for most readers, and far more 
satisfying, than any exposition of the same material o on a 
less exact level; it should be a rugged base for volumes II, III, 
which are to follow. 

The book begins with a brief account of the orthogonal, unitary 
and symplectic groups of matrices and the generation of these groups 
by their infinitesimal elements. Then comes the important chapter on 
topological groups. This includes a remarkably sophisticated treat- 
ment of the covering concept. A covering of the space ® is a pair ($, f) 
where f is a mapping $ —® satisfying certain conditions of evenness. 
The coverings of topological groups are themselves converted into 
topological groups in a natural manner. A connected, locally connected 
space is called simply connected if it has no coverings other than itself 
(with f the identity mapping). If @ admits a covering ($, f) in which 
¥ is simply connected, it admits only one and therefore the group of 
automorphisms of S which preserve f is determined only by %8. This, 
by definition, is the Poincaré group of B. An existence theorem shows 
that a connected, locally connected space in which every point has a 
simply connected neighborhood has a simply connected covering. 
The author formulates and proves for simply connected spaces a 
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“principle of monodromy” which he regards as the basic theorem for 
such spaces. A neat application yields at once the theorem that 
every local isomorphism of a simply connected group can be ex- 
tended to a full isomorphism. As one might expect in this lofty treat- 
ment, it requires a certain amount of argument to show that a linear 
interval, for example, is simply connected, On the other hand, it is 
interesting to follow the development of these ideas without en- 
countering anything as banal as a path or a homotopy. (It must be 
admitted, however, that paths are still very useful in finding one’s 
way about in an unfamiliar space.) 

Analyticity now enters the picture. It is perfectly possible to define 
an analytic group as a topological group such that some neighborhood 
of the identity can be covered with an n-dimensional coordinate sys- 
tem in terms of which the functions of group composition are analytic. 
This coordinate system, and those which are analytically related to 
it, can be transferred to all parts of the group by group translations 
and in this way the group becomes an analytic manifold in the sense 
of Whitney. The author prefers, for reasons of completeness and 
artistry, to develop the concept of analytic manifold a priori without 
the fortuitous aid of group properties. The definition is based on 
local families of analytic functions rather than local coordinates. An 
analytic group is now defined as a topological group whose under- 
lying space is identified with an analytic manifold in such a way 
that the mapping BXV—V given by (e, 7) 077! is everywhere 
analytic. A Lie group is a locally connected topological group @ in 
which the connected component which contains the identity is the 
underlying topological group of an analytic group. This analytic 
group is uniquely determined by the algebraic-topological structure of 
®©, a remarkable fact which the author asserts does not hold when 
complex coordinate systems are allowed. 

The chapter on analytic manifolds contains a careful treatment of 
the integral varieties of involutorial families of vector fields—that is, 
vector fields which are closed under the “bracket operation.” In the 
case of an analytic group ®, the vector fields which are important are 
those which are left-invariant under ®©; they form an involutorial 
system which is called the Lie algebra of ©. The fundamental 
theorems of Lie show how a given group is related to its Lie algebra. 
This material is here developed and expanded in a manner wholly 
unhampered by tradition. 

There follows a chapter on the Cartan calculus of differential forms. 
In an analytic group, the forms which are of especial interest are 
those which are left-invariant. In particular, the left-invariant 
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Pfaffan forms—called the forms of .Maurer-Cartan—form a system 
which is dual to the left-invariant vector fields. The equations of 
Maurer-Cartan involve these forms and are a sort of dual to the 
equations of the so-called first fundamental theorem of Lie. This 
chapter on forms closes with the theory of invariant integration. 
The last chapter deals with the representation theory for compact 
Lie groups and seems to the reviewer to be the most interesting from 
the scientific point of view. Let © be a compact Lie group and let 
R= { PV} be the totality of representations P of @ over the field C of 
complex numbers. §t has an algebraic structure of its own since it 
admits the operations P,-+P, (summation), Pı XP; (Kronecker multi- 
` plication),yPy—! (equivalence), P (passage to the complex conjugate). 
The coefficients of any representation are continuous complex-valued 
functions over @ and the totality of finite linear combinations of all 
coefficients of all representations is a ring o, called the representative 
ring of ©. The two main objectives are (1) to show how © can be 
reconstructed from K and (2) to construct with the aid of o an alge- 
braic group in which © can be isomorphically imbedded. We describe 
briefly the steps by which the author arrives at these goals simul- 
taneously. A representation of R is a function which associates to 
each P a matrix į (P) of the same size as P and this in such a way that 
sums, Kronecker products and equivalences are preserved. Matrix 
multiplication converts the totality of representations of R into a 
group. Now every ring-homomorphism w of o into C defines a repre- 
sentation {(P) of R (by assigning a complex number to each coefficient 
of each P, hence a matrix to each P) and conversely, every representa- 
tion of comes from a homomorphism w. Thus the totality {w} is 
in one-one correspondence with the representations of R. This totality 
{w} of homomorphisms is called the algebraic manifold M(®) asso- 
ciated with @. This may puzzle those who are not familiar with cur- 
rent notions in algebraic geometry. But the reason is simple. There 
exists at least one representation P of @ such that its d? coefficients 
fiso) generate o. The f’s will in general satisfy a number of algebraic 
equations and the complex numbers to which they- correspond under 
a homomorphism w must of course satisfy the same equations. Hence 
these numbers define a point on an algebraic variety in d?-dimensional : 
space and this variety is a “model” for 4(@).—The correspondence 
which exists between M(@) and the representations of R turns M(@) 
into a group, “the associated algebraic group” of @. Consider now the 
special homomorphisms w in M(@) which preserve the passage to 
conjugate imaginaries. It is shown that there exists a natural iso- 
morphism between this subgroup of M(®) and the original group ©. 
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Hence © can be thought of as imbedded isomorphically in its asso- 
ciated algebraic group M(@). The representations of R to which 
these special ws correspond are precisely those which preserve the 
passage to conjugate imaginaries (that is ¢(P) ={(P)). This subgroup 
of the representations of $f is therefore in one-one correspondence with 
©. This is the duality theorem of Tannaka by which we regain @ 
from R. The usual theorems about reducibility, orthogonality and the 
approximation of continuous functions on @ are needed in the fore- 
going development; they are established with characteristic efficiency. 

The book is dedicated, appropriately, to Elie Cartan and Hermann 
Weyl. 

P. A. SMITH 


Lectures on differential equaitons. By Solomon Lefschetz. (Annals of 
Mathematics Studies, no. 14.) Princeton University Press: London, 
Humphrey Milford, Oxford University Press, 1946. 8-+210pp. $3.00. 


This book is a welcome addition to the literature of differential 
equations in the real domain, for in it one finds certain basic parts of 
the theory treated in a refreshingly modern manner. The principal 
topics considered include the fundamental existence and continuity 
theorems, critical points, periodic solutions, and the stability of 
solutions. Poincaré’s geometrical theory of the qualitative propertiés 
of the general solution of an equation of the first order is developed 
at considerable length. One chapter is devoted particularly to systems 
of linear differential equations. It is the author’s intention to furnish 
the necessary background for the modern work on the theory of non- 
linear dynamical systems, and I believe that the judicious selection 
of the material, together with the thoroughness of the treatment, will 
cause the book to serve this purpose admirably. Some of the simpler 
physical applications are discussed briefly in the final chapter. 

The consistent use of the terminology and properties of vector 
spaces, matrices, and matrix differential equations enables the author 
to handle quite general situations without any unduly complicated 
symbolism. The relevant parts of matrix theory are carefully ex- 
plained in the first chapter; and the subsequent use of these notions 
results, for the most part, in a very perspicuous treatment of the sub- 
ject matter. In a few places, mostly in the fourth and fifth chapters, 
the highly condensed notation, combined perhaps with some typo- 
graphical errors, makes for rather difficult reading. (The book is 
lithoprinted from a typewritten manuscript and, as is usual in such 
cases, there are a goodly number of typographical errors. Most of 
these, however, are quite trivial, and will cause no difficulty.) 
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In order to secure a high degree of precision in the statments of the 
theorems and in the proofs, the author makes much use of concepts 
and theorems belonging to general topology. Although some brief 
explanations of these concepts and theorems are included in the first 
chapter, I believe that most readers will find this explanatory ma- 
terial insufficient, and will be forced to make frequent reference to 
other books. This task would have been lightened considerably if a 
greater number of precise references had been given to places where 
the necessary topological theory is to be found. 

Aside from these matters of exposition, my chief criticism concerns 
the discussion of linear differential equations with periodic coefficients. 
The treatment, which contains no illustrative material, seems to be 
too brief, condensed, and general to give an adequate idea of the dif- 
ficult problems which are presented by these important equations. 
Thus, although the entire discussion centers around the characteristic 
exponents, nothing whatever is said about the problem of calculating 
these numbers effectively. At the very least, one would have expected 
to see the general theory illustrated by some discussion of the familiar 
Mathieu equation. 

Although some parts of the contents might have been dealt with 
advantageously in a more ample and leisurely fashion, the book re- 
mains an interesting and valuable exposition of a part of differential 
equation theory which has been too much neglected in American and 
British works. It will be exceedingly useful to people working on the 
theory of nonlinear dynamical systems; and it should do much toward 
attracting mathematicians to a fascinating field, where many further 
advances are urgently needed. 

L. A. MacCoLL 


Sur les bases du group symétrique et les couples de substitutions gus en- 
gendrent un groupe régulier. By Sophie Piccard. (Mémoires de 
l'Université de Neuchftel, vol. 19.) Paris, Vuibert, 1946. 223 pp. 


This book is divided into two main parts. The first is a collection 
of the author’spreviously published results on pairs of substitutions 
generating the symmetric and alternating groups. It has appeared in 
the Polish, French, and German journals during the years 1938-1942 
(see Mathematical Reviews vol. 1 (1940) p. 161, vol. 4 (1943) p. 1, 
vol. 7 (1946) p. 410 and also Zentralblatt für Mathematik und ihre 
Grenzgebiete vols. 19, 21, 22). Besides the paper of Hoyer (Math. 
Ann. (1895)) referred to in her bibliography, the only other work 
having any close bearing on that of the author, which the reviewer 
was able to find, is a paper by Hadwiger (Téhoku Math. J. vol. 49 
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(1942) pp. 87-89). The second part of the book is entirely new work. 

Two permutations S, T of the set N of symbols (1, 2, - » - #) are 
said to be connected if for every separation of N into two parts, there is 
either a cycle of S or of T containing symbols from both parts. S, T 
are primstewe if the complex S, T is primitive, which is equivalent to 
saying that the group (S, T) (group generated by S and T) is primi- 
tive in the usual sense. If (S, T) is the symmetric group &, on # 
symbols, or the alternating group 4, on n symbols, then it is shown ' 
that S, T are connected and primitive. The first 39 propositions 
give explicitly pairs of elements generating 6, and A.. Designate the 
substitution (12+--#) by Si, (12---m) (m+1i-:-) by $, 
(12 - + + my) (miti + + + ons) (om iti +--+) by Sy and cycles of 
order 4 by C,. Then, given Sı, conditions are found on Cy, C3, Cy, Cs, 
Cs, 


Ci: Cs, CaCy, Ca Cups + Cu, CaCa CoC, CaCa Cn CoCr Cs 


so that Sı and one of these latter substitutions generate ©, or An. 
The parity of n frequently determines whether it is &, or A, that is 
generated. Given Ss, similar conditions are found on Cy, Cu, Cy 80 
that S, and one of them generate ©, or Aa. This is also done with Sı 
and Cs, Ca, Cy; with Sy and C4; and with Ss and Cs. Using five of these 
theorems, the author proceeds to show that for each S there is a T 
such that S, T generate ©, (similarly for Aa), except in the case of ©, - 
where the double transpositions are contained in the ¢ group and so 
cannot form a part of any basis of two elements. It is also shown for 
any even (odd) »# that for any circular permutation on # letters there 
exists another circular permutation such that the two generate 
©, (A). 

In $V of Part I the possible bases (S, T) of 6, and A, are enumer- 
ated and found to be multiples of #!/2 and n!/4 in number, respec- 
tively. In §VI a complete listing of all pairs of substitutions generat- 
ing ©, and A, is given for #=3, 4, 5, 6. 

The second part of the book is an original study of the author. The 
problem proposed is to find conditions on two substitutions which will 
. make the permutation group generated by them regular. A more 
concise definition of connectedness is given in this part. It is shown 
that if S, T generate a regular group, then they must both be regular 
of the same degree on the same symbols, and also connected. 

The whole work rests on the important concept of “property pp.” 

Definition. Let | 
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be regular of degree m, and let S, regular and of the same degree, 
be written as a product of cycles. Then T7S7— can be obtained by 
replacing a, by b; in S. (Multiplication is on the right.) We shall 
say that T transforms a, into b, in S. If T transforms the elements 
of each cycle of S into elements of r other cycles of S, 1 Sr Sn, then 
we shall say that T has property p, with respect to S (in symbols 
Tp,S). 

If Tp,S, then T transforms S" into a power of itself, and r is a di- 
visor of the order of S. The proof of this is involved and could be 
shortened (as in some other places in the book) by more direct appeal 
. to abstract principles. If (S, T) is regular, then Tp,S and Sp,T for 
some numbers a, b. After the manner in which T transforms the ele- 
ments of S has been particularized further, this section is closed with 
the exhibition of a pair S, T which generate a regular group of order 
2mr such that 7,S, r a divisor of m. 

Let ThS, S regular. Necessary and sufficient conditions are found 
for T so that (S, T) is regular. Similar conditions are found so that 
(S, T) is regular and also abelian. 

Let THS, S regular. Necessary and sufficient conditions are found 
for T, provided T is already of a certain form, so that (S, T) is regular. 
When S is of order m, T of order k, both S and T of degree mk, then 
sufficient conditions of a complicated number congruence nature are ` 
found for (S, T) to be regular. 

Let TpaS, S regular of order mi, T of order 2, and both S and T of 
degree mkt. The cases for m=2, 3, 4, 5 are analyzed when either 
TST = STS" or TST = STS, It is shown that (S, T) need 
not be regular under these circumstances when m= 6. 

Let Tp.5, S regular of order m and degree m*-++-m. If T?—=1, (S, T) 
is regular if and only if for every } there exist a pair of numbers (a, b), 
distinct for every /, and such that 


(A). TS'T = S*TS?, 


Illustrations are given when m=3, 4, 5, 6, 7, 8, 12, and 16. The rela- 
tions (A) are usually dependent, but unfortunately the nature of this 
dependence is not analyzed. If T is of order greater than 2, (S, T) is 
regular if and only if T= STS, $, s/>41, and either TS'T =S" or 
TS'T = ST. for every }, a and b functions of }. 

Let Tp,S, S regular of order m and of degree mk@m?-+m. Let 
T?=1. (S, T) is regular if and only if, when T transforms the ele- 
ments of S in a certain way, identities of the form ][%(TS4* 
= | [?(S**T) are satisfied. 

The following misprints were noted: p. 86, line 33, “proposition 44” 
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should read “proposition 43”; p. 116, line 6, (u/ ) should read (u/2); 
p. 123, line 12, *(¢m+km!+4(m'+j—1)m+Km’+j+1)” should read 
“Gm+tkhm'+4 (m'+j—1)m+km'+j+1).” There are too many sub- 
stitutions given with the spacing not clear to enumerate them all. 
We content ourselves with a general warning on this point. 

A. W. JONES 


An index of mathematical tables. By A. Fletcher, J. C. P. Miller, and 
L. Rosenhead. New York, McGraw-Hill; London, Scientific Com- 
puting Service, 1946. 8+-451 pp. $16.00. 


The compilation of this index of tables has been achieved by a 
tremendous outlay of painstaking work over a period of many years. 
Many tables of value have appeared in scientific and engineering 
articles and bringing these to light constitutes by itself a most valu- 
able.endeavor. The material is listed according to functions, there 
being twenty-four sections of which two, for example, are logarithms 
of trigonometrical functions and Gamma function psi function, 
Polygamma function, Beta function, Incomplete gamma and Beta 
functions. There are also sections devoted to primes, binomial co- 
efficients, Bernouilli numbers, mathematical constants, and so on. 

The authors have indicated with each table the number of decimals, 
the range of the argument and the intervals of tabulation, the facili- 
ties for interpolation (that is, whether first or second differences are 
given), and the authorship with date. For example, under §21.31— 
Incomplete elliptic integrals of the first and second kinds—we find that 
F(6, $) and E(6, ¢) were tabulated as follows: 


12dec. 6 = 0(1°)90° = 45° Ab or A* Legendre 1816, 1826. 


Similarly, under Bernouilli numbers the entries for exact values 
for B, begin with: #=1(1)5 Bernouilli (1713) and continue with 
some 30 other tables. 
` There is a 70 page bibliography and an introduction in which the 
authors describe in detail the interpretation to be given to their 
notations and remarks. 


E. R. LORCH 


Tables of the Bessel functions of the first kind of orders zero, one, two, 
and three. (The Annals of the Computation Laboratory of Harvard 
University, vols. 3-4.) Cambridge, Harvard University Press; 
London, Oxford University Press, 1947. $20.00. 


With the help of the automatic sequence controlled calculator, the 
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Computation Laboratory of Harvard University has prepared these 
tables of certain Bessel functions. The functions here given are J, (x), 
n=0, 1, 2, and 3. It is hoped to publish, during the coming years, 
tables for integral values of n ranging up to 100. In the present 
volumes the functions are given to 18 figures. For the range 0 <x <25, 
tabulation was carried out with the interval of the argument equal to 
0.001. For 25<x<100 the argument interval is 0.01. The computer 
originally gave the results to 23 places which were then rounded off 
to 18 for publication. Various checks such as differencing devices and 
comparison with older tables suggest that the probability of correct- 
ness of these values to 3 units in the 23rd place is very high. 
E. R. LORCH 


Table des solutions de la congruence x‘+1m0 (mod. p) pour 350.000 
<p<500.000. By A. Gloden. Luxembourg, 1946. 40 pp. 50 fr. 


The congruence x4-+1=0(p) has solutions only for primes of the 
form p=8k+1. For such primes one solves the two congruences 
P+imO0(p) and 2m?+1m0(p) and then the four roots of the 
original congruence are m(}+1), —m(J+1). The author tabulates 
here the two smaller of these roots for primes ranging from 350,000 
to 500,000. For <350,000 the results have been compiled by other 
computers. One of the applications of these tables is to the factoriza- 
tion of numbers of the form x!+1. 

E. R. Lorca 


Tables of spherical Bessel functions. Vol. 1. Prepared by the Mathe- 
matical Tables Project, National Bureau of Standards. New York, 
Columbia University Press, 1947. 28+379 pp. $7.50. 


The Mathematical Tables Project presents here tables of the 
Bessel functions of order »-+-1/2 where s is an integer. More precisely, 
it is the functions (w/2x)“?J,41,(<) which are tabulated. These func- 
' tions arise in the separation of the wave equation for certain types 
of coordinate systems. Strangely enough, no adequate tables had 
been available previous to this publication. We have here 28 tables 
corresponding to #+1/2=+1/2, +3/2,---, 271/2. The entries 
“are given to 8, 9, or 10 significant figures for x10 and to 7 figures 
for x >10. The argument range is 0<x<10 in intervals of 0.01 and 
10<x<25 in intervals of 0.1. Second central differences are also 
tabulated except near +=0, 

E. R. Lorca 
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The theory of mathematscal machines. By F. J. Murray. New York, 
Columbia University Press, 1947. 8+116 pp. $3.00. 


There is a fairly extensive but widely scattered literature on 
computing instruments of various types, ranging from simple devices 
such as slide rules to such highly complex ones as the ENIAC. The 
present interest in all these types of computers makes Professor Mur- 
ray’s book especially apropos. He has written on a level which should 
make the book of equal interest to the applied mathematician and to 
the engineer. Due, unfortunately, to the secrecy restrictions of war- 
time the author was not, at the time he wrote this book, able to men- 
tion all the new developments in the field of digital computers, par- 
ticularly the electronic ones. Subsequent editions will undoubtedly 
contain additional chapters describing the new instruments and in- 
dicating the present trends in the field. 

The first part deals with the field of digital machinea—subject to 
the hiatus mentioned above. It gives a careful discussion of how 
coincidence noting devices, adders and multipliers can be realized 
by means of mechanical elements such as gears as well as by electro- 
mechanical devices such as relays. Thus the reader is given a picture 
of how the familiar types of desk multipliers and related devices func- 
tion in principle, without having to follow intricate engineering de- 
tails. The chapter concludes with a brief discussion of the principles 
underlying the operation of the familiar punch card machines. 

After this brief but reasonably complete discussion of the field of 
digital computers prior to the war the author turns his attention in 
Part II to so-called measurement machines. These are devices in 
which numerical quantities are represented by the magnitudes’ of 
physical quantities such as rotations, displacements, voltages, and so 
on.’ They are, in contradistinction to digital instruments, usually 
special purpose in character. Perhaps the most widely known and 
general machine in this class is the differential analyzer. They are 
almost invariably remarkably ingenious and represent quite interest- 
ing attempts to use known physical or chemical principles to solve 
mathematical problems. One particularly interesting machine in this 
category is the one which solves Laplace’s equation in a given region 
subject to boundary conditions by shaping a container with non-con- 
ducting walls to be the given region. The container is then filled with 
an electrolytic solution and the boundary conditions are satisfied 
approximately by placing conductors on the boundaries. The electric 
potential function then satisfies the equation subject to the boundary 
conditions and is measured at any point in the solution by means of a 
probe. 
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Several mechanical adders are discussed including the familiar dif- 
ferential using bevel or spur gears, in which both the addend and 
augend are represented by rotations of shafts connected to gears and 
the sum is again such a motion. The use of Kirchhoff’s laws also per- 
mits one to construct ingenious electrical adders, as is shown. The 
second chapter of Part II is devoted to a detailed discussion of vari- 
ous methods for achieving the product of two quantities by means of 
measurement devices. Many of these methods are, of course, now well 
known from their use in fire control computers and directors. 

Having described adders and multipliers, the author next proceeds 
to a discussion of various means, both mechanical and electrical, for 
integrating and differentiating. This naturally leads to an inquiry 
into the nature of amplifiers since the power output levels at which the 
arithmetic or analytic components of a measurement computer 
function are usually below those needed for their inputs, for example, 
the familiar types of integrators, such as the wheel-disk types used in 
differential analyzers, depend for their output on a small, light wheel 
rotating as a result of frictional contact with a glass disk. The rota- 
tions of this wheel must be used to drive very long and massive shafts. 
It is Clear that some amplification device must intervene between the 
integrator output and the driven shaft. The chapter on amplifiers 
gives a very readable account of electronic amplifiers as well as of the 
mechanical torque amplifiers which played so significant a role in 
making the original differential analyzer possible. (In this connection 
it might be remarked that a somewhat more elegant mathematical 
discussion of this device is given in W. D. MacMillan, Statics and 
dynamics of a particle, New York, 1927, p. 86.) The account of elec- 
tronic amplifiers should be of particular interest to those not well 
conversant with circuit theory since the author gives a very lucid 
and complete introduction to the subject. As he suggests, this chapter 
should be read in conjunction with the Radio Amateur’s Handbook. 
The second part closes with a discussion on how a function can be 
expressed as a Fourier series by measurement mechanisms. This in- 
cludes an account of so-called selsyn systems. 

Part III is devoted to showing how the components previously de- 
scribed can be assembled into machines for handling mathematical 
problems. The author gives extremely interesting accounts of linear 
equations solvers (including a preliminary account of a machine de- 
signed by him of which a small model has been built and a larger one 
is now in the process of being constructed), of machines for solving 
linear elliptic equations and of differential analyzers. He incorporates 
the essentials of a paper by Shannon which gives a complete analysis 
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of the problems to which an analyzer is applicable but from a formal 
point of view. However this formal treatment presupposes an idealized 
analyzer, that is, one of unlimited precision, containing as many ele- 
ments as desired. The difficulties with a differential analyzer however 
lie precisely in those aspects of the mechanism removed by the 
idealization. 

The book closes with an account in Part IV of various instruments 
such as planimeters, integrometers and harmonic analyzers. This dis- 
cussion includes a description of the important cinema integraph of 
Wiener, Hazen and Brown which may be used to evaluate integrals 
of the form /ef(x+-y)g(x)dx. These, of course, play an important role 
in the Wiener-Kolmogoroff theory of time series—when g(x) =f(x) 
the integral above is the familiar auto-correlation function. 

Professor Murray and the King’s Crown Press are to be highly com- 
mended for this book which makes a unique contribution to our 
literature. There now exists in one thoroughly readable volume a 
careful discussion by a professional mathematician of the many 
beautiful instruments that have been designed as tools for the applied 
mathematician. This book can be recommended to all those who de- 
sire to become acquainted with this fascinating subject as well as to 
the specialists in the field. 


NOTES 


The following have received Guggenheim fellowship appointments: 
Professor Warren Ambrose of the Massachusetts Institute of Tech- 
nology; Professor Garrett Birkhoff of Harvard University; Professor 
P. R. Halmos of the University of Chicago; Professor Saunders 
MacLane of the University of Chicago. 

The following have received National Research Council fellowship 
appointments in mathematics: Mr. Hing Tong of Columbia Uni- 
versity; Mr. Herman Rubin of the University of Chicago; Dr. Daniel 
Zelinsky of the University of Chicago. 

Dr. Samuel Karlen of Princeton University has been awarded the 
first Harry Bateman Research Fellowship by California Institute of 
Technology. 

Professor E. J. Cartan of the University of Paris has been elected 
to membership in the Royal Society. 

Professor Emeritus G. H. Hardy of Cambridge University has been 
elected to membership in the French Academy of Science. 

Professor H. A. Kramers of the University of Leyden has been 
elected correspondant of the French Academy of Science. 

Professor E. J. McShane of the University of Virginia has been 
awarded an honorary doctorate of science by Tulane University of 
Louisiana, 

Professor C. C. MacDuffee of the University of Wisconsin has been 
awarded an honorary doctorate of science by Colgate University. 

Professor J. H. Van Vleck of Harvard University has received an 
honorary doctorate of science from the University of Wisconsin. 

Professor Hermann Wey]! of the Institute for Advanced Study and 
Professor George Pólya of Stanford University have been elected 
correspondants of the French Academy of Science. 

Professor Myrtie Collier of Immaculata Heart College, Los 
Angeles, California, has retired with the title emeritus. 

Professor Bird M. Turner of West Virginia University has retired 
with the title emeritus. 

Professor P. A. M. Dirac of Cambridge University has been ap- 
pointed visiting professor at the Institute for Advanced Study for the 
current academic year. 

Dr. Y. C. Wong of the University of Pennsylvania has been ap- 
pointed to a professorship at the National Sun Yat-Sen University, 
Canton, China. 

In the March issue of this Bulletin it was reported in error that 
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Mr. J. B. Greeley had been appointed to an instructorship at Utica 
College, Syracuse University. It should have been reported that Mr. 
Greeley had been appointed to an assistant professorship. 

Assistant Professor Florence E. Allen of the University of Wiscon- 
sin has retired. 

Dr. Harriet W. Adlen of Air Reduction Company, Statiford Con- 
necticut, has been appointed to an associate professorship in physics 
at Connecticut College. 

Assistant Professor Warren Ambrose of the University of Michigan 
has been appointed to an assistant professorship at Massachusetts 
Institute of Technology. 

Assistant Professor B. H. Arnold of Montana State College has — 
been appointed to an asaistant professorship at Oregon State College. 

Associate Professor T. A. Bancroft of the University of Georgia 
has accepted a position as director of the Statistical Laboratory, 
Alabama Polytechnic Institute. 

Assistant Professor M. T. Bird of Allegheny College has been ap- 
pointed to an assistant professorship at San Jose State College, San 
Jose, California. . 

Associate Professor Z. W. Birnbaum of the University of Wash- 
ington has been appointed director of the Institute of Mathematical 
Statistics which has been established at the University of Wash- 
ington. 

Professor C. C. Bramble of the Postgraduate School, United States 
Naval Academy, has accepted a position as director of computation 
and ballistics at the Naval Proving Ground, Dahlgren, Virginia. 

Dr. E. L. Buell of Northwestern University has been appointed 
mathematician at the Aerial Measurements Laboratory, Northwest- 
ern Technical Institute, Evanston, Illinois. - 

Associate Professor G. P. Burns of Marshall College, Huntington, 
West Virginia, has accepted a position as research physicist at the 
Naval Research Laboratory, Washington, D. C. 

Mr. Edmund Churchill of Rutgers University has been appointed 
to an assistant professorship at Antioch College. 

Professor A. B. Coble of the University of Illinois has been ap- 
pointed to a professorship at Haverford College. 

Mr. G. R. Costello has accepted a position as mathematician with 
the National Advisory Committee on Aeronautics, Cleveland, Ohio. 

Dr. Norman Davids of Johns Hopkins University has been ap- 
pointed to an associate professorship at Pennsylvania State College. 

Dr. W. W. Denton of Minden City, Michigan, has been appointed 
to an assistant professorship at the University of Arizona. 
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Assistant Professor J. B. Diaz of Carnegie Institute of Technology 
has been appointed to an assistant professorship at Brown Univer- 
sity. 

Dr. Bernard Dimsdale has accepted a position as mathematician 
at the Ballistic Research Laboratory, Aberdeen Proving Ground, 
Maryland. 

Associate Professor T. L. Downs of the United States Naval Acad- 
emy has been appointed to an associate professorship at Washington 
University. 

Dr. Jacques Dutka of Princeton University has been appointed to 
an assistant professorship at Rutgers University. 

Mr. M. W. Eudey of the University of California has apte. a 
position as operations analyst with the Army Air Force, Washington, 
DEG: 

Assistant Professor C. J. Everett of the University of Wisconsin 
is on leave of absence and will be at the Los Alamos Scientific Labo- 
ratory. 

Mr. Albert Furman of the University of Chicago has been ap- 
pointed to an assistant professorship at Kansas State College of | 
Agriculture and Mechanical Arts. 

Associate Professor M. E. Gillis of the University of Florida has 
been appointed to a professorship at Blue Mountain College, Blue 
Mountain, Mississippi. 

Dr. M. A. Girshick of the Bureau of the Census has accepted a 
position as research mathematician with Douglas Aircraft Corpora- 
tion, Santa Monica, California. 

Associate Professor Wallace Givens of the Illinois Institute of Tech- 
nology has been appointed to a professorship at the University of 
Tennessee. 

Dr. C. H. Graves, formerly of the Office of Price Administration, 
has accepted a position as operations analyst with the Army Air 
Forces, Air Defense Command, Mitchell Field, New York. 

Associate Professor P. C. Hammer of Oregon State College has 
accepted a position as mathematician at the Los Alamos Scientific 
Laboratory. 

Mr. I. H. Harris of the University of Illinois has been appointed to 
a professorship at Oklahoma Baptist University. 

Associate Professor M. R. Hestenes of the University of Chicago 
bas been appointed to a professorship at the University of California 
at Los Angeles. 

Mr. W. C. Hoffman of the University of California at Los Angeles 
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has accepted a position as mathematician at the Naval Electronics 
Laboratory, San Diego, California. 

Professor Ralph Hull of the University of Nebraska has accepted a 
position as mathematician at Boeing Aircraft Company, Seattle, 
Washington. 

Associate Professor E. D. Jenkins of Eastern Kentucky State 
Teachers College has been appointed to an associate professorship at 
Kent State University. 

Assistant Professor Walter Jennings of Virginia Polytechnic Insti- 
tute has been appointed to an assistant professorship at the Post- 
graduate School, United States Naval Academy. 

Assistant Professor R. E. Johnson of Mount Holyoke College has 
been appointed to an associate professorship at Smith College. 

Assistant Professor J. L; Kelley of the University of Chicago has 
-© been appointed to an associate professorship at the University of 
California. 

Mr. E. H. Larguier of the University of Michigan has been ap- 
pointed to a professorship at Spring Hill College, Spring Hill, 
Alabama. 

Mr. M. M. Lemme of Purdue University has been appointed to an 
associate professorship at Ilinois Wesleyan University. He will also 
be assistant dean of admissions. 

Associate Professor C. C. Lin of Brown University has been ap- 
pointed to an associate professorship at Massachusetts Institute of 
Technology. 

Associate Professor H. W. Linscheid of the College of Emporia, 
Emporia, Kansas, has been appointed to an associate professorship 
at the Southwestern Institute of Technology, eee re Okla- 
homa. 

Mr. R. T. Luginbuhl of the City Bank Farmers Trust Company, 
New York City, has been promoted to the position of actuarial 
assistant. f 

Professor J. C. C. McKinsey of Oklahoma Agricultural and Me- 
chanical College has accepted a position with Douglas Aircraft Com- 
pany, Santa Monica, California. 

Professor Saunders MacLane of Harvard University has been ap- 
pointed to a professorship at the University of Chicago. He will be on 
- leave of absence during the current academic year. 

Dr. N. S. Mendelsohn of Queens University has been appointed to 
an assistant professorship at the Univerajty of Manitoba. 

Dr. W. A. Mersman of Taylor Instrument Company, Rochester, 
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New York, has accepted a position as mathematician with the 
National Advisory Committee on Aeronautics, Moffett Field, Cali- 
fornia. 

Dr. D. S. Miller of Yale University has been appointed to an 
assistant professorship at the University of Rochester. 

Mr. Leo Moser of the University of Toronto has been appointed 
lecturer. 

Associate Professor Ivan Niven of Purdue University has been 
appointed to an associate professorship at the University of Oregon. 

Mr. Edward Paulson has been appointed lecturer at the University 
of Washington. 

Dr. B. J. Pettis of Yale University has been appointed to an asso- 
ciate professorship at Tulane University of Louisiana. 

Professor H. P. Robertson of Princeton University has been ap- 
pointed to a professorship at California Institute of Technology. 

Dr. H. M. Schaerf of Montana State College has been appointed 
to an assistant professorship at Washington University. 

Associate Professor Edith R. Schneckenburger of Michigan State 
Normal College has been appointed to an assistant professorship at 
the University of Buffalo. 

Dr. H. M. Schwartz of the Franklin Institute has accepted a 
position as scientist with the Brookhaven National Laboratory, 
Patchogue, New York. 

Assistant Professor G. E. Schweigert of Purdue University has 
been appointed to an associate professorship at the University of 
Pennsylvania. 

Dr. I. E. Segal of ie Institute for Advanced Study has been ap- 
pointed to an assistant professorship at the University of Chicago. 

Assistant Professor Domina E. Spencer of Tufts College has been 
appointed to an assistant professorship of physics at Brown Uni- 
versity. 

Associate Professor N. E. Steenrod of the University of Michigan 
has been appointed to an associate professorship at Princeton Uni- 
versity. 

Professor M. H. Stone of the University of Chicago has been lectur- 
ing at the University of Brazil. 

Mr. W. M. Stone of Iowa State College of Agriculture and Me- 
chanical Arts has been appointed to an assistant professorship at 
Oregon State College. 

Mr. F. W. Thalgott of the University of Illinois has accepted a 
position as mechanical engineer at the Clinton Laboratories, Oak 
Ridge, Tennessee. 
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Dr. E. B. Tolsted of Brown University has been appointed to an 
assistant professorship at Pomona College, Claremont, California. 

Assistant Professor H. C. Trimble of Iowa State Teachers College 
has been appointed to an associate professorship at Florida State 
College. 

Professor G. R. Trott of Blue Mountain College, Blue Mountain, 
Mississippi, has been appointed to an associate professorship at the 
University of Mississippi. 

Professor André Weil of the University of São Paulo has been ap- 
pointed to a visiting professorship at the University of Chicago. 

Associate Professor F. P. Welch of Mississippi State College has 
been appointed to a professorship at Washington and Lee Univer- 
sity. 
Mr. R. L. Wine of the University of Oklahoma has been appointed 

to an assistant professorship at Washington and Lee University. 

- Assistant Professor G. S. Young of Purdue University has been 
appointed to an assistant professorship at the University of Michigan. 

Professor Oscar Zariski of the University of Illinois has been ap- 
pointed to a professorship at Harvard University. l 

Professor Antoni Zygmund of the University of Pennsylvania has 
been appointed’to a professorship at the University of Chicago. 

The following promotions are announced: 

D. H. Ballou, Middlebury College, Middlebury, Vermont, to an 
associate professorship. 

J. D. Bankier, McMaster University, to an assistant professorship. 

Joseph Barnett, Oklahoma Agricultural and Mechanical College, 
to an associate professorship. 

Grace E. Bates, Mount Holyoke College, toan assistant professor- 
ship. 

Lipman Bers, Syracuse University, to an associate professorship. 

E. E. Betz, United States Naval Academy, to an associate pro- 
feasorship. 

F. C. Biesele, University of Utah, to an associate professorship. 

J. C. Brixey, University of Oklahoma, to a professorship. 

G. W. Brown, Iowa State College of Agriculture and Mechanical 
Arts, to a professorship. 

R. H. Bruck, University of Wisconsin, to an associate professor- 
ship. 

G. F. Carrier, Brown University, to an associate professorship. 

I. S. Carroll, Syracuse University, to a professorship. 

J. A. Clarkson, University of Pennsylvania, to an associate pro- 
fessorship. 
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I. S. Cohen, University of Pennsylvania, to an saat professor- 
ship. 

S. H. Crandall, Massachusetts Institute of EM TAE ET 
ant professorship. 

Georgia K. DelFranco, University of Miami, to an assistant pro-. 
fessorship. | 

W. W. Dolan, University of Oklahoma, to an assistant professor- 
ship. 

H. L. Dorwart, Washington and Jefferson College, to a professor- 
ship. 

Wiliam H. Durfee, Dartmouth College, to an assistant professor- 
ship. 

Abe Gelbart, Syracuse University, to an associate professorship. 

Gladys Gibbens, University of Minnesota, to an associate pro- 
fessorship. 

H. J. Greenberg, Brown University, to an assistant professorship. 

Bernard Greenspan, Drew University, to an assistant professor- 
ship. 

Philip Hartman, Johns Hopkins Univereity, to an associate pro- 
fessorship. 

May N. Harwood, Syracuse University, to an associate professor- 
ship. 

G. E. Hay, University of Michigan, to an associate professorship. 

J. J. Hayes, University of Utah, to an assistant professorship. 

Katherine E. Hazard, New Jersey College for Women, Rutgers 
University, to an assistant professorship. 

Anna S. Henriques, University of Utah, to an associate professor- 
ship. 

Mark Kac, Cornell University, to a professorship. 

Irving Kaplansky, University of Chicago, to an assistant pro- 
fessorship. 

William Karush, University of Chicago, to an assistant professor- 
ship. 

R. J. Levit, University of Georgia, to an associate professorship. 

A. J. Lorenz, St. Louis University, to an assistant professorship. 

R. E. Luce, Rutgers University, to an assistant professorship. 

F. A. McMahon, Manhattan College, to an assistant professor-- 
ship. 

Harriet Montague, University of Buffalo, to a professorship. 

A. M. Mood, Iowa State College of Scone and Mechanical 
Arts, to a professorship. š 
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Anne F. O'Neill, Smith College, to an assistant professorship. 
Everett Pitcher, Lehigh University, to an associate professorship. 
E. J. Purcell, University of Arizona, to a professorship. 

Haim Reingold, Illinois Institute of Technology, to an associate 
professorship. 

Helene Reschovaky, Russell Sage College, Troy, New York, to an 
associate professorship. 

A. E. Schild, Carnegie Institute of Technology, to an assistant 
professorship. 

B. M. Stewart, Michigan State College, to an associate professor- 
ship. 

Walter Strodt, Columbia University, to an assistant professorship. 

C. J. Thorne, University of Utah, to an associate professorship. 

W. J. Thron, Washington University, to an assistant professor- 
ship. 

Bradford Tye, Bethany College, to an assistant professorship. 

H. J. Zimmerberg, Rutgers University, to an assistant professor- 
ship. 

H. S. Zuckerman, University of Washington, to an associate pro- 
fessorship. 

The following appointments to instructorahips are announced: 
Allegheny College: Mr. E. A. Sturley; Brown University: Dr. A. L.. 
Blakers, Dr. F. M. Stewart; University of California at Los Angeles: 
Mr. L. J. Paige, Mr. J. D. Swift; University of Chicago: Mr. Edwin 
Akutowicz, Mr. J. B. Crabtree; Cornell University: Dr. Bryant 
Tuckerman, Dr. Christine S. Williams, Dr. Bertram Yood; Grinnell 
College: Mr. R. E. Cross; Harvard University: Mr. W. J. LeVeque, 
Dr. G. R. MacLane; Haverford College: Mr. D. L. Thomsen; Uni- 
versity of Minnesota: Mr. Irwin Stoner; University of Pennsylvania: 
Mr. D. M. Adelman; Rutgers University: Mr. A. G. Anderson, 
Mr. A. F. Bartholomay, Dr. Erwin Biser, Dr. R. M. Cohn, Mr. C. D. 
Firestone, Dr. A. W. Goodman; Syracuse University: Dr. Erik 
Hemmingsen; University of Tennessee: Mr. R. L. Wilson; Texas 
Technological College: Mrs. Virginia B. Roberts; Washington Uni- 
versity: Dr. C. W. Mathews; Wellesley College: Mrs. Jerry Cowen; 
Western Illinois State Technological College, Macomb, Illinois: Mr. 
J. J. Stipanowich; University of Wisconsin: Dr. A. M. Mark; Uni- 
versity of Wisconsin at Racine: Mr. M. R. Moore. 

Profeasor Giacomo Albanese of the Normal School of Pisa and the 
University of Sio Paulo died June 8, 1947. 

Professor Alfred Rosenblatt of the University of Sii Marcos died 
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July 8, 1947. He had been a member of the Society since 1914. 

Mr. C. C. Carter, Bluffs, Illinois, died May 5, 1947. 

Professor Emeritus G. H. Hallett of the University of Pennsylvania 
died August 13,1947. 

Professor Cora B. Hennel of Indiana University died June 26, 
1947. She had been a member of the Society since 1913. 

Associate Professor Emeritus B. C. Wong of the University of 
California died August 19, 1947. He had been a member of the Society 
since 1922, 


ABSTRACTS OFIPAPERS 


The abstracts below are abstracts of papers presented by title at the 
Fifty-Third Summer Meeting of the American Mathematical Society. 
Abstracts of papers presented in person at that meeting will be 
included in the report of the meeting which will be published in the 
November issue of this BULLETIN. 

Abstracts are numbered serially throughout this volume. 


ALGEBRA AND THEORY OF NUMBERS 
297. A. A. Albert: Power-assoctaisee rings. I. 


A nonassociative ring la said to be power-associatice if every quantity of A gener- 
ates an associative subring. It is proved that if the characteristic of A is zero (and 
counterexamples are given otherwise) then A is power-associative if and only if sx. 
= qfy, (x*x)x m stx for every x of A. If A is commutative, the characteristic need only 
be prime to 30. If A is any ring in which the equation 2x—a Has a unique solution 
x, attach to 4 a commutative ring A“ which is the same additive group as A, but 
whose product x+y is defined in terms of the product xy of A by 2(x-¥) =zy+yzx. 
Similarly attach AO defined by the product (x, y) =xy—yzx. Use the decomposition 
relative to an idempotent in A“) to obtain a decomposition relative to an idem- 
potent for any power-associative ring, with more complete results in the case of 
flexeble rings, that is, rings such that x(yx) = (<y)x. Commutative algebras of shrink- 
ability index two are discussed and a structure theory given for the class of algebras 
in which x*y*-+ (xy)? = x(x") +-(yx"). The second part of this paper will be concerned 
with the structure of those flexible power-associative algebras A such that either 
A is a semisimple Jordan algebra or A@ is a semisimple Lie algebra. (Received 
July 21, 1947.) 
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298. Richard Bellman and H. N. Shapiro: On the probability that k 
tntogers are relatively prime. 


The authors consider the problem of determining the number of lattice points in 
the «-dimensional region, 19%; , 1=1, 2,---, #, with the property that the 
greatest common divisor of the #-uple (x, x, - ++, Ta) is 1. The m are allowed to 
tend to © independently, and it is shown that, as might be expected on the basis 
af a simple heuristic argument, the density of these lattice points is 1/t(k), where 
t(s) is the Riemann zeta-function. Various cases of this problem had already been 
considered by Lehmer and Chowla. The number of lattice points in the above region 
possessing the property that every 2-uple (x; x,) has greatest common divisor equal 
to one, x y4x;, is also determined, The method can be extended to yield similar results 
for spherical, and general classes of symmetrical, regions, but does not seem to be 
applicable to the general convex region. (Received June 10, 1947.) 


299. R. H. Bruck: An application of loop theory to geomsiry. Pre- 
liminary report. 


If (P) is a property of loopa, the loop G will be said to have property (P^ if and 
only if every loop isotopic to G has property (P). The following properties of multiplic- 
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ative loop G are considered: (A): sy=1 when yr=1, where 1 is the unit; (B): 
(xx) x= z(xx) for every x of G; (C): every element of G generates a group; and it Is 
shown algebraically that the corresponding properties (A^), (B^, (C^) are equivalent. 
Thus, in geometrical language, a loop has property (C’) if and only if it defines a 
hexagonal net, or Sechseckgewebe (Blaschke and Bol, Geometris der Gewebe, Berlin, | 
1938)—-where, for present purposes, all continuity assumptions are inappropriate. 
The result will be applied to simplify and extend some geometrical work of Ruth 
Moufang (Zur Sirukiur der projekiteen Geometries der Ebene, Math. Ann. vol. 105 
(1931) pp. 538-601). (Received July 21, 1947.) 


300. Leonard Carlitz and Eckford Cohen: Cauchy products of 
divisor functions in GF[p*, x]. 


For given arithmetic functions ¢(A), ¥(4), where AGGF[p*, x], the Cauchy 
product f=¢-y is defined by means of >'¢(4)¥(B) =t(F), where A+B m F, Let 
r>0 be fired. Three cases are considered according as deg A=deg Bmr; deg A mr 
>deg B; deg A, deg B <r; these are referred to as Ci, Cs, Cs, respectively. The func- 
tions considered in this paper are all of the form }_ m8, (4), where &(A) denotes the 
number of divisors of A of degree ¢. In every case the Cauchy product is also a divisor 
function. Relative to Ca the set of divisor functions forms a ring which is a direct 
sum of fields. Applications are made to the representation of a polynomial in quadratic 
forms with coefficlents in GF({*). (Received July 11, eee ` 


301. Eckford Cohen: Sums of an even number of squares in 
GF|p", x]. II. 


In a previous paper (Duke Math. J. vol. 14 (1947)) the author considered the 
following problem: Let a, - ++, ag, be nonzero elements of GF(p*), p42, such that 
a+ +++ +am0 (1 3132s), and let F be a polynomial of GF[p*, x] of degree less 
than 2k. It was then required to find the number of solutions of F= } 7 aX} in poly- 
, nomials X, > +--+, Xe. where Xi,: +--+, Xi are primary of degree k and Xrm, °°, Xn 
are arbitrary of degree less than 4. The excluded case, namely /=0, is treated in the 
present paper. The result for this case is found to differ considerably from the result 
obtained in the previous paper. Thus, for F40, the number of solutions is found to be 

Rail F, n) = (pv —p) 0 Oy Sp mD gF), where g(F)=8,(F)— ên s(F), 
and &(F) is the number of primary divisors of F of degree i. A similar result is ob- 
tained for F=0, (Received June 1, 1947.) 


302. R. P. Dilworth: An tmbedding theorem for semimodular 
latitces. 

The following theorem is proved: Let L be a latttcs with bounded chains over which 
an snteger-salned somimodular functional p is defined. Then L is a sublattice of a semi- 
modular point lattices M with roxh function r such that r(a) = p(a) for all a in L. This 
theorem has as a corollary: Every fiiis lattice ts a sublattice of a finite semimodular 
point lattice. (Received June 27, 1947.) 


303. Samuel Eilenberg and Saunders MacLane: Cohomology and 
Gatots theory. I. Symmetry of algebras and Teichmaller’s cocycle. 


Teichmilller (Deutsche Mathematik vol. 5 (1940) pp. 138-149) has considered 
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central simple algebras A over a field N which have the property that every auto- 
morphism of a finite group Q of automorphisms of N can be extended to an auto- 
morphism of A. Each such algebra (termed a “Q-symmetric algebra”) determines a 
3-dimensional cohomology class of Q with coefficients in the multiplicative group of N. 
The cohomology classes are characterized as those composed of cocycles which be- 
come coboundaries when regarded as cocycles of a larger field XON normal over the 
field P of elements of N invariant under Q. If G and S are respectively the Galois 
groups of K over P and N respectively, then any central simple A over N can be 
represented as a crossed product A =(f, S, K), where f is a 2-cocycle (factor set) of 
Sin K. Such a crossed product is Q-symmetric if and only if there is a function k of 
two variables in G with values in K which agrees with f on the subgroup S and which 
has its coboundary é a function only of arguments in G/S=Q. Under these circum- 
stances, ô% is the Teichmfiller cocycle of A. (Received June 5, 1947.) 


304. Saunders MacLane: Symmeiry of algebras over a number field. 


Let K be a finite normal extension of the algebraic number field k, with Galois 
group Q. A central simple algebra A over K is Q-symmetric if every automorphism 
of Q can be extended to an automorphism of A. If B is a central aimple algebra over 
the ground field &, its scalar extension By is always Q-symmetric in this sense; hence 
any algebra A similar toa Bx may be termed trivially 0-symmetric. It is shown in this 
paper that there exist Q-symmetric algebras not trivially Q-symmetric, for suitable 
fields X. Further, it is proved that the group of Qsymmetric algebra clases, modulo 
the subgroup of trivially Qsymmetric classes, is cyclic. The order s of this cyclic 
group is determined as the greatest common divisor of all S(b), where S() is the 
number of factors in X of the prime divisor p of k. The proofs depend on the in- 
variants of an algebra over a number field. (Received June 23, 1947.) 


305. B. H. Neumann: A group connected with ordered semigroups. 


In a fully ordered semigroup in which a product is greater than each factor every 
well-ordered set of elements (in the given semigroup order) generates a well-ordered 
semigroup. In this latter every element has only a fmite number of factors out of the 
former. A multiplication is defined between well-ordered sets of elements. With this 
j multiplication they form a group, the null-set being the unit element. The group is 
commutative if and only if the semigroup is communitative. Its order is at least the 
cardinal of the continuum. (Received April 23, 1947.) 


306. Sam Perlis: A note on the radical of an ideal. 


If A is an associative algebra or ring and B is an ideal of A, the radical of B is 
proved to be the intersection of B with the radical of A. The Jacobson definition 
of the radical is used. This result is applicable several places in the literature where 
it is proved under special hypotheses. (Received July 25, 1947.) 


307. J. O. Reynolds: On the irreducibility of certain polynomials. 


G. Pélya (Jber. Deutschen Math. Verein. vol. 28 (1919) pp. 31-40) proved the 
following theorem: If for # integral values of x, the integral polynomial f(x) of degree 
# has values which are different from zero and, without regard to sign, less than a 
certain bound which depends only on #, then f(x) is irreducible in the rational domain. 
This result was improved for positive definite polynomials by H. Ille (Jber. Deutschen 
Math. Verein. vol. 35 (1926) pp. 204-208), for arbitrary polynomials by Tatuzawa 
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(Proc. Imp. Acad. Tokyo vol. 15 (1939) pp. 253-254) and finally by A. T. Brauer and 
G. Ehrlich (Bull. Amer. Math. Soc. vol. 52 (1946) pp. 844-856). In this paper a still 
lower bound is obtained, if the # considered values of f(x) are positive. (Received 
July 28, 1947.) 


308. H. E. Salzer: An “empirical theorem” which ts true for the first 
618 cases, but fails in the 619th. 


The statement that integers of the form 10” +-6, #20, are the sum of four non-neg- 
ative tetrahedral numbers, that is, m(m+1)(m+2)/6, #20, holds far n=O, 1,2,- -. 
up to #=617, fails for += 618, and has been verified for * = 619 up to 2000. Thus this 
property of the number 618, of being the sole exception to that statement among all 
numbers ending in 6 which are not greater than 2006, affords an example of an 
empirical theorem which holds as far as the first 618 cases, before failing in the 619th. 
(This may encourage those seeking to disprove Fermat's last theorem, since in the 
latest results to date mentioned by H. S. Vandiver, Amer. Math. Monthly vol. 53 
(1946) p. 575, it has been verified for exponents 3-++", #=0, 1, 2,-++, up to 615, 
which are the first 616 cases.) This investigation of numbers 10"-+6 was performed 
by suitable grouping into pairs of addends, each addend being the sum of two tetra- 
hedrals, and by employing special stencil-like devices for the addition of a number to 
hundreds of other numbers simultaneously. Every case was checked in two or more 
ways, involving the use of independently designed stencils. (Received June 10, 1947.) 


309. R. D. Schafer: Note on derivation algebras. 


A derivation D of a non-associative algebra A determines a derivation A of the 
(associative) transformation algebra T(#) as follows: T--TA= [T, D]=TD—DT for 
Tin T(%. Results resembling those for automorphism groups in Bull Amer. Math. 
Soc. voL 53 (1947) pp. 573-583 are obtained. Application is made to derivations of 
serni-simple (non-associative) algebras over nonmodular fields. (Received July 1, 
1947.) , 


310. P. A. Smith: The extenston of local groups. 


Call a topological local group G extendable if it is locally isomorphic to a topo- 
logical group. Let N be a closed normal local subgroup of G. It is shown that if G/N 
and N (together with certain automorphisms of N) are extendable, then so is G. 
By taking N as the center, one obtains a new proof of the existence of Lie groups in 
the large. (Recetved July 3, 1947.) 


311. G. E. Wall: Notes on binomic equations over an E-field. I. 


An Fa-fiek is a field of characteristic 0 over which the sth cyclotomic polynomial 
is irreducible. A. Capelli has established necessary and sufficient conditions for the 
irreducibility of a binomic equation over a field of characteristic 0 (cf. Math. Ann. 
vol. 54 (1901) pp. 602-603). By’ means of this criterion the following theorem is 
proved: The polynomial x*—a, irreducible over the H,-field R, is reducible over 
R(«) (e=primitive sth root of unity) if, and only if, (i) # is even and (ii) a =bP, 
where DER and P is a product of different prime numbers dividing m (condition 
(ii) is to be modified if 8 does not divide m). G. Darbi (Annali di Matematica pura ed 
applicata (4) vol. 4 (1926)) considered x —a over the rational field and settled the cases, 
m odd, = 2*, or m quadratfrel. H. Hopf and H. Schwerdtfeger (not yet published) 
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proved (i) to be necessary over any Eae-field by consideration of the structure of the 
full linear permutation group. Extending this method, all Galois groups of x" —a over 
R, possible under the conditions of the theorem, are established. (Received May 1, 
1947.) - 


312. G. E. Wall: Notes on binomic equations over an En-field. II. 


Let x*—a be irreducible over the E-field R, and reducible over R(«) (e=primi- 
tive mth root of unity), and let a" =a. The form of the coefficient a is determined so 
that R(a, e) has a given Galois group @ over R (out of a class of admisible groups @ 
established in part I of this paper). Firstly, using the criteria of G. Darbi for normal 
binomic equations over an E-field (Annali di Matematica pura ed applicata (4) 
vol. 4 (1926)), the form of a is determined so that @ is of given order. These results 
are then applied to certain binomic subfields of R(a, «) in order to distinguish between. 
groups @ of equal order. (Received May 1, 1947.) 


+ 


ANALYSIS 
313. R. P. Boas: Some complete sets of analytic functions. 


In the following theorems are generalized results of Ibragimov (Bull. Acad. Sci. 
URSS. Sér. Math. vol. 11 (1947) pp. 75-100). Let f(s) be analytic in |y| <x and of 
period 2r. Let y and f be positive numbers with <~r, f Sr—y. Let a set of lower 
density f/r of the Fourier coefficients of positive index of f(s) not vanish. Let 
aa = Batty. be a sequence of complex numbers, OSS. <2r. Then (fetan) } is com- 
plete in |s| <f in the following cases. (1) The set {ya} has a limit point in y| <y. 
(2) The function f(s) is entire, of order p and type o1, and 201 <p lim inf #| ya]. 
(Received July 22, 1947.) l 


314. R. P. Boas and K. Chandrasekharan: Derivatives of infinie 
order. 


Let f(x) have derivatives of all orders in (a, b). The following theorems are proved. 
(1) If f (x)—g(*) for each x in (a, b), where g(x) is finite, then g(x) = Ae*. (2) If f(x) 
belongs to a Denjoy-Carleman quasi-analytic class in the open interval (a, b), and 
‘Litas f(a) =L exists for a single x, in (a, b), then f™(x)—+Le-™ in (a, b). These 
theorems answer in the affirmative questians raised by V. Ganapathy Iyer (J. Indian 
Math. Soc, N.S. vol. 8 (1944) pp. 94-108) and remain true if f™ (x)—¢(x) in a more 
general sense. If {^a} is a given sequence of constants, the following theorema are 
proved. (3) Let (*) lima. f(2)/Aamg(2), a Szab. If lim inf |X. 2/a| =0 and (*) 
holds uniformly, g(x) m0 in (a, b). If lim inf |. 1/d.| >0 and (*) holds dominatedly, 
g(x) =Ae™, (4) If lim sup #71[2.|1*< co and (*) is true for each sin a<x<b, then 
g(x) = Ae. (Received June 26, 1947.) 


315. V. F. Cowling: Some results for factorial series. 


Let f(s) = 2) asdaml/s(s-+1) + - - (s-+-+1) with abscissa of convergence r< o. 
Let }—1<k<I where } is integral and positive but otherwise arbitrary. Denote by D 
the domain in the wplane y4 Arg (w—h) S¥1 where 0 <i aar/2 and —r/2 Sp} <0. 
Let a(m) be a function regular in D, with the possible exception of the point at in- 
finity, for which a(#) =a. s—0,1,---. Suppose for w=k+-Re¥ in D and RÈR, 
that |o(k-+Re¥)| SR* exp (~LR sin y) where k is arbitrary and 0O<L<2x. Then 
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f(s) may be continued analytically to any point of the plane except the points 
s=0, —1, —2,-++. (Received July 28, 1947.) 


316. Evelyn Frank: Continued fraciton expansions for meromorphic 


The continued fraction expansion keyetke(l —yo7a)s/ 7a —1/hyi ti (1 
—y1)8/78—1/keyat «+ - , where the k, are constants chosen so that | yp| x1, con- 
verges uniformly over every bounded closed domain within |s| <|r,| <1 to a mero- 
morphic function f(s) with poles at the points fı, Tu *- °, Tm, where 0<|n| sll 
S- < |ral|. Conversely, every such function may be represented in that domain 
by a continued fraction of this form. The expansion is finite if f(s) is a rational function 
of a particular form (Frank, Trans. Amer. Math. Soc. vol. 62 (1947)). Furthermore, 
the expansion may be continued analytically over the entire finite plane with the ex- 
ception of the poles of f(s), and these continuations converge uniformly to the values 
of the function in their respective circular domains which contain none of the poles of 
f(s) and are of radius less than 1. This extends the theory of Schur (J. Reine Angew. 
Math. vol. 147 (1917)) for analytic functions with moduli less than 1 in the unit circle. 
Other forms of this continued fraction are found which connect with the preceding 
theory on such expansions, and certain non-circular convergence regions are shown. 
(Received July 28, 1947.) 


317. K. O. Friedrichs: Nonlinear hyperbolic differentsal equations 
for functions of two independeni variables. 


For N functions #* of x and y, systems of differential equations of the form 
Dion ns +m) =e, mml, ++, N, are considered, in which the coefficients 
a, b, g depend on x, y, x. The values of # on a section of the initial line y=0 are pre- 
scribed such that the system is hyperbolic for them. In a neighborhood of this section, 
the unique existence of the solution with continuous second derivatives is proved if 
a, b, g and the initial value of # have continuous second derivatives. If these quantities 
have higher continuous derivatives, the same is shown to be true for the solution. 
The result applies to one equation of higher order for one function (an earlier paper 
of H. Lewy and the author on this subject contains an essential error). The proof 
consists in establishing sufficiently strong theorems for linear equations so that itera- 
tions can be carried out. The method of characteristics is used only for linear equa- 
tions. (Received July 22, 1947.) 


F 


318. Philip Hartman: Unrestricted solution fields of almost-separable 
dsfferential equaitons. 

Let g(x) and f(é) be real continuous functions of a single variable for — œ << œ 
and Ost<~™, respectively. Let x=2(#) be a solution, on some tinterval Ogi<e, 
of the differential equation da/dt= g(x)+f(ġ. The question as to whether or not the 
solution x—=(f) can be extended over the entire non-negative /axis is considered; 
in the former case, the asymptotic behavior of x(#), as t— œ, is also treated. The 
results obtained for these problems are then applied in a discussion of the asymptotic 
behavior of y(f) and dy/dt, where y=y(f) is a solution of the second order linear 
differential equation dy/d#—(1+/(#))y=0 and f(t) is “small” for large values of ¢. 
(Received July 21, 1947.) 
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319. Einar Hille: Non-oscsllation theorems. 


Let F(x) be defined for x>0, integrable over every finite interval, real-valued and 
of constant sign for large x. A necessary and sufficient condition that the equation 
Y” +F(x)y~=0 have a solution y(x) with y(x)—1 when x— œ is that xF(x)EL(1, oo), 
Let F(x) >0 when x>0, form g(x) =x/, (idi, and let gẹ and ¢* be the inferior and 
superior limits of g(x) when x—+ œ. A necessary condition that the differential equation 
have non-oscillatory solutions is that gs 51/4, g¢* <1, and a sufficient condition is that 
e* <1/4. These inequalities are sharp. A logarithmic scale of non-cacillatory equations 
ia determined. A new comparison theorem for a class of singular Riccati integral 
equations is one of the main tools in the investigation. (Received July 29, 1947.) 


320. W. H. Ingram: A generalised Pollard-Moore-Stieltjes integral. 


Let o, be any subdivision of [ob] which includes among its points of division all 
points of discontinuity of f(x) of the first kind and of a permissible second kind namely 
those for which — œ <f(z—)mlim sup f(x—) =lim inf f(x—) =lim inf f(x+)<+o, 
lim sup f(z+) —lim inf f(x+) <+ œ, at which points, for both kinds, the oscillation 
exceeds w(k) and other points as required such that norm o;’<w(k) norm o,’. The 
limit of the value of the interval function > u,(’fO(x;+) felm) —g(x,)} as k> o, 
w{k)—0, a,” a refinement of a x; the sth point of ry, g(x) a function of bounded 
variation, is found to exist. The integral with variable upper limit Jfdg is a function 
of bounded variation and, when T —y(x) unless zero in which case when 
dym (ytd, dfifdg=fix-+)dg(x). Also | /2fdg— Dd lefU(x.-+)Ag(x)| SQyn%9(b) where 
Oy, is the maximim of the oscillations of f(x) in the (open) meshes of any arbitrary 
subdivision ø of [ab] and v, is the total variation of g. (Received June 16, 1947.) 


321. W. H. Ingram: The Green's matrix for a 1-dimenstonal bound- 
ary value problem. 


Let Y(x) satisfy dY=dH(x) Y, det Y»<0, H(x) of bounded variation. Then Y and 
F` are of bounded variation and the solution of the problem d Y =dH (x) Y+df(x)I, 
LY(a)+RY(b)=0, in which df(x, x, 8) is a scalar function zero everywhere except 
over the range +»Sx<x»+é8 where it takes the value dx/8, is, to within an 4 
D(x, xy Sla) m21 F(x) {s(x x, 8)+(LY(a)+RY(b))-(L¥(a) —RY(b)) } Y(t) 2 
euch that f2?"Y—ldf = P-\( 45) [z> df, a Ste <445x0-+550; this mean value theorem 
is either true or becomes true as 8—0; s(x, x», 8) =2f*df~1. The Green's matrix is 
defined to be the limiting form of T(x, x, 8) as 3—0 and satiafes the characterizing 
equations (i) G(é+-, £)—G(E, £) =I, Gi) dsG (s, £) =dH(x)G(x, £) +274, sign (x—t—)J, 
(iti) Lg(a,  +RG(, $)=0, a<£<b. The integral of the preceding abstract has appli- 
cation to the problem dY¥=dH(x)¥+dF(x), LY(a) +RY(b)=0, F(x) of bounded 
variation, and to the problem of Bull. Amer. Math. Soc. Abstract 51-11-219, for 
example, F(x) =/{G(z, )dF(é), and is required in integrations involving dG (s, E) 
which has a discontinuity, as a function of x, of the admissible second kind at x= ¢, 
(Received June 16, 1947.) 


322.. J. P. LaSalle: Singular measurable sets and linear functionals. 


A class of measurable sets Æ is shown to be nonsingular if and only if given E and. 
O<A<1 there exists a measurable set E’CE with the property that B(B) =al E), 
where s is the measure. If one makes use of the above and known theorems for linear 
topological spaces, a theorem on the existence of a multiplicative-additive continuous 
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functional on the space LÀ is obtained, where the integral is over an abstract space 
and the measure of the space is not assumed to be finite. The result is an extension 
of a theorem given by Arens (Bull. Amer. Math. Soc. vol. 52 (1946) pp. 931-935) 
and is similar to a theorem given by Day (Bull. Amer. Math. Soc. vol. 46 (1940) 
pp. 816-823). The method of proof gives a simple and direct proof of Day’s theorem 
on the existence of linear functionals in the space Lr, 0<p<1. (Received June 25, 
1947.) 


323. Morris Marden: A note on lacunary polynomuals. 


In this paper, it is proved that o of the form f(s) =a, +as+ 
+a tan HH +++ aus, Opia +: nÀ, LSPA -o <m, have at least 
PE nee eae E | S4Ar and |s | Br where r is the radius of 
the circle |s| =r containing all the zeros of the polynomial F(s) =ar - ++ mide 
+(m—1)(#1—1) + + > (m—1)as+ ++ + +(m—p)(#— p) ++ + (#a—p)apse and where 
Amcac* (x/2p) and B= [13-1] 132i(ne-+i)/(n:—J). These bounds are derived by ele- 
mentary methods based upon repeated use of the theorem that, if an wth de 

polynomial has p reros in |s| 51, its derivative has at least p—1 zeros in 
r x/2(#—p+1)=M as well as in |s| < [1j=2(s-+7)/(s—j) =N. The bound 
M is due to M. Marden (Trans. Amer. Math. Soc. vol. 45 (1939) pp. 335-368) and 
bound N is due to M. Bernacki (Bull. Soc. Math. France (2) vol. 69 (1945) pp. 197- 
203). (Received July 16, 1947.) 


324. S. Minakshisundaram: Notes on Fourier expanstons. III. 


Tet FO PEE esa H ee viriai adenn on Dorel e int 
interval (OSs, 3s °- , 32r) and let dF(s)~ DG... f E Hea), Ca-n 
= (1/ (2r) T -> l tiger ‘tabd Fie). Then (1) the series on the agit called 
the malisple Fourter-Stielijes series is almost everywhere summable (73, (k—1)/2+@) 
for every «>0, that is, Mge? esell r/R) en.. as Ont tyes), 
vima- -+a exists almost everywhere, and (2) at a point where the sym- 
metric derivative of F(e) exists the multiple Fourier-Stieltjes series is summable 
(v2, (k-+1)/2+¢). If k=1, this is equivalent to a familiar result in simple Fourier- 
Stieltjes series. (Received July 25, 1947.) 


325. Josephine M. Mitchell: Summabiltty theorems for double orthog- 
onal sertes whose coefficients satisfy certain condtitons. 


Let (I) Dn ampl, y) be the orthogonal development of a function f(x, y) EL? 
on the rectangle O(a Sr Sb, cSyQ¢), with respect to the complete orthonormal] sys- 
tem {¢ma(x y)} (m, wml, 2,- ) ($ma(z, ¥)EL*). Let s(m, n) be the sath partial 
sum and o(m, =) the corresponding (C, 1, 1) partial sum of (1). If the series (II) 
De eallog (+1) Pol, and D2, flog (+) aL, (« any arbitrary positive 
number) both converge, then series (I) is (C, 1, 1) seummabke to s almost everywhere 
in Q, if and only if limes.» 5(2", 2*) =s almost everywhere in Q. Under the weaker 
hypothesis that 2 12. > is convergent there exist two increasing sequences {sn} 

and {x} of positive integers such that limz.. oa(u, #4) =s almost everywhere in Q, 
if and only if lime... s(2™, 2%) =s almost everywhere in Q. If series (II) converges, 
then the (C, 1, 1) summability of series (I) to s implies that (1/mm) 73-1] s—s| 
and (1/m#) Linas ty —s)? both approach 0 almost everywhere in Q as m and #—> œ, 
Two properties of the Lebesgue functions, o| Sos>-1¢ex(%, y)eer(s, #)|dsdt, are 
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proved. The methods of proof used in this paper are generalizations of the one- 
variable proofs. Reference is made to a paper by R. P. Agnew (Proc. London Math. 
Soc. vol. 33 (1932)). (Received July 28, 1947.) 


326. L. A. Ringenberg: On the theory of the Burks integral. 


The author is concerned with the regular integrals and derivatives of a function 
which is defined on a class of plane intervals satisfying a parameter of regularity 
condition. The results of several papers by Kempisty, Saks, Burkill, and others are 
coordinated; several converses and generalizations are given. In addition to results 
stated in terms of monotoneity, continuity, absolute continuity, bounded variation, 
and so on, several results are given for functions of type A (type of the Lebeague area) 
and of type I. The type I property, suggested by Rado, is a simple characterization 
of a function of intervals which is the Lebeague integral of its own derivative. (Re- 
ceived April 28, 1947.) 


327. M. M. Schiffer: Faber polynomials in the theory of untoalent 
functions. 

Let D be a domain in the s-plane containing the point at infinity. Let =f(s) 
m=s+botbe t+ --- be univalent in D and map it upon the domain A. The sth 
Faber polynomial F,(#) with respect to f(s) is of sth degree in ¢ and satisfies by 
definition F,[f(s)]=s*+ Dreams ™. If the domain A undergoes a variation 
fm fta (EE) +boXt—&) A+ +++ +E*(E) univalent in A, p>0, &CA (d. 
Schiffer, Proc. London Math. Soc. (2) vol. 44 (1938) pp. 432-449) the coefficients 
bam vary as follows: = fam tap*m—'Fs (E) Fa (Eo) +0(o%). If a ei, +++, D) isan 
arbitrary set of complex numbers, the quadricQ= Xi T Enn Taim is a functional of 
f(s) (or A) with the variation formula ỌQ*= =O-+o0% >, xa Fa (&))*+0(p2). Func- 
tionals with a variation formula of this type, thet s coutaining-a perect equate. 
lead to extremum problems which are reducible to easily integrable differential equa- 
tions, Grunsky'’s inequalities (Math. Zeit. vol. 45 (1939) pp. 29-61) and generaliza- 
tions are obtained as particular applications. (Received July 14, 1947.) 


328. I. J. Schoenberg: Some analytscal aspects of the problem of 
smoothing. 


The present note contains two parts dealing with two disconnected problema con- 
cerning linear transformations of the convolution type (1) + = Dee Lah 
(sm +--+, —2, —1,0,1,2,-++- ). First, the author solves the problem of finding the 
limiting form of the coefficients of the high order iterates of the transformation (1) 
which is also assumed to be symmetric, that is, L= Ly» This problem was proposed 
by E. L. De Forest, an early writer on smoothing. Its present solution also helps to 
determine when a formula (1) may legitimately be called a amoothing formula. 
Second, the author studies formulas (1) which are variation-diminishing, that is, 
which have the property that the number of variations of signs in the sequence {+} 
is never exceeded by the similar number in the sequence {y4 }. Assuming that La—0 
exponentially, as #—+ œ, it is shown that (1) is variation-diminishing if and only if 
all minors (of all orders) of the matrix ||Z,,|| (é,7—0, 1, 2, - + > ) are non-negative. 
A method of constructing such transformations in terms of their generating functions 
F(s)= 2. __[as* is also given. The converse proposition, to the effect that this con- 
struction furnishes all variation-diminishing transformations, i is stated as a conjec- 
ture. (Received July 16, 1947.) 
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329. Walter Strodt: The resolution into partial fractions of the 
reciprocal of an exponential polynomial. Preliminary report. 


Let f(s) = Dos exp (ws), with the œ a set of complex numbers whose closed 
convex contains zero. Let H(s)=1/f(s). Let Zı, Z2,- ++ be the distinct zeros of f(s). 
Let Pa(s) be the principal part of H(s) at Za. Let H(B) be finite. Then for every 
positive e there exists a sequence of disjoint sets5 1,53, - ++, whose union is the set 
Zi, Z4,: ++, each ; containing at most #—1 points, and the diameter of each S, 
being lese than e such that if Q,(s) is the sum over, of the functions P.,(s) —Pa(B), 
then H(s)=H(B)+ 2., 0ı(5) whenever H(s) is finite. Moreover, for every pair of 
positive numbers &, & the sequence S, can be chosen so that Qa(3) = (2m5) 
- foFT()(B—s)(t—s)1(t—B)—'dt, whenever |s—Za|>&(m=1, 2, - - +), where the G 
are contours of length less than & on which A(#) is bounded, uniformly in k. This 
follows from well known theorems, due to C. E. Wilder, Tamarkin, and Pélya, about 
the zeros of f(s). (Cf. Langer, On the zeros of exponential sums and integrals, Bull. 
Amer. Math. Soc. vol. 37 (1931).) (Received July 29, 1947.) 


330. W. J. Thron: Some properties of continued fractions 
1+dos+ K(s/(1+d,s)). 


In this paper it is shown that for every power series (1) 1+2 es there exists 
one and only one continued fraction (2) 1+des-+K(s/(1+d,s)) which corresponds to 
the given power series (that is, the power series expansion of the #th approximant of 
(2) agrees with (1) up to and including the term cas*). Further, conditions on the 
sequence {da} which insure uniform convergence of (2) for: (a) |s] <d, (b) |s] >M, 
_ (c) fi<arg z< are determined. Finally, various necessary conditions for the uni- 
form convergence of (2) in a neighborhood of the origin are derived (for exampk, 
{d./m} must be bounded). (Received June 18, 1947.) 


331. J. L. Walsh: The erttical points of linear combinations of 
harmonic functions. 


Let R be a region bounded by a Jordan curve C, let the function U(s) be bounded 
and harmonic in R, continuous on C except perhaps in a finite number of points. If 
the non-euclidean line L in R separates the points of Cat which U(s) is positive from- 
the points of Cat which U(s) ia negative, then no critical point of U(s) lies on Lin R. 
If U(s) is non-negative on C and vanishes on the arc æ of C, then the subregion of R 
bounded by a and by the non-euclidean line joining the end points of a contains 
no critical points of U(s). This result extends under suitable conditions to critical 
points of a linear combination with constant coefficients of Green’s functions for R 
and harmonic measures of arcs of C. (Received June 9, 1947.) 


, 332. D. V. Widder and Salomon Bochner: A homogeneous differ- 
enital system of infinite order with nonvanishing solution. 


The differential system (sin UD)s(x)=lim,.. OD [[} (1 —kDt)y(x)=0 
k(+ ©) =0, ia homogeneous in the sense that no’ fundamental solution, o (k=O, 
+1, +2,---), of the differential equation satisfies the boundary conditions. If the 
equation were of finite order it could, as a consequence, have no nonvanishing solu- 
tion. It ia shown that every even derivative of the function k(x) =6-*/(1-+-6-*)? satis- 


fies the system. Morever, every function 2 , ask™(x) is a solution if 2, jaye" is 
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an even entire function of order one and minimal type. A counter example shows 
that the word “minimal” cannot be replaced by “normal.” (Received June 27, 1947.) 


APPLIED MATHEMATICS 


333. H. E. Salzer: Checking and interpolation of functsons tabulated 
ai certain irregular logarithmic intervals. 

For functions that are usually represented upon semi-logarithmic graph paper, 
that is, which behave as polynomials in log x, the problem of checking or interpolation 
when the x's are in geometric progression is quite simple due to the uniform interval 
in log x. But in practice functions are often given at some or all of the points 1, 2, 5, 
10, 20, 50, 100, 200, S00, 1000 (same as .001, .002, .005, and so on, or .01, .02, and 
so on). In the present paper coefficients are given which facilitate: (I) checking of 
such functions when given at some of the more frequently occurring combinations of 
those points, by obtaining the last divided difference; (II) Lagrangian interpolation 
according to a generalization of the scheme recently given by W. J. Taylor, Journal 
of Research, National Bureau of Standards, vol. 35 (1945) pp. 151-155, RP 1667. 
(Received July 16, 1947.) 


334. H. E. Salzer: Coefficsents for expressing the first twenty-four 
powers in terms of the Legendre polynomials. 


Exact values of the coefficients of Pa(x), the mth Legendre polynomial, in the 
expression for q as a series of Legendre polynomials are tabulated for #=0, 1, 
2,:--, 24. Previous tables due to Byerly or Hobson do not extend beyond # =8, 
and are inadequate for many needs. These coefficients will be useful in approximating 
a polynomial of high degree (denoted by f(x) after normalization to the interval 
[—1, 1]) by a polynomial of lower degree which will be best in a well known least 
square sense; that is, for a preasaigned r, they will be used to obtain the polynomial 
q(x) of degree not greater than r which minimizes /*,[f(x)— q(x) "ds. (Received 
July 3, 1947.) 


335. H. E. Salzer: Complex interpolation over a square grid, based 
upon five, six, and seven potnis. 


Lagrangian coefficients are tabulated for complex interpolation of an analytic 
function of Z=x-++y, which is given over a square grid in the Z-plane. The formulas 
employed here are based upon the values of the function at five, six, or seven points 
which are chosen so as to be as close together as possible, at the sacrifice of possible 
symmetry. (This is a continuation of the tables contained in the article by A. N. 
Lowan and H. E. Salrer, Coefiicsents for interpolation within a square grid in the complex 
plane, Journal of Mathematics and Physics vol. 23 (1944), which gives the coefficients 
for the 3 and 4-point cases.) Denoting the reference point in the lower left-hand 
corner by Zs, and & the length of the grid, so that Z—=Z,+Ph, where P=p-4tg, the 
approximating #-point formulas are of the well known form LL PRZ). Exact 
values of the qocfhicients L," (P) are given for p=0, i S „1.0 and q=0, A, 
2°, 1.0. A method foe iono Interpolation ieandiva ted, based iboi. io cam. 
Gents of P= in L™(P). (Received July 16, 1947.) 
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336. H. E. Salzer: Further remarks on the approximation of numbers 
as sums of reciprocals. 


The present work consists of three main parts. (1) Comparison of R-expansions 
with simple continued fractions for rational numbers a/b leads to the analogue of the 
Euclidean algorithm, with a multiple of the g.c.d. of a and b in place of the g.c.d. 
One practical result is that for a/b, as a rule, fewer partial fractions are required in 
the R-expension than in the s.c.f. (2) Proof that if p/q is an approximation to x ob- 
tained by the R-expansion, then the remainder (x—p/g)<1/g. (3) Proof that if p/g 
is an approximation to x obtained by the R-expansion, ole <1/2q except 
when +=3/4, when the 3 relation may hold. Both theorems are best possible ones. 
It is shown that when in an R- or R-expansion the denominator of the (#+-1)th 
partial fraction is about & times the minimum value that could arise in an R- or R-ex- 
pansion, then not only the closeness of the sth, but of all ensuing approximations p/g 
will be about 1/kg or 1/2kg respectively. A critical bibliography is provided, which 
reviews all work by other authors on R- or R-expansions. (Received June 18, 1947.) 


337. H. E. Salzer: Polynomials of best approxsmatton tn an infinie 
snteroal. Preliminary report. 

Chebyshev polynomials C,(<) are useful for approximating polynomials of high 
degree in a finite interval [a, b], by polynomials of much lower degree, because of the 
property that of all polynomials with leading coefficient 1, C(x) has the least value 
of the greatest deviation from 0 in the interval [—1, 1]. To approximate functions 
of the form «*p(x) and 6~*"g(x), where p(x), q(x) are polynomials, over [0, œ] and 
[— œ, œ ] respectively, it is useful to know: (I) polynomials P,(), degres #, leading 
coefficient 1, such that the greatest absolute value of e "P.(x) differs least from 0 in 
[0, œ]; (II) polynomials Q,(x), degree », leading coefficient 1, such that the greatest 
pa value of 6*"Q,(x) differs least from 0 in [— œ, Sl Pala) mx®+a, x") 
+. nee satisfies 2# transcendental equations Pa (x,) SPG), oP a(x) = (—1) ‘ae, 
dui, >>>, n, where x are the abscissae of the extrema of ¢*P,.(x). as 
+- +h satisfies 2s -+1 equations Oy (x1) =21,Qa (11), Oa (a) = (—1) 110a (21), 
ai , n, n+1. When suitably normalized, P(x) and Q,(x) are aa by 
being pan alternately to +@ and +e” respectively. Qu() mPan(s”) for # even, 
and is an odd function for # odd. (Received July 11, 1947.) 


GEOMETRY 


338. W. R. Utz: The properties of geodesics on certain n-dimensional 
manifolds. Preliminary report. 

Let S denote the interior of an (# —1)-dimensional unit sphere in Euclidean #-space 
and let G denote a properly discontinuous group of homeomorphisms of S onto itself 
that preserve the hyperbolic metric [(dx,dx,)¥/(1—xpu). The action of this group is 
discussed in a manner similar to that of Poincaré (Théorte des groupes Fuchsiens, 
Acta Math. vol. 1 (1882) pp. 1-62) for the case #=2. By the identification of con- 
gruent points of S under G an #-dimensional manifold, Z, is secured. An investigation 
of the geodesics on Z leads to results concerning geodesics and hyperbolic lines of 
the same type, asymptotic geodesics and limit geodesics analogous to certain results 
of Morse (A fundamental class of geodesics on any closed surface of genus greater than 
‘one, Trans. Amer. Math. Soc. vol. 26 (1924) pp. 25—60)) in the case of certain two- 
dimensional manifolds. (Received May 24, 1947.) 
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LOGIC AND FOUNDATIONS 
339. David Nelson: Constructible falsity. 


A definition for constructible truth of number theoretic statements is presented 
which entails the truth of a statement of the form “Not for all x, A(x)” only in case 
there is an effective method of constructing a natural number # such that “A(#s)” is 
false. The definition is similar to that of Kleene (Journal of Symbolic Logic vol. 10 
(1945) pp. 109-124) for realizability. Using results of this paper and Nelson (Trans. 
Amer. Math. Soc. vol. 61 (1947) pp. 307-368) a simply consistent system of number 
theory satisfying the truth definition is constructed. While some classically accepta- 
ble principles which are intuitionistically invalid are reinstated, the system becomes 
inconsistent upon the adjunction of an axiom schema representing the principle of 
contradiction. The system contains the systems of classical and intuitionistic number 
theory on suitable reinterpretation of the logical symbols of those systems. (Received 
July 28, 1947.) 


340. Ira Rosenbaum: A simple process for obtaining a formula saits- 
fying the nih q-ary truth table of m-valued logic. 


The number, #, of any gary truth table of m-valued logic is determinable—by 
the methods af Bull. Amer. Math. Soc. Abstract 53-5-265—from the relation 
a—1= A ee where cmt and W= the ith truth-value of the given table 
minus 1. Divide the summands above into į groups of m1 summands, and reduce all 
exponents to the remainders obtained on division of these exponents by m, adding 1 to 
each subsum obtained. Let the resulting sums be denoted by m, ¢—1, 2,°-°°, m. 
Then the following relation is provable: F*™(f,---, poe {sty 
Fanta (Pu +++, Pe) } where the left member of the equivalence denotes the sth 
Gan) auch faction ot Pi valdei logic, 4(p,) denotes a singulary function of pẹ which 
has the value 1 when pẹ has the value f and the value m otherwise. This relation 
yields a formula—defined in terms of &, >, eingulary functions and (¢—1)}ary func- 
tions—which satisfies the sth gary truth table. Recursion on q finally yields a formula 
with the same property—built only from &, D), and singulary functions—which is, 
for g or m 23, more easily obtained and comprehensible than conjunctive or disjunc- 
tive normal forms. (Received July 22, 1947.) 


STATISTICS AND PROBABILITY 
341. H. D. Brunk: The strong law of large numbers. 


Sufficient conditions for the strong law of large numbers for sequences of inde- 
pendent random variables involving moments of arbitrary even order are obtained 
using a method based on Kolmogoroff’s. These are given for the strong law in a 
generalized form analogous to Feller’s generalized form of the weak law (see Bull. 
Amer. Math. Soc. vol. 51 (1945) p. 827). Similar sufficient conditions are also given 
for sequences of independent random variables for which the moments do not exist. 
(Received May 12, 1947.) 


342. J. L. Doob: Asymptotic properties of Markoff iransttion prob- 
abilities. - 

‘Let P(x, A) be the probability of a transition from a point x into a set A 
(Markoff procœsæ). It is supposed that there is a self+eproducing distribution, that is, 
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a distribution (A) satisfying (P“(x, A) ®(dG,)=—2(A). Various theorems are 
proved, generalizing results of Doeblin, Kryloff and Bogoliouboff, and Yosida and 
Kakntani on the asymptotic properties of P™ (x, A) for large #. For example if the 
singular component Pi(x, A, ») of P™ (x, A) measure with respect to #(A) measure 
goes to 0 when #— œ for all fired x, the v space can be decomposed into finitely 
or denumerably many disjunct sets N, Ai, As,--- such that &(N)—=0 and (*) 
P®(x, A)—>Q(z, A) (Ces&ro convergence) for all x; here Q(x, A) is a probability 
measure in A for fired z, and Q(x, 4)=(Q,(A) is independent of x for x in ACA). 
Each ergodic set A, can be further subdivided into a finite number d, of sets through 
which the system governed by the given transition probebilities runs cyclically; if 
d,=1 the limit in (*) is to be taken in the ordinary sense. Previously used hypotheses 
are equivalent to supposing that Pi(z, A, »)—0 uniformly in x; (*) is then also 
uniform in x, and there are at moet finitely many A,’s. (Received May 3, 1947.) 


343. J. L. Doob: Renewal theory from the potni of view of the theory 
of probabslsty. 

The renewal problem is considered as a probability problem, leading as usual to 
the integral equation (*) U()=FU)+/,U(¢—s)dF(s) where F(s) is the probability 
of death before age s and U(t) is the expected number of deaths in the interval (0, #). 
The properties of U(#) satisfying (*) are deduced from a probability analysis of the 
stochastic process involved. For example if A=/,>sdF(s), Feller's theorem that 
U(t)/t-1/A is deduced as a consequence of the law of large numbers. Using the 
theory of Markoff processes it is shown that if A < © and if some convolution of F(s) 
is not a singular function, limy.. [U(?-+h)—U(i)]—k/A for all &. (Received May 3, 
1947.) 


344. T. E. Harris: Some theorems on the Bernoulltan multiplicative 
process. 


A single entity may have 7 descendents with probability p,,7—0,1,2,---.Each 
“first coe ar has then the same procreative probabilities, and so on. Let 
f(s) =petpu+t » -- . If s is the number of entities in the sth generation, it is known 
that P(s, =f) is given by the coefficient of s? in the mth iterate FU- lefa). 
Let Es,my, 1<x< œ. Conditions are given insuring that as #— œ the cumulative 
distribution of the variate s,/x* approaches a limit function which is absolutely con- 
tinuous except for a possible single jump. Let g(#) be the corresponding frequency 
function. If f(s) is a polynomia! of degree 4, let g= logs, k/(logs k—1). Otherwise q=1. 
Then g(w)-exp {xt} is [is not] summable (0, œ) according as eis negative [posi- 
tive]. Behavior of g(s) near n=O is also considered. Special cases are considered 
where g(s) =constant:#/=—1s—=/™, m a positive integer. Maximum likelihood esti- 
mates for the parameters pa pı, + and x are obtained as functions of = successive 
values s, ty, - fe dy E ie ein seuss E A specialized method 
is given for finding the moment-generating function of the variate N, the smallest 
value of » such that s,=0. (Received July 21, 1947.) 


345. A. M. Mark: Some probabtltty limi theorems. 


Let X1, Xs, +--+ bea sequence of independent, identically distributed random vari- 
ables, each having mean 0 and standard deviation 1 and let S= X: +X + +--+ +> +X, 
It is shown that the limiting distributions of #3 min (Siz, Sma °°, Se) and 
m2 50"_P(j/m)S; exist and are independent of the distribution of the X’s when 


1947] ABSTRACTS OF PAPERS 919 


N= [an], 0<a<i, and $(é) is a suitably restricted function defined over 0SiS!1. 
A similar limit theorem is proved for the distribution of #30" St, where 
Samatat > +> Xa and Xu, Xe,--+, Xen are independent, identically 
distributed random variables each having mean ua and standard deviation 1, if 
lim, .. Aina is finite. In each case the limiting distribution is first shown to be inde- 
pendent of the distribution of the X’s and is then calculated by a convenient choice 
of a particular distribution of the X’s. This method was first used by Erdds and Kac 
(Bull. Amer. Math. Soc. vol. 52 (1946) pp. 292~302). (Received July 28, 1947.) 


346. Kenneth May: Probabslities of certain election results. 


Consider = election districts in each of which m votes are cast for one of two parties, 
the district votes following independent uniform distributions, The author discusees 
the probability P (m, #) that either party gain a majority of the districts with e minar- 
ity of the total vote. The problem is connected with that of enumerating the composi- 
tions of a number into » parts #20, # Sm, and such that more than »/2 parte are 
greater than m/2. Taking m and # odd to avoid ties, results are stated in terms of 
H= (m+1)/2 and »= (#+1)/2. Utilizing the generating function (1 —s*)*{(1—s)™, the 
probability is found to be 21u} >) (—1)'Ca.npsCa,s Onyar- p-r {raan Where the 
summation extends over + and s satisfying p»—»—y—(¢+s)u20. In particular, 
P(m, 3) =(u?—1)/8u9. For large x, utilizing Bernstein’s central limit theorem, there 
results P (m, ©) m1/2—(1/r) arctan { u3¥2/(u2—1)49}, For large m, with the assistance 
of Fourier integrals, it is shown that P(, =) =2!-*(—f11 >) 2 (—1)'Ca, Casp" 
where the summation is taken over r and s satisfying »—1—r—szZ0. From 
P(3, 3)=3/32, with increasing m and x, the probability rapidly approaches 
P(o, o)m1/6,. (Received May 21, 1947.) 


347. H. E. Robbins: Some remarks on the inequality of Tchebychef. 


Let Ca denote the class of random variables X such that Y¥=X,+--- +X, 
where the X; are independent and equidistributed and E(X4)=0, E(X)) =1/n. Let 
“ga(@) denote the upper bound of P[| X| 2¢], where X runs over the class Cy. It is shown 
that ¢.(4)<f“ for any » >1 and sufficiently large t. Thus Tchebychef's inequality 
can be improved for random variables in Ca, even though, as ¢ becomes infinite, 
a(i) ~t. (Received July 28, 1947.) 


348. Abraham Wald: On the distribution of the maximum of succes- 
sive cumulative sums of tndependent but not identscaly distributed 
chance variables. 


_ For each positive integer N, let Xm, >- +, Xxx be a set of independently distrib- 
uted chance variables. Put Sm, =X m+ ° +Xy, and My=—max (Sm, --:, Sym). 
It is shown that under some weak restrictions the limiting distribution of My/NY3 
depends only on the first two moments of Xy,. The exact distribution of My is ob- 
tained when Xy; can take only the values +1 and —1. Lower and upper limits for 
My are given which yield particularly simple lower and upper limits for the prob- 
ability distribution of My when the X’s are symmetrically distributed around zero. 
(Received June 26, 1947.) 


349. J. E. Walah: Loss of information in t-tesis with unbalanced 
samples. 
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Consider two normal populations N (a, a?) and N(ds, 04), where o1/o3 (ratio of the 
standard deviations) has a known value C. If the equality of the means, a; =4s, is 
to be tested by a i-test (one-sided or symmetrical) using #ı sample values from 
N(a1, c?) and # values from N(as oy) (#1+#1= x, fixed), it is ahown that this experi- 
ment is most powerful when #:/#;—01/c) (integer considerations neglected). The 
t-tests satisfying this condition are called balanced. Thus information is lost by not 
using a balanced experiment. A quantitative measure of the information lost by 
using given values of #; and mis determined by the total sample sire m (m-i =) 
of the balanced ż-test (same significance level) having approximately the same power. 
Then n—m sample values are wasted by using (mı, #1) rather than (m, m), that is, 
only 100m/s% of the information obtainable per observation is used by (m, ma). 
A symmetrical t-test with significance level 2a has the same value of m as a one- 
sided ¢-test with significance level a. For one-sided t-tests with significance level a: 
ma2-1(B-+(B1—8A4)"2), where Bm2+A+KG/2, A=(C+1)*[1—KG/2("—2)] 
-[C3/m1+1/m]7, and Xa is the standardized normal deviate exceeded with prob- 
ability a. This approximation to m is valid for m&5 if am.05, m2e6 if a=.025, 
mol if am.01, m28 if a=.005. (Received July 16, 1947.) 


350. J. E. Walsh: Some significance tests for the median which are 
valid under very general conditions. Preliminary report. 


” Consider # independent values drawn from populations satisfying only: (1) Each 
population has a unique median. (2) The median has the same value ¢ for each 
population. (3) Each population is symmetrical. (4) Each population is continuous. 
(No two of the values are necessarily drawn from the same population.) Significance 
tests are‘derived for @. These tests are based on order statistics of certain combinations 
of order statistics, each combination being either a single order statistic of the » values 
or one-balf the sum of two order statistics. The tests are reasonably efficient if the 
ee ee ee 
the form r/2* (rmi, +--+, 2*—1). Each value of r can be obtained for some one- 
adei eat Toe nE o dadeni: ol hess testa ia the Lt number of suitable 
significance levels for small #. This disadvantage is partially eliminated by the de- 
velopment of tests having a specified significance level if the values are a sample from 
a normal population and a significance level bounded near this value if only (1)}{4) 
hold. Applications of these tests furnish generalized results for the Behrens-Fisher 
problem, certnin large “sample” cases, quality control, slippage tests, the sign test, 
and situations where some of the # values are dependent. (Received July 16, 1947.) 


TOPOLOGY 


351. S. S. Chern: On the characteristic ring of a differentiable manı- 
fold. 


Let M be a differentiable manifold of dimension #, which may be finite or infinite, 
orientable or non-orientable, and let H(#, N) be the Grassmann manifold of all the 
linear spaces of dimension # through a fired point O of a Euclidean space E*t” of 
dimension #+N, N2s#+2. By imbedding Min &*** and constructing through O the 
linear spaces parallel to the tangent linear spaces of M, a mapping of Minto H(s, N) is © 
obtained. This mapping induces a ring homomorphiam of the cohomology ring of 
Hin, N) into the cohomology ring of M, whose image is called the characteristic 
ring C(M) of M. Take as coefficient ring the ring of residue classes mod 2. Formulas 
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are established which give the cup product of two elements of C(M) as a linear com- 
bination of elements of C(M). Consequences of these formulas are: (1) The Stiefel- 
Whitney classes W” (a=1,- ++, #) form a basis of the characteristic ring under ring 
operations; (2) Necessary conditions are obtained for M to be imbeddable in Est 
or E=}; (3) Projective spaces of even dimension », when # is not of the form 
a—=2(2*—1), kel, cannot be imbedded in £**?, (Received June 23, 1947.) 


352. S. S. Chern: On the common zeros of a set of scalar densities 
on a complex analytic manifold age the automorphic forms in several 
complex variables. 


On a compact complex analytic manifold of dimension # a scalar density f of 
weight kis a geometric quantity transformed according to the aw: f*=/-J*, where 
J is the Jacobian. On the locus of common zeros of a set of scalar densities fi, © © © , fay 
m Sm, can in general be defined a cycle, called the cycle of common zeros and de- 
noted by Lf, -++, fa]. Then when both sides have sense, [fue es fil: Pus pm ay 
fim l [fi | ue fua], where the left-hand side denotes the intersection cycles of 
tie Gero crclea in the beni of algebrai Topoly, The homology classes of the cycles 
[fu <- - , fa] are identified with the characteristic classes which the author introduced 
in his study of Hermitian manifolds. These results can be applied to Siegel's theory 
of automorphic functions in several complex variables, with the conclusion that 
the cycle of common reros of a set of automorphic forms with respect to a discon- 
tinuous group A in Siegel's half-space depends only on the analytic structure of the 
fundamental domain F of A, if F is compact. In particular, the number of common 
zeros of # automorphic forms is equal to the Euler-Poincaré characteristic of F. (Re- 
ceived June 23, 1947.) 


353. H. S. M. Coxeter: Configurations and maps. 


The regular maps on a torus (cf. Brahana, Amer. J. Math. vol. 48 (1926) pp. 225- 
240) are found to be of three types: a map of b?+c® quadrangles, one of b3+-de+¢3 
hexagons, and one of 2(b3+bc+c1) triangles. Alternate faces of the last map form a 
triple system which can sometimes be interpreted as an interesting configuration. 
When b=? and c=1 this becomes Fano’s finite projective geometry PG(2, 2); when 
bes3 and c=0, the Pappus configuration. Similarly, alternate faces of the map of 
24 triangles on the unorientable surface of characteristic —3 (Duke Math. J. vol. 10 
(1943) p. 298, Fig. 11) yield the triple system formed by the collinear sets among the 
nine inflexions of the general cubic curve in the complex projective plane. (Received 
July 26, 1947.) 


354. W. H. Gottschalk: Recurswe properties of transformation 
groups. Il. 


Let T be a locally compact topological group which acts as a transformation 
group on a topological space X. Let there be distinguished in T certain sets, called 
admissible, which satisfy this condition: If A is an admissible set and if Bisa set in 
T such that AC BK for some compact set K in T, then B is an admissible set. A sub- 
group R of T is said to be recursive at xC X provided that to each neighborhood U 
of x there corresponds an admissible set A such that ACR and xAC UV. It is proved 
that if T is recursive at rE X and if Sis a relatively dense invariant subgroup of T, 
then Sis recursive at z. (Received June 30, 1947.) 
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355. S. W. Hahn: Untversal spaces under strong homeomorphisms. 

Two subsets X end Y of a Euclidean s-space E, are mid to be strongly komso- 
morphic if there exists a homeomorphism f of Es onto itself such that f(X) = Y. A 
subeet Y, of En will be called stsersal for k-dimensional subsets of Ea if: (1) dim Ya =b 
and (2) for every X in F. with dim X =}, X is strongly homeomorphic to a subset of 
Fa It is proved that for OS4<x—1 there is no universal Fp. (Received April 25, 
1947.) 


356. Deane Montgomery: Analytic parameters in three-dimenstonal 
groups. 

It is shown that every connected locally Euclidean three-dimensional topological 
group must be a Lie group. (Received May 22, 1947.) E 


357. Deane Montgomery: Connected ons-dimenstonal groups. 


Let G be a locally compact connected one-dimensional topological group whose 
toplogy is separable metric. If G is not compact then G is isomorphic to the group of 
real numbers under addition. (Received May 22, 1947.) ' 


358. Paul Olum: Pseudomanifolds and thoir covering spaces. | 


Let K be an #-dimensional peeudomanifold and X its universal covering space. 
The present paper studies the structure of K in relation to that of K, particularly 
with regard to questions of orientation. This leads to an explicit determination of a 
certain s-dimensional cohomology group with operators in K over an arbitrary 
coeficient group. (This is essentially the sth cohomology group of Æ with local 
coefficients, in the sense of Steenrod, for an arbitrary system of local coefficient 
groups.) On the basis of this result, a classification is given of the homotopy classes of 
mappings af K into a topological space T, where the homotopy groups +,(T) vanish 
foc 1<r<n. (See the abstract Homology with operators and mapping theory, to be 
published in November.) The results are applied in particular to the mappings of an 
*-pecudomanifold into projective s-space. (Received July 25, 1947.) 


359. Pierre Samuel: Ulirafiliers and compactification of uniform 
` spaces. 


The purpose of the author is to give a purely topological (that is, not using real 
numbers) proof of the fact that every separated uniform space S is a subspace of a 
compact Hausdorff space. This compact space 5 is constructed as an identification 
space of the Boolean space of all ultrafilters over S. 5 contains the completion S* 
‚of 5 as a subspace, and is identical with S* if, and only if, S is precompact. The 
Cech, Wallman and Alexandroff compectifications are studied as particular cases of 
this construction. A locally compact space is characterized as a space for which there 
exists a minimal uniform structure compatible with its topology. A characterization 
of normal sequentially compact spaces is also given. A purely topological characteri- 
ration of uniformizable spaces ie given in terms of mappings into compact spaces, 
and its equivalence with complete regularity is proved. (Cf. Bourbaki, Topologie 
générales, Paris, 1940, chap. 2.) (Received May 12, 1947.) 
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360. P. A. White: Regular transformations on generalised manifolds 


It is shown that the image of a sphere-like orientable general zed-s-manifold under 
a (n—1)-regular transformation with the additional property that the inverse of 
each point is an lo. is an orientable generalized-«-manifold. Other more general 
theorems concerning the above transformations are also studied. (Received March 17, 
1947.) ` 


361. J. W. T. Youngs: Homeomorphic approximations to monotone 
mappings. 

In this paper the author proves the following theorem. If m: MI} M(=from M onto 
M) is a monotone mapping where M is a closed 2-manifold or a 2-manifold with bound- 
ary, and e >0, then there is a homeomorphiem h: M? M ech that p {m(2), k(x)}<« 
xE M. (Received July 24, 1947.) 
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PRIMITIVE RECURSIVE FUNCTIONS 
RAPHAEL M. ROBINSON 


1. Definition of recursive functions. In this paper, we shall con- 
sider certain reductions in the recursion scheme for defining primi- 
tive recursive functions. Hereafter, we shall refer to such functions 
- simply as recursive functions.! In $1, we define what is meant by a 
recursive function, and algo define some recursive functions which 
will be used. The statement of the principal results of the paper will 
be found in §2. 

Py a number, we shall mean one of ‘the natural numbers 0, 1, 
25 33 . We shall consider functions of any number of variables, 
each variable ranging over all numbers, and the values of the function 
being numbers. Small letters will denote variables assuming numeri- 
cal values, and capital letters will denote functions. In the case of a 
function of one variable, we shall usually write Fx instead of F(x). 

A function will be called recursive if it can be obtained from certain 
initial functions by repeated substitution and recursion. 

The initial functions are the following: 

The identity functions; that is, for every n and k with 1 <k Sn, the 
function I,, defined by 


Taan ++) ta) = Er 


The zero functions; that is, for every »20, the function O, de- 
fined by 


OnT, o, Za) = 0. 


The successor function; that is, the function S of one variable, ` 
such that Sx is the next number after x. 

The substitution rule is the following: If 4;,---, Am are known 
functions of » variables, and B is a known function of m variables, 


Presented to the Society, August 22, 1946; received by the editors March 5, 1947, 

1 Various types of recursive functions play a fundamental role in mathematical 
logic. Primitive recursive functions were used by K. Gödel, Uber formal unentscheid- 
bare Siss der Principia Mathematica und verwandier Systeme I, Monatshefte fir 
Mathematik und Physik vol. 38 (1931) pp. 173-198; for the definition, see pp. 179- 
180. For a discussion of general recursive functions (which may be considered to be the 
computable functions), see S. C. Kleene, General recursive functions of natural num- 
bers, Math. Ann. vol. 112 (1936) pp. 727-742. For some other types of recursion, see 
the paper by R. Péter cited in footnote 2. In the present paper, we consider only the 
simplest type of recursive function, the primitive recursive function, and no knowl- 
edge of other papers is assumed, 


925 


926 R. M. ROBINSON [October 


then a function F of » variables may be defined by 
F(a, >, ta) = B(As(a1,--+ +, a)i +) Am(%1, 5+ + te). 


It is not excluded that m or » should be zero. 
In particular, we can obtain by substitution the functions 


SO,(41, Ceta Sm) SSO,( 21, ove Xn); eta 


that is, all constant functions. Also, if we put O. for B, and any 
functions of # variables for Ái, * © ©- , Ám, then F is the fynction O,. 
Thus it was not necessary to assume all the zero functions as initial 
functions; we could in fact have taken just Oo. 

Furthermore, using the identity functions, any desired permuta- 
tion of variables, or introduction of extra variables, may be accom- 
plished. For example, given a function B of two variables, suppose it 
is required to define a function F of three variables, such that 


F(z, y, 8) = B(s, 2). 


This is seen to be included in our substitution rule when written in 
the form l 


F(x, Yı s) = B(Ia(z, ys s), T3:(2, Y, s)). 


Finally, we must tell what is meant by recursion. If A is a known 
function of # variables, and B a known function of #+2 variables, 
then a function F of n+1 variables may be defined by the recursion 
scheme 


F(t, ++, Mn, 0) = A(t, > ++, a); 
F(t, °° , Mn, SZ) = B(w1,°-- y Wy, x, F(un » Hn, x)). 
The recursion is said to be with respect to x; the other variables 
u, >+, 4a are called parameters. In case n=0, we may replace 
A(us,°-+,#a) by a number a. This completes the definition of 


what is meant by a recursive function. 

Familiar examples of recursive definitions with one parameter are 
those of #-+x, ux, and #*, which must be made in this order. The 
definitions are: 


gto: wtOmw, wt SeoS(u+x); that is, dwmw, Bw, x, y) Sy. 
uz: #«-0=0, w-Srouzte; thatis, dw=0, B(w, x, y)=y+s#. 
#4”: wom 1, ey: that is, dw=l, Bhu, x, y) = yu. 


We shall make much use of the function 0*, and also of sgn x=0". 
We shall also use predecessor and difference, defined by 
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Px: PO = 0, PSz = x; 
nri 6+ 0—e, y Som Plu + x). 
Notice that u+a=0 if «<x. We also use the absolute difference 
|#— zl = (w+ 2) + (x+ y). 


The notation #—x, without dot or vertical bars, will always be used 
in an ambiguous sense, to stand for any recursive function F(u, x) 
which is equal to #—x for u&x, regardless of its value when u<x. 
Any such function will be called a difference function. In particular, 
ux and |u—-| are difference functions. 

The functions Dx and Tx, giving the remainders when x is divided 
by 2 or by 3, are defined by 


Dz: DO = 0, DSx = (Ps. 
Tx: TO = 0, TSx = 0f. + 2.Q/T#-1), 


We may also describe D as the characteristic function of odd num- 
bers. Two further recursive definitions are 


Fz m [2/2]: FO=0, FSz= Fz+ Dz: 
Fz = [z1]; FOS 0, FSz = Fr + 06Fe) se 


In the last definition, FSx is obtained from Fx by adding 1 when the 
next square after x is the next number after x, but adding 0 when 
the next square is larger than the next number. We may now obtain 
by substitution the excess over a square, and the characteristic func- 
tion of squares: 


Ex = gz — [21/2], Qr = OF, 


All of the symbols defined in this section will be used with the same 
meaning throughout the paper. The letters J, K, L will havea special 
meaning defined in §§3 and 4. On the other hand, the symbols 4, B, 
F will be reserved for general functions, and may have a different 
meaning each time they are used. 


2. Statement of principal results. We shall consider certain more 
special recursion schemes than the one which occurs in the definition 
of recursive functions, One restriction is to limit the number of 
parameters. Another restriction is to suppose that B does not depend 
on all of its variables. If B(s1, - ++, #s, x, y) does not depend on the 
parameters 1, us +--, Ua, we shall call the recursion scheme stera- 
hon. (If n=0, this is no restriction.) If B(s1, - + -, te, x, y) does not 
depend on x, we shall speak of pure recursion, and if it depends only on 
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y, of pure iteration. Thus with one parameter, we have the four recur- 
sion schemes: 


Recursion: F(#, 0) = Au, F(u, Sx) = B(#, x, F(#, x)). 
Pure Recursion: F(u, 0) = As, F(u, Sx) = B(s, F(u, x)). 
Iteration: -  F(#,0) = Aw, F(u, Sx) = B(x, F(u, x)). 


Pure Iteration: F(#, 0) = Aw, F(u, Sx) = BF(w, x). 


It should be noticed, here and below, that the more special schemes 
are always actually included in the more general ones, since (by using 
the identity functions) a function of certain variables may always be 
considered as a function of more variables. 

The last two schemes are no less general, if taken in the form: 


Iteration: F(u,0) =, F(x, Sx) = B(x, F(#, x)). 
Pure Iteration: F(s,0) =, F(#, Sx) = BF(s, x). 
For it is easily seen that if F(u, x) is defined in this way, then the 
previously defined function is simply F(As, =). 
The function F(u, x) obtained by the last scheme (pure iteration) 


is simply the result of applying the function B x times to u. Hence 
we write 


F(u, z) = Btw. 


For example, u -+x = 5". 
With no parameter, we have but two recursion schemes, since 
there is no distinction between recursion and iteration. These are: 


Recursion: FO = a, FSz = B(x, Fx). 
Pure Recursion: FO = a, FSx= BFe, 
Since #=0, the function A (%1, - © © , tx) is replaced by the number a. 


The pure recursion scheme defines the function Fx=B*a, Unlike 
B*u above, this ia a function of the one variable x, since a is a given 
number. | 

We also consider the somewhat more special schemes where only 
the value 0 is allowed for a: . 


Recursion: FO = 0, FSx = B(2, Fx). 
Pure Recursion: FO=0, \FSz2 = Bre. 


Even the last and most special recursion scheme, Fx=B*0, will be 
seen to be adequate to define all recursive functions, if two func- 
tions are adjoined to the initial functions. 
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For each degree of specialization of the recursion scheme, we shall 
ask what recursive functions need to be adjoined to the initial func- 
tions, in order that all recursive functions can be defined. It is under- 
stood that we always keep the identity, zero, and successor func- 
tions as initial functions, and that the substitution rule is unchanged. 
It will be shown that the functions given in the following table are 
sufficient to adjoin to the initial functions. 


One Parameter 


No Parameter 





‘In the table, the word mixed is used as the opposite of pure, and 
indicates that B may depend on x. The dash in the cases of (mixed) 
recursion and (mixed) iteration indicates that no adjunctions are 
necessary. Two alternatives are given in the cases with no parameter, 
They are both valid even in the special case g=0. It is undersood 
that +x in the table indicates that we are to adjoin to the initial 
functions that function F of two variables for which F(#, x)=u+ zx, 
and similarly for |#—zx]. 

Rózsa Péter has shown that recursion with one parameter is 
adequate.’ She has also shown that recursion with no parameter is . 
sufficient to define all recursive functions, if three recursive func- 
tions (#*, the xth prime p., and the exponent of the highest power of 
be which divides %) are adjoined to the initial functions.? We extend 
these results by showing that even iteration with one parameter is 
adequate, that simpler adjunctions can be made in the case of re- 
cursion with no parameter, and by discussing the various types of 
pure recursion. 

Whether all the adjunctions made are actually necessary, I do not 
know. However, it is shown in §8 that in the case of recursion with 
no parameter, some function of more than one variable must be 
adjoined. In the case of pure recursion with no parameter, more ex- 


tR. Péter Über don Zusammenhang der verschiedenen Begriffe der rebursieen 
Funkkon, Math. Ann. vol. 110 (1934) pp. 612-632, especially pp. 619-620. 

3 R. Péter, Konstrukion wichtrehursiver Funkkonsn, Math. Ann. vol. 111 (1935) 
pp. 42-60, especially pp. 4548 ` 
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tensive results are obtained, which show in particular that u+« and 
Q would not be sufficient to adjoin. 

In §3, we shall make the reduction to the various schemes with 
one parameter, and in §4 to schemes with no parameter, by making 
certain adjunctions to the initial functions. The lemma of §5 makes 
an essential reduction in the number of functions adjoined; but some 
of the more difficult definitions are reserved for §6, where the proof 
of the results given in the above table is completed. In $7, it is 
shown how all recursive functions of one variable may be defined 
without introducing functions of more than one variable. The neces- 
sity of the given adjunctions is discussed in 98. 


3. Reduction to schemes with one parameter. All of the reduc- 
tions make use of the idea of associating an ordered pair of numbers 
with a single number. We must establish a one-to-one correspondence 
between all pairs of numbers and some numbers, This requires three 
functions J(u, 0), Kx, Lx, satisfying the equations 


KJ(#, 0) = +, LJ(#, 0) = v. 
\ 
If we have in addition 
J(Kx, Lx) = z, 


then a one-to-one correspondence is established between all pairs 
of numbers and all numbers. However, this condition is not needed, 
and we shall not assume it. 

We shall assume that some suitable functions J, K, L are adjoined 
to the initial functions. A possible set of functions is 


J(u, o) = (u+) +u,  Kz= Ex, Lx = [2] — Ex, 
These functions are all expressible in terms of 
u + T, #— FT, zr, [z1], 


where u —zx denotes any difference function. Thus it would be suff- 
cient to adjoin these functions to the initial functions. 

As a first reduction in the recursion scheme, we show that the num- 
ber of parameters can be reduced to one. It is sufficient to show how 
to reduce the number of parameters by one, when there are two or 
more to begin with. In fact, it is sufficient to show how to reduce the 
number of parameters from two to one, since additional parameters 
could be carried through unchanged. 

The given scheme has the form 


F(u, v, 0) = A(s, 2), F(u, 0, Sx) = Bs, v, z, F(#, 0, x)). 
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It is seen that the function 
F' (u, x) = F(Ku, Lu, z) 
is defined by the recursion scheme with one parameter 
F'(u, 0) = A's, F(u, Sx) = B'(u, x, F’(u, 2)), 
where 
A'u = A(Ku, Le), B' (ss, x, y) = B(Ku, Lu, x, y). 
Finally, we may put 
F(u, v, £) = F (J(u, 2), 2). 
Thus we have shown that recursion with one parameter, 
F(u, 0) = Aw, E(u, Sx) = B(w, x, F(u, x)) 


is adequate. It remains to show how the u and x may be eliminated 
from B(u, x, y). Let us first eliminate the u. (The opposite order 
could equally well be used.) We see that the function 


F(u, 2) = J(u, F(u, x)) 
is defined by the iteration with one parameter 
F'(u, O) = A'u, F(u, Sz) = B'(x, F' (w, 2)), 
where 
A'u = J(#, Ass), B'(x, y) = J(Ky, B(Ky, x, Ly)). 
Finally, 
F(u, x) = LF (ss, 2). 
Thus iteration with one parameter, 
F(u, 0) = Au, F(u, Sx) = B(x, F(u, 2)) 
is also sufficient. Now the function 
F'(#, x) = J (x, F(u, x)) 
may be defined by 
F(u, 0) = A'u, F(u, Sx) = B'F'(u, x), 
where 
A'u = J(0, As), Bly = J(SKy, B(Ky, Ly)). 
Finally, ` 
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F(u, z) = LF'(#, 2). 
Hence pure iteration with one parameter, 
F(u, 0) = Aw, F(s, Sx) = BF(s; 2), 


is sufficient to define all recursive functions. The further reduction 
of replacing Au by u was discussed in §2. 


4. Elimination of the last parameter. We shall now show how to 
eliminate the last parameter. For this purpose, we shall suppose that 
the pairing functions which we have adjoined to the initial functions 
have certain additional properties, namely: 

_J(0, 0) =0, hence K(0)=0 and L(0) =0. 

If L.Sx»0, then KSx= Kx and LSx = SLx. 

An example of suitable functions is 


J(u, 0) = (u+) +) +o Ke= Elz], La = Ez, 
as is easily verified. These functions can be defined in terms of 
“tr “zn 2, [xt], 


as was the case for the functions J, K, L mentioned in §3. 

We now discuss the meaning of the conditions imposed. If we 
think of all pairs (w, v) arranged in a table, where u denotes the 
column number and v denotes the row number, then the pair (Kx, Lx) 
traverses the table in such a way that it starts at the top of column 0 
and descends a certain number of steps; then it starts at the top of 
another column and descends a certain number of steps; and this 
process is repeated. Since we have pairing functions, every position 
in the table is traversed’ at some time. It is clear in fact that the 
equations Kx=u, Lz =v have infinitely many solutions for x, one of 
which is called J(u, v). A more precise description of the way the 
table is traced out for the particular K and L mentioned above could 
easily be given. 

We showed in §3 that iteration with one parameter is adequate to 
define all recursive functions. This may be taken in the form 


F(w,0) = “u, F(u, Sx) = B(x, F(s, 2)). 


The still more reduced scheme of pure iteration might be used, but - 


there would be no advantage in this. We see that 


F’x = F(Kx, Lx) 
can be defined by 


FO=0, FSz = B(x, F's), 


~ 
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where 


KSx if LSx = Ọ, 
B(Le, y) f LSz x 0. 


In obtaining this result, we have taken account of the special assump- 
tions concerning the pairing functions made at the beginning of this 
section. If we had not imposed these conditions, we should not have 
an expression for F’Sx in terms of x and F’x, but should have ob- 
tained a generalized type of recursion (with no parameter), which 
would require a further reduction. This less direct method was fol- 
lowed by R. Péter. We have finally 


F(u, £) = FI (s, 2). 


Bas) = 4 


In this proof, we have obtained B’(x, y) by piecing together two 
known functions. The definition may be written explicitly as 


BY (x, y) = 0153. RSx + sgn LSz- B(Lz, y). 
This can be obtained by substitution if. 
“+r, #0” 


are included in the initial functions. 
We have thus shown that recursion with no parameter, 


FO = 0, FSx = B(z, Fx), 


is adequate to define all recursive functions, if suitable functions are 
adjoined to the initial functions. 
The x can be eliminated in the same way as in $3. We see that 


F'x = J(x, Fz) 
can be defined by 
F0 =0, F'Sz = BF'z, 
where ' 
Bly = J(SKy, B(Ky, Ly)). 
Finally, 
Fz = Lx, 


Thus we bave reached the very simplest recursion scheme, pure 
recursion with no parameter, starting from 0, that is, 


F0 = 0, FS2 = BFz, 
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which defines the function Fx = BQ. 
To make this reduction, it is sufficient to adjoin 
ats, 4#-2&, 3, [xt/2], 4-08 


to the initial functions. Instead of #-0*, we may of course adjoin the 
two functions #x and 0*. Since ~ 


ux = [{(# + 2)? — s — 23} /2], 
we may also say that the functions 
“+z «s-z 2, 0% [2/2], [xt] 
are sufficient to adjoin. 
5. Sufficiency of adjoining certain functions. 


LEMMA. AH recursive functions are definable by any of the recursion 
schemes considered, if the functions shown in the following table are 
adjoined to the initial functions. 


One Parameter 


No Parameter 


utx, u—x, Q 





Proor. It will be sufficient to show that the functions listed at the 
end of §4 can be defined in all cases. 

u-+x. This function is given in the cases with no parameter. Other- 
wise, we may define u+ x= Stu by pure iteration. 

«4 —x. A difference function is given in the cases with no parameter. 
Otherwise, P is given in the pure cases, and may be defined by PO =0, 
PSx = in the mixed cases; hence we may define the two difference 
functions 


ut x= Pry, |u — z| = (w+ x) + (z+ s). 
x3 (mixed cases). We may define Fx =x? by 
FO = 0, FSz = Fre+22£+ 1. 


Here 2x means x+zx, and similarly below. 
x? (pure cases). We first define the function 
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Fz = z+ 2[ 21/3], 
Notice that | 
FSx = SFx + 20S. 


Now the following are equivalent: Sx is a square; x is of the form 
n?+2n:; Fx is of the form n?+4n; Fx++4 is a square. Thus 


QSz = Q(Fx + 4). 
Hence we may put 
| Fz = BO with By = Sy + 20(y+ 4). 
Finally, we see that 
x? ca (SF). 


This definition makes use of Q and u-+x but not of P. 
0”, We may define 


0° = Bel with By = 0, 


except in the case with no parameter and with a=0. In this case, we 
first define 


sgn + = BQ with By = 1, 


and then put 0°=1—sgn zx. 
[x/2] (mixed cases). As in §1, we first define 


Dz = BO with By = 07, 
and then define Fx = [x/2] by 
FO = 0, FSz = Fz 4+ Dz. 
[æ/2] (pure cases). Here we first define 
Tx = BO with By = 07 + 2-00-D40-m, 


This is nearly the same definition given in §1; we observe that the 
exponent (y—1)+(1—y) vanishes if and only if y=1,no matter what 
difference function is used. Now if we define 


Fz = BO with By = Sy + Ty, 
we see that 
[z/2] = Fe — z. 
[x43] (mixed cases). We define Fy = [x17] as in §1 by 
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FO=0, FSa = Fx + 07a’, 
[x] (pure cases). In defining xt, we first defined 
Fz = gz + 2[x1/9], 
We may put 
| [e] = [Fz — 2)/2]. 
6. Proof of the principal results. 


THEOREM. AH recursive functions are definable by any of the recursion 
schemes considered, tf the functions shown in the table in $2 are adjoined 
to the initial functions. 


Proor. This theorem may be reduced to the lemma of $5, by 
making the definitions (1)—(5) below. In carrying out the proof, defi- 
nitions given in the proof of the lemma are referred to when they are 
applicable. , 

(1) Define Q in terms of P by pure recursion with one parameter. 

We may use the definitions of #+-2, [u=], and 0* from §5. Now 
define ux by the pure recursion 


“#020, Sx m uxt y, 


and put x7=24. We next define a function F(u, x) by the pure re- 
cursion 


F(u, 0) = 0, F(#, Sx) = B(w, F(u, z)), 
where 
` B(s, y) = Sy + Ol el, 


That is, F(u, Sx) is obtained from F(s, x) by adding 1 unless 
{ F(u, x)} =u, in which case we add 2. This can happen only if 
xtomu. We thus see that 


x if r? S y, 
F(#, 2) = 
x+ Ow - if 2? > y. 
Hence we may define 
Ou = F(u, Su) — Su. 


(2) Define P in terms of Q by pure iteration with one parameter. 
We may define u+x and x? as in §5. Next define 


#-O°% = Bay with By = 0; 
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in particular, 0°=1-0*. After defining Dx =B% with By=0", we can 
obtain the product Dx-Qx from #-0" by putting u = Dx and y= 09, 
Notice that Dx- Qx is the characteristic function of odd squares. Let 
0 if y is an odd square, 

By = SSy-QPres o . 
y+2 otherwise. 
Thus the function B has the effect of increasing any number by 2, 
except for an odd square, which is replaced by 0. Now consider the - 
function 


Fz = Bee? + 2+ 1). 


If x is even and positive, then x/2 additions of 2 are carried out to 
reach the next odd square x4+2x+1. The next application of B 
gives 0, and the remaining (x/2)—1 steps produce x—2. Thus 

Fr= z—2 if x is even and positive. 


4 


It is now easy to define Px. We have in fact 
Px = 0"-09*-SF2 + Dz- FSx. 


The first term can evidently be obtained by repeated substitution 
in 4:0”, and the second term can be obtained by substituting u = FSx 
and v=02*, The correctness of the formula is easily checked by con- 
sidering separately the cases x=0, x even and positive, and x odd. 

(3) Define\w—x and Q in terms of #+x and E by pure recursion 
with no parameter. 


We first define sgn x= B with By=1, and then put 
0° = E(2+2egn2), Ox = OF, 
We may then define x? as in §5. Now 
E((u + 2)2?+34¢+2+1) =u-— 2 if # 2 4, 


since the preceding square is (w-+x)?+2"+2*+1. We have thus de- 
fined both Q and a difference function. 
(4) Define u—x in terms of u+x and Q by recursion with no 
parameter. 
Again define sgn x= BO with By=1, and then put 
0° = QS sgn z, Dz = B") with By = 07, 


We may define x* as in §5; the simpler definition for the mixed cases 
may now be used. Define Fx = [x13] by 


FO=0, FSx = Fz + QSz, l 
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and Px by P0=0, PSx=x. Then define a new function Fx by 
FO=0, FSx = P(Fx + 2D[x1/*]). 


We have 
PFz if [x13] is even, 
FSz = “a p : 
x if [x13] is odd. 
Hence 
Fr = Ex if [x1/2] is odd, 
so that 


F((26 + 2x) + 5u + 3r+1)=#u-—rz if # 2 x. 


(5) Define u+x in terms of |u—x| by pure recursion with no 
parameter. (Using this in place of (3) and (4) gives the second alterna- 
tive of the table in §2 for both types of recursion with no parameter.) 

Since 

u + r {= F(u, x) — { (F(u, x) — #)-— x}, 
for any function F with F(u, x)2=u+zx, we have only to define some 
such function. We first define 


2a = (55)*0, 2x + 1 = S(2z), 
2° — 1 = B% with By = 2y- 1, 2% = S(2°— 1). 
We may then obtain the function 
F(u, x) = | 24 — 24| 
by A Now 
F(a, x) = | 2% — 231| . (23 4 23843), 


Since the first factor is not 0, and the second factor is more than “+x, 
we have 


Flu, z) > w+. 


7. Recursive functions of one variable. It is easy to see that al 
recursive functions of more than one variable can be obiatned from recur- 
stve functions of one variable, the function u+x, and the various tdenitty 
functtons, by substitution alone. To see this, we shall make use of the 
pairing functions of §3, 


J(u, 3) = (u+) +u, Kem Ez, Lr m [z1] — Ez. 
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Suppose now that the recursive function F(u, v) is given. If we let 
Fx = F(Kzx, Lx), 
then F’x is a recursive function of one variable. But 
F(u, 0) = FJ (u, 0) = F ((# + 0)? + #). 
Thus F(u, v) is obtained by substitution from the four functions 
F's, a 06 te, Inla, 2), 


of which the first two are recursive functions of one variable. Thus 
the proof is complete so far as functions of two variables are con- 
cerned. In the case of a function of more variables, a similar argument 
serves to reduce the number of variables by one, so that repeated use 
of the argument leads to the desired result. 

The interest of this result is considerably enhanced by the fact that 
it is possible to define all recursive functions of one variable without 
making use of functions of more than one variable in the process. 
The third theorem below shows that this is the case. ` 


THEOREM 1. The functions of one variable which are obtainable from 
certain initial functions by substitution and recursion of the form 
Fx = B*a are also obtainable if substitution is not allowed except for de- 
fining functions of one variable. 


Proor. Let us call the functions thus obtainable from the given 
initial functions when substitution is used only for defining functions 
of one variable recursive;, and functions obtainable by recursion and 
unrestricted substitution recursives. It will be sufficient to consider 
the class of functions obtainable by unrestricted substitution from 
recursive; functions, and te show: 

(1) All functions of one variable so obtained are recursive. 

(2) All recursive: functions are obtained. 

Proor oF (1). In defining a function of one variable by successive 
substitutions, if the “innermost” substitutions are made first, only 
functions of one variable need be defined by substitution in the 
process. But a function of one variable defined by substitution from 
recursive; functions is recursive. 

Proor oF (2). Our family of functions includes all the initial func- 
tions and is closed with respect to substitution. Also, recursion of the 
form Fx = B*a is allowed if B is recursive, and hence by (1) for all 
functions B of one variable in our family. Thua the family includes 

all recursive; functions. 


940 R M. ROBINSON [October 


THEOREM 2. If the initial functions include the identity and sero 
functions, and the function u+x, but no other functions of more than 
one variable, then all functions of one variable obtainable by substitution 
and recursion of the form Fx=—B*a are also obtainable by repeated use 
of the three formulas 


Fx = Ax + Br, Fx = BAx, Pz = B*a 
to define F when A and B are known functions of one variable. 


ProorF. By the preceding theorem, it is sufficient to use substitution 
to define only functions of one variable. Now substitution of func- 
tions of one variable into J,, gives one of the same functions; and 
such substitution into O, gives O,, which is one of the initial functions. 
Hence only substitution into #-+-* and into a function of one variable 
need be considered. In this way, we construct the functions A4x+Bx 
and BAx. 

Remark. Theorems 1 and 2 are also valid if we allow only recursion 
of the form Fx =B. 


THEOREM 3. AH recursive functions of one variable can be obtained 
by staritng withthe two functions S and E, and repeatedly using any of 
the formulas 


Fz = Az + Ba, Fz = BAz, Fz = BO 
to construct a new funciton from known functions A and B. 


Proor. The identity and zero functions of one variable can be de- 
fined by 


Int = S90, Ow=I3,0. 


Thus by Theorem 2, we can obtain all the functions of one variable 
which we could get by substitution and recursion Fx=B*0 from all 
the identity and zero functions, “+x, S, and E. But by the theorem 
of §6, all recursive functions can be so obtained. 

Remarks. We could also prove a theorem similar to Theorem 2, 
with |u—x] in place of ut, and | Ax—Bzx| in place of Ax+Bz. 
Using this, a theorem analogous to Theorem 3 could be proved, 
with Q in place of E, and | Ax—Bx| in place of Ax+Be. 


8. Possibility of further improvements. Were all the adjunctions 
made in the Theorem of §6 necessary? For example, in the case of 
pure recursion with one parameter, we adjoined P to the initial 
functions. This adjunction is necessary if and only if P itself cannot 
be defined, We are thus led to the interesting but apparently un- 
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solved problem: Can predecessor be defined by substitution and pure 
recurston from the sdenisty, zero, and successor functions? In a similar 
way, we may ask whether Q can be defined by pure iteration. 

In the case of recursion with no parameter, with or without.a=0, 
some adjunction to the initial functions is necessary. Indeed, some 
function of more than one variable must be adjoined. For otherwise, 
each of the initial functions would depend on at most one of its 
variables, since the only functions of more than one variable which 
are given are the identity and zero functions. Now substitution ap- 
plied to functions, each depending on at most one of its variables, 
can lead only to such a function; and our recursion scheme leads to a 
function of one variable. Thus no function depending on more than 
one variable can be defined; in particular, -+x cannot be defined. 

There remains the possibility that all recursive functions of one 
variable might be definable with no adjunctions. Finally, if it were 
possible to define Q by adjoining only u-++x, then the adjunction of 
u-+x would be sufficient for the definition of all recuratve functions. 

We come now to the simplest recursion scheme, pure recursion with 
no parameter, with or without a=0. We know that it is sufficient to 
adjoin u+% and E, or |u—x| and Q, to the initial functions. We shall 
show that it is not sufficient to adjoin #+ and Q, and in particular 
that P could not then be defined. This result is included in the more 
general theorem: 


THEOREM. Suppose that to the tdenitty, sero, and successor functions, 


we adjoin the function u-+x, and any number of functions of one variable 
cach of whtch has one or the other of the two properties: 


Fz & 2, Fz ts bounded. 
Then by repeated subshiution and pure recursion with no parameter, 


no function of one variable not having ome or the other of these two 
properties can be defined. 


PROOF. According to Theorem 2 of §7, this reduces to the following 
lemma. 


. Lema. From fundions A and B, each kaving one or the other of the 
two propertses of the theorem, only functions CUBES ONT) Ihe proper: 
ties can be defined by the three formulas 


Fz = Az -+ Bz, Fz = BAx, Fe = B*a, 


Proor. (1) If Ax zx or Bx 2x, then Ax+Bx ex. If both functions 
are bounded, then so also is their sum. 


A PROOF OF TWO FUNDAMENTAL THEOREMS ON LINEAR 
TRANSFORMATIONS IN HILBERT SPACE, WITHOUT 
USE OF THE AXIOM OF CHOICE 
I, BARSOTTI 

The definitions and notations used in this paper may be found in 
the volume Linear transformations in Hilbert space by M. H. Stone,! 
which work I shall quote as S. 

Many of the consequences of S, chaps. 4-9, are based on the exist- 
ence of transformations of a particular kind called projections (S, 
Definition 2.16), and such existence is a consequence of S, Theorem 
1.23, whose proof is based on S, Theorem 1.18. The last one is a par- 
ticular case of a Hausdorff theorem? on abstract spaces, and its 
proof depends upon the axiom of choice. I shall show, without use 
of that axiom, that “every closed linear manifold M in the Hilbert 
space © has an orthogonal complement SOM.” The consistency 
of S, Definition 2.16 will thus be ensured. 

Another theorem based on the axiom of choice is S, Theorem 2.25. 
This one I shall prove as well without the aid of the axiom. 

It is necessary to make clear the meaning of the word “closed” ap- 
plied to a subset MN of the Hilbert space §. 

Let f be a point of §.f is said to be a point of accumulation of M 
if for every real number e>0 there exists a point g 4f of M such that 
| g—f| <e. Dt is said to be closed when every point of accumulation of 
M is a roint of M. 

An alternative definition is the following: f is a point of accumu- 
lation of Mt if there exists an infinite sequence {g,;} of points of M 
such that g,~f.(#—1, 2,---), lim;.og:=f; M is said to be closed 
when every point of accumulation of M is a point of M. 

It is well known that, if the axiom of choice is accepted, these two 
definitions are equivalent; if not, a subset M closed according to 
the first definition is also closed according to the second one, but 
the converse is not necessarily true. Therefore, we shall assume the 
first meaning of the word “closed” to be the correct one. 

In the logical development of the theory, Theorems 1.3 to 
1.14 of S can be stated and proved: it must be remarked that in the 
proof of S, Theorem 1.13, a well determined orthonormal set {¢,} 
is found. Therefore, when a sequence {f,} is given, it is possible to 
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choœe, among the generally infinitely many orthonormal sets which 
determine the same linear manifold and the same closed linear 
manifold as {f,}, a particular one, which will be called the ortho- 
normal set attached to {fa}. Let M now be a closed linear manifold 
in Ø, & a relatively open subset of M, in brief an O-setin Mt, that is, 
such that for every f of © there exists a real e>0 such that if g is in 
M and |g—s| Se, then g belongs to ©. The set consisting of the 
points of © and of its points of accumulation is the closure of an O-set 
of Mt, in brief a C-se in M, and is still a subset of M. 

The sphere with center © and radius r>0 is the set consisting of 
the points g of © such that |g—f| <r for every f of ©, whenever such 
set is not empty. The same definition holds when © is a C-set in Dt; 
the set consisting of the points of sphere and of its points of accumula- 
tion will be named a closed sphere. 

Recalling the definition of diameter of a set in a metric space,? it is 
easy to prove the following lemma. 


(1) Lemma. Let © be an O-set or a C-set in the closed linear manifold 
MN. Then a necessary and suffictent condition that a closed sphere of 
center © and radius r exist is that red, where d ts the diameter of ©; 
and if dı is the diameter of the sphere, then dSdi52r. A sphere 
(a closed sphere) is an O-set (a C-set) in Ò. 


(2) Lema. Let {Sn} be a sequence of C-seis in a closed linear 
manifold M, such that G:C, (mal, 2,---). If da>0 is the 
dtameter of © and iMata =O, then there exists one (and not more 
than one) poini belonging to every 6,,.* 


Proor. Let 6@ be the closed sphere with centre 6, and radius dw 
(1), and 6® the intersection of 6P, 6,---, 6@. Then &® is 
a non-empty C-set in ©, since 6. CE®), and the relation 62} ceg 
is satisfied for m=—1,2,---. 

Let {fa} be a denumerably infinite set of points dense in (whose 
existence is asserted by S, Postulate D, p. 3) fixed once for all. If 
st is the sequence of the elements of {fa} belonging to 6”, 

= } is surely not empty, and may be‘easily shown to be dense in 

S= EP. | 
The sequence {J9 } formed with the elements of {fm} belonging to 
is also not empty, is dense in SẸ, and is a sub-sequence of {f@}; . 

3 Kuratowskl, Topologie, vol. 1, Warsaw, 1933, chap. 15, III, p. 85. 

1 This is a particular case of a theorem stated by Saks (Theory of ths integral, 1937, 
chap. 2, Theorem 9.1, p. 54) for more general spaces, with the aid of the axiom of 
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and the same properties are valid for the sequence {f} chosen with 
respect to ©" (n=1, 2,---). Let faa) be the first element, in the 
ordering of {fa} , which belongs to {fF}. If e>0 is given, there exists 
an integer M such that dy<e/2, and if m, n> M, it follows that 


(Taai — faca | S 2du <a 7 


Therefore, for S, Postulate E, p. 3, there exists an f such that 

lima+afacn) =f. Since, for n>M, fac) belongs to 6, and 6) is 

closed, f belongs to 6{) as well, and then it belongs to every 6, 
When g is an arbitrarily chosen element of Gy, we have 


ls—flS 2du < e, 


and therefore f is a point of accumulation of Mt according to our 
definition. M being closed, we conclude that f belongs to M, and con- 
sequently to every 6,,. The uniqueness of f is easily proved, Q.E.D. 


(3) THEOREM. Let M be a closed linear manifold, f a point of ©. 
Then there exists a (unique) poini go of M such thas |f— go] <|f—-el for 
every gó go of Mt. 


Proor. When f belongs to Mt, it is gy=f. Otherwise, let d>0 be 
the lower bound of the values of een g ranges over M, and 
let &® be the (non-empty) set consisting of the elements g of M such 
that dS|g—f|<d+1/m (m=1, 2,---). When gı belongs to 6% 
and gs to M, it follows from |g— gl <e that 


la-flSla-altla—fl<ln—sl+e 


so that if we choose e<d+1/m—|gi—f|, the relation | es—f| 
<d+1/m holds, showing that 6® is a Oset in M. Therefore the 
set ©,, consisting of the points g of M for which the relation 


dS|g—f|Sd+i/m  - (w= 1,2,---) 


holds, is a C-set in MM, and we have, of course, Gai:CGe (m=1, 
2,--+-). Let now gi, gs be distinct elements of Ga. We have | gs—f] 
= [kf] gel +R- X (xen) |S (G+1/m)3, where R[x] 
is the real part of x, and also —|g,—f|*<—d*, This inequality, 
added to the former one, gives e-e TRE Dle e] 
<(1/m)(2d4+1/m). From this, if #[(g.—f) X(gs—gi)]20, it follows 
that |gs—gi| S((1/m)(2d-+1/m))¥9. Tf R[(g—f) X(e2—g1)]<0 but 
R{(ga—f) X(g1—ga)]20, we may reach the same result by inter- 
- changing gı and gs. 


sI am using fXg instead of (f, g). 
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Let now ®[(gi:—f) X (gs —g:) ] <0 and R[(gs—f) X (g1— ga) ] <0, and 
put gs=gi-ta(gs—g:), where 


eae -Rie -A X Gs el 
| gs — g|? 


We may also put 


— Rl (gs — f) X (gs — a3)! 

|g: — gl? 
and so a+p=1, g3™g2+8(g1—ga). From the comparison of these 
two expressions obtained for gs, we are enabled to say that every 


equality or inequality involving a, P, gi, ga, gs will still remain true 
after having interchanged æ with $, gı with gs. Now, we have: 


[g — J|? = | g1 — f| + a| gs — gi]? + 2oMt[(gi — f) X (ea g] 
Wile — f) X (2 — e] 


O<f= 


=|a—f)?+ : 
| gs — gil 
_ , Riles —/) X r= 8] 
| gs — al 
| 3 R2[(e1 — f) X (2 — g] 
=|a-f| eae 
£: £1 


1 i 
<|a-shs(e+—), 
m 
and therefore p; belongs to Sa. Moreover: 


les — f) X g- #2) ] 
= Rig — f) X (g1 — es) ] + oh [Ces — g) X (m — g)] 
= aft[(g1 — f) X (gi — es)] + oO [(gs — g1) X (g — g)] 
=a{—8[(g.—f) X @— ed] + Rie- Sf) X g- e)l} = 0, 
so that we may apply to gı and g the result obtained above. Thus 
ga—g1| <((1/m)(2d+1/m))*/2, and interchanging gı with gs, we have 
ga — gal S ((1/m)(2d+1/m))/2, Therefore, under any circumstance, 
| gx — ga] S2((1/m) (2d-+1/m)) 2. 
We have now shown that the diameter of 6,, converges to 0 when 
m— co, and that the requirements of Lemma (2) are fulfilled for the 


sequence {6,,}. The lemma gives an element go belonging to every 
©, that is, such that | go—f| Sd+1/m for m=1, 2,+--. Hence 
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lgo—fl md. It may easily be shown that les >d if gge, Q.E.D. ` 
(4) THEOREM. A closed linear manifold ts separable. 


Proor, Let M be a closed linear manifold, {fẹ} a sequence dense 1 in 
©. For (3) it is ible to find, for each fa, a point gi” in M such 
that es — £5" Ta for every gg of M. We want to show 
that is dense in Mt. In fact, for every g in Mt and e>0, there 
exists an fice n such that ies <e/2. Then |g” —f,| < le—fal 
<¢/2, |e] al-s] +|fa—e| <e QED. 

When the closed linear manifold M is given, and {g® } is built , 
according to the proof of (4), let fo a} be the orthonormal set at- 
tached to {gS}. {ġa} determines the closed linear manifold M, and 
will be said to be attached to M. 

Now we are able to prove the fundamental theorem: 


(5) THEOREM. Let Dt, Da be closed linear manifolds, and Mt: CMs; 
then the orthogonal complement M; = MOM (that ts, the set of ah the 
elements of DMa which are orthogonal to every element of Dt) ts a non- 
empty closed linear manifold. Furthermore, tf fa +s a porni of Dts, then 
fa = fits, with fi in Dh, fa in Ms, uniquely determined. 


Proor. Let {¢,} be the orthonormal set attached to M, and 


fi = Dell x Palha; 


according to S, Theorem 1.7, fa=fa—fı is orthogonal to M, hence 
an element of Mts. The other parts of the proof may be omitted, 
as they are very simple. 

Thus the first aim pointed out in the beginning of this paper is 
reached. We may add, in case Dia=§ in (5), that fı is the projection 
of fmf on M, and that the element ge of (3) is the projection of 
fon M. 


We now want to prove the following theorem. 


(6) THEOREM. If H ts a symmetric iransformation whose domain ts 
©, then H is bounded and therefore continuous. 


Proor. (I) The proof consists of a deeper development of the one 
given in S, p. 59. Let fi, ---,f« be arbitrary elements of $, Dt the 
closed linear manifold determined by fi,:--+,fm, Hfi, ©- ©, Hfm, 
A, : ++, fa, and M GOM. If f is an arbitrary element of 
Ta we have IXJ: =f XBf =Hf XT, =fXHYf,=HfXHfı=0 (i=1, 2, 

, m). Let {ff} be a sequence dense in 9, and g, the projection 
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of f on Ms, and let gaç) be the first element of fga} satisfying the 
relation |H atest Se eet when such an element exists. Then 
bai ™ ae ea is normal, and ọm, Hoey are orthogonal to 
Pig? aJa A ye eg A as 

(II) If an arbitrary normal element ¢: is chosen, let us put m=1, 
fim, in (I), and determine, if possible, an element ¢3 with the 
method outlined in (I). Then put m=2, fi=d1, fs=¢@s, and determine 
a ds, and so on, as far as possible. Two cases may occur, which we 
are going to discuss separately. 

Case A: the process may be carried on indefinitely. When this is 
the case, the elements which have been determined form an ortho- 
normal set {¢.} with cardinal number No, and such that 


He: X Hey = 0 if imk, '| Hol 2 k. 
If we set 


= 1 
ha = Da — ba 
1 a 


the sequence {ks} converges to some h, according to S, Theorem 1.6, 
and we have: 


| Hh|! m kX Hk m lim (hy X HR), 


1 
ha X Wh = Hh Xha’ uala a ba X os 
1 1 


1 2. 4 
= r — H a H = «- H a i ’ 
Rie at pat $s 2 | Hoe 2 s 
so that | Hh| 227 for every n. This is absurd. 

Case B: the process cannot be carried on indefinitely. If this is 
the case, there exists an orthonormal set du, - - -, Ọm which deter- 
mines a closed linear manifold M, such that, if M = HOM the 
projections g® (#=1, 2, : - - ) of the elements f® on Mas satisfy the 
limitations Hg% | <m| g2]. If f is an arbitrary element of D, we 
have 


f= tiġi t -° + tabs, |f| = | [3t eoe +] nlt, 
| Bf |? = res tatha X HAAS PZ! Za | | za | 
1 


m+i š 
5 RIN 





1 "n 
Sg P Lies (| tel? +] 26/9 = 
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where P is a suitable positive number. If g® is the projection of J® 
on M, we have 


kap tee; le ale! the | 
ee Sie kk em lalh |, 
and 
a X fa |= Eas HeX | 5s Saal mes? x | 


< Deol Hes" || 62 |5 Leo Ke Lec ll ge | 


1 a 
S| (it Ky) Deo (I ss eee T 


= + KN, 


where Ki=((m+1)/2)P, Ka=m. If we set 3(Ki+K,)/2=—K, the last 
inequality may be written Hf? xf?| sK|f2|*. 
If we repeat the process replacing H with H’, and introducing a 
new constant Q?, we obtain: ` 
2d) (1) 


[Hf Xfe |= lE XH a| 

[af |S Ol A | (Q > 0). 

Now let f be an arbitrary element of Q. We have |fOxaHf| 
=| Hf xf S| EL| iy S0| | fl, and if g is another arbitrary 


element, and e>0, there exists an integer # such that |g—f®| <e. It 
follows that 


(1) ia 


(1) 


lex Hf] alf x afl +| e- fu) X Hf 
sol Ille- e || al 
<olf llf|+el Z| 
solell +l — ells + el zf] 


<Qlel|f]+<«@|s¢| +] Bf), 


and thus that | gx Hy| SQ] g} |f]. With this result, and by S, Theorems 
' 2.21, 2.22, the proof is completed, Q.E.D. > 


Pisa, ITALY 


CONGRUENCE PROPERTIES OF 
RAMANUJAN’S FUNCTION ~n) 


R. P. BAMBABH and S CHOWLA 
Introduction. With Ramanujan we define m(n) by 


Ors = -JI (1 — x*)™ (| z | < 1). 


Write o,(n) for the sum of the kth powers of the divisors of n; 
o(#) =01(n"). It is known that! 


t(n) = no(m) (mod 5), 


t(n) = co(n) (mod 3) if (n, 3) = 1. 
The object òf this note is to give proofs of the much stronger results: 
(A) T(n) = 5n°or(#) — 4noe(m) (mod 5° 
when # is prime to 5; 
(B) T(n) m (s? + k)ox(m) (mod 34) 


when » is prime to 3 and where k=0 if nm1(3), k=9 if n2(3). 
1. Some lemmas. 


LemMaA 1. We have 


2 Hoa(ss)os(s) m 9, o(m)o(s) — P(n) (mod 5) 
where 
P(m) = 2, o(x)o(s) 
: wm 0 (mod $) 
where utoon; u, 021 in all three sums (9). 
Proor. We have 


(1) uolu)o(v) m O (mod 5) when w# = 0(5);. 


/ when (#, 5)=1 we have 


Received by the ecitors April.7, 1947. 

1 The first of these is proved in Hardy’s Ramanujan (Cambridge, 1940); the second 
by Gupta in J. Indian Math. Soc. vol. 9 (1945) pp. 59-60. In what follows we refer to 
Ramanujan’s Collected papers (Cambridge, 1927) by the letters RCP. We have also 
proved that r(s) =c (#) (mod 2°) if is odd; this result has been accepted for publi- 
cation in J. London Math. Soc. 


950 


CONGRUENCE PROPERTIES OF RAMANUJAN’S FUNCTION 951 


uos) = # dew H = Ym o(a), 


dju dju dju @ 
so that 
(2) uo(u) m c(#) (mod 5) when (#, 5) = 1. 
Similarly 
(3) oao) = (0) (mod 5). 


From (1), (2), (3): 
2, #o,(s)o,(0) m 2 OLHE) m 9 o(s)o(0) — P(») (mod 5). 


LEMMA 2. If (n, 5)=1 we have 
2 #003(#)ox(6) = >) o(#)o(0) — 2P(m) (mod 5) 
where, as in Lemma 1, the conditons 
atom 4M, #,0¢ 1 
are understood in every >.. 


Proor. If u or 1#30(5), s003(s#)o3(0) mm 0(5). From this and (1) we 
get since (s, 5) =1, 


2 uoos(u)oa(0) = 2,  o(s)ol) 
(€ ml 


b=, (9,5 
= 9, o(#)o(2) — 2P(m) (mod 5), 

the desired result. TE 

2. Proof of (A). Write, for x numerically less than unity, 


P =i — 4Y o(m) x*, 
Q = j + 240 5° oln) x*, 
R= i— 5040 on(m)a%. 
Then (44), p. 144 of RCP, is 
(4) @— R= 1728 t()x* 


and we deduce from relations 5 and 2, Table II, p. 142 of RCP, that 
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15845 no(n) x* 
* æ 3(@ — RI) — 5R(PO — R) 


om 5184), t(m)x* — 5 (: — s5 oa(n)2*) (PO — R) 


= 5184° t(n)x* — 5 (: — 5045 cs(n)=*) 720 > ttos(s) 2". 


Comparing coefficients of x* and using Lemma 1 we have 
(5)  1584no,(n) = 5184r(#) — 36000 a(#) + 5-504-720 >) #o,(#)os(?) 
(where w-to=mn (u, 021) in the >> sum), 
Bino (n) m 59r(#) + 25na;(n) 
+ 25>) o(#)o(0) — 25P(#) (mod 125). 
Again, relations 4, Table III, and 2, Table II, p. 142 of RCP give us 


(6) 


8640 nor(m)2* = 5(0? — RÌ + 9(PO — R)? 
@ id ; 
= 8640 >> 7(#)z* + 9-720! È non) ; 


Comparing the coefficients of x* here we get 
(7) n’o:(n) = (n) + 135-45 #oi(u)oo(0) 
or 
(1% 15m%07(#) m 15r(#) — 259 #oc:(#)e:(0) (mod 125). 
From (7’) and Lemma 2 we get 
(8)  15#?o(n) = 15r(#) — 259, o(u)e(0) + 50.P(m) (mod 125). 

Eliminating P(n) from (6) and (8) we get 
168noo(n) + 15#%0:(n) m 133r(#) + 50#0;(7) 

+ 25 >) o(u)o(v) (mod 125), 
or 
8r() om 43no(n) + 152%07(8) — 5O0nca(n) 
— 25>) o(%)o(s) (mod 125). 

Again (relation 1, Table IV, p. 146 of RCP) 


(9) 
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Soil n) — Sno(n n — l)o(ns 
E eto « ed SO 
m 2(# — 1)o(m) (mod 5). 
From (9) and (10) we obtain 
8r(n) m 43no(n) + 152%07(n) 
— 50no:(n) — 50(* — 1)o(s) (mod 5%. 
Hence, multiplying by 47, 
| T(n) m 21mog() — 4502 o2(8) + 25#0:(#) 
(11) + 25(# — 1)o(#) (mod 5% 
m S2o7(8) — 4ce(m) (mod 5%) 


(10) 


for 
25no(n) — 50m0:(n) + 25ro:(n) + 25(# — 1)o(n) 
= 50{ noe(s) — moln)? 
+ 25n {o(n) — os(m)} + 25{#0:(5) — o(n)} 
= 0 (mod 125), 


since the terms inside each set of braces are a multiple of 5 provided 
(n, 5)=1. Thus (A) is proved by (11). 


3. Proof of (B). We shall need the following results: 
(12) o(3# + 2) m 0 (3), 
(13) o3(3¢ + 2) m 0 (mod 9) 


where # is 0 or a positive integer. To prove (13) we observe that to 
every divisor 3m+1 of 3i+2, there corresponds another 3n-+2 
= (3i-+2)/(3m+1), and 


(Sm + 1)? + (3 + 2)* = 0(9); 


while (12) is proved still more simply. We next prove the following 
lemma. 


LEMMA 3. Jf xm1(3), we have 
f 2D, #003(%)oa(0) = 0(3) 
where (in the summation >\) u+r=n and u, 021. 


Proor. Since nm1(3) and u-t+o=n, we have the 3 cases: 


054 R. P. BAMBAH AND S. CHOWLA [October 


u m= 0(3), om 1(3), 

u m 1(3), pm (0(3), 

u m 2(3), ym 2(3), 
so that uvo,(u)o,(v) =0(3) in each case on account of (13). Hence the 
lemma is proved. 


LEMMA 4. If næm2(3), we have 


> : #00 3(%)o_(0) = noT a (mod 3). 


s+ ørn, u Pel 120 


Proor. If utomn, næ2(3), we have 3 cases: 


(i) # m 0(3), 9 = 2(3), 
(i5) u m 2(3), v = 0(3), 
(iii) u a 1(3), pes 1(3). 


In the first two cases 
4é003(%)o3(0) = 0 (mod 3); 
while in the third case 
w003(%)o3(0) m o3(%)oa(0) (mod 3). 
Hence we have (in the sums w-+o=n; u, 021), using (13), 


2, #003(%)o3(0) m 2 al) (mod 3) 


orm) — o3(n) 
Ea >, o3(#%)o3(v) ri 190. (mod 3) 


since (relation 3, Table IV of RCP, p. 146) 
oyl”) = o3(m) 
120 

where, in the >>, w#tocn (u,021). 


We are now ready to prove (B). Comparing the coefficients of «* in 
(6) we obtain 


(15)  27.3208%07(m) = 27.320r(#) + 272-802 3) — sevcs(m)oa(v). 


trn, wl 


(14) Ds oa()oa(0) = 


We, therefore, have 
(16) T(n) = m%o7(") (mod 35. 
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Case 1. #m1(3). In this case (15) and Lemma 3 give: 
(17) (mn) mt-207(") (mod 34). 
Case 2. nm2(mod 3). In this case (15) and Lemma 4 give 


T(n) m a'on) — — E — os(n) } (mod 35 





or 
T(n) m (n? + 36)o7() (mod 34) 
mm (4? + 9)or(#) (mod 34) 
since, when #m2(3), we have 
ox(#) m o(#) = 0(3), 
o3(#) = 0(9), 


(18) 


from (12) and (13). 
(17) and (18) together give (B). 
Mordell proved Ramanijan’s conjecture 
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r(mn) = t(m)r(n) if (m, n) = 1. 
From this result or directly we can prove that 
(C) T(n) = 16no9(m) (mod 5°) if n æ 0(5), 
(D) t(n) ma #?0:(#) (mod 34) if # m 0(3). 


ADDITION TO MY NOTE ON SEMI-SIMPLE RINGS 
OSCAR GOLDMAN 


In my Bulletin note on semi-simple rings' I made use of the follow- 
ing definition of the radical of a ring which I attributed to C. Che- 
valley: “The radical of a ring A is the intersection of the annihilators 
of all simple A-modules.” Recently N. Jacobson has called my atten- 
tion to the fact that the radical thus defined coincides with the one 
considered by him,? and that Chevalley’s statement can easily be 
shown to be equivalent with the following characterization of the 
radical by Jacobson :?4 “If A is not a radical ring, then the radical of 
A is the intersection of all the primitive ideals contained in A.” 

To see the relation between the two statements, we need to make 
use of .Jacobson’s characterization of a primitive ideal as a proper 
ideal B such that the factor ring A/B is isomorphic with a simple 
ring of endomorphisms. From this it is clear that B is primitive if, 
and only if, B is proper and is the annihilator of a simple A-module. 
If the word “proper” is dropped from the definition of a primitive 
ideal, then the concept of primitive ideal is equivalent to that of 
annihilator of a simple A-module. Hence Chevalley’s definition is 
essentially the same as Jacobson’s characterization.‘ 


PRINCETON UNIVERSITY 


Received by the editors March 3, 1947. 

1 A charadsrisaiton of semi-simple rings, Bull. Amer. a Soc. voL 52 (1946) 
p. 1021. 

t N. Jacobson, The rodicol and somi-simplicity for arbitrary rings, Amer. J. Math. 
vol. 67 (1945) p. 301. 

3 N. Jacobson, A topology for the set of primdises idea-s in an arbitrary ring, Proc. 
Nat. Acad. Sci. U.S.A. vol. 31 (1945) p. 333. 

‘Tt is to be noted that, as a result of this equivalence, Theorems I and II of my 
note become superfluous. See Theorems V, IX, and XXV in footnote 2 above. 
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A NOTE ON THE SCHMIDT-REMAK THEOREM 
FRED KIOKEMEISTER 


Let G be a group with operator domain Q. We shall say that G 
satisfies the modified maximal condition for Q-subgroups if the 
chain AiCHi:C :.. CHG is finite whenever Hı, Hy, +--+, H are 
Q-subgroups of G. . 

Let Ai, Ás, - - - be a countable set of groups. The direct product of 
A;, As, +++ will be defined to be the set of elements (G1, as, +) 
where a; is an element of A, for tm1,2,---, and where but a finite 
number of the a; are not the identity elements of the groups in which 
they lie. A product in the group is defined by the usual component- 
wise composition of two elements. This group will have the symbol 
ArXAsK ++. 

The following theorem is in a sense a generalization of the Schmidt- 
Remak theorem. 


THEOREM. Let G be a group with operator domain Q, and let Q con- 
tain the inner automorphisms of G. Let Gm AXAX + + - where each of 
the Q-subgroups A; is directly tndecomposable, and each satisfies the 
minimal condition and the modified maximal condition for Q-subgroups. 
Then if G=ByXBX - - - is a second direct product decomposition of G 
into indecomposable factors, the number of factors will be the same as 
the number of the A,. Further the A, may be so rearranged that A ~B,, 
and for anyj 


G = B1 X BrxX+++K ByX Ani K AX... 


A proof of the theorem can be based on any standard proof of the 
Schmidt-Remak theorem such as that given by Jacobson! or by 
Zassenhaus* with but slight changes in the two fundamental lemmas. 

We state the following lemmas for a group. G with operator domain 
Q, and we assume that for G and Q: 

(1) Q contains all inner automorphisms of G. 

(2) G satisfies the minimal condition and the modified maximal 
condition for Q-subgroups. 

(3) G is indecomposable into the direct product of Q-subgroupe. 


Presented to the Society, April 27, 1946; received by the editors January 28, 1946, 
and, in revised form, March 19, 1947. 

! Nathan Jacobson, The theory of rings, Mathematical Surveys, voL 2, New York, 
1943. 

7H. Zassenhaus, Lehrbuch der Gruppentheoris, Leipzig, 1937. 
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LEMMA 1, Let a be an Q-operator of G. If there exists in G an element 
h not equal to the identity of G such that h° =h, then ats an automorphism 
of G. =i 


This lemma follows by the usual arguments. It is only necessary 
to note that the fixed point + is sufficient to guarantee that the union 
of the kernels of the operators æ, af, - - - is not G, and that the modi- 
fied maximal condition then yields that this union is the kernel of 
some a. 


LEMMA 2. Let a1, a, °° + be addible Q-operators such that if g ts an 
element of G, then there extsts an integer N(g) such that gu =e, the tdenitty 
element of G, for alli>N(g). Ifa™aitoa+ -- - ts an automorphism of 
G then, for some k, ay is an automorphism of G. 


Let g be an element of G, ge. Let Pisatoat >: + tan, 
Ba ™anyitanyat +--+ where N=N(g). Thus a=fi+ fs and gimme. 
We may assume that æ is the identity operator. Then g=g*=g*1g* 
= get, The group G and the operator fy satisfy the. conditions of 
Lemma 1, and fı is an automorphism of G. ; 

Similarly let y=aitas+ - ++ +ax-ı. Then Bi=y+awn. We may as- 
sume that £: is the identity operator. If ay is not an automorphism 
of G, the kernel of ay must contain an element h'e, since G satisfies 
the minimal condition. Again we may show that y is an automorphism 
of G. A repetition of this argument establishes the lemma. 

By reference to Lemma 2 the cited proofs of the Schmidt-Remak 
theorem can be made to yield the following: To each B; there cor- 
reaponds a group Aa, where a; is a positive integral subscript such 
that a, =a, implies =k and Aq, is operator isomorphic with B; for 
all 4. Further 


Go BX BX.: XB; X An XA xX: 


where Bayta, for any n or 4, and where the set of integers { on, Cts, 
- +, ay, Bu Ba, © -© } is the set of all positive integers. Let A, con- 
tain the element ge. Then for some M, g is an element of the group 
BiXB:X -- + XBuy, and since e- 
(BX BaX +++ X BuO (Ap, X Am X) 4H 


m 4B, for all k. Thus for some +, 1 SiS M, we have m=ay, and the 


get of integers (a, Oy, °° } includes all subscripts. There then exists 


a reordering of these subscripts such that a;=4, 
Mount HOLYOKE COLLEGE 


ALGEBRAS AND THEIR SUBALGEBRAS 
A. H. DIAMOND AND J. C. C. MCKINSEY 


Thére exist sets of postulates for Boolean algebras which consist 
entirely of universal sentences! in three variables, From this the fol- 
lowing statement clearly follows: If an algebra has the property that 
every subalgebra generated by three elements is a Boolean algebra, 
then the algebra is itself a Boolean algebra. 

The question arises, whether the above statement can be atrength- 
ened to read: If an algebra has the property that every subalgebra 
generated by two elements is a Boolean algebra, then the algebra is 
itself a Boolean algebra. This question can be answered in the nega- 
tive by the following theorem: 


THEOREM 1. There exists an algebra T which is not a Boolean algebra, 
but such thai every subalgebra of T with two generators is a Boolean 
algebra. 


Proor. If x and y are any entities, then by afa, y}” we shall mean 
the set whose only members are x and y; and by “(x, y}? we shall 
mean the ordered couple whose first member is x and whose second 
member is y. 

Let H be the intersection of all seta K which satiafy the following 
conditions: 

(i) 2E€K, 3EK, and 4CK; 

(ii) If x and y are any distinct elements of K, neither of which 
belongs to the other, then {x, y} EK. 

Let H, be the class which contains all the membere of H, and in 
addition the number 5. (Thus H; has just one more member than has 
H—namely 5.) 

Let G be the class of all ordered couples (a, 8) where a is any 
member of Hj, and £ is either 0 or 1. ; 

We wish now to define a unary operation —, and two binary 
operations + and °, over the set G, in such a way that the system 
[T=(G, +, *, -—) will not be a Boolean algebra, but every sub- 
algebra of T with two generators will be a Boolean algebra. 

If (a, 8) is any member of G, then we set 

Presented to the Society, December 28, 1946; received by the editors March 27, 
1947, 

1 By a universal sentence we mean here a sentential function without any bound 
variables (“for all z,” “there exists an x.” and so on)—or a sentence obtained from 


euch a sentential function by preftring universal quantifiers, We do not impose the 
condition that’a Boolean algebra must contain at least two elements. 
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— (a, 6) = (a, 1 — p), 
where the minus sign in the right member denotes ordinary arith- 
metical subtraction. 
If a and 8 are distinct members of H such that a¢ 6 and Pda, 
then we set 
(a, 0) + (8, 0) = ({a, B}, 0), 
(a, 1) + (8, 1) = (5, 1), 
(a, 1) + (8, 0) = (8, 0) + (a, 1) = (a, 1). 
If a and 8 are distinct members of H such that B= fa, y} for some 
y, then we set 
(a, 0) + (8, 0) = (8, 0) + (œ, 0) = (8, 0), 
(a, 1) + (8, 1) = (B, 1) + (a, 1) = (a, 1), 
(a, 1) + (8, 0) = (6, 0) + (a, 1) = (5, 1), 
(a, 0) + (B, 1) = (B, 1) + (a, 0) = (y, 1). 
If æ is any member of Hj, we set 
(x, 0) + (a, 0) = (a, 0), 
(a, 1) + (a, 1) = (a, 1), 
(a, 1) + (a, 0) = (a, 0) + (a, 1) = (5, 1). 
If, finally, (a, 8) is any member of G, then we set 


(a, B) F (5, 0) gi (5; 0) + (a, p) = (a, b), 
(a, B) F (5, 1) i (5, 1) + (a, B) = (5, 1). 


We define the operation « by means of De Morgan’s law, as fol- 
lows: 

As ea a as eae) 

From the way in which the system T=(G, +, °, —) has been 
defined, it is easily seen that every subalgebra with two generators 
is a Boolean algebra. Thus, for instance, if (a, fı) and (as, Bs) 
are such that a, 703, a5 5403, aa, and aaa, then (a, b 
and (as, Ba) generate a Boolean algebra with the eight elements: 
(a, 0), (as, 0), (fa, as}, 0), (5, 0), (a, 1), (as, 1), 
(fai, a}, 1), (5, 1). In other cases, the Boolean algebra gen- ' 
erated by (a, D) and (as, Bs) may have fewer than eight 
elements. 


On the other hand, the system (G, +, *, —) is not itself a 
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Boolean algebra, since it does not satisfy the associative law. Con- 
sider, for instance, the elements (2, 0), (3, 0), and (4, 0); 
we have ((2, 0)+(3, 0))+(4, 0=({{2, 3}, 4}, 0), while 
(2, 0)+ ((3, 0)+ (4, 0))=({2, {3, 4} }, 0), and {{2, 3}, 4} is not the 
same aa {2, {3, 4}}. 


COROLLARY. It is not possible to give a set of postulates for Boolean 
algebra where each postulate is a universal sentence containing only two 
e } J : . é 


One can establish analogous theorems for a number of other kinds 
of algebras. Thus, for example, suppose we define the operation o in 
terms of the operations of T as follows: . 


toy = (ee =y) (— a9), 


Then it is easily shown that the system (G, o }is not a group, but 
that every subalgebra of (G, o } with two generators is an Abelian 
group. Thus it follows that one cannot give a set of postulates for 


since every subalgebra with two generators of the system (G,o, °) 
is a ring, while (G, o »'*) is not itself a ring, 

Since every Boolean algebra is a distributive lattice, and since 
every lattice satisfies the associative law for addition, we see that 
there exists a system A=(G, +, +), which is not a lattice, but 
such that every subalgebra of A with two generators is a distributive 
lattice. Thus it is not possible to give a set of postulates for lattices 
where each postulate is a universal sentence with only two variables. 
The same ia clearly true also of distributive lattices, and of modular 
lattices, 

Sunilar results are easily seen to hold, finally, for closure algebras, 
and for Brouwerian algebras.? 

Our theorem also finda application in cennection with the axio- 
matization of the sententia] calculus. It is well known that every 
Boolean algebra can be regarded as a matrix for the classical (two- 
valued) sentential calculus; thus every subalgebra with two gen- 
erators of the system T of Theorem 1 is a matrix for the classical 
sentential calculus. Moreover, the formula 


bV@Vn]oleVa Ve] 


* For definitions of these algebras, see J. C. C. McKinsey and Alfred Tarski, 
The algebra of topology, Ann. of Math. vol. 45 (1944) pp. 141-191, and Om dosed ele- 
ments in closure algebras, Ann. of Math. vol. 47 (1946) pp. 122-162. 
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is provable in the classical sentential calculus; hence T is not itself 
a matrix for the classical sentential calculus. From these two facts it- 
is easily seen to follow that theré cannot be a set of axioms for the 
clasaical sentential calculus, where each axiom contains only two” 
variables. 

The result obtained in the preceding paragraph can obviously be 
strengthened: If A is a set of tautologies, which includes the tautology 


[p V avl > KV a Vrh, 


then A cannot be derived from a set of axioms, each of which in- 
volves only two variables.’ From this it is seen to follow that every 
set of axioms for the Heyting calculus, or for any one of the Lukasie- 
wicz-Tarski calculi, must contain at least one axiom which involves 
three or more variables. A similar result is easily obtained for the 
Lewis systems S1,---:, 55. 


OKLAHOMA AGRICULTURAL AND MECHANICAL COLLEGE 


3 It can be shown in a similar way that the tautology p—œ[g>(r—>p)] is not 
derivable from tautologies each of which involves only two variables. This result was 
originally discovered by M. Wajsberg, and was stated without proof by J. Luka- 
siewics and A. Tarski in Satz 15 of Untersuchunges dber den Aussopenhalkil, 
Comptes Rendus des séances de la Société des Sciences et des Lettres de Varsovie, 
Classe III voL 23 (1930) pp. 1-21. 


NONLINEAR NETWORKS. Ia 
R. J. DUFFIN 


A network is a collection of conducting wires and batteries arbi- 
trarily interconnected. Kirchhoff [1, 6]! gave a topological-type proof 
that the currents in the wires are uniquely determined for wires 
obeying Ohm’s law. (Ohm’s law is a linear law stating that current 
and potential drop are proportional.) If the wires obey a nonlinear 
law, more than one distribution of current is in general possible. 
For some engineering application a multiplicity of states is desirable 
as, for example, in counting circuits and oscillators. For other ap- 
pions it is essential that only one state be possible. It is seldom 
intuitively evident, however, whether or not a given nonlinear net- 
work will have multiple states. Hence, it appears that a qualitative 
mathematical treatment of nonlinear networks should be of some 
practical importance [5]. 

A large class of conductors used in engineering are such ‘hat the 
current through the conductor and the potential drop across the con- 
ductor are nondecreasing functions of one another. Such conductors 
we shall term quast-lsmear. Examples are: selenium, copper oxide, 
silicon carbide (thyrite), and thermionic rectifiers [9]. The main 
result of this note is the proof that a network of quast-linear conductors 
has a stable siate of currents, and this state ts unique. 

A stable state of currents in a network must satisfy Kirchhoff’s 
laws, which simply are statements of the conservation of electricity 
and the single valuedness of the potential function. Maxwell [8] dis- 
covered two concise ways of expressing these laws: the junction equa- 
tions and the mesh equations. More or less as a digression we shall 
show that the mesh equations may be put in the same functional 
form as the junction equations if and only if the network is planar. 

The formulation of mechanical analogs to electric networks has re- 
ceived considerable attention in the literature because of the transfer 
of techniques suggested by the analogy. We discuss here a different 
type of analog which we call an elastic network. An elastic network is 
a collection of springs connected to each other at junction points. 
Forces are applied to the junction points to hold the network in a 
stretched condition. A tennis net is an example. Electric networke 
are analogous to one-dimensional elastic networks. Planar or spatial 
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elastic networks are more general than electric networks and may 
give rise to nonlinear problems even for springs obeying Hooke’s law. 


1. Maxwell's junction equations. In order to simplify notation and 
to avoid ambiguity the following trivial restrictions shall be imposed 
on the configuration of the networks considered. A proper network 1s 
a set of n41 junction points (0, 1,---,), #21, connected by 
conducting wires such that each wire connects exactly two distinct 
junction points and no more than one wire directly connects the same 
two junction points. 

The conductivity function g(x) of a wire is the experimentally de- 
termined relation between*the current w through the wire and the 
potential drop « across it, w=g(x). If a wire obeys Obm’s law, 
g(x) = kx where k is a positive constant, the conductivity. 

The conductivity function of the wire connecting junction points + 
and j will be designated as g.j(x) and is such that if w,; is the current 


flowing from + to j and v, and v; are the potentials of these junctions 
then 


(1) ig = gijo — 04). 


By the conservation of electricity, w= — Wp; 80 gis(x) = —gp(—2). 
If there is no wire directly connecting ¢ and j then g,,(x) =0. 

Suppose currents u; flow into the junction points from an external 
source. If a stable state of such a network exists, no electricity may 
pile up at a junction point so 


Ho = O + gei(to — 21) + goat. — 02) +--+ + onlo — Ta), 
t; = £10(01 — m) + 0 + fult — m) terse + gia(01 — Ta), 


Ha = aoln — D0) F gaila — 03) + Ena Oa — 02) Heee + 0. 


These are Maxwell’s junction equations. Since g(x) +ga(—x) m0 it 
follows that > f ou:m0, and so at least one of the equations is de- 
dependent. Moreover, because the potentials v, enter only as paired 
differences, one of them may be given an arbitrary value. 

If equations (2) are solvable for tbe potentials, then relationes (1) 
determine the distribution of current in the wires when the currents 
entering the junction are given. 

It should be noted that the definition given of the conductivity 
function is broad enough to allow batteries to be included in the 
network. Thus, if for one value of x the relation g,,(x) =0 holds, then 
—x may be regarded as the value of the potential jump of a battery 
inserted in the wire connecting points 4 and j. Thus, for an isolated 


(2) 
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network excited by batteries equations (2) become 


= 


(3) O = Do gid, — 04), += 0, Fee, 2 
fun) 


In a non-proper network two or more wires may directly connect 
the same junction points. This case may be reduced to a proper net- 
work since the conductivity function for wires connected in parallel 
is the sum of the separate functions. The class of functions to be 
considered in what follows has the property that the sum of two func- 
tions also belongs to the class; hence, there is no essential restriction 
in considering only proper networks. 


2. Existence and uniqueness conditions. The junction equations 
will now be considered abstractly. However, all variables and con- 
stants shall be assumed real. 


THEOREM 1. Equatsons (3) have at least one solution in the variables 
0; tf: 

(a) gx) = —g,(—x). 

(b) The functions g(x) are continuous for all x. 

(c) For each pasir (4, f) esther gix) =0 or fig (Ddi—>+ © as x> +t o. 


Proor. We shall say that a set of functions { gix) I, 
4,j=0, 1,---,, satisfies the chain condition if for each integer 4 
there exists an ordered sequence of integers #, a, b, c,- +- , 6, f (de- 
pendent on 1) such that no function of the sequence gy, feb, Ere, 

"* +, Eq, g&o Vanishes indentically. First, suppose that the chain 
condition is satisfied and define G,,(x) = /*g;,;(#)dt. Then by conditions 
(a) and (c) it is clear that there is an unbounded increasing function 
k(xY such that either G,;(x) ==0 or Gis(%) > h(| x| ). It may be assumed, 
moreover, that A(x) is independent of $ andj and that h(0) is negative. 

Let 9 =0 and define Y(n, os, - - - , Da) m > 4-0) _-0Gif0i—0;). Con- 
sider the value of y on an n-dimensional cube whose corners are at 
the points (+/, +J,---, +, 1>0. For some value of i it fol- 
lows that v, = +/. Hence, (Di — Da) +(ta—tm) + - > > +(0,—0/) + (0,—29) 
= (v, —v) = +}. All integers of the chain sequence 4, a, b,- - f, 0 
may be assumed distinct; so there are at most » adjacent pairs. Thus, 
for some adjacent pair, say (d, e), it follows that |ve—v,| 21/n and 
Ge.(0e—0,) ZA(l/n). An estimate of Y may be made from this single 
term, Y Z h(}/n)+(n+1)4(0). For J sufficiently large this shows that 
y is everywhere greater on the surface of the cube than it is at the 
center. In the interior, Ų must have a minimum point and at this 
point 
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teria e, k = 1, ae » M 
j0 


These are precisely equations (3) except for the equation k=0, which 
is dependent on the others. 

If the chain condition is not satisfied, equations (3) are split into 
two sets. The first set includes the equation 0 and all equations ¢ such 
that a nonvanishing chain gis, fos, ` ` * » Eas, gro does exist. If g,» ap- 
pears in the first set as a nonvanishing function so also does gs, be- 
cause the chain get, Bis) os) °° ` > Sef) Eyo i8 nonvanishing. This shows 
that the equations and variables appearing in the first set have the 
same labels. The second set, being what is left over, also has the same 
labels on the equations and the variables appearing. Clearly both sets 
have the same form as equations (3) but are of lower dimension than 
n. This splitting process is repeated on the second set, and so on. 
Finally, there results a division into a number of mutually exclusive 
sets, and each set either satisfies the chain condition or vanishes 
identically. This completes the proof. 

In the network language the chain condition means that there is a 
chain of wires connecting every pair of junction points. In other 
words, the network is one piece. 

THEOREM 2. Equations (2) have a solution tn the variables v: for any 
choice of the constants u; such that > tou, =0 if: 

(a) giz) = —gn(—2). 

(b) The function gi,(x) are continuous for all x. 

(c) For each pair (i, j) either giz) =0 or gi,(x) + 0(— œ) as 
x4—>-+ 0o(— o). 

(d) The chain condition ts satisfied. 

Proor. Define y= o a oGi(0, — 0) — 29 fois (v00). Either 
Gi) E0 or G(x) ZAC z|), where now k(x) is an increasing func- 
tion such that k(x)/x—+ © as x—+-+ œ. Proceeding as in the proof 
of Theorem 1 gives the inequality 


HB MIn) + (e+ DAO) — FL wl H as l= + oœ. 


This shows that yı has a minimum at a pout aide a large cube; 
hence at this point 


O = 21h /ðor = X, ges(on — 1) — Bm h = 1,2, n 
#0 


This completes the proof. 
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THEOREM 3. Equations (2) may not have more than one solution tn the 
variables 0;,4—1,2,---,n, with =0 if: 

(a) gis(x) mt —gy(—z). 

(b) For each patr (4, J) otther gula) E10 or gij(x) is an increasing 
funcion for all x. 

(c) The chatn condition is satisfied. 


Proor. Let u, =) jogi(vi-v;) and wf =) % ogi(o/ —of) then 


È (u — ud Voi = wl) 

{eini — 05) — gull — vf) } oi — ef) 
{gos — 2i) — gulf — of) } (0; — 0f) 
{eloi — 94) — gaol — vf) } 07 — 04) 


2, {eioi — 9) — galal T of) } {u — 4) — (of — vf)}. 


If u;=u]{ , the left side vanishes. Each term of the last series on the 
right side is non-negative, because gi; i8 a ee function; | 
hence, 


{gimi — 05) — gage,’ — vf) } { (oe — 04) — (of — »/)} a 
Under the assumption that g,; is an increasing function, these factors 
must vanish together, so {(v;—0;)—(v0/ —0/)}=0. For a chain 
sequence, 


{(0; — 0.) — (of —o2)} + {re — n) — (od — of) } + 
+ {Co — w) — (of — w )} =n- of. 


Because each expression in braces vanishes, v;™=p{, and the proof is 
completed. 


3. Maxwell’s mesh equations. In actual engineering applications 
the junction equations are seldom employed but rather the alterna- 
tive method of the mesh equations is used. A direct proof of the 
equivalence of the two methods does not seem to be available in the 
literature (we shall not consider this question either). 

We now derive the mesh equations in the special case of an isolated 
network which can be diagramed in a plane without crossed wires. Let 
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the regions (meshes) formed be numbered from 0 to m (including the 
exterior region). Let the resistance function be defined as the inverse 
of the conductivity function g(x), and let r,,(w) be the sum of the 
resistance functions of the wires common to region 4 and region j. 
Let w; be a cyclic current flowing around region +. The sign of w; 
is determined by a clockwise convention for the interior regions and 
by a counterclockwise convention for the exterior regions. The poten- 
tial is a single-valued function, so the net change in potential around 
the region 4+ vanishes. Thus 


(4) O= S an, t= 0, [rert 
j0 


These are the mesh equations for a planar network. After the fic- 
titious currents w; are found, the actual currents are given immedi- 
ately by the expressions w,—w,; Obviously, equations (4) are of the 
same form in the variables w, as equations (3) are in the variables v. 

It can be shown that any distribution of current which satisfies 
the conservation of electricity could be realized by assigning suitable 
values to a set of n» of the cyclic currents w,. Such a set is called a 
complete set [1, 6]. 

To write the mesh equations for a on gaia network, some com- 
plete set of cyclic currents is selected and a similar procedure is 
followed [3]. However, a theorem of MacLane [7] on “graphs” im- 
plies that some wire of a non-planar network must be traversed by at 
least three of the cyclic currents. This proves the following theorem. 


THEOREM 4. The mesh equations for an isolated network can be ex- 
pressed in the same form as the junction equations if and only if the 
network ts planar. 


To form mesh equations for a non-isolated network, it is simply 
necessary to add fixed non-cyclic currents which enter at one junc- 
tion, follow some path, and leave at another junction. 


4. Elastic networks. A proper elastic network is a set of »+41 junc- 
tion points (0, 1, - - - , n), #21, connected by springs such that each 
spring connects exactly two distinct junction points and no more 
than one spring directly connects the same two junction points. The 

junction points are the end points of the springs. The force function 
f(x) of a spring is the force required to stretch a spring so that the 
distance between its end points is x. Let f(x) =fj(x) be the force 
function of the spring connecting junction points $ and j. If r, is 
the position vector of the #th junction point, the components of 
force which the junction ¢ exerts on the spring (4, j) are 
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xy ! 








w= f eaa E T 
aie pda -nD OP, 
w = flee T 


It is convenient to express these relations in the single vector equa- 
tion Wis gilti — ry), where g,;(r) issa vector function whose magni- 
tude is lF] r| )| and whose direction in parallel to that of r. Clearly 
é.(r) = —g:{—r) if r0, and to have this relation hold for r=0 it 
must be assumed that f;;(0) =0. 

If u; is the total force applied to the sth junction from outside, 
the equations of equilibrium are 


(5) > w= >) gilts — r}), 4m0,1,°°-,% 
ful 


These are analogous to Maxwell’s junction equations (2) but express 
the conservation of force rather than the conservation of electricity. 

We shall say that a spring is guast-Jinear if its force function f(x) 
is a continuous, increasing, and unbounded function and if f(0) =0. 


THEOREM 5. If » of the junctions (v1) of a one piece network of 
quast-linear springs are held fixed and piven forces are applied to the 
other juncitons then there ts an equilibrium configuration, and thts 
configuration is unique. 


Proor. We may suppose that the junctions (0, 1,---,»—1) are 
held fixed and that ro=0. Define Gx) = fOf,,é)d¢ and 


y= 5 Sala -=r;|) = DT 
im pl imr 


(Note that G,,(x) is the potential energy of the spring.) Then y is a 
function of 3(n—» +1) variables. As before, on a 3(n—v-+1)-dimen- 
sional cube of edge 2X, one of the variables takes the value +/; for 
definiteness, suppose that it is the x coordinates of the radius vector 
r.. Then, considering a chain sequence $, a, b,---,f, 0 


(Xi — Za) H (Ta — z) +: lz ar) tlee tll 


For some adjacent pair, say (d, e), we have |re—r.| Pa [xa — z. el /n. 
Then, as before, it follows that ẹ is everywhere greater on a suff- 
ciently large cube than it is at the center. Setting the partial deriva- 
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tives of 4 with respect to the coordinates equal to zero at a minimum 
point gives exactly equations (5) from » to #. This proves the exist- 
ence of a solution. P 

As in the proof of Theorem 3, one obtains the identity 


S urua 
O 
= 219, 2, leeds — r) — hilel —rf)}-{@.—2,) — (rl rt). 
t=) fð 


The expression on the left is clearly zero because either (u;— u{ ) =o 
or (r,—r;)=0. Each term ọn the right is of the form {g,,(p) 
— gp} {p-p}, and gu(p)=cp where c is a positive scalar, 
|p| c=fix(|p|). Thus, 


{gu(p) — &p)}-{p — p’} = {ep — ep} {p-p} 
=clp|*—(¢c+c)p-p'+¢|p'|? 
(7) 2c|p|?—(c+¢)\pll|p’|+¢|p'|? 
={clp|—¢lp'| {|p| —-|e’]} 
= {flo -rP Df lel- lel} z o. 


Thus, each term on the right side of equation (6) is non-nega- 
tive, and because the sum is zero each term must vanish. It fol- 
lows that relation (7) is actually an equality and that {f;;( | pi) 
—fullp’|)} {|p| —|p’| } =0. Thus, |p| =| p’| if fA) pf0. But the 
vectors p and p’ are parallel otherwise, p:p'<|p lp'|; | p| x0 
and relation (7) could not be an equality: hence pp’ if f,;(x) 540. 

The remainder of the uniqueness proof parallels the proof of 
Theorem 3. Note that a similar theorem is valid for an electric net- 
work of quasi-linear conductors. 

The analogy between elastic and electric networks developed here 
suggests a method which, though somewhat abstract, is nevertheless 
quite practical. The idea is simply to set up the analog of Maxwell’s 
mesh equations for elastic networks or even for more complicated 
problems in statics such as trusses. Without the analogy it would 
appear difficult to invent such a method, as the concept of using 
fictitious circulating forces in the meshes, for variables, is rather fan- 
tastic. 

The writer has built a mechanical model of a quasi-linear electric 
network (a wheatstone bridge circuit) by constraining the junctions 
of an elastic network to move along vertical rods. Hanging weights 


1947] NONLINEAR NETWORKS 971 


on the junctions gives ‘‘applied currents.” It is clear that, even with 
springs obeying Hooke’s law, a nonlinear problem arises. 

The discrete boundary value problems discussed here suggest 
analogous considerations for continuous media. In a later note such 
nonlinear Dirichlet problems will be treated. 
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CARNEGIE INSTITUTE oF TECHNOLOGY 


A BOUND FOR THE ERROR IN COMPUTING THE BESSEL 
FUNCTIONS OF THE FIRST KIND BY RECURRENCE 


i 
H. E. GOHEEN 


It is sometimes useful to obtain the value of a Bessel function of 
the first kind of a fairly high integral order. Inasmuch as Jo(x) and 
J;(x) are relatively easy to compute, even apart from the existence of 
numerous tables of Jo(x) and Ji(x) to considerable accuracy, one 
obvious method of attack is to use the recurrence relation, 


2” 
(1) - Japi(x) = = fal) — Ja(2), 


the starting values being the already available values of J,(x) and 
Ji(~). In using this formula, however, it is necessary to have a bound 
for the error in J,(x) caused by errors in Jo(x) and J,(x). It is the 
purpose of this note to furnish such a bound. 

Let ¢,(x) represent the difference between the value of J,(x) and 
the approximate value obtained by applying (1) to values which differ 
from Je(x) and Ji(x) by errors eọ(x) and (x), respectively. Since 
¢é,(x) is additive to the approximate value and since both the ap- 
proximate and true values satisfy the recurrence formula, e,(x) must 
also satisfy the recurrence formula. 

If exact values of ¢9(x) and ¢,(x) were known, an exact value of 
é,(x) could be obtained by the recurrence relation (1). However, by 
the nature of the problem bounds for the absolute values of 6o(x) 
and ¢,(x), and in some cases their signs, are the only information 
available. These bounds cannot be used as starting values for recur- 
rence to find a bound to the absolute value of ¢,(x) since in the rela- 
tion (1) a substitution of the bounds on the right-hand side may yield 
a result whose absolute value is well within the bound for the ab- 
solute value of the left-hand side. 

In the relation due to Lommel and Hankel,} 


(2) 2/ax = ¥n(2)Ja41(2) = ¥uii(z)J,(2), 
Y,(x) being the customary Beseel function of the second kind of order 
n, setting n=0, multiplying both sides by (xx/2)éo(x), adding the null 
term (wx/2)e(x) Yolx)Jo(x)— (rx/2)ei(x) Yo(x)Jo(x) and rearranging -. 
the terms give 
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eo(z) == (2/2) Yo(x) [eo(*)Ji(x) — e1(x)Jo(z) ] 
+ (xa /2) Jo(x) [e1(x) Yo(x) — eo(x)¥i(x) J. f 


Setting #=0 in (2), multiplying by (xrx/2)e(x), adding the null 
term (wx/2)6o(x) Yi(x) Ja(x) — (wx/2)60(x) ¥i(x)Ji(x) to the right-hand 
side and rearranging give 


éi(x) = (xx/2) ¥i(x) [eo(x)Ji(x) — é1(z)Jo(x) | 
+ (xx /2) Ix(2) [er(x)Yo(x) — e0(x)¥1(x)]. 


Since 6,(%) satisfies the recurrence formula (1) as do J.(*%) and 
Y,(x), it follows by complete induction that 


Eal) = (wx /2) ¥ (ux) [e0(2)Ji(x) — e1(2)Jo(2) ] 
+ (12/2) Fa(x) [er(2) Yo(x) — ee(2)¥1(a)]. 


Since Y,(x) for fixed x increases without any limit independent of 
n as n increases without limit, so does 6,(x) unless the coefficient of 
Y,(x) vanishes. The values of eọ(x) and #:(x) are the remainders in 
truncating series for Jo(x) and Ji(x), respectively, or the errors in 
obtaining these functions by asymptotic expansions, numerical quad- 
ratures or step-by-step integrations and therefore nothing is known 
of them except bounds for their absolute values and, in some cases, 
their signs. Hence, it can hardly be expected that the coefficient of 
Y,(x) vanishes; and almost always the error in J,(x) exceeds any 
bound independent of # provided » is large enough. 

The function (xx/2) Y,(x) is the sum of a negative function of x 
with decreasing absolute value and a function whose absolute value 
is bounded by xx/2-+1, for? i 


Tas- (a 


(3) 


(4) 


(5) 


m | 


(6) + f sin (zaino — no)ap 


+ 2(— nen f gris sinh ty 
ê 
the first integral being less in absolute value than x and the second 
less in absolute value than 2ffe*+ed¢ or 2/(n-+x). Hence, 
(wx/2)Ja(x) [e1(x%) Yo(x) — 6 x) Yı(x)] is in absolute value leas than 
(wx+3)|J.(x)| max { [60], |¢:| }, the bound being obtained by setting 


3 Ibid. pp, 340-342, 
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n=0 and #=1 in (6), determining bounds for | Yo(x)| and | ¥i(x)|, 
and using these bounds to obtain a bound for | 6:(x) Yo(x) —é@o(x) Yilx)}. 

The formula (6) is very difficult to use as a basis for estimation 
of Y.(x) if »>10. If tables of Yo(x) and Yı(x) are available, Y.(x) 
may be computed by-use of the recurrence formula, or if tables of 
Y,(x) are available these may be used. It is unlikely that tables of 
Y,(x) will be available and not tables of J,(x) for n>1 and another 
procedure i is necessary in this case. If only Jo(x) and Ji(x) are avail- 
able, it is still possible by means of doubling the computation to ob- 
tain an auxiliary function E,(x), defined as the value obtained by 
recurring on 1 and —1 as starting values. Then from (5) 


(7) Eq (x) = (12/2) Yala) [Jx(x) +Jo(x) ] — (wx /2) Jala) [Po(x) + F(a]. 
Then by use of the estimate 

(8) (wa /2) | Fa(2)[Po(a) + Pa(z)]| < Gre + 3) | J.) 

and by solving (7) for Y,(x), there results 


. rx E, (x) 
(9) rs Y,(z) = Fz) 4 Joa) + ps(2), 
with 
T 3) | Jal 
(10) | pa(2) | < (rx + 3) | Ja(z) | : 


[Jae + Jola) | 


Hence, for all x22) >0, denoting by ¢(x) the polynomial in 1/x which 
appears in the expansion of (wx/2) Y,(x), 


| u(x) | S (x2/2) | Yala) | | 61(2)Jo(z) — eola) a) | 
+ (xa + 3)-|Ja(x)|-max (| eo], | |) 


< ECOS tb { | Zola) | + | Ja(2)| } 
11 
I + (re + 3): | Ja(2)| |-max (| o, | e1|) 
< | {lee | ++ 1b {| Jota) | + | Ze) | 


Peele) || max (| 6, bali. 


However, 
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(12) = Falo) = (0) + r(x) 
or 
(13) | (2) | 3 Yaleo) | += + 1. 
Finally, 
| Zu (zo) | (azo + 3)|Ja(z0) | x20 
(4) Joe) | s | Jalo) + Jols) | Jaleo) + Jols) | Pae 1 
or 
| En(zo)| (wary + 3) | Fa(x0) | 

| =) | = fies F J o( x0) | | 71(20) T Jo(zo) | 

(15) pee) 7 2y 2} 


{| Jo(2)| +] 302) } + r 3) I | fmax 0], [es 


This bound will be almost exact for 6,(x9). To make it as good as 
possible, the value of x» should be taken as large as possible con- 
sistent with the values of x for which J,(x) is to be tabulated. In case 
approximations to J,(x) and J,_:(x) are available for n>1, similar 
considerations will enable one to determine a bound to the error in 
Ja(x) with k>n, obtained by recurrence on J,(x) and Jx-1(x). 


Navy DEPARTMENT 


AN ELECTRO-MECHANICAL INVESTIGATION OF THE 
RIEMANN ZETA FUNCTION IN THE 
CRITICAL STRIP 


BALTH. VAN DER POL 


The theoretical basis underlying the following electromechanical 
investigations concerns a simple integral representation of the Rie- 
mann zeta function in the critical strip. To the right of the critical strip 
(Res>1) we have the usual expression: 


S.-i 
(1) T'(s)-f(s) = f ——— "dx, Res > 1. 
e &— i1 
Subtraction from (1) of 
(2) I'(s — 1)-a‘* = f ettr Id 2, Re s > 1, Rea >O, 
0 
yields 











(3) T(s)- fro mH = = f (= o —) x*—1dz, Res > 0. 


In the integrand of (3) the simple pole at x =0 of (e*—1)~ is com- 
pensated by the simple pole with the same residue of xe*. There- 
fore (3) already converges in the wider band Re s>0. If we now re- 
strict s to the critical strip 





0<Res<l 
we can let a—0 in (3), so that we obtain the basic integral 
= 1 1 
(4) T(s)- t(s) = f ( — =) xidz, O< Res <1], 
0 e — 1 x 


this being the analytical continuation of (1). 

The representation (4) of the zeta-function in the critical strip 
enables us to derive the functional equation of the zeta-function in 
an extremely simple way. To this end we make use of Legendre’s 
relation! 


Bae 1 1 1 1 1 x 1 
(5) 2f sin ti ———— di = — — 4 — = — coth — ——» 
0 er! — 1 e — 1 x 2 2 2 x 





Received by the editors March 18, 1947. 
1 See, for example, Whittaker-Watson, Modern analysis, 4th ed., p. 122. 
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b 


which is valid for all real values of x; furthermore both sides of (5) 
represent an odd function of x. We now restrict x to positive values 
and subtract 


T. 
0 2ri 2 
from (5), so that (5) assumes the self-reciprocal form 
(6) i 2 f sin a ( : -> )a= 2 a x > 0. 
' ert— 1 Ow} e — 1 x 
Substitution of (6) in (4) yields 
T(s)- t(s) -f adz f sin «(5 — —) ath da 
0 0 ett — 1- 2ri 


which, with the substitutions 2rł=r and x=2xt/r, becomes 


o roso = Sf” ae T - 2) ar 


fies gT — 1 














The latter integral has the form of (4), s being replaced by 1—s, 
while the former integral is of a well known type. Hence we obtain 





2r)’ © of = 
ror) -EE f Marra aaa 


1 (2x)* 


~ 2 Pd —s)-cos (ws/2y RE 


or 
TS 1 
cos eh -{(s) = = (2r)*¢(1 — 8$). 
This is the functional equation, which, by analytical continuation, is 


valid in the whole s-plane. 
Returning to (4), we notice that this equality can be written as 


roi) = f 


(Set fen) eae (0< Res < 1) 
(8) 


= ff ea] — #): xda, 


It is evident from (8) that the zeta-function in the critical strip is 
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generated by the difference of a sum and an integral. It therefore 

seems not unlikely that the typical diffculties associated with a study 

of this function in the critical strip are closely related to this fact. 
We now integrate the central Stieltjes integral by parts, as 


f “ed [uw] — u) = e[u] — w) 





p z f lw — “)o-**d 
(82) i 0 0 
m =f ([u] — w) "du. 


Substitution of (8a) in (8) and writing x= ¢/u yields 


T'(s)-¢(s) -f f eT hu ete = I(s +p fo re a 





or 





1 - [u] —« 
(9) — t(s) -f dt, 0<Res <1. 
$ n ytt 
Finally, calling u =e” and taking s=1/24%#, we obtain from (9) as 
an expression for {(s) on the critical line Re s= 1/2: 
2+ pe 
1/2 + # —o 
With (10) the investigation of the zeta-function on the critical line 
is reduced to a problem in the real domain which can be attacked 
with physical methods. It is therefore on (10), which has the form 


of a Fourier transform, tbat we based our experimente. 
The function 


(10) fejer] — en} . etida, 


(11) y(z) = eP — o#/3[ ee], 
of which 
t/a 
1/2 + i 


is the Fourier transform, is represented in Fig. 1. (See insert opposite 
p. 980.) It is a sawtooth-function, of which the height of the teeth 
varies exponentially, the width of the sth tooth being given by log 
((s+1)/#). Further we have 

0s yla) S lel, —-noa<cze<c+o, 


which ensures the convergence of (10) for all real values of #. 
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Thus the experimental problem consisted of constructing an elec- 
tro-mechanical machine giving the Fourier integral of the function 
y(x). This however was found to be impracticable and therefore we 
resorted to obtaining experimentally the modulus of the Fourier 
series for y(x) modified in such a manner that y(x) was taken to 
extend only from x= — 9.00 to x%3=-+9.00, being zero outside these 
limits. The remaining function was thus repeated indefinitely. It 
may be noted that the amplitude of y(x) and y(x) at these limits is 
only exp (—9/2) =.011, so that the error involved is certainly small. 
The problem thus having been made periodical, it was easy to intro- 
duce rotating machinery. For this purpose the function (cut off in 
this way) was very carefully drawn on paper. This was done radially 
along the circumference of a circle having a radius of a=13 cm. (the 
transformation being r—a=y(at)). Thereupon it was cut out as 
accurately as possible. The resulting paper disc is represented in Fig.2. 
Thus the first tooth had a width (log' 2—log 1) corresponding to 
to about 1/26 of the circumference of the circle., The last tooth 
which it was practicable to cut out was the 35th with a width of 
(log 36—log 35), corresponding to about 1/621 part of the circum- 
ference. This paper disc was clamped perfectly flat between two 
aluminum discs, the paper teeth extending well outside the metal 
discs. This assembly was mounted centrally on the shaft of a syn- 
chronous motor The motor was driven at a frequency of 25.018 
revolutions per second by an amplifier behind an electrically controlled 
tuning fork of 1000,72 c/s, the frequency of the current from the 
tuning fork being demultiplied with the aid of relaxation oscillations 
in the ratio of 40:1. This tuning fork drive ensured a much greater 
precision in the angular speed of the synchronous motor than could 
be obtained by using the mains. 

With the aid of cylindrical lenses a beam of light was projected 
onto the paper teeth in a direction parallel to the axis of the motor. 
The cross section of the beam was a long, very narrow rectangle, 
with the longer side oriented radially. The light thus passed by the 
teeth of the disc fell upon a photocell, causing an electric current 
which was an exact replica of the form of the teeth of the disc and 
therefore of the modified function. This current was amplified and 
a strong sinusoidal current was superimposed thereon, the frequency 
of which was made to vary very slowly in an approximately linear 
manner from 0 c/s to 15000 c/s in about 12 hours, the law of this 
variation having been previously determined. Further, an effectively 
quadratic push-pull detector (selenium cells) was inserted in the cir- 
cuit, producing difference-tones between (a) all the harmonics pro- 
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duced by the rotating disc and (b) the applied sinusoidal current. 
These difference-tones were fed to a very sharply tuned electro- 
mechanical vibrator with a natural period of 7.00 c/s and a loga- 
rithmic decrement of .0143. The variation of the frequency of the 
applied sinusoidal current was necessarily slow, in order to be sure 
that the current through the mechanical vibrator went through 
“quasi-stationary” states. Thus, when the applied sinusoidal cur- 
rent had a frequency exactly 7.00 c/s greater or smaller than one of 
the harmonics generated by the teeth on the disc, a difference-tone . 
was produced which excited the mechanical vibrator. The oscillations 
of the latter were translated, in a separate circuit, as an electric cur- 
rent which was rectified (giving the modulus of the function) and 
which was registered by a recording milliammeter. The. recording 
paper of the latter moved with a speed which was also controlled by 
the same tuning fork. Hence the meter recorded a series of spectral 
lines situated in pairs, one of each pair being 7 c/s to the left, and 
the other 7 c/s to the right of each harmonic present in the function 
produced by the rotating disc (fig. 2), which, itself, represents the 
function y(x) of (11) (made periodical), the modulus of whose Fourier- 
transform is 


(1/2 + #) 
1/2 + ü 


Fig. 3 is a direct unretouched reproduction of the record thus ob- 
tained of (12). From the accurately known constants of the apparatus 
it was possible to mark the values of t shown at the top of the record. 
The abscissae marked at the bottom with a |represent the 29 ac- 
curately known zeros of {(1/2-+##), which were taken from Jahnke- 
Emde, Funktionen tafeln (zweite, neubearbeite Auflage) p. 3242 
It is seen that all these 29 zeros appear in this record either as very 
deep minima (namely, the zeros no. 1, 2,,3, 4, 5, 6, 7, 11, 12, 13, 16, 
18, 20, 21, 23, 27, 29), or in any case as less deep, but none the less very 
decided minima (namely, the zeros no. 9, 14, 15). It is further seen 
that the value of the recorded zeros coincide with those calculated 
with an accuracy better than 1%. 

In order that the recording for the larger values should not be too 
small, the sensitivity of the apparatus was increased 4fold from {= 35 


(12) 


* Balth, van der Pol, Journal of the Institution of Electrical Engineering (London) 
vol. 93 (1946) p. 153. f 


* For the number of zeros on Re s= 1/2 up to i= 1468 see E. C. Titchmarsh, Proc. 
Roy. Soc. London Ser. A vol. 151 (1935) p. 234 and vol. 157 (1936) p. 261. 
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Fic. 1. A graph of the sawtooth function y(x) =e — eR |e]. 
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Fic, 2, Paper disc, showing the sawtooth function y(x) for the range —9 <z < +9. 
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onwards, as indicated in the record, so that for >35, the recorded 
amplitude is 4 times larger than in the range t<35. 

` The first 29 zeros of {(1/2+4#) are to be found in the range 
0<#<100. However it was practically possible to extend the record- 
ing up to #=210. Up to this point the record shows a total of 73 
minima which most probably may be interpreted as zeros, the more so 
as all the pronounced minima of the envelope of the curve for {<100 
- correspond to known zeros. 

As to the modulus, attention may be drawn to the fact that the 
record does not show |{(1/2+4#)|, but shows this function divided 
by |1/2-+##], see (12). 

It is of interest to remark that our record shows that there seems to 
be no simple relation between the difference between successive zeros 
and the height of the maximum between them. For example, the 
height of the maximum between the 20th and 21st zero is consider- 
ably smaller than that between the 17th and 18th, although the 
` interval between these pairs of zeros is not very different. The experi- 
ments carried out so far, and in which harmonics beyond the 600th 
were measured (the highest harmonic recorded corresponded about to 
the width of the last tooth cut in the paper), were performed with 
relatively limited means, and it is fale that many improvements 
could still be applied, such as: 

(a) assuring a still more constant speed of revolution of the syn- 
. chronous motor; 

(b) determining the effect on the record of the number of teeth 
cut in the paper disc, and so on. 

Therefore, with the modern technical means available, the present 
method of exploring the behavior of the zeta-function in the critical 
strip (which is closely related to Riemann’s conjecture), seems ca- 
pable of improvement with regard to precision. Further, a considerable 
extension with regard to the number of zeros recorded, including 
those, if any, outside the line Re s=1/2, seems possible by this 
method. 

Finally I wish to thank Mr. C. C. J. Addink for the great care and 
_ skill with which he performed the experiments. 

Note added in proof (October 6, 1947). The less deep minima as in 
Fig. 3 were later on found much deeper when in further experiments 
the angular frequency was kept more homogeneous. 
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ON THE SUM OF THE RELATIVE EXTREMA OF |f(s)| 
ON THE UNIT CIRCLE 


ROBERT BREUSCH , 


Summary and introduction. Dr. Erdds, has made the following 
conjecture: “Let f(s) =|[%j(s—s,), with 3,=7r,6%, 7,91, f(s) s". Let 
s,—e%(uol, 2,---&) bethe points on the circumference of the unit 
circle, for which |f(s)| is a relative extremum. Then >-?_,|f(s,)| S2*, 
and the equal sign applies only if f(s) =(s—e)*.” It will be proved 
that this is correct for large values of 2, but incorrect for small ones. 

With s=67, i 


|) = Ü| e” — retl = JI +n — 2r, cos @ — 0), 


or, with ¢=tan (0/2), 
| f(s) |? m FH = (1 + A~ 


. II [1 + eae 2r, cos oE — år, sin 04 + (1 + = 2r, cos 6,) |, 
pl 


Wen 
CHA | 
jee E a 


CHA KEDI 


It may be assumed for the moment that | fle") | is not an extremum 
for O=w, that is, f= «©; otherwise the coordinate system may be 
rotated. Thus it is seen that the number of relative extrema of | f(s)| 
on the unit circle cannot exceed 2n. 

If FC) is less than 2*/2n for every real value of 0, then 
> 2.1 |f(e"s)| is obviously less than 2*. 

Assume now that | f(s) | has a relative extremum at s=1, and that 
| f(1)| 2 2*/2". The proof then proceeds in the following stepe: It 
will be shown, that for large values of n: 

(1) All but o(#) roots must be in a region R; of the unit circle close 
to s=—1, 

(2) There is an arc T of the circumference of the unit circle, close 
to s= -}1, such that the sum of all the extreme values of [F(e*) | 
with e” not on T is O(2*/s). 
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(3) The total number of extrema on T is O(log »). 

(4) The sum of all the extreme values is not greater than 2". 

Proors. (1) Divide the unit circle and its interior into 3 parts 
RıR:Rı, where R, is outside of and on a circle with radius 2— n17 
and center at 1, Ry is inside of this circle, but outside of and on a 
circle with radius 21/2 and center at 1, and R; is the rest. 

The number of roots in Rs plus R; must be less than #*/4, otherwise 
a)l S2: (2p N m (1 — 1/22) con festa c2n/In, for 
n large enough. Similarly the number of roots in R; must be less than 
3 log n. 

For points s =r -6# in Ri, cos ((r—6)/2) & (2— nY) /2 = 1 —ø13/2. 
Consequently for such points, § differs from x by less than 3.#714, 
for # large enough. 

(2) Let T be the arc of the circumference of the unit circle with the 
midpoint at s=1 and central angle 12-"-"4, If sme lies on the arc 
of the unit circle complementary to T then the distance from the 
point s to any point of R; is less than 2— n13, go 
4 


| f(s) | < (2— piai, gai a 2(1 E 1 \ RS. 
anil} 


2a a 
m o ( <r ) < aa 
for » large enough. Therefore the sum of all the extreme values of 
fe] with 6* not on T is less than 2%-2*/4n?=2*/2n. Along T, 
i| =|tan (0/2)| <4-n=in, | 

(3) |f(s)|*m FC) =I [3 (1++2r, cos 6,)- G-a) PENA, 

where #1 and #, are the roots of (1++2r, cos 6,)A—4r, sin 6,-t 

+(1+1r7—2r, cos 6,)=0. This equation has real coefficients, and its 
discriminant is —4(1—r?)?50. Therefore 


=e fecal ome 
j 1 +r? + 2r, cos 6, sil 


For s, in Ri, |h| >1/30-/4=n1/4/3, For s, in Rs |A| 21. The rela- 
tive extrema of | f(s)| for which f(s)=0 do not contribute to 
> al f(E) . All the other extrema are characterized by 

F (H an 1 2n} 


2 


FO mi-a Ipe 


To find an upper bound for the number of those extrema on T, con- 
sider G(#) as a function of the complex variable and integrate 











0. 








G(f) = 


984 


G'(t)/G( along a circle with center O and radius p, where p is a 
number between 1/4 and 1/2 such that for |t| =p, |t—A| >1/50 log n. 
This is possible, because the number of roots g, in R, is less than 
3 log n, and therefore the number of EN <1 is less than 6 log ». Along 








ROBERT BREUSCH 








this circle 
ar t—h a ELT Tea 
T 2» cre + 2 2ra a p> 
< ve ty a 
„114/3 — 1/2 1 — 1/2 
1 
+ 6 log ay ae = ofn), 
and 
l 2ni | 2m-1/4 sn 
rar 141/47 3 
Therefore 
1 2nt ” # 
leo| = Sion itel? 3 "Fe 
for n» large enough, 
— í 2# Ani? 
a r 
< 2n E AE sf 
(m1/4/3 — 1/2)? (1 — 1/2)? 
+ 6 log n — ae 2 
(1/50 log n)? 1— 1/4 


for # large enough. 


Thus G'(#)/G(#) <20, and | (1/2xs) - foG’ (t)/G(t)dt| < (1/27) - 2rp - 20 
$10. But (1/2rs)-/oG’()/Gdt=number of roots—number of 
poles of G(#), and the number of poles in this circle is not greater than 
6 log n. Therefore the number of roots of G(#), or the number of rela- 
| tan (6/2)| <1/4 (and consequently the 


tive extrema of |f(s)| in 


number of those on T), is less than 7-log n. 


Eren 


a- 1a * 
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(4) If a circle K with radius 10-#-“4 around s=1 contains in its 
interior any roots s,, then for every point of T, |f(s)| is less than 
16-2*-!/n1/4, and the sum of all the extrema on T is less than 
7-log 2:16-2*-!/n'/4<2*/2 for n large enough. The sum of all the 
extrema on the unit circle will be less than 2*/2+2*/2n <2». 

If K contains no roots in its interior, then for all the roots s, in 

















Rs, 
ane 10-471/4 
| h| te | =æ On 1/4, 
Z% + 1 2 
For every point on T, |ė| =|tan (6/2)| is less than 4-n-1/4, and 
in <2 1 an 1 1 
re E —— < 2g m 
= (t-A) 2 | t— h |3 ig (14/3 — 4/42 
1 6 log # 
+ 2n3/4.——_______ + or oln); 
(1 — 4ta  (5p14 — dg 1/4) 
Ani? 
Fara Os 
(ie) 
and 
z in = 1 an Ang 2y 
GO = 2 + o(n), 


Gn +8 +h +e 


or: G’(#) is negative everywhere on T. Consequently G(#) can vanish 
not more than once on T, and |f(s)| has on T no other extremum ex- 
cept at s=1. In this case, ra) < lf(1)| +2*/2n. 

If Ry or R, contains any roots s, then |F) <22- nr, 
and > pail f(s.) | <2"— 2971/1484 29-1/4 <2", 

If every root z, is in R;, then |z,+1| <3-m-/4 for y=1,2,---, 7. 
Call “q” the largest of the values s,+1| . Then | 6,—2| Ssin~'g < 2g, 
for every value of ». In this case, f(z) | increases steadily as' 0 changes 
from x—2g to 6n—!4, or from ++2g to 2x—6n-™/4, and flen) | can 
have no relative extremum except | f( 1)| outside of the arc r—2q 
<0 <r +2q. Each extremum on this arc is less than (3q)*, |f(1)| is 
less than 2*-1(4—g*)/2<2"*—2"9), and 





2 | flehn) | <2" — 2g? + 2n(3q)* 


sameie) 
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Since g<3n—/4, the expression in the parenthesis is positive for n 
large enough, and 2: -il fle” z) | <2*, unless g=0. But q=0 means 
that every z,= —1, and f(s) = (s+ 1)". 

The theorem has thus. been proved for large values öl n. 

(5) For small values of # the theorem is incorrect. For example, 
if f(s) = (s+1)-(s—1/2), then | f(e) | has relative extrema for 6=0, 7, 
arc cos (1/8), and the sum of the values of lf(e*) | at these places is 
4.18> 2%, 

f(s) =(2+1)?-(s—1/3) is another example in which LIF) | 
=8,14>2!, 
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ON LOCALLY SIMPLE CURVES 
G. T. WHYBURN 


1. Introduction. A continuous transformation f(A)=B is locally 
simple provided that for each xCA there is a neighborhood U of x 
such that U-f—(y) contains at most one point for each yCB. For the 
case where A is a circle and B is planar, such mappings have been 
studied recently by Morse and Heins [1]! and used effectively in 
investigating meromorphic and other functions by topological 
methods. 

In this paper topological characterizations will be obtained for 
those continua (compact connected metric spaces) which admit 
locally simple representations on the circle, that is, which are the 
image of the circle under some locally simple mapping. 

It is clear that if A is compact and metric, a mapping (continuous) 
f(A) =B is locally simple if and only if there exists an e>0 such that 
any subset of A of diameter not greater than e maps topologically onto 
its image under f or, equivalently, for any yCB, any two distinct 
points of f~(y) are at a distance greater than e apart. 

-A simple arc ad in a continuum M will be called doubly extensible 
in M provided M contains a simple arc aabb; such that every pojnt 
of ab is an interior point of a1abb,. A continuum homeomorphic with 
the letter 6 or with the figure 8 is called a 6-curve or an 8-curve respec- 
tively; one homeomorphic with the sum of two disjoint circles plus a 
segment joining them with just an end point in each will be called a, 


Presented to the Society, April 26, 1947; received by the editors March 13, 1947. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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dumbbell curve; and one homeomorphic with a circumference plus a 
radius will be called a lariat curve. A set is cyclic if it is connected 
and has no cut point. 


2. Imbedding results. - á 


(2.1) THEOREM. In a locally connected continuum M any doubly 
extensthle arc ab is contained in either a (a) simple closed curve, (b) 
6-curve, (c) &curve, (d) dumbbell curve, (e) lariat curve, or (£) maximal 
arc in M, where all end points of curves (e) or (f) are end points of M. 


Proor. Let aabb, be an arc in M containing ab in its interior. If a 
is not a cut point of M, let uv be an arc in M—a such that u Eaa, 
v&ab and #o-a,b,:=u+0. Let Cam uo+arc uav of aibi. If vb, Ca 
is a simple closed curve containing ab. Hence we may suppose v Eab 
—&—b. Similarly if b is not a cut point, we construct an arc rs in 
M—b such that s©bh, rCab—a—b and let Gearstarc rbs of ab. 

If a is a cut point of M, let R be a component of M —a not con- 
taining ab—a. If R+a contains a simple closed curve Ne, let Ce be 
N,+an arc ag in R+a, where aq: Na=q, and ag=a if aCC,. Other- 
wise let Cs be an arc ae in R+a joining a and an end point e of M. 
Construct C, similarly if b is a cut point. 

Now if neither a nor b is a cut point, the open arcs #o—u —rv and 
r$—r—s may intersect. In this case their sum-+w#-+s contains an arc 
us intersecting a,b; in just w+s, and clearly us+wabs (of a,b) is a 
simple closed curve containing ab. If these arcs are disjoint, let 
C=C.+CG+a5. Then C contains ab and is a @-curve if r precedes v 
on ab, an 8curve if v =r, and a dumbbell curve if r follows p on ab. 

In case at least one of the points a and b is a cut point, the sets 
C. and Cs are disjoint and the set C=C,+(,-+-a0 is a dumbbell curve, 
a simple arc, or a lariat curve and all end points of C are end points 
of M. 


(2.11) COROLLARY. If M has no end points, any doubly extensible arc 
tn M is contained tn a curve of one of the types (a)—(d) in M. 


(2.2) THEOREM. Every doubly extensible arc ab in a cyclic locally 
connected continuum C ts contained tn a cyclic graph in C. 


For let aabb, be an arc in C containing ab in its interior. Let S be 
the set of all x€ad such that there exists a cyclic graph G, in C inter- 
secting ad, in an arc ay where yCxb,—x. Then S is nonempty since 
M—a contains an arc ws intersecting abı in just w and z and so that 
wCaa, sCab,. Also S is open in ab because if xCS and G, and ay 
are determined by x, clearly they serve also for any x’Cay—y. But S 
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is also closed in ab. For let p be a limit point of S and suppose p not 
in S. Let wo be an arc in C—p with u Eap, v€ pb; and uv- abı =u +v. 
Then there is a point xCS:(up—). Let G, be the corresponding 
cyclic graph with G,-ah=ay. Then yCxp, as otherwise pC.S. But 
then if q is the last point of G, on uv, G;+-ypo+q is a cyclic graph in 
C intersecting ad, in just av and »Cpbh,—p. 

Thus S is both open and closed in ab and hence S=ab. Accordingly 
there exists a cyclic graph G, intersecting ab, in ay, where yCbb,—b, 
and hence containing ab. 

Since every arc in a cyclic graph, or in any graph without end 
points, obviously is doubly extensible in that graph, we have 


(2.21) COROLLARY. In a cyclic locally connected continuum C, a 
simple arc is doubly extensible if and only tf +t is imbeddable in a cyclic 
graph in C. 


A simple example of a cyclic locally connected continuum con- 
taining a non-extensible arc is afforded by the right triangle with 
vertices (0, 0), (1, 0), and (1, 1) together with an infinite sequence 
of vertical segments joining the hypotenuse and base and converging 
to the origin. Then any simple arc in this continuum containing 
infinitely many of the vertical segments fails to be doubly extensible. 


3. Locally simple representations on the circle. We begin with an 
addition theorem. 


(3.1) THEOREM. If the continua C, and Cy have locally simple repre- 
sentaitons on the circle and Ci: C20, then Ci+ Ci has a locally simple 
representation on the circle. 


PRoor. Let pE- G, qE — Ci: Cy, and let f(s) and f(s) be 
locally simple mappings of the circle |z| =i onto Cı and GC, respec- 
tively so chosen that fı(1) =p, fa(1) =q. Let 0, be the least value of 8 
in the range rx/2<0<r such that f,(e“) =wE C, and let @ be the 
least value of 0 in the range 3w/2<0<2r such that fae) =sE Ci. 
Let œ and 8 be positive or 0 angles less than r/2 such that 


files] =, filer] = s, 
Now let us define f(s) for s=e6, O36 27, as follows: 
f(s) = file) (for 0 S$ 8 <S 8) 
== fa(et) (for 61 & 6 S Os, where ¢ = 0 — alfa — 0) /(0a — 03) 
= file) (for: SOS 2r, where y = 0 — B(2x — 6)/(2e — 43)). 
Then f is continuous since the definitions agree at the places where 


lon 
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they overlap, namely, the values 61, 6, and 2r or O0 for 0. Also since 
fı and fy are locally simple and the image set under f of the arc given 
by 7/2366, has just w in common with C, whereas f(s) CC, for 
6 56S30/2 and a similar situation holds in the neighborhood of bs, 
it follows that f is locally simple. Finally, since f agrees with fı over 
an interval of @ of length greater than 7/2 and also with fy over a 
similar interval, it follows that f maps the circle |s| =1 onto G+ G. 


(3.11) COROLLARY. Any continuum which is the sum of a finie 
number of continua each of which has a locally simple represeniation 
on the circle tiself has a locally simple representation on the circle. 


` (3.2) -THROREM. In order that a continuum M have a locally simple 
representaiton on the circle tt is necessary and sufficient that st be the 
sum of a finite number of doubly extensible arcs. 


For suppose the mapping f(C) =M is locally simple, where C is a 
circle. Then for some e>0, every arc of C of diameter Jess than 3e 
maps topologically onto its image in M. Thus if we subdivide C into 
a finite number of arcs of diameter less than e, the image of each of 
these arcs is a doubly extensible simple arc in M and the sum of 
these images is M itself. 

On the other hand, suppose M is the sum of a finite number of 
double extensible arcs ai, Ga, - © +, Œa. Since then no point of M can 
be an end point, by (2.11) each a; is contained in either a simple 
closed curve, a §-curve, an 8-curve, or a dumbbell curve in M. Thus 
each a; is contained in either a dumbbell curve or in the sum of at 
most two simple closed curves in M. Accordingly, we can write 
M=) ta,=) TC: where each C; is either a simple closed curve or a 
dumbell curve. Since clearly each C; has a locally simple representa- 
tion on the circle, it follows by (3.11) that so also has M. 


(3.3) THEOREM. In order that a continuum have a locally simple 
representaiton on the circle it is necessary and suficient thai +t be the 
sum of a finite number of simple closed curves and dumbbell curves. 


For if M satisfies this condition, it has a locally simple representa- 
tion on the circle by (3.11), since each of the component curves has 
such a representation; and if M has such a representation, by (3.2) 
and its proof, M is the sum of a finite number of curves of the required 


(3.31) A connected graph has a locally simple representation on the 
circle sf and only if t has no end potnts. 
- \ 


(3.4) THEOREM. A cyclic continuum M has a locally simple repre- 
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sentation on the circle if and only if it ts the sum of a finite number of 
simple closed curves. 


For if M is such a sum, it has a locally simple representation on the 
circle by (3.11). On the other hand, if M has this type of representa- 
tion, by (3.2) it is the sum of a finite number of doubly extensible 
arcs. Then since each such arc lies in a cyclic graph in M by (2.2), M 
is the sum of an equal number of cyclic graphs. But each cyclic graph 
is the sum of a finite number of simple closed curves, because each 
edge lies on a simple closed curve in the graph. Accordingly, M is the 
sum of a finite number of simple closed curves. 

Example. It is now clear that the continuum described at the end 
of §2 admits no locally simple representation on the circle, since it is 
not a finite sum of simple close curves or of extensible arcs. ` 


4, Representations of boundary curves. A boundary curve is a 
locally connected continuum every true cyclic element of which is a 
a simple closed curve, or equivalently, a locally connected con- 
tinuum which is homeomorphic with the boundary of a plane region. 
For this and other terms used in §§4 and 5, the reader is referred to 
the author’s book [2]. 


(4.1) THEOREM. The following properties are equivalent for locally 
connected continua M: 

(i) M has only a finite number of nodes and no end points; 

(ii) there exists a d>O such that each node of M ts of diameter not 
less than d; 

(iii) there exists an ¢>0 such that each component of the complement 
in M of an arbitrary point of M +s of diameter not less than e. 


First, (i) implies (ii), since every degenerate node is-an end point. 
To show that (ii) implies (iii), we have only to take e=d. Then since 
the closure of any component of the complement in M of a point of 
M contains at least one node of M, (iii) is satisfied. Finally, if (i) 
holds, MÆ can have neither an end point nor an infinity of nodes, be- 
cause in either case we could finda cut point » of M and a com- 
ponent of M—p of diameter less than any given positive number 
since the nondegenerate nodes can form a null.sequence at most. 


(4.2) THrorem. If a continuum M kas a locally simple aaa 
tion on the circle, 4t has the propertses listed in (4.1). 


For by (3.3), M => Ci +2 TD; where each C; is a simple closed 
curve and each D; is a dumbbell curve. Let Ci; and Cs; be the two 
simple closed curves in D; for each jm, and set e=min [8(C,), 
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8(Cis), 8(Ca;)] for all iSn and jim. Then for any ŁEM and any 
component R of M— , we must have 8(R)2e, because K contains 
either some C,, some Ciz, or some (yy. Thus (iii) holds. 


(4.3) THEOREM. Let B be any boundary curve having one of the 
properties in (4.1). Then any light non-alternating mapping f(C) =B 
of a ctrcle C onto B ts locally simple. 


For by property (iii), there exists an e>0 such that for any CB, 
each component of B—p is of diameter not less than e. Let 8>0 be 
chosen so that the image under f of any subset of C of diameter less 
than ô is of diameter less than e. Then on any arc of C of diameter less 
than 8, f must be 1-1. For otherwise there would exist a point » of B 
and an arc xy of C with 8(xy)<8 and f(x) =f(y) =p, f(xy—x—y) 
CB—>p. But this is impossible, because f(xy —x—y) is a component 
of B—p since f is non-alternating, and 8[f(xy)]<e. Accordingly, f is 
locally simple. 


(4.4) THEoREM. A boundary curve has a locally simple representa- 
tion on the circle if and only if st has the properties in (4.1). 


This is a direct consequence of (4.2), (4.3), and the fact that any 
boundary curve has light non-alternating representations on the 
circle. 


5. Cyclic connectedness. We conclude by showing how the im- . 
bedding result (2.2) affords a simple approach to the cyclic connected- 
ness theorem. First we give two additional elementary results. 

(5.1) Any two points of a locally connected continuum M which are 
interior points of arcs of M (thus actually any two non-end points) 
lie together on a doubly extensible arc in M. | 

For let a and b be two such points and let æ and 8 be disjoint arcs 
in M having a and b respectively as interior points. Let a,b, be any 
arc in M with ah-a=a;, a,:b,-8=b,. Then clearly the arc ab = a,b, 
+aa (of a) +bb (of p) is doubly extensible in M. 

(5.2) Any two potnis a and b of a cyclic graph G lis together on a 
simple closed curve in G. 

. For let S be the set of all points x in G such that some simple 
closed curve Csin G contains both a and x. Then S is closed. For if S 
contains a point x of an open edge E of G, the simple closed curve C, 
must contain Æ so that SD E. However, S is also open in G. For as 
just seen, S contains every open edge of G which it intersects; and if 
a vertex x of G is in S and C, is a simple closed curve in G containing 
a+x and E is an open edge of G having x as an end point but not 
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intersecting C,, E lies in an arc xy of G with xy: C.=x-+y. Since then 
xy+arc xay of C, is a simple closed curve containing E, we have 
ECS and thus x is interior to S. Hence S is both open and closed in 
G and accordingly S=G. 

Clearly (5.1) and (5.2) together with (2.2) give: 

(5.3) Any two points of a cyclic locally connected continuum C which 
are interior point of arcs of C lie together on a simple closed curve in C. 

Now if we make use of the fact, somewhat harder to prove, that 
every point of a cyclic locally connected continuum C is interior to 
some arc in C, we can omit the clause “which are interior points of 
arcs of C” from (5.3) and we have the cyclic connectedness theorem. 
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CONSTRAINED MOTION UPON A SURFACE UNDER A 
GENERALIZED FIELD OF FORCE 


JOHN DECICCO 


1. Introduction. We shall present here some theorems concerning 
the trajectories of a particle moving in a given smooth surface when 
acted upon only by a generalized field of force and free of the pres- 
sure of the surface. 

Kasner has developed the differential geometry of the dynamical 
trajectories of general positional fields of force on a plane, in space, 
and on a surface, in his Princeton Colloquium Lectures.! Recently 
Kasner and DeCicco have introduced the concept of generalised 
fields of force which depend not only upon the position of the point 
but also upon the direction through the point. Positional fields may be 
described as tsotropic and generalized fields as anisotropic.’ 

Consider a generalized field of force defined in a certain region of 
ordinary space.* Let 2 be a smooth surface in this particular region. 
The trajectories described by a particle constrained to move in ÈX and 
acted upon only by this generalized field of force are ©? in number, 
just as is the case for a plane. 

In general curvilinear coordinates (#, v) of Z, these trajectories are 
defined by a differential equation of the form 


(F) y” = F(u, v, v) + G(s, 0, oo” + Hu, 0, Dr”. 


Conversely any differential equation of this form which is satisfied 
by the totality of geodesics of È represents the trajectories of a 
particle constrained to move in 2, which is acted upon only by a 
generalized field of force. 

Kasner has proved that in the (u, v)-plane, the curves defined by 
a differential equation of third order of the form (F) may be char- 
acterized in the following manner.‘ The locus of the foci of the 
osculating parabolas constructed to the œ! trajectories passing 

Presented to the Society, November 2, 1946; received by the editors September 
27, 1946. 

1 Kasner, Differential-peometric aspects of dynamics, Amer. Math. Soc. Collo- 
quium Publications, vol. 3, 1913, 1934 (referred to as the Princeton Colloquium). Also 
eee series of papers in Trans. Amer. Math. Soc. vols. 7-11 (1906-1910). 

* Kasner and DeCicco, A gemeralised theory of dynamical trajectories, Trans. 
Amer. Math. Soc. vol. 54 (1943) pp. 23-38. 

* Kasner and DeCicco, Generalised dynamical trajectories in space, Duke Math. 
J. vol. 4 (1943) pp. 733-742. 

í See the Princeton Colloquium, pp. 104-107. 
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through a given lineal-element is a special quartic curve. 

If the special quartic curve degenerates into a circle passing 
through the point of the given lineal-element, then Z is a developable 
surface, which is represented on the (u, v)-plane by an unrolling of È 
followed by an affinity. In this event, the trajectories are represented 
as those of a positional field of force in the (#, »)-plane. 

More generally, if the motion on the surface © is pictured in the 
(u, v)-plane by a motion due to a positional field together with a 
resistance depending on the velocity components and acting in the 
direction of the motion, then È is of constant curvature and the repre- 
sentation is geodesic. 

For any generalized field of force on a surface Z, the œt trajec- 
tories starting from a given lineal-element of Z have oeculating 
spheres at the common point, whoee centers lie on a general conic in 
the plane normal to the element. This conic passes through the center 
of curvature of the normal section of the surface X determined by the 
given lineal-element. If the element is in one of the principal direc- 
tions of the surface 2, the conic touches the normal to È. 

Although Kasner first obtained the preceding property for a posi- 
tional field of force, it is found to be valid also for generalized fields. 

After discussing the differential equation of third order defining 
generalized dynamical trajectories on the surface Z, we shall compare 
the œ! lines of force and the œ? rest trajectories. Let a particle 
which is initially at rest start from a point O. The rest trajectory 
will be tangent to the line of force at O. We study the ratio p of the 
departure of the rest trajectory to that of the line of force at O. In 
the positional case, Kasner showed that p=1/3 in the case of first 
order contact. For the generalized case of the plane, Kasner and De- 
Cicco obtained a more general formula. In the present paper, we 
shall prove that this more general formula is valid also for a surface 
2. 


2. The acceleration vector. Let a particle be constrained to move 
in a surface È which is defined parametrically by the equations 
(1) - æ= x(u, 0), ym y(t, 0), z = £(#, 0). 
Of course, at least two of these three functions of (#, v), are func- 
tionally independent in a certain region of the (#, v)-plane. 


The rectangular See of the velocity vector are given by 
the expressions 


(2) $= Zù + t,t, yo yú + Yt, £m gù + 2,9. 
The speed w is defined by the formula | 
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(3) - (wis EX + 2Fúi + GP. 

The rectangular components of the acceleration vector are 

fm ay + 28 + Tut? + ruti + tr, 
(4) I m Vall + yeh + Yurt? + 2yu,thd + y,,0?, 
° = Su + 5,8 + sett? + 22,00 + s,,87. 

The length a, of the projection of the acceleration vector along 

any direction (êu, dv) on È is found to satisfy the equation 
[Eou? + 2Foudo + Gêr] an i 

Es 
2 





~ | Ea + Fo + at + Bis + (P, - S) a] ôu 


(5) 
E, G, 
+ | Fa + Go (ra -2 ) + Gaat Ei fo o 


Before proceeding further with our work, let us recall that the 
geodesic curvature & of a curve on the surface X is 


Hv’ — nv? — (2m — yo — (l — 2y) +A] 








6 om ’ 
SE [E 4 lie + Gv" 
where i 
1 1 l 
STEE oo “ s), A™ 2 E ae ta) 
l OH GE 2FF +FE,), > zg TE EF, FE,) 
1 1 
E = a), = s— F #/3 
M m= ggr CEs -Pen u = = (EG. — FE,) 


1 1 
= —— (2GF, — GG. — FG,), » = — (EG, — 2FF, + FG.). 
n aaa ) Ta + FG,) 


Of course, H = (EG — Fan, 

Let a; denote the component of the acceleration vector parallel 
to the direction defined by FSu-+Gée=0, and let a, denote the com- 
ponent of the acceleration vector parallel to the direction defined by 
Etu+ Fio=0. By (5) and (7), we obtain 


Gy 


1 X 
N = ong [H+ He + 2mùt + nè’), l 
8 \ 


1 a . 
On ag D EAU + Quaid + vit]. 
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If a, is the tangential component and a, the normal component 
on the surface È of the acceleration vector, then from (5) and (6) 
can be deduced the well known formulas 
(9) do be? 1? 
a: 0 v ds ? ay ; 

3. The differential equations of the generalized dynamical trajec- 
tories on the surface Z. Let G"H-'}(u, v, ’) denote the component 
of the generalized force vector parallel to the direction defined by 
Féu+Géo=0, and let E-H- (u, v, v’) denote the component of 
the force vector parallel to the direction defined by Héu-++ Fin =0. By 
(8), it is found that the differential equations of motion of a particle 
of unit mass, constrained to move tn the surface È and acted upon only 
by a generalised field of force, aret 


(10) u = ġ — lù! — 2můùù — nòt, 8 = y — Ad? — 2nd — vt? 

It is desirable to find ¢ and yw in terms of the original force vector 
defined by the rectangular components X(u, v, 0’), F(s, v, 9’), 
Z(u, v, v’). The values are 

h = G(X zu + Yy. + Zs.) —F(X2, + Yy, + Zs), 
(11) = —F(Xts + Yyu + Zs,) + E(X2,+ Yy, + Zs,). 

Substituting (10) into (5) where ĝu:ĉo=úù:ġ, we find that the 
tangential component T of the force vector along a trajectory is 
(12) we (Ep + FY) + Fo + Gy) | 

(E + 2Fy + Gr 

Substituting the normal direction &o/ĉu = — (E+ FPo’)/(F+G0’) 
into (5), we discover the normal component N of the force vector to be’ 
_ H- 

(E + 2Fy + Gr’%)1/2 


From (6), (9), and (13), it is seen that the square of the speed w 
is 


(13) N 


(Y — vo) (E + 2Fv + Gr’) , 
v!’ — no?! — (2m — r)? — (t — 2u) +A 
s These could have been easily obtained by means of the Lagrangian equations. 
However, we prefer to derive the differential equations of motion from fundamental 


principles. For an analogous discussion, see Whittaker, Axalytical dynamics, Dover 
Publications, 1944, pp. 99-109. 


(14) w? = 
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The direction of the projected force vector on the surface X ig the 
one which yields the maximum value of T in (12). -For this, it is 
necessary and sufficient that N=0. Thus the lines of force on the 
surface & (tf they exist) are piven by the differential equation of first order 


(15) l W(t, 27) — ov p(s, 1,0) = 0. 


Substituting this into (12), the magnitude a of the projected 
force vector is 


(16) | a = Ep’ + 2Foy + Gy. 
From (12), (13), and (16), we find 
(17) o = T+ N: 


We proceed to eliminate the time # from the equations (10) repre- 
senting the trajectories on the surface ©. For this purpose, it is found 
useful to introduce the quantity A defined: by the equation 


(18) © A = y” — no? — (2m — r)? — (1 — Qu)’ +2. 


Thus A=0 only along the geodesics of Z. 
Upon substituting (10) into the formulas 


(19) TEE EEZ ET? 
we find 
(20) ù?’ = (Y — v¢)/A- 


Differentiating this with respect to « and eliminating ú, we find the 
equation of third order 
dA 
G= we | — 290+ am + n) | 
(21) j 
= — 2A + A— (Y — vG). 
du 


Thus the difereniial equation of third order represeniing ihe œ? dy- 
namical trajectories on the surface È is 


dA ' 
Y — Te) — = (pr — Tor — 3p)A? 
du 


(22) + [War — ober — e) {no + (2m — r) + (1 — Quo’ — a} | 
+ 2b — vE) (E+ 2mo + no”) 
+ Ys + u(y, = Ps) i vb, |A. 
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THEOREM 1. Any dtfferenisal egquaiton of third order of the form 
n 
(23) EP G(s, 0, 7)A + H(u, v, v)A’, 
m 


where Ass gwen by (18), represents a dynamical famiy of trajectories 
` of a generalized field of force, constrained to move on a surface È. 


The remarkable similarity between this differential equation and 
that of the type (G) which has been studied extensively by Kasner 
should be noticed. Of.course, this reduces to the G-type when È is 
developable and the mapping on the (#, v)-plane is an unrolling of È 
followed by an affinity. 

In the cage of a positional field of force, the functions G and H ap- 
pearing in (23) must be restricted further. 

We prove the above theorem. First note that there is a one-to-one 
correspondence between the functions (N, T) and the functions 
(@, Y). This correspondence is given by (12) and (13). 

Let P and Q be defined by the expressions 


2T 
(E + Fe! + Gent 
Thus if (¢, Y) are known, the quantities (P, Q) can be calculated, 
and conversely. 


If we use the equations (9) and (24), it is found that the differential 
equation of the dynamical family may be written in the form 


(24) P Q = T(E + DRY + Gon 





d (Q 
(25) e (=). 
The expansion of this is ` 
(26) toi: 
. OM Q Q 


Now (Q.+0’0,)/Q can represent any function of (#, v, v’) say 
R(#, v, 0’). Finally let 


G aRt [no + (2m — r)? + (E — 2p)v — A], 


(27) mee . 


Q 


From these equations, it is seen that G and H can be any pair of 


H 
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arbitrary functions of (s, v, 0’). 
Substituting (27) into (26) and making use of (18), we obtain the 
equation (23). This completes our proof of Theorem 1. 


THEOREM 2. In the auxiliary (u, 0)-plane, any differential equation 
of third order of the type (F) which is satisfied by the «7 geodesics of the 
surface È can represent ithe dynamical trajectories on © when acted 
upon only by a generalised field of force. 


This result is an immediate consequence of Theorem 1. For upon 
expanding the differential equation (23) by means of (18), we find the 
type (F). This must be satisfied by the œ? geodesics of È since A=0 
is a solution of (23). Conversely, if A =0 is a solution of a differential 
equation of third order of the type (F), then it must be written in 
the form (23), Thus Theorem 2 follows. 


4. The generalization upon a surface © of Kasner’s theorem con- 
cerning one-third of the curvatures. In this section, we shall study, 
in the motion of a particle constrained to move on a surface Z when 
acted upon only by a generalized field of force, the ratio p of the depar- 
ture of the rest trajectory to that of the line of force at a given 
point O. For the positional case, Kasner showed that p=1/3. In the 
generalized type on a plane,* Kasner and DeCicco obtained a more 
general formula for p in terms of the angular rate A. We shall show 
that this more general formula is valid also upon a surface 5.7 

At this point, we sball define the angular rate \ which is associated 
to any lineal-element Æ on the surface £ for the motion of a particle 
constrained to move on Z when acted upon by a generalized field of 
force. As the lineal-element E rotates about its point O, the pro- 
jection F on È of the corresponding force vector also rotates about O. 
The angular rate \ is the instantaneous rate of change of the inclina- 
tion of F with respect to the inclination of E. It is given by the formula 


_ (E+ Fv + G0) he — hor) 


(28) N 
Eg? + 2Fey + GY 


* In space there is, in general, no analogous formula for generalized fields of farce. 
See DeCicco, Extensions of certain dynamical theorems of Halphen and Kasner, Bull. 
Amer. Math. Soc. vol. 49 (1943) pp. 736-744. 

1 For a generalization to acceleration fields of higher order, see Kasner and Mittle- 
man, A general theorem on the initial curvature of dynamical trajectories, Proc. Nat. 
Acad. Sci. U.S.A. vol. 28 (1942) pp. 48-52. Also Extended theorems in dynamics, Sci- 
ence vol. 95 (1942) pp. 249-250. Also Kasner and Fialkow, Trans. Amer. Math. Soc. 
vol. 41 (1937). Flalkow, Initial motion in fields of force, Trans. Amer. Math. Soc. 
voL 40 (1936) pp. 495-501. - 
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For any ordinary positional field of force, \=0. However, there 
are also certain generalized fields of force for which the angular rate 
X=0. These are such that the direction of the force vector at any 
point 0 does not vary, but its magnitude may. 

Since along any line of force y =v’®, it is found that along any lineal- 
‘element E of a line of force, the angular rate A is 


Yr — Udy l 
$ 


Thus the condition that the angular rate A x41 is equivalent to stating 
that there exists a function v’ =f(u, v) which satisfies the differential 
equation (15) identically. Thus, in general there are œt lines of force. 

A rest trajectory is defined as the path described by a particle, con- 
strained to move in the surface £ when acted upon only by a gen- 
eralized field of force, which starts at rest from a given point O. 

From the equations (19) together with the initial conditions u=0, 
3=0, it is deduced that a rest trajectory is initially tangent to the 
line of force through the given point O. i 

Since, on any rest trajectory, there is only one such point O where 
the particle is at rest, there are œ? rest trajectories on a surface È. 

At the point O, let Eo be the lineal-element of the line of force. 
The rest trajectory described by a particle initially at rest at O will be 
tangent to the line of force along Ko. 

In the present paper, we shall assume that the geodesic curvature 
of the rest trajectory is not zero at the point O. The case of higher 
order contact with E, will be discussed elsewhere. Since our rest 
trajectory is tangent to the line of force at O, the first derivative 
must satisfy (15). Therefore from this and (22), it is found that the 
second derivative y” of the rest trajectory at 0 is given by the ex- 
pression 


~ (ve — Thr — 3P)A 
(30) + be — be — p) {no + (2m — »)o"? + (G — 2u)0’ — A) 
+ Ws T (Y E paT = po? = Q. 


(29) `s 


If A denotes the analogous expression (18) for the line of force, we 
find, by differentiating (15), the following expression 
(Yr — pr — på ; 
(31) + (We — Vibe — ¢) {n0 + (2m — r)? + (I — 2u)e’ — A} 
+ Yua + (he — pu) — Get? = O. 
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Subtracting the above two equations and using the formula (29) 
wherein ġ 0 since the force vector by assumption is not zero, we 
obtain 


(32) (3—AA=(1—AA 


As p=A/A is the ratio of the geodesic curvature of the rest trajec- 
tory to that of the line of force, we have proved the following result. 


THEOREM 3. The ratio p of the geodesic curvatures at E, of the rest 
trajectory and the line of force is given by the formula 


(33) p= (1 —A)/B—)?). 


By this result, it is seen that if p=1/3, then the angular rate \=0 
at the lineal-element Eo. 


THEOREM 4. AW generalized fields of force for which the raito of de- 
partures p=1/3 musi be such that the eliminant with respect to 0’ of 
the equattons 


(34) y—-vd™=0, Yy — dy = 0, 
be identically sero. 


This general class:of generalized fields of force includes the posi- 
tional fields as special cases. 


ILLINOIS INSTITUTE OF TECHNOLOGY 


ON THE NOTION OF RECURRENCE IN DISCRETE 
STOCHASTIC PROCESSES 


M. KAC! 


1. Introduction. It is the purpose of this note to discuss “sta< 
tistical” versions of the “Wiederkehrsatz” and the Poincaré cycle 
and to relate these versions to the ones encountered in dynamical 
considerations.? Although the content of the note is entirely ele- 
mentary and in part known jt is hoped that it will help elucidate 
some of the basic notions of statistical physics. , 


2. Recurrence and mean recurrence time in a class of discrete 


stochastic processes. Let x, xs, - - - be a sequence of random vari- 
ables each capable of assuming the values ai, as, -- +. We shall say 
that the sequence x, %3, - - - is a stationary process if: (a) for each j 
the probability 
, Prob. ES m a;} 
is independent of n; (b) for each set of values ay, Gs, >°, G., the 
probability 
Prob. {£r = Gay) hy = oy +, Ta, = Ge} 

depends only on the differences] #,—&,|. 

Let 

Prob. {a = a,} = Wi(a) = W(a;) 

and 

Prob. {xy = Gs, a ™ hy't’ AGD a,,} = W(t, Osn °° * Ge,). 


We shall use the notation 4, to denote any a; different from ay. For 
instance, 


Prob. {#1 = 61, 1 £ o} = Wa(a1, 4), 
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l John Simon Guggenheim Memorial Fellow. 

? That the theory of stationary stochastic processes is mathematically equivalent 
with an “ergodic” theory (to which one is also led by dynamical! considerations) was 
clearly recognized by Doob in 1934. See J. L. Doob, Stochastic processes and statistics, 
Proc. Nat. Acad. Sci. U.S.A. vol. 20 (1934) pp. 376-379. The analogies discussed in 
the present paper are but particular cases of Doob’s general equivalence principle. 
However, since the motivations underlying the statistical and the dynamical points 
of view are of a somewhat different physical character it seemed desirable to treat 
both cases separately. 
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where it is understood that 
Walas ta) = 2 Walt, Gy). 


We shall assume that W(a,) 40 for all 7. 
- We also define the conditional probabilities Plan! Gey © > + 1 Ge) 
by the usual formula = 


W alta, Gey tta Gs,) 
W (a,) 


To simplify the notation we shall use a without a subscript to denote 
a chosen and then fixed a, 
We now established the following, almost trivial, formula 


(1) Pr(Gs,| Gay tta Gay) = 


(2) Wrsa(a, d,--+, 4, a) = Wid, d,--- , 8) — W lt, 4, --- , ð) 
++ Wyisld, 2,-- +, 2), ke 0, 
where it is understood that W,=1. In fact, we have 
Wala, d,---, 4,0) = Wailea, 6,---, 2) — Wilt, 2,---, 4), 
Wailea, d,---, 8) = Wil, ,---, 4d) Walt, d,---, 2), 
Wala, G, o, A) = Wayild, d,-- +, 2) — Woya(d,d,---, 4), 


and formula (2) follows at once if one also notices that 
Wla) = 1 — Wid) = Wo — Wild). 
THEOREM 1. For each a 


D È Pallag = 1 


In view: of the definition (1) of conditional probabilities it is suffi- 
cient to prove that 


(4) 2 Wala, d, a) = Wa). 
Using (2) we obtain 


(5) 2 Wria(a, d,--+, 4,0) = 1 Wa) — (wayi — wets) 


=W (a) — (ta41— Data) 


where from now on we shall use the abbreviation 
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WwW, = W.(ā, d, Sen ey a). 


Since Wap Wapa and the w’s are non-negative we deduce that 
lim,..%, exists and hence 


lim (441 — Wats) = O. 


This together with (5) implies (4) and Bence (3). The interpreta- 
tion of (3) is almost immediate. 

In fact, Pala] a, , 4, a) is the sens that if the “state” a 
was cheered at the a then it will be observed again, for the 
first time, after k+1 steps. Consequently, 


Sel aia eo 
L0 


is the probability that if a was observed at the beginning it will even- 
tually be observed again (the events of observing a for the first time 
after 1, 2, 3, - - - steps are obviously mutually exclusive). 

Theorem N can thus be restated as follows: with probability 1 each 
state 1s bound to recur. 

This is the “statistical” version of the “Wiederkehrsatz” and it will 
be seen in the next section that it implies the classical “Wiederkehr- 
satz.” 

If we think of the random variable x, as being associated with the 
observation of the system at time mr we can define the mean recur- 
rence time of the state a as 


(6) 6,= > (k + 1)rPiss(a| d,---,4, a). 


This 1s the statistical analogue of Poincaré’s cycle. In this connection 
we have the following theorem. 


THEOREM 2, If 





(7) lim W,(4, 3,--+,@) =0 
then 

8 .™= j 

(8) 0 Wa) 


It will be evident from the proof that (7) is also necessary for the 
validity of (8). 
Tt is sufficient to prove that 
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G = Joia ngosi 
k=0 
Using (2) we have 
> (k F 1) W s+3(a, doas , d, a) =a 1— { (1 + 1), = Await}. 
po] 
Now, 


(n+ Lm, — nt = A(O, — Wati) +m, 
and since we have assumed that w,—0 it is sufficient to prove that 
lim #(t, — wa) = O. 
1a 


Since the partial sums of (9) form a nondecreasing sequence it fol- 
lows that n(w,—w,41)-+w, is a nonincreasing sequence. Since further- 
more its terms are non-negative we deduce that 


lim { (to, — wap) + ta } 


exists, 
Moreover, lim, „=W, exists (this is true regardless of the assumption 
(7)) and hence lim,..#(w,—,s41) exists. 

Now, the series of non-negative terms 


2 A. 


converges (since lim, ~+oW@, exists) and hence (since lim, ...n(wa—wWe41) 
exists) 


lim #(t, <a Wat) = 0. 


This completes the proof of (8). 


3. The classical formulations. Let Q be a set in which a Lebesque 
measures has been established, and assume for the sake of simplicity 
that the measure of Qis 1. Let w denote an element of Q and let T bea 
one-to-one measure-preserving transformation of Q into itself. 
Let furthermore A be a measurable subset of Q. The classical 
“Wiederkehrsatz” can now be stated as follows: 


THEOREM 1’. For almost every w in A there exisis an nel such that 
T"w ts again in A, 
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Let f(w) be the characteristic function of the set A and consider the 
sequence of measurable functions 


fe), f(Te), f(T), ergs 


These functions can be considered as random variables which form a 
stationary stochastic process. Each random variable can assume only 
values 1 and 0 with respective probabilities |A| and 1—|Al. 

Note that Wisa(1, 0, ---, 0, 1) is nothing but the measure of the 
set of those win A which return to A for the first time after k+-1 steps 
(that is, T*+w is the first iteration to fall into A). 

Formula (4) thus asserts that the measure of the set of those w 
which eventually return to A is equal to the measure of A, and 
this is equivalent to the statement of Theorem 1’. It should be 
emphasized that if we were to rewrite the proof of Theorem 1 in the 
terminology of Theorem 1’ the resulting proof would not differ essen- 
tially from the orthodox one.’ 

We are led to a more interesting situation in trying to reformulate 
Theorem 2. The interest lies in the fact that condition (7) is essen- 
tially equivalent to the condition that T is metrically transitive. 

For wEA let #(w) denote the first #21 for which T™wCA. Thus 
n(w) is the Poincaré cycle ofw relative to the set A. We have now the 
following theorem. 


THEOREM 2’. If T is metrically transitive and | A| >0 then, 
(10) f a(w)dp = 1. 
A 


If we define the average Poincaré cycle relative to A as 


1 
fi = ml, n(œw)du 


we can restate (10) in the form 


ae. 
-< Jal 


which is more reminiscent of (8). 

Tt is clear that all one has to prove is that metric transitivity of T 
implies condition (7) which in the present terminology can be written 
as 


3 See C. Carathéodory, Uber den Wisderbehrsats von Poincaré, Berliner Berichte 
(1919) pp. 580-584. 
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im f IT — f(r%))dy = 0. 
se / Q bl 
Let B denote the set whose characteristic function is 


I (1 — f(T*)). 


We must prove that |B| =(), 
Consider the sets 7*B. Since the characteristic function of T*B is 


Tat — AT”) 
ia 


we see that the sets 7*B form a nondescending sequence of sets all of 
which include B. Moreover, | 7*B| =| BI. 

Let the set C be the limit of the sets T*B, that is, 

C = lim T*B. 
roe 

Clearly TC=C and hence, by metric transitivity, | C| is either 0 or 
1. Since | c| = |B| we have that either |B] =0 or |B] = Í, If |B| = {1 
then noticing that B is contained in the complement of A we would 
have |A| =0, contrary to the assumption. Hence |B] =0 and the 
proof of Theorem 2’ is completed. : 

An even shorter proof of the fact that | B| =0 can be given by ap- 
pealing to Birkhoff’s ergodic theorem. In fact, this theorem asserts- 
(T being metrically transitive) that for almost all w we have 


1 a 
lim — >) f(T'w) =| A| > 0. 
se % kel 
If wEB then f(T*w) =0 and hence for all wE&B 


1 2 
lim — >) f(T*w) = 0. £ 
we bel 
Thus |B| =(), - 

It should be noted that if T is not metrically transitive then a set A 
can be found such that | A| >0 and 


J n(w)du < 1. 


In fact, let D be such that 0<|D| <1 and TD =D. Put A=Q—D 
and note that in this case 
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im | I (Q—/f(T*e))dp =| DI. 
noa D bð 
This implies that 
f n(w)du = 1 —|D| <1: 
A 


4. Smoluchowski’s definition of the mean recurrence time. In his 
important researches concerning the question of irreversibility in 
thermodynamics, Smoluchowski# used a different definition of the 
mean recurrence time. He defines the mean recurrence time of the 
state a by means of the formula 
(11) ea 

Wald, a) 
In order to justify this definition he considered an actual sequence of 
observations which consists of a's and d’s. He then defines the ob- 
served mean recurrence time as 7 times the ratio of the number of d’s 
to the number of unbroken blocks of 4’s. For instance, from the 
sequence of fifteen observations 


aadaddaatiiiadas 


he would find the observed mean recurrence time to be 77/4. Denot- 
ing by k,(2) the number of d’s ina sequence of » observations and by 
},(4) the number of unbroken blocks of g's in that sequence we see that 
the observed mean recurrence time is 


_ 
L(a) 


Let furthermore &,(2, a) be the number of pairs of adjacent observa- 
tions of the form (4, a). Then, 


hä) = B(4, a) 


if the sequence ends with a, and 





1M. v. Smoluchowski, Drei Vortrdge wher Diffusion, Brownschs Molekularbe- 
werungen und Koagulation ton Kolloidieiichon, Physikalische Zeitechrift vol. 17 (1916) 
pp. 557-571 and 585-599, in particular pp. 564-568. 

The author was also fortunate to have had access to unpublished notes of Pro- 
fessor G. E. Uhlenbeck, where many aspects of Smoluchowsh’ s work were thoroughly 
analyzed. He is also indebted to Professor Uhlenbeck for many stimulating dis- 


cussions, 
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1,(d) = ka(d, a) + 1 


if the sequence ends with ð. 
If, in the limit as n—> œ, we replace (following Smoluchowski) the 
frequencies 


hO a AED 
n # 
by the corresponding probabilities 
Wa =1— Wa) and W;(4, a) = W,(a, 2) 
we can replace (again in the limit as n+) the ratio ka(d)/l,(2) by 
1 — W(a) 
W(4, a) 


Smoluchowski considered the process of replacing limits of fre- 
quencies by probabilities as self-evident. Actually he tacitly assumed 
the validity of certain laws of large numbers. Fortunately, Smolu- 
chowski applied his definition mainly to the process of fluctuations of 
concentration for which the necessary laws of large numbers can 
easily be established. 

Smoluchowski’s definition can be also introduced in an “a priori” 
fashion by setting 


(12) | 0a = > (k + 1)rPass(a, | d,---, 4, 9). 


It can then be shown using (2) and (7) that 
1- W 1- W 
(13) Par oe 
W,(a, a) W(4, a) 


It is well to point out that in accepting this definition we agree not 
to count as a recurrence the event when a state is followed by itself. 

By giving an “a priori” definition we have not eliminated the 
necessity for laws of large numbers. In facts, laws of large numbers 
are indispensable whenever we want to check predictions based on “a 
priori” results through calculations performed on actual sequences of 
observations. 

The advantage of Smoluchowski’s definition can be best appre- 
ciated if we consider the situation in which the random variables x, 
are derived from a continuous stochastic process (i). In fact, in 
most applications 
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Ta = z(#r). 
In many cases the limit, as r approaches 0, of 


Wala, a) 


exists and is different from 0 (note that now Wa(a, &) depends on 7). 
Thus it is often possible to define the mean recurrence time in the 
limit as observations are taken continuously. 

If we use the definition of §2 we always get in the limit as r—0 
the trivial answer 0. The reason for this is quite obvious, inasmuch 
as for small r the probability of a state being followed by itself is very 
close to 1 and consequently too much weight is attached to what after 
all is only a fake recurrence. 


CORNELL UNIVERSITY 


ON THE NUMBER OF POSITIVE SUMS OF 
INDEPENDENT RANDOM VARIABLES 


P. ERDOS AND M. KAC! 


1. Introduction. In a recent paper? the authors have introduced a 
method for proving certain limit theorems of the theory of prob- 
ability. The purpose of the present note is to apply this general 
method in order to establish the following: 


THEOREM. Let Xı, Xa, : - + be independenti random variables each 
having mean 0 and variances 1 and such that the central limit theorem is 
applicable. Lei ss=Xı+Xa+ --- +Xy and let N, denote the number 
of Sx $, 1SkSn, which are possive. Then, 


Na 2 
lim Prob. {at <a} = are ain ail OSasl. 
# T 


This theorem has been proved in the binomial case 
Prob. {X; = 1} = Prob. {X; = — 1} = 1/2 


by P. Lévy’? who also indicated that it is true for more general 
random variables. 

However, the authors felt that their proof is of independent inter- 
est, especially since it follows an already established pattern.? 


2. The invariance principle. We first prove the following: 

If the theorem can be established for one particular sequence of 
independent random variables Yi, Y3, - - - satisfying the conditions 
of the theorem then the conclusion of the theorem holds for aH se- 
quences of independent random variables which satisfy the con- 
ditions of the theorem. In other words, if the limiting distribution 
exists it is independent of the distributions of the individual X’s. 


Let 
1 if s>0, 
OEE f s50, 


Received by the editors March 6, 1947. 

1 This paper was written while both authors were Jobn Simon Guggenheim 
Memorial Fellows. 

2 P, Erdds and M. Kac, On certain limiti theorems of the theory of probability, Bull 
Amer. Math. Soc. vol. 52 (1946) pp. 292-302. 

'?P. Lévy, Sur certains processus stochastiques homogènes, Compositio Math. vol. 7 
(1939) pp. 283-339, in particular, Corollaire 2 on pp. 303-304. 
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and note that N, = X 2., ¥(s,). Let now 


A e 
“aI gmO0,1,---, k, 


and put 


1 
De=—> S Ge o 


tml r=, tl 


We have 


Lo A 
E(|D.|) S— Bo D Esad) — Hls) |) 


and we wish now to estimate E(| Ysa.) —y(s,) 
Notice that 


E(| ¥(sa) — $ls) | ) = Prob. {s,, > 0, s, S 0} 
+ Prob. {s., 3 0,5, > 0} 





) for nea +1SrSn,. 


and that for e>0 


Prob. {s,, > 0, s, S 0} = Prob. {sn 2 ani, s S 0} 
+ Prob. {0 < sn < em, s, 50} 


S Prob. {su — 5,2 en} 


+ Prob. {0 < sa, < em}. 
By Chebysheff’s inequality 


1/3 


Prob. {sa, — Sr 2 en: ler cal 


en, 


and hence 


Mmi — r 





Prob. {ss > 0,5 S0} S + Prob. {0 < sa, < en; }. 
In exactly the same way we obtain 
Prob. fsa, S0, 5, >0} S — Geer enai 


and thus (for niiı+1 Sr Sni) 
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mi — r / 


E(| ols) — ¥(s) |) S 2 





+ Prob. {— en < Sa, < en; |. 


Finally, 


2 = 7 mi 
E(| D|) s — E E m- , 
HE m1 H 


r=,- r} 1 
1 h 1/1 1/2 
+ — È (m — mex) Prob. {— en; < Say < eni } 
i im] 


Ls (m — ma) (m — m — 1) 


ne? i=l ny 


cr 


1 k 
aaa (mi — mii) Prob. {— en, < sa, < ens } 
tome] 


= R(n, e, k). 
We note that, letting n—>œ while keeping k and e fixed, we get 
, 12 A í 1+ log k 
lim R(n, e, k) = a 2 E + (2x)! Í ees < anaes + 
(using the central limit theorem). Let 6>0; we have 
Prob. {| D,| 2 8} < R(n, e k)/è 
or, recalling the definition of Ds, 


1 2 r2 
Prob. { Z 2 ¥(s,) = a 2 (n = Mii) Y (Sai) 
We have furthermore 


Prob. SO < a} = Prob. Eve) <a, | D| < at 


R(n, 6, k 
aah gas”. 





1 a 
+ Prob. {— Ee < a, | Da | = st 


k 


< Prob. {— D (m= mts) <a+ah 


% i=l 
R(n, k, 4) 
+ a E 
ò 
In the same way we obtain 
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Prob. {— 3 Ys) < a} 


ti Rin, « k 
` 2 Prob. {— > n — +1) Ysni) <a- o} B a 
% iml t) 
Combining the above inequalities we have 
1 è : R(n,e, k 
Prob. = > (m — mY (sa) < a — at — pee 
ft iml ô 
Na 
(1) & Prob. = < a} 
n 
t= R(n, e, k) 
5 Prob. {Z D (m = mW) < a toh EEE, 
% iml 
Let now Gi, Gs,---+ be independent, normally distributed 


random variables each having mean 0 and variance 1 and let 
Ry=Git +++ +G;. It then follows, almost immediately, from the 
multdimensional central limit theorem that 


lim Prob. j= 2 (m — ET < at 
= Prob. {— Eve < o} = p1(8). 


If in (1) we let n—œ while keeping k, e and 8 fixed we obtain 


1+ log hk Na 
pila — 8) — ~*~ — — lim inf Prob, {= <a} 
aoa n 


ked 
Na 
(2) s lim sup Prob. {= < a} 
i ma n 
1 + log k 8 
3 ee eating 
S pila + 8) + wy + : 


Notiee that the above inequality holds forall random varabilen eatin: 
fying the conditions of our theorem. Thus if for some particular se- 
quence Vy, Y}, - - - we can prove that 





Na 2 
lim Prob. f <a} m = are sin ai! = ofa), 0S aK l, 


noa n T 
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then, making use of (2), with œ replaced by a—6 and by a+6 we 
get at once 





itlgk e 7 itlogk e 
p(a — 8) Las y, S pala) S pla + 8) + a + ; 
Making use of (2) again we are led to 
t+logk 2e Na 
pla — 28) — 2——— E — — S lim inf Prob. = <a} 
i N, 
S lim sup Prob. {= < ah 
aon L A 
1+ logk 2e 
AERA a 
Since this inequality holds for all,k, e and ô we can put, for instance, 
6 m KoU, q m In 


and obtain, by letting k> œ, 
] a Na 
lim Prob. i < a} = p(a). 
moa A 


Use has been made of the fact that p(æ) is continuous for all a. The 
invariance principle stated at the beginning of this section has thus 
been proved. ; 


3. ExpHcit calculations for a particular sequence of random vari- 
ables. Having established the invariance principle we could appeal 
to P. Lévy’s result concerning the binomial case and thus complete 
the proof of the general theorem. We prefer, however, to work with 
another sequence of independent random variables because we feel 
that the calculations are of some independent interest and because 
they again emphasize the usefulness of integral equations in proving 
limit theorems.‘ 

We consider independent random variables Yi, Ya, - - - such that 


i u 
Prob. {¥; < s} => f e-laldy, gwi,2,-+>, 


and we set sym Yit +--+ + Yi, 
It should be noted that although E(¥3)1 we are justified in 


4 See M. Kac, On the average of a certain Wiener functional and a'rolaied limit 
theorem in calculus of probability, Trans. Amer. Math. Soc. vol. 59 (1946) pp. 401-414. 
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using the Y’s inasmuch as M, is independent of the variance of the 
Y's as long as the variance is different from 0. In fact, N. remains 
unaltered if one multiplies all the Y’s by the same positive constant. 


We are going to calculate 
ta(w) = Elexp (uN,)) = E (exp (« 3 us.))). 
Setting 
p(y) = 21 exp (—| y|) 


we have i 


safo fwli E) 


POD «+= PO: 


or, introducing the variables 


S1 = Yi 
sa = yı + Js, 


Sa = yt jit- + Me, 
TOD fo f =æ(È eD) 


CSi) P(S2 — Si) + + (Sa — Sar) dsid5_ ++ - 


We also introduce the auxiliary functions 


rater) = f+ [Wa (« veo) 


dYa 


DCS) ECsa — s1) +++ P(Se — Sea)dsi +++ dsw n>, 


and 


Fi(#, s1) = exp (sẹ(s1))$(s1). 
We have, for #> 1, 


Fali 3.) = exp (Hs) [26a = se DF malu sads 


or, in more convenient notation, 
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O Fal) = exp (ob) f Pl — aly at 
We also bave | 

(4) sa) = f Pal s)ds 

and 


| Fal% s)| S exp (Rew) max |Fii(m, A). 
l —a<di<¢e 


Since 
| Fi(s, s) | < exp (Re #) 
we get 
| F.(%, 5) | < exp (n Re u). 
Thus the series 


G(s, s; s) = >) Fa(s, s)s* 
Am] 
converges for sufficiently small |s]. 
Using (3), we obtain, almost immediately, 
G(m, s; s) — exp (wH(s)) p(s) 


exp (14s) f(s — Cu, t sjat 


exp (— #$(s))G(w, s; 3) — 2-1 exp (— | s|) 


25 =Z f exp (|s = EGC f 8t 


For s>0 we have 


o-*G(#, $38) — 26 = = of otG(s, b; x) dé 
6) a 
+ Zaf o—'G (ss, t; s)di. 


It is easily seen that, for sufficiently amall |s], G(s, #; s) is an ab- 
solutely integrable function of #. 
Differentiating (6) twice with reapect to s we are readily led to 
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BG . 

Ja t M — 1G = 0. 
In the same way we get for s<0 

PG 

— —1)G=0, 

za t(s \G 


Thus we get 
G = A exp ((1 — se*)!/2s) + B exp (— (1 — se*)!/35), s>0, 
and 
G = C exp ((1 — z)!/8s) + D exp (— (1 — s)"/35), s <0, 


where A, B, C, D are functiona of u and s. Since G is an integrable 
function of s we must have 4 = D m0, 


Thus 
(7) G = B erp (— (1 — se*)"/35), s>0, 
(8) G = C exp ((1 — 8)"5), s<0. 


From the absolute integrability of G and the integral equation (5) 
it follows that 


exp (— #(s))G(s, s; 3) 
is continuous for all s and, in particular, for s=0. This observation 
yields 
(9) Be-* = C. 
Rewriting (6) in the form 


£ o g s 
Gl) — Piet Fe f oare J #'G(8) dt 


£ wo 
toe f e-G(t)dt 
and substituting expressions (7) and (8) we get after a few ele- 
mentary transformations 
5 5 

—_———_-—_—— C — — B 

1+ (i — s)1/? 1 — (1 — se*)1/3 
This together with (9) yields 
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(1 = g)i/3 Z (1 — ge*)i/3 (1 — g)1/3 — (1 2 s6*)1/3 
Ce p e*, Ss 
s(e* — 1) z(e" — 1) 
and thus G is completely determined.’ 
In particular, we get 
Í G(s, 5; s)ds i 
m= e= “| e" 4 1 ] 
s(e* — 1) (1—se*)¥2 (1—2 


On the other hand (see (4)) 


B 


"G(s, s;s)ds = >> b,(«)s*7 


and hence ¢,(#) is the coefficient of s*-! in the power series expan- 
sion of 


Capea = e" 1 |. 
( 


s(e* — 1) 1 — se*)1/3 i (1 — s)? 


A simple computation gives finally 


E(exp (uN) = da(s) ` 
1 





2 Crs aC-ya,(— 1) — e>) (1 + eD»), 
6 — Í spi= 


Setting 


“u= — 


n 


we obtain the characteristic function of N,/n. 
For large k and } we have 


1 1 
= ynv 
2k — 1 (xk)! R ei 


(hua 


and it is easily seen that, in the limit #—>œ, we can use these asymp- 
' totic expressions in the sum. 

* Having found an explicit expression for G it is not too difficult to find explicit 
expreseions for F,(#,s) and verify the recursive relation (3). Since this recursive rela- 
tion together with the formula for F,(#, s) determine G uniquely one might substitute 
the verification process for the derivation of the formula for G. 


Ciz, ~ (— 12) 





= - t 
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OS TEENIE. < E E E A 
=a r(1 = cttn) mı 2k — 1 (k(n P k)) 123 
A (1 = tibia) (1 + ef -h/atl/n)) 
1 1 (1 — etts) (1 + 60-9) 1 f a dx 
0 


T wd a(el—-oye oe (a(1 = 2))¥2 


i 2 
= Í eta (= arc sin an), 
0 T 
We complete the proof by appealing to the continuity theorem for 


Fourier-Stieltjes transforms. 
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PREFACE 


The purpose of this paper is to derive rigorous error estimates in 
connection with the inverting of matrices of high order. The reasons 
for taking up this subject at this time in such considerable detail are 
essentially these: First, the rather widespread revival of mathematical 
interest in numerical methods, and the introduction of new proce- 
dures and devices which make it both possible and necessary to per- 
form operations of this type on matrices of much higher orders than 
was even remotely practical in the past. Second, the fact that con- 
siderably diverging opinions are now current as to the extremely 
high or extremely low precisions which are required when inverting 
matrices of orders n= 10. (Cf. in this connection footnotes 10, 11, 12 
below.) 

It has been our aim to provide a rigorous discussion of this rather 
involved problem in estimation. Our estimates of errors have further- 
more been carried out in strict observance of these two rules, which 
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seem to us to be essential: To produce no numbers (final or inter- 

mediate) that lie outside a given finite interval (for which we chose 

—1, 1), and to treat these numbers solely as aggregates of a fixed 

number of digits, given in advance. 

The reader will find a complete enumeration and interpretation of 
our results in Chapter VII, especially in §§7.7, 7.8. He may find it 
convenient to consult these first. We conclude there, for example, 
matrices of the orders 15, 50, 150 can usually be inverted with a 
. (relative) precision of 8, 10, 12 decimal digits less, respectively, than 
the number of digits carried throughout. By “usually” we mean that 
if a plausible statistic of matrices is assumed, then these estimates 
hold with the exception of a low probability minority. These general 
estimates are based on rigorous individual estimates, valid for all 
matrices (cf. §§7.4-7.5). If we had been willing to use a probability 
treatment for individual matrices, too, our estimates could have been 
improved by several decimal digits (cf. §2.3). 

We made no effort to obtain numerically optimal estimates, but we 
believe that our estimates are optimal at least as far as the practical 
orders of magnitude are concerned and with respect to the over-all 
mathematical method used and the principles indicated above. 

This work has been made possible by the generous support of the 
Office of Naval Research, under Contract N7onr-388. Earlier related 
work will be published elsewhere by V. Bargmann, D. Montgomery 
and one of us. (Cf. the references in footnote 24 below.) 


CHAPTER I. THE SOURCES OF ERRORS IN A COMPUTATION 


1.1. The sources of errors. When a problem in pure or in applied 
mathematics is “solved” by numerical computation, errors, that is, 
deviations of the numerical “solution” obtained from the true, rigor- 
ous one, are unavoidable. Such a “solution” is therefore meaningless, 
unless there is an estimate of the total error in the above sense. 

Such estimates have to be obtained by a combination of several 
different methods, because the errors that are involved are aggre- 
gates of several different kinds of contributory, primary errors. These 
primary errors are so different from each other in their origin and 
character, that the methods by which they have to be estimated 
must differ widely from each other. A discussion of the subject may, 
therefore, advantageously begin with an analysis of the main kinds 
of primary errors, or rather of the sources from which they spring. 

This analysis of the sources of errors should be objective and strict 
inasmuch as completeness is concerned, but when it comes to the 
defining, classifying, and separating of the sources, a certain sub- 
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jectiveness and arbitrariness is unavoidable. With these reservations, 
the following enumeration and classification of sources of errors seems 
to be adequate and reasonable. 

(A) The mathematical formulation that is chosen to represent the 
underlying problem may represent it only with certain idealizations, 
simplifications, neglections. This is even conceivable 1n pure mathe- 
matics, when the numerical calculation is effected in order to obtain a 
preliminary orientation over the underlying problem. It will, how- 
ever, be the rule and not the exception in applied mathematics, 
where these things are hardly avoidable in a mathematical repre- 
sentation. This complex is further closely related to the methodo- 
logical observation that a mathematical formulation necessarily rep- 
resents only a (more or less explicit) theory of some phase of reality, 
and not reality itself. 

(B) Even if the mathematical formulation according to (A) is not 
questioned, that is, if the theoretical description which it represents 
and the idealizations, simplifications, and neglections which it in- 
volves are accepted as final (and not viewed as sources of errors), this 
further point remains: The description according to (A) may involve 
parameters, the values of which have to be derived directly or indi- 
rectly (that is, through other theories or calculations) from observa- 
tions. These parameters will be affected with errors, and these under-- 
lying errors will cause errors in the result of our calculation. 

(C) Now let (A), (B) (mathematical formulation and observational 
data) go unquestioned. The next stumbling block is this: The mathe- 
matical formulation of (A) will in general involve transcendental 
operations (for example, functions like sin or log, operations like 
integration or differentiation, and so on) and implicit definitions (for 
example, solutions of algebraical or transcendental equations, proper 
value problems of various kinds, and so on). In order to be ap- 
proached by numerical calculation, these have to be replaced by ele- 
mentary processes (involving only those elementary arithmetical 
operations which the computer can handle directly) and explicit defi- 
nitions, which correspond to a finite, constructive procedure that re- 
solves itself into a linear sequence of steps.! 


1 This applies directly to all digital computing schemes: Digttal computing by 
human operators, by “hand” and by semi-automatic “desk” machines, also computing 
by the large modern fully autoniatic, “self-sequenced,” computing machines, Funda- 
mentally, however, it applies equally to those “analogy” machines which can perform 
certain operations directly, that are “transcendental” or “implicit” from the digital 
point of view. Thus for machines of the genus of the “differential analyser” differ- 
entlating, integrating and solving certain (essentially implicit) differential equations 
are elementary, explicit operations. While a digital procedure must replace a total 
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Similarly every convergent, limiting process, which in its strict 
mathematical form is infinite, must in a numerical computation be 
broken off at some finite stage, where the approximation to the limit- 
ing value is known to have reached a level that is considered to be 
satisfactory. It would be easy to give further examples. 

All these replacements are, as stated, approximative, and so the 
strict mathematical statement of (A) is now replaced by an approxt- 
mate one. This constitutes our third source of errors. 

(D) Finally, let not only (A), (B), but even the approximation 
process of (C) pass unchallenged. There still remains this limitation: 
No computing procedure or device can perform the operations which 
are its “elementary” operations (or, at least, all of them) rigor- 
ously and faultlessly. This point is most important, and is best dis- 
cussed separately for digital and for “analogy” procedures or de- 
vices, 

The case of the analogy devices is immediate and clear: An 
analogy device which represents two numbers x and y by two 
physical quantities # and 9 will form the sum x+y or the product xy 
as two physical quantities £©9 or £@9. Yet £09 or £@9 will un- 
avoidably be affected with the (more or less) random “noise” of the 
computing instrument, that is, with the errors and imperfections in- 
herent in any physical, engineering embodiment of a mathematical 
principle. Hence £@9 and £@9 will correspond not to the true x+y 
and xy, but to certain x+y+e) and xy+e), where e, €@) are 
(more or less) random, “noise” variables, of which only the probable 
(and possibly the maximum) size is known in advance. Also, e, ¢@ 
assume new and (usually in the main) independent values with every 
new execution of an operation + or X. The same goes for the other 
operations which the device can perform, any or all of —, /, v5, J 
d/dx, and possibly others. 





differential equation by finite difference equations (to make it elementary) and pos- 
sibly use iterative, trial-and-error methods (to make it explicit), the “differential 
analyser” may be able to treat such a problem “directly.” But for a partial differ- 
ential equation (where a digital procedure requires the same circumventory measures 
as in the above case of a total differential equation), the “differential analyser” can 
give its “direct” treatment only to one (independent) variable, while on the other 
(Independent) variable or variables it will have to resort to finite-difference and pos- 
sibly iteration and trial-and-error methods, very much like a digital procedure has to 
on all variables. : 

Thus the differences are only in degree (number of processes that rate as “ele- 
mentary” and “explicit”) but not in kind. Such differences, by the way, exist even 
among digital devices: Thus one may treat square rooting as an “elementary,” 
“explicit” process, and another one not, and so on. 
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For digital procedures or devices, we must note first that they: 
represent (continuous, real) numbers x by finite digital aggregates 
Zæ (a, >- + ,@,) whereeacha,=0,1,--+,8—1. Here B(=2, 3, - - -) 
is supposed to be the basis of the digital representation,’ s the number 
of places used, while we need not for the moment pay attention to the 
position ż of the f-adic point.? Now for two s-place numbers 2, J 
the sum and the difference £+ 9 are again s-place numbers,‘ but their 
product £9 is not. £9 is, of course, a 2s-place number. One might 
carry along this £ in subsequent computations as a 2s-place number, 
but later multiplications will increase the number of places further 
and further, if such a scheme is being followed consistently. With any 
practical procedure or device a line has to be drawn somewhere, that 
is, a maximum number of places in a number x set. In our discussion 
we might as well assume then that s has already reached this maxi- 
mum. Hence for two s-place numbers #, 9 the true 2s-place product 
£9 must be replaced by some s-place approximation. Let us denote 
this s-place approximation by 4X9, and call 29 the true and 2X9 the 
pseudo-product. l 

The same observations apply to the quotient £/9, except that the 
true £/9 will in general have infinitely many places, and not only 
2s. We call 2/9 the true quotient, and a suitable s-place approxima- 
tion 2+ 9 the pseudo-quottent.* Similar pseudo-operations should be 
introduced for other operations if they are “elementary” for the device 
under consideration (for example, the square root), but we need not 
consider these matters here. 

The transition from the true operations to their pseudo-operations 
is effected by any one of the familiar methods of round off. Thus the 
true £9, 2/9 are replaced by the pseudo 2X9 =83 +7”, £+5—= (2/9) 
+-(0, with the round off errors n”, n&®. 

` There is a good deal of similarity between these 7), n‘® and the 
«©, ¢) that we encountered above (for analogy devices): While the 


3 The most probable choices are p=10 and p =2. 

3 This is between ¢ and t-+1 (t=O, 1, <- -, 5): fe (cn, >*t, ee) Dg ght are. 

4 Unless they exceed the permissible limits of size £+928' or #—3<0. Regard- 
ing this, cf. footnote 17. We shall not discuss this complication here, nor the connected 
one, that the digital aggregates have to be provided with a sign. The latter point is 
harmless, and both are irrelevant at this point, cf., however, (a) in 2.1, particularly 
(2.1). 

s We omit again discussions of size at thia point. Cf footnote 4 end its references. 

‘The simplest method consists of omitting all digits beyond ‘place s. A more 
elaborate one required adding 8/2 units of place s+1 first, and then (having effected 
the caries which are thus caused) omitting as above. There exist still other pro- 
cedures. 
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ņ are strictly very complicated but uniquely defined number theo- 
retical functions (of £, 9), yet our ignorance of their true nature is 
such that we best treat them as random variables. We know their 
average and maximum sizes: with the usual round off method (the 
second one in footnote 6), the maximum of |In] is B-*/2 (that is, 
B B-“t)/2 in the sense of loc. cit.), and if we assume 7 to be equi- 
distributed in —8-*/2, +8-*/2 then 


(1.1) Mean (7) = 0, 
(1.2) Dispersion (7) = (Mean (79)? = (6-*/12)1/2 = .296-*, 


Finally, n”, n‘® assume new and (usually in the main) independent 
values with every new execution of an operation X or +. 

Thus the “digital” ņ are in many essential ways “noise” variables, 
just as the “analogy” «. 

These noise variables or round off variables e and y,.which are in- 
jected into the computation every time when an “elementary” opera- 
tion is performed (excepting + in the digital case) constitute our 
fourth and last source of errors. 


1.2. Discussion and interpretation of the errors (A)-(D). Stability. 
The errors described in (A) are the errors due to the theory. While their 
role is clearly most important, their analysis and estimation should 
not be-considered part of the mathematical or of the computational 
phase of the problem, but of the underlying subject, in which the 
problem ofiginates, There can be little doubt regarding this methodo- 
logical position. We will therefore not concern ourselves. here with 
(A) any further. 

The errors described in (B) are essentially the errors due to observa- 
tion. To this extent they are, strictly construed, again no concern of | 
the mathematician. However, their influence on the result is the 
thing that really matters. In this way, their analysis requires an 
analysis of this question: What are the limits of the change of the re- 
sult, caused by changes of the parametere (data) of the problem within 
given limits? This is the question of the continutty of the result as a 
funciton of the parameters of the problem, or, somewhat more loosely 
worded, of the mathematical stability of the problem. This question of 
continuity or stability is actually not the subject matter of this 
paper, but it has some influence on it (cf. the discussion in §1.3), and 
we can therefore not let it slip out of sight completely. 

The errors described in (C) are those which are most conspicuous 
as errors of approximation or truncation. Most discussions in “ap- 
proximation ' mathematics” are devoted to analysis and estimation 
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of these errors: Numerical methods to obtain approximate solutions 
of algebraical equations by iterative and interpolation processes, 
numerical methods to evaluate definite integrals, stepwise (finite- 
difference) methods to integrate differential equations correctly to 
varying “orders in the differential,” and so on. Just because these 
errors have formed the subject of the major part of the existing . 
literature, we shall not consider them here to any great extent. In fact, 
we have selected the specific problem of this paper in such a way 
that this source of errors has no direct part in it. (Cf. §1.5.) 

There is, however, one phase of this part of the subject about 
which a little more should be said, just in view of the distribution of 
emphases in our present work: This is its relation to the question of 
stability, to which we have already referred in our above remarks on 
(B). Let us therefore consider this matter, before we go on to the dis- 
cussion of (D). 


1.3. Analysis of stability. The results of Courant, Friedrichs’ 
and Lewy. The point is this: (B) dealt with the continuity or stability 
of (A), that is, of its result when viewed as a function of the param- 
eters. This applies not only to the errors in the values of those 
parameters due to the causes mentioned in (B) (observational), but 
also to any other perturbations which may affect the values of any 
of the parameters which enter into the mathematical formulation of 
(A). Such perturbations equally affect quantities, which are usually 
not interpreted as parameters at all, because they are not of observa- 
tional origin. (This aspect of the matter will be relevant in connec- 
tion with (D), cf. below in §1.4.) 

Now (C) replaces the (strict) mathematical problem of (A) by a 
different one (the approximate problem). The considerations of (C) 
must establish that the problem of (C) differs quantitatively but little 
from the problem of (A). This does, however, not guarantee neces- 
sarily that the continuity or stability of (A) implies that of (C) as 
well. (Cf. below.) Yet, the actual computation deals with the prob- 
lem of (C), and not with the problem of (A); consequently it is the 
continuity or stability of the former (of which the latter is a limiting 
case) that is really required. 

That the stability of the strict problem need not imply that of an 
arbitrarily close approximant was made particularly clear by some 
important results of R. Courant, K. Friedrichs, and H. Lewy.’ They 
showed, among other things, that although the partial differential 


i ™ Uber dis partisilen Differensengleichungen der Mathemahischen Physth, Math. 
Ann. vol, 100 B pp. 32-74. 
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a z- 
ð Oz Ox 


is usually stable,’ its stepwise, finite-difference approximant 
y(t + At, x) — 234, x) + y(t — Af, x) 


a4 5 ipeta 


need not be, no matter how small At, Ax are.” The necessary and 
sufficient condition for the stability of (1.4) is 





dF (0) y” 


(1.5) Az & cA} where c= ( 
dy 


in the entire domain of integration. 

Thus (C) requires an extension of the stability considerations of 
(B) from the original, strict problem of (A) to the secondary, ap- 
proximant problem of (C). 


1.4. Analysis of ‘‘noise” and round off.errors and their relation to 
high speed computing. We now come to the errors described in (D). 
As we saw, they are due to the inner “noise level” of the numerical 
computing procedure or device—in the digital case this means: to the 
round off errors. 

These differ from the perturbations of the apparent or the hidden 
parameters of the problem, to which we referred in §1.3, in this sig- 
nificant respect: Those perturbations will cause a parameter to 
deviate from its ideal value, but this deviation takes place only once, 
and is then valid with a constant value throughout the entire prob- 
lem. The perturbations of (D), on the other hand, take place anew, 
and essentially independently, every time an “elementary” operation 
is performed. (Cf. the discussion in §1.1.) They form, therefore, a 


* This is the Lagrangean form of the equation of motion of a one-dimensional, 
compressible, isentropic, nonviscous, nonconductive flow. It need not be linear, 
that is, it may go beyond the “acoustic” approximation. 

* This approximant is correct up to second order terms in the differentials Af, Az, 
and it is the one that is most frequently used in numerical work. 
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constantly renewed source of contaminations, and are likely to be 
more dangerous than the single perturbations of §1.3 (that is, of 
(B)). Their influence increases with the number of “elementary” 
operations that have to be performed. They are therefore especially 
important in long computations, involving many such operations. 
Such long computations will undoubtedly be normal for very high 
speed computing devices.’* It is therefore just for the highest speed 
devices that the source (D) will prove to be most important. We 
propose to concentrate on it in this paper. 

The errors which the source of (D) is continuously injecting into 
a computation will be individually small, but appear in large numbers. 
The decisive factor that controls their effect is therefore a con- 
tinuity or stability phenomenon of the type discussed in $1.3 above. 
And it is the stability of the approximant procedure of (C), and not 
of the strict procedure of (A), which matters—just as we saw in §1.3. 
For this reason stability discussions in the sense of $1.3 should play 
an important part in this phase of the problem. 


1.5. The purpose of this paper. Reasons for the selection of its 
problem. On the basis of what has been stated so far we can define 
the purpose of this paper. We wish to analyze the stability of a com- 
putational procedure in the sense of (D), that is, with respect to the 
“inner noise”, of the computation—in the digital situation: with re- 
spect to the round off errors. We shall attempt to isolate the phase of 
the problem that we want to analyze from all other, obscuring in- 
fluences as much as possible. We shall therefore select a problem in 
which the difficulties due to (D) are a maximum and all others are a 
minimum. In other words, we shall choose a problem which is 
strictly “elementary,” that is, where no transcendental or limiting 
, processes occur, and where the result is defined by purely algebraical 
formulae. On the other hand the problem should lead with ease to 
very large numbers of “elementary” operations. This points towards 
problems with a high order iterative character. Finally, it should be 
of inherently low, or rather insecure, stability. Errors committed 


1¢ Fully automatic electronic computing machines which multiply two real num- 
bers (full size digital aggregates) in 10~ to 10 seconds, and which are sufficiently 
well organized to be able to have a duty-cycle of 1/10 to 1/5 with respect to multi- 
plication, will probably come into use in a not too distant future. Single problems 
consuming 2 to 20 hours on such a machine should be the norm. 

Taking average figures: 3-10 second multiplier, 1/7 duty cycle and a 6 hour 
problem, gives 107 multiplications for a single problem. This number may serve as an 
orientation regarding the orders of magnitude that are likely to be involved. For more 
specific figures in the problem of matrix inversion cf. the remarks at the end of $7.8- 
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(that is, noise introduced) in an earlier stage of the computation 
should be exposed to a possibility of considerable amplification by the 
subsequent operations of the computation. 

For this purpose the problem of solving » (simultaneous) linear 
equations in # variables seems very appropriate, when # assumes 
large values.1! Besides this problem will be a very important one when 
the fast digital machines referred to in footnote 10 become available; 
those machines will create a prima facie possibility to attack a wide 
variety of important problems that require matrix manipulations, 
and in particular inversions, for unusually large values of n.” 


1.6. Factors which influence the errors (A}{D). Selection of the 
elimination method. It should be noted that the four error sources 
(A)-(D) show an increasing dependence on procedural detail: (A) 
depends only on the strict mathematical statement of the problem, 
and this is still true of (B), although observational elements begin 
to appear. (C) introduces the dependence on the mathematical ap- 
proximations used. (D), finally, depends even on the actual al- 
gorithm according to which the equations of (C) are processed: The 
order in which they are taken up, whether an expression (¢+))c is 
formed in this order or as ac+bc, whether an expression ab/c is formed 
in this order or as (a/c)b or a(b/c) or (a/c!) (b/c!") (regarding a set 
of such alternatives cf. §6.1), and so on. 

Since we wish to study the role of (D) in the problem of matrix 
inversion, it is necessary to decide which of the several available 
algorithms is to be used. We select the well known eliminaiton 
method, or rather a new variant of it that we shall develop, because we 
conclude, from the results that we shall obtain, that this method is 
superior to the other known methods. (For the details of the pro- 
cedure cf. the preliminary discussion of §§5.1, 5.2; the more specific 
procedures at the end of §6.1, especially (6.3), (6.4); the first part of 
$6.9; and the final discussion together with formally complete refer- 
ences in §7.6. Regarding the value of the method, cf. §§7.7, 7.8.) 


1.7. Comparison between “analogy’’ and digital computing meth- 
ods. We conclude this chapter with a general remark regarding the 
comparison between digital and “analogy” machines, from the point 
of view of the “noise variables” of (D) in §1.1. 

We have noted the fact that these two categories of devices do not 
differ very essentially in that respect, where one might prima facie 

0 The difficulties of present day numerical methods in the problem of matrix-inver- 


sion begin to assume very serious dimensions when # increases beyond 10. 
B We anticipate that #~100 will become manageable. Cf. the end of $7.8. 
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look for the main difference: we mean the circumstance that “anal- 
ogy” machines are undoubtedly “approximate” in their effecting the 
“elementary” operations, while the digital devices might be viewed 
as rigorous. This is not so, or at least not so in the sense in which it 
really matters: “Analogy” devices are, of course, affected in their 
“elementary” operations by a genuine, physical “noise.” In digital 
devices, on the other hand, the round off errors are unavoidable by the 
intrinsic nature of things,-and they play exactly the same role as the 
true “noise” in an “analogy” device. It is therefore best to talk of 
“noise” in both cases. In digital devices this “noise” affects only 
multiplication and division, but not addition and subtraction—but, 
this circumstance does not cause a very important differentiation 
. from the “analogy” devices. 

The circumstance which is important is that the “noise level” in 
a digital device can be made much lower than in an “analogy” device. 
For s-place, base 8 numbers it is ~.298—. (Cf. (1.2). This is, of course, 
relative to the maximum numerical size allowed.) A typical situation 
is 8=10, s= 10;! that is, the dispersion of the “noise variable” 7 is ` 
~3-10-4. Even the best “analogy” devices that are possible with 
present techniques have dispersions greater than or equal to 10 for 
their “noise variable” e (again relative to the maximum size al- 
lowed). 

In addition, a conventional “analogy” device EAN is built for 
extreme precision is naturally working in an area of “decreasing re- 
turns” for precision: Cutting the size of the dispersion of « by an 
additional factor of, say, 2 gets the more difficult, the smaller this. 
dispersion is already. In a digital machine, on the other hand, cutting 
the size of the dispersion of ņn by an additional factor 2 (or 10) is 
equivalent to building the machine with one more binary (or decimal) 
digit, and this addendum gets percentually less when the number of 
digits increases, that is, when the attained dispersion » decreases. 

Thus the digital procedure may be best viewed as the most effective 
means yet discovered to reduce the “inner noise level” of computing. 
This aspect becomes increasingly important as the rate at which this 
“noise” is injected into the computation increases, that is, as the 
computations assume larger sizes (consist of greater numbers of 
“elementary” operations), and the machines which carry them out 
get faster. 


4 All existing machines (or almost all) are decimal, that is, have § =10. With rare 
exceptions s=7 to 10, for example, on the familiar “desk” machines s=8 or 10. The 
“Mark I” computer at Harvard University has s=11 or 23. 

DERE ee ee ne ae ee der a Conte 
same standard: for example, f =2, s=30 to 40. 
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CHAPTER IJ. ROUND OFF ERRORS AND ORDINARY 
ALGEBRAICAL PROCESSES 


2.1. Digital numbers, pseudo-operations. Conventions regarding 
their nature, size and use: (a), (b). In Chapter I, and more par- 
ticularly in §§1.5 and 1.6, we defined our purpose in this paper: We 
wish to determine the precision and the stability of the familiar 
claminaiton method for the inversion of matrices of order n, when n is 
large, with the primary emphasis on the effects of the “inner noise” of 
the digital computing procedure caused by the round off errors, that 
is, we want to determine how many (base f) places have to be car- 
ried in order to obtain significant results (meeting some specified 
standard of precision) in inverting a matrix of order n by the elimina- 
tion method. We should thus obtain a lower limit for the number s 
` of (base 8) places in terms of the matrix order n. In doing this, we 
are prepared to accept as standard even such a variant of the elim- 
ination method which may not be among the commonly used ones, 
provided that it permits us to derive more favorable estimates of 
precision—that is, lower limits of s in terms of n. (This will actually 
happen, cf. the references at the end of §1.6.) 

The main tools of our analysis will therefore be real members £ 
which are represented by s-place, base 8, digital aggregates in the 
sense of (D) in §1.1. We shall call them digital numbers, to distinguish 
them from the ordinary (real) numbers, which will also play a certain 
role in the discussions. When we deal with digital numbers, we shall 
observe certain rigid conventions, which facilitate an unequivocal and 
rigorous treatment, and which seem to us to be simple and reasonable, 
both in manipulation and in interpretation. It will, furthermore, 
always be permissible to view (in an appropriate part of the discus- 
sion) a number which was introduced as a digital number as an 
ordinary real number. To the extent to which we do this, the con- 
ventions in question will not apply. 

We now enumerate these conventions: 

(a) A digital number 2 is an s-place, base 6, digital aggregate with 
sign :4 


2 = elan tte, a); 
2.1 , that is, 1 
i ) TEH ae I ai,-':,@a=O0,1,:°-,8—1. 
—, that is, — 1 


The sum and the difference have their ordinary meaning, and will 
be denoted by #+9. The product and the quotient, on the other hand, 


H This is our first step beyond the limitations of footnote 4. 
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will be rounded off to s places (cf. (D) in §1.1), and the quantities 
which result in this way will be called pseudo-product and pseudo- 
quotient, and will be denoted by 4X3 and 2+9. In addition to these 
pseudo-operations, others could be introduced, for other “elementary” 
operations (for example, for the square root), too. This, however, 
does not seem necessary for our present purposes. 

Occasionally a digital number # has to be multiplied by an integer 
l (=0, +1, +2, - - - ):12. This should be thought of in terms of re- 
peated additions or subtractions, and it is therefore not a pseudo- 
operation and involves no round offs. 

(b) The position of the p-adic point in representing # was already 
referred to before (cf. (D) in §1.1, particularly footnote 3). It seems 
to us simplest to fix it at the extreme left (that is, #=0 in the nota- 
tions of loc. cit. above). Any other position can be made equivalent 
to this one by the use of appropriate scale factors.% Besides, other 
positions of the f-adic point are of advantage only in relation to par- 
ticular and very specifically characterized problems or situations, 
while the position at the extreme left permits a considerable uni- 
formity in discussing very general situations. Finally, this positioning 
has the effect that the maximum size of any digital number is 1, so 
that absolute and relative error sizes!* coincide, which simplifies and 
clarifies all assessments. This positioning requires, of course, a care- 
ful and continuing check on all number sizes which develop in the 
course of the computation, and the introduction of scale factors 
when they threaten to grow out of range.!” It should be noted, how- 


L These scale factors are of considerable importance. They are usually integer 
factors, most conveniently powers 6? (p=0, +1, +2, ---) of the base £. (Cf. in this 
respect the further analysis of §2.5.) Their main purpose is to keep the numbers re- 
sulting from intermediate operations within the operating range of the machine (cf. 
footnote 17 below), and also to avoid that they get crowded into a small segment of 
this interval (usually near to 0) with an attendant loss of “significant digits,” that is, 
of ultimate precision. 

They are by no means characteristic of digital machines. They are equally neces- 
sary in “analogy” machines. Thus, in differentlal analyrers appropriate gears are 
esential to insure that no integrator runs off its wheel, and that none should be 
Hmited systematically to insignificant movements, and so on. 

For a proper appreciation of the Importance of these scale factors it should be 
realized that no computing scheme or estimation of errors and of validity in a com- 
puting scheme is complete without a precise accounting for their role We shall bave 
to do with them agaty subsequently: 27» in, §6.4; 2", 2%, 2% in §6.7; 2% in §6.10; 2”, 27” 
in §7.3. 

™ Relative to the maximum number sire. 

17 Owing to this positioning all |2| <1, | 4] 31, cf. below. Hence automatically 
|a] S1 for §=4X4, but not necessarily for #=£1+4 or Fe t+. For F=2+9 a scale 
factor 8‘ will always be adequate, for #=2+7 a scale factor 6 * with any # =1, 
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ever, that this would be equally necessary for any other, fixed posi- 
tioning of the ß-adic point.!3 

This choice of the position of the p-adic point permits us to expand 
(2.1) to 


ee E -en 


Qt) ii, Ha ed 

TE ana a,::',a@=0,1,°:+,8—1, 
and to assert that 
(2.2) a digital number # lies necessarily in the interval —1, 1. 


2.2. Ordinary real numbers, true operations. Precision of data. 
Conventions regarding these: (c), (d). To these convention-setting 
remarks (a), (b) we add in a more discursive sense: 

(c) We shall also use ordinary real numbers x. We shall even re- 
interpret, whenever it is convenient and for any appropriate part of 
the discussion, a number, which was introduced as a digital number, 
as an ordinary real number. 

Ordinary real numbers are subject to no restrictions in size, and 
to them the irue operations xy, xy, x/y, and so on, apply. 

(d) The parameters of our problem (that is, the elements of the 
matrix to be inverted) will usually be introduced as digital numbers. 
The question arises, as to what ordinary real numbers they replace.” 
The effects that these replacements, that is, errors, in the parameters 
have on the result are properly the subject of (B) and not of (D). It is 
therefore justified to view them separately, and to discuss (D) itself 
under the assumption that the (digital) parameter values are strictly 
correct. Regarding (C) cf. also §1.3. 


2.3. Estimates concerning the round off errors. Two further re- 
marks regarding the technique and character of the round off: 





2, - + - may be called for. (Our first reference to these possibilities was made in foot- 
note 4.) - 

18 We shall not discuss here the possibilities of a movable and self-adjusting, 
“floating” S-adic point. From the point of view of the precision of the calculation 
they do not differ from those of the continuous sire-check-and-ecale-factor procedure, 
to which we propose to adhere. Indeed, these two procedures bear to each other 
simply the relationship of automatic v». mathematically conscious application of the 

19 Possibly, but not necessarily, by round off. Cf., for example, the discussion of 
$7.5. 
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(e) We pointed out in (D) that the round off errors*® 7 behave, as 
far as is known at present, essentially like independent random 
variables, although they are actually uniquely defined number- 
theoretical functions. Taking the probabilistic view of 7 we have (by 


(1.1), (1.2)) | 

(2.3) Mean (7) = 0, Dispersion (y) = .29-B-*; 

taking the strict view, on the other hand, we can only assert that 
(2.4). Max ({n]) = 5-64 


This discrepancy becomes even more significant when we deal with a 
sum of, say, m such quantities m, +--+, ma: Probabilistically we may 
infer from (2.3) that 


(2.5) Mean ( > n) = 0, Dispersion ( > m) = .29.m!/3. p~ 
en —1 

while strictly we can infer from (2.4) only that 

Lon 

let 

The estimate (2.6) is inferior to the estimate (2.5) by a factor 

.Sm/.29m!P = 1.714] 


This creates a strong temptation to use probabilistic estimates in- 
stead of sirtct estimates, especially because expressions of the form 


(2.7.8) 3 Ey 


which give rise to round off errors 


(2.6) Max( 








) Ss .5°m- 8-8. 


(2.7.6) Sam-Laxn= D EpaX 
Ean tao Eun i=l 


of the type in question, will be particularly frequent in our deduc- 
tions. We shall, nevertheless, adhere to strict estimates throughout 
this paper (with some specified exceptions in §3.5). 

(f) There is an alternative method which reduces the total round 
off error in the situations (2.7.a)—(2.7.b), and which deserves consider- 
ation. In fact, it effects an even greater reduction of the round off 
error in question than the probabilistic view of (e), and it does so on 
the basis of strict estimates. It requires, however, an actual change 


™ We mean 4 =29—2% 4% and 9 = (2/7)— (2+3). The considerations which 
follow are primarily significant for 4%, 


1947] NUMERICAL INVERTING OF MATRICES OF HIGH ORDER 1037 


in the computing technique—but this is a change to which most 
existing and most planned digital computing devices lend themselves 
readily. 

This method may be described as follows: 

In multiplying two s-place numbers, most computing machines do 
actually form the true 2s-place product, and the rounding off to 
s-places is a separate operation, which may (and usually is) effected 
subsequently, but which can also be omitted. The s-place character 
of the machine finds its expression at a different point: The machine 
can accept s-place factors only, that is, it cannot form the product of 
two 2s-place numbers (neither the 2s-place pseudo-product, nor the 
4s-place true product). In addition, it can accept s-place addends (or 
minuends and subtrahends) only. It is easy, however, to use such a 
machine to add or to subtract 2s-place numbers, but it would be con- 
siderably more involved to use it to obtain products of 2s-place 
numbers. 

It is therefore usually quite feasible and convenient to do this: 
Maintain the definition of digital numbers as s-place aggregates, that 
is, maintain (a)-(b) in (2.1). When the situation (2.7.a)—(2.7.b) 
arises, that is, when an expression (2.7.a) Hae to be computed, then 
do not form.in the conventional way 


(2.7.0) - > 2 X Py 

Įļm1 
that is, do not round off each term of (2.7.a) separately to s places. 
Instead, form the true 2s-place products £15; of the s-place factors 
£1, 91, form their sum > 7%, correctly to 2s-places, and then (at the 


end) round off to s places. The result is a digital number in the 
original sense, that is, s-place, to be denoted by 


(2.7.a") > *201- 
Jan 


This (2.7.a’’) is a much better approximant of (2.7a) than (2.7.a’). 
Indeed, for the latter we have only the estimate 


> 251 — >. 41 X J| a — 
I=] m1 


while for the former clearly 


(2.7.b’) 








(2.7.b") 





— "tð: 
Jal 
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Thus, the estimate (2.7.b’) is inferior to the estimate (2.7.b’’) by a 
factor m. Note that both estimates are strict (not probabilistic). 
This is the double prectston procedure. There are several places in 
this paper where it could be used to improve our estimates. We shall, 
however, not use it in this paper (with some specified exceptions in 


§3.5). 


2.4. The approximative rules of algebra for pseudo-operations. The 
pseudo-operations with which we shall have to work affect the ordi- 
nary laws of algebra in a manner which deserves some comment. 

The laws to which we refer are these: Distributivity, commuta- . 
tivity, and associativity of multiplication, and the inverse relation 
between multiplication and division. When we replace true multi- 
plication and division by pseudo-multiplication and division, then 
all of these, with the sole exception of the commutative law of 
multiplication, cease to be strictly valid. They are replaced by in- 
equalities involving the round off error 6-*/2. 

The basic inequalities in this field are - ` 


(2.8) [axb — abl s 6/2, 
(2.9) |a+5—a4/b| < B-*/2. 
From these we derive further inequalities as follows: 
(2.8) implies | (3 + 5) X č — (4X č+85X 2) | S 36/2. 
However, the left-hand side is an integer multiple of B-*, hénce 


(2.10) |\(@+5 xe-(@xe+bxad| se. 
We mentioned already 

(2.11) xb=5X 4. 
Next 


a X (b X č) — ab = (a X (5 X &) — ab x d) + alb xe bò, 
hence 
(2.12) [ax (Xe) — abe] s (14+ [a|)e+/2 5 e~. 
Interchanging 4, č and adding gives 
[@xbxg-@xd)xo| 
S(2+]a| +|e|)s-*/2 s 26-. 


In addition, if either |a| +1 or |2] 1, then this is less than 26>, 
and since the left-hand side is an integer multiple of 6, it is neces- 


(2.13) 
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sarily less than or equal to p~”. For |a| ={¢| =1, that is, 4, = +4, 
the left-hand side is clearly 0. Hence always 


(2.13 Jax (bx) — axb xel SF. 
Finally 
(a+b) Xb—a= ((a+5) Xb (a+ 5b) + (6+ b — 4/d)6, 
hence 
(2.14) [+b xb-als +|) s 6. 


Again, if |5| +41, then this is less than f~, and since the left-hand 
side is an integer multiple of ~ it is necessarily equal to 0. For 
| 5| = 1, that is, b= +1, the left-hand side is clearly 0. Hence always 


(2.14’) (a+b) Xb=—4. 

On the other hand 

(aX 5) +b a= (axd) +5 — (2X B/d) + (2X4 — ab), 
hence i 

(2.18) |@X5 +5- a| a a +| s | e. 


Note how unfavorably (2.15) compares with (2.14), or even with 
(2.14), especially when 5&1. Distinctions of this type will play an 
important role in our work, and they are worth emphasizing, since 
they are not at all in the spirit of ordinary algebra. 


2.5, Scaling by iterated halving. The pseudo-operations that we 
have discussed so far are probably adequate for our work. It is 
nevertheleas convenient to introduce an additional one. It must be 
said that both the need for this operation and the optimality of the 
form in which we introduce it are less cogently established than their 
equivalents for the pseudo-operations considered so far. The second 
point is particularly rélevant: Better ways of defining and manipulat- 
ing a new pseudo-operation with essentially the same potentialities 
may be found. At present, however, the procedure that we propose 
to follow seems reasonable and adequate. 

The operation in question is needed in order to facilitate the 
manipulation of the scale factors mentioned in (b) in 2.1. If an in- 
crease in the size of a (digital) number d is wanted, we can multiply 
it with an integer} (=2, 3,---): 48. This is not a pseudo-operation 
(cf. the end of (a) in §2.1). In order to be able to effect a decrease in 
size, it is desirable to be able to perform the inverse operation: 
Division by an integer } (=2, 3, - - - ). This is necessarily a pseudo- 
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operation: 4+-}. (Since } does not lie in the interval —1, 1, it is not 
a digital number in the sense of (a) in §2.1.) It will be important to 
arrange this operation so that it can be iterated’ with as little extra 
complication as possible, since scale factors in a calculation are 
likely to be introduced successively and take cumulative effect. This 
indicates the desirability of having the “associative law” 


(2.16) (a+ D +m 2+ Im. 


It also güpgest that it might be sufficient to use only those } which 
are powers of a fixed integer y (=2,3,---): ` 


(2.17) | = y? EEE. 


We can then obtain (2.16) with ease, by defining ä+y? not as the 
result of a single division of å by lay?, but of a p times iterated division 
of & by y. We shall adhere to this definition throughout what follows: 


(2. 18) By Sale (Oey ey) a ae) ay ($ times). 


In the choice of y two considerations intervene. Firat, the smaller 
Y, the more precise, that is, the less wasteful, the adjustments of 
scale will be that we base on it. (Cf,, for example, the relationship of 
(6.50.a) and (6.50.b).) Since y=2, 3,---, this suggests the choice 
7 ™=2. Second, it simplifies things somewhat if we put y equal to the 
base of our digital system: y =f. Indeed, in this case d +y is merely a 
shift of @ by one place to the right. (Or, equivalently, a shift of the 
-adic point by one place to the left. We prefer the first formulation, 
in view of the convention regarding the position of the f-adic point, 
formulated in (b) in §2.1.) : 

Thus we have two competing choices: y=2 and y=. For B=2, 
that is, in the binary system, the two coincide. Indeed, this seems to 
be one of the major arguments in favor of the use of the binary system 
in high speed, automatic computing. It seems preferable, however, to 
make here no assumptions concerning $, but to dispose of y only. 
After taking all factors into account, it seems to us that the choice 


(2.19) y=2 


is preferable for all 8, and we shall therefore use (2.19) throughout’ 
what follows. 

We conclude with two estimates. 

Clearly 


(2.20) |a+2-—4/2| $s 6~/2. 
The formula 
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ð + 2? — 4/2? = > (2 + 261) + 2 — (8 + 201)/2)/2"* 


now gives 














1 ‘ 1 
E (2 p a. ~ ( E z) 
From this we infer first: 
(2.21) | a =- 2? — 4/27 | < p~. 
Second, if |a—bl <skB-, then in view of the formula 
a+ 2? — b/2? = (4 + 2? — 4/2?) + (a — d)/2? 


we infer 





e+e- y] s(1-—)e + pe (1 t=) 
2° 2? 2? 
< (1 + Max (0, k — 1)) £~ 
= Max (1, $) 8, 
that is, 
|¢—6| S kB implies 


(2.22) |a + 2” — b/2?| S Max (1, k) B. 


CHAPTER IIT. ELEMENTARY MATRIX RELATIONS 


3.1. The elementary vector and matrix operations. Since our dis- 
cussions will center on sth order matrices 


A= (a), B 7 (bii), ae ° (4,9 = i, eee | #), 
we have to introduce matrix notations. It will also be convenient to be 
able to refer to mth order vectors: Ẹ = (x), n= (94), -< © @=1,---,7). 


At first we shall discuss these in terms of ordinary real numbers (and 
true operations) only, but in §3.5 we shall introduce digital numbers 
(and pseudo-operations), too. 

We use, of course, the sum and the scalar product for vectors and for 
matrices: E+n=(x.ty:), a$ = (ax), A+B = (an tbun), aA = (aa). 
We fix the conventions for the applicaiton of a matrix to a vector: 
At=y with 57%, Gx, =y; and for the matrix produd: AB =C with 


1042 JOHN YON NEUMANN AND H. H. GOLDSTINE (November 


> t-14aby™ Cy, 80 as to have the mixed associative law: A (BE) = 
(AB)é. 

We need further: 

For vectors: The inner product (£, )= > 1, x,y; and the norm 
|E] 20 with |=, £) = Doh, al. . 

For matrices: The transposed matrix A*=(a,,), the determi- 
nant D(A), and the trace t(A)= J $ au. Clearly #(4B)=i(BA) 
= it yn14s3;53 the norm N(A)20 with (N(4)} =i(4*4)=i(44") 
=D itim1 Gy; also the (upper) bound |A| and the lower bound | A], 
which will be defined further below. 

The properties of these entities are too well known to require much 
discussion. We shall only touch briefly on those which link the most 
crtical ones: |A|, |A]: and N(A). 


"3.2. Properties of | A|, |A|,and N(A). We begin with | A], | Ala. 
We define: 


(3.1.8) |A| = Max | Ag], 
Jé[—1 

(3.1.b) | A]: = Min | Ae}. 
je|—1 


It follows immediately, that 

(3.2.a) | A | is the smallest c for which | AE| S c| | holds for all ¢, 
(3.2.b) |A|: ia the largest c for which | At| 2 c|£| holds for all ¢. 
Clearly | 

(3:3) [A,z]4[r2 0. 

Also: l 

(3.4) |A| >0 is equivalent to A x0. 

(3.5) |A | :>0 is equivalent to this: 


(3.5.a) AẸ=ņis a one-to-one mapping of all vectors £ on all vectors n, 
that is to this: 


(3.5.b) A! exists. 
This is, of course, equivalent to 
(3.5.c) D (A) 0, 


and is termed the nonsingulartty of A. 
For a nonsingular A we have further: 
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(3.5.d) a elal, 
(3.5.e) \A-|,=] 4]. 
Other dovon relations are: 
(3.6.8) |a] = [ol] A], 
(3.6.b) [aA h= | a|| A |a 
(3.7) © [rl=[rh=1, 
where J is the unit matrix: 
(3.7.4) ratti Ie £ = a 
QO for isj. 
Further 
s|al+|2|, 
(3.8.a) | A+B] tellal- ril 
SjAjht+i BI, 
(3.8.b) At Bh ial 
(and the same with A, B interchanged), 
(3.9) Abi h slashes {411 b s|ap| 2/4 ll. 
Next 
(3.10) | A| is the smallest c for which | (4é, n) | Sc] é|| a]. 


To see this, it suffices to show that for any given c the validity of 
| Aé| <c| £| for all ¢ is equivalent to the validity of | (AE, »)| Sc|é| [7] 
for all è, n. Now the former implies | (4, 7)| S|4é||1| scll lnl, 
that is, it implies the latter; and the latter implies (with »=Aé) 
[Atl =| (4t, AE)| SclE|| AE], hence |44] sell (this obtains by 
division by |4| when |4| >0, otherwise it is obvious, since 
|4| =0), that is, it implies the former. 
Since (A*E, 7) =(An, £), therefore (3.10) implies 


(3.11.2) |A| =| A*|.. 


Since (4*)-! exists if and only if A~! exists and is then =(A~')*, 
' therefore (3.5) on one hand and (3.5.d), (3.5.e), (3.11.a) on the 
other give 


(3.11.b) | Al, =| A* |u 





t 
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Next 
(3.12.2) | A*A] =| al 


Indeed: & follows from (3.9), (3.11.a). 2 obtains by using (3.10) for 
A*A and (3.2.a) for A: |A| t= (AE, At) =(4*4E,  S[A*A|[E]?, 
|4| s(|A*4|)*9]€|, hence |A| <d 4*4] y”, a*a] aA]. 

If A~ exists, then (4*4)-! exists and equals A-(A-!)*: if 
(A*4)~ exists then A~! exists and equals (A*A)—14*, Hence (A*A) 
exists if and only if A—! exists and is then 4-1(A-1)*, Therefore, (3.5) 
on one hand and (3.5.d), (3.5.e), (3.11.b), (3.12.a) on the other give 


(3.12.b) | A*A |= | Afi. 

We now pass to the consideration of N(4). 

Clearly 
(3.13) N(4) = N(4*), 
and 
(3.14) N(a4) = | a | N(4). 

For 4=(a,;) fix jo1,---,# and view ¢=1,---,# as a vector 
index, then 44 o(a,;) (@51,---, n) defines a vector A), Clearly 
(N(4))}= Don, |A4/2, Now(4+B)4 24414 BY) hence 


a , 1/2 
N(A +B) =( X| Ato + Bi e) 
j= 


( 
s( È danja)” 


1/2 a 1/2 
13 jarla) +( È len) 
S N(4) + N(B), 
that is 
(3.15) N(A + B) S N(A) + N(B). 
Furthermore, (AB)¥! = A (BY), hence 


N(4B) = ( 2 | A(Bt) A < ( > ({ A] | Bin | P) 


š NI 
=4|( È 12a) = | 4| N(B), 


`X 
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that is, 
(3.16.8) | N(AB) < | A| N(B). 
Applying (3.16.a) to B*, A® (in place of A, B) and using (AB)*= 
B*A* as well as (3.11.a), (3.13) gives 
(3.16.b) N(AB) < | B| N(A). 
Given a vector f= (x) (š=1, +--+, n) define a matrix 
‘(x; for 7e1, 
pee a= ‘0 for ads 


Then W(E~) = |£] , (487 =A (E7). Hence (3.16.b) gives | 44] 4 N(A)|E], 
that is, [A| SN(A). Combining this with (3.16.a) with Bel 
(note that N(I) =n?) gives 


(3.17.8) [A| S N(A) Smt A]. 


Both estimates of (3.17.a) are optimal: The second S becomes = 
for A =I =(8,;), the first S becomes = for = (1; 

Consider the vectors I™ = (8g) (¢mi1,---,n). [I wj =, 
(AIM), rl) may hence (3.10) gives |a,,| age Again (N(A))? 
= Pfi Sn Max.ii- -adp hence (by 3.17.a) (first <) |4] 
SnMaxX,.i.- -n |G|. Thus 


(3.17.b) Max |a,;|S|A| Sm Max [ay]. 
Lj=lL -a Lj=l, +s 





Both estimates of (3.17.b) are optimal: The first S becomes = for 
A= I; the second <S becomes = for Á = (1). 


3.3. Symmetry and definiteness. We recall further the definitions 
of symmeiry and of definiteness?! for matrices. A is symmetric if 


(3.18) Ao A*, thatis, if a; = a4 (G,7 = 1,--+-,n). 

A is definite if it is symmetric and if 

(3.19) (Az, f) 20 for all £. 
We note: 

(3.20) A*A is always definite. 


Indeed: (A*A)*=A*A** = A*A, and (A*AE, §)=(AE, AE) =| AEl? 
z0. 


u Our present concept of definiteness corresponds to what is usually known as 
“non-negative semi-definiteness.” 
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We define the proper values `i, ---,,. of a matrix A (with multi- 
plicities) as usual: They are the roots (with multiplicities) of the 
nth order polynomial D(AIT—A). We shall only use them when A 
is symmetric; in this case they are all real. For a symmetric A defi- 
niteness is equivalent to 


(3.21.8) A`zo forall i = 1,- a. 


In this case we make it a convention to arrange the proper values in 
a monotone nonincreasing sequence: 


(3.21.b) Arn Ma e oie 0. 

For a definite A 
(3.22.2) Pages 
(3.22.b) |Al;p= pore 
and therefore (using (3.5)) 
(3.22.c) A is non-singular if and only if A, > 0. 
Further 
(3.23) D(A) = IL. 
(3.24) (A) = 204% 

i=l 


and by applying (3.24) to A*4=A?, whose proper values are 
i DaS a Aa, 


(3.25) nA = (DN) 


3.4. Diagonality and semi-diagonality. To conclude, we refer to 
the classes of diagonal, upper sems-diagonal and lower semt-diagonal 
matrices. A matrix A = (a;;) belongs to these classes if a,,=0 when- 
ever +74j, or whenever ¢>j, or whenever i<j, respectively. Denote 
these three classes by Co, C+, @_, respectively. For @=(o or @4 or 
C- define @’=(o or C- or C+, respectively. Now the following facts 
are well known: 


(3.26) Let A, B belong to C. Then aA, A +B, AB and (if it exists) 
A—! belong to C, while A* belongs to (C. A~! exists if and only if all 


n (3.23), (3.24) hold, of course, for all matrices A. 
n Here A*=A is being used; (3.25) holds only for symmetric matrices A. 
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diagonal elements of A are unequal to 0. In all these procedures the 
diagonal elements of A behave as if they formed a diagonal matrix by 
themselves. 


(3.27) For A =(a,,) = (a434;) in Co the diagonal elements ai, ---, Gs 
are the proper values of A (not necessarily monotone) and 


| A| = Max lal, 
imi,» °,” 

Ah = Min | a;l. 
imj,» *, s 


These two relations are not valid in C, and (—. 


For an A= (a;n) = (a84) in Ce the formation of A—! is trivial: 
‘A-1 = (artu). For an A=(a;,) in C4 or @_, A~ still obtains by a 
fairly simple and explicit algorithm. We shall see subsequently (cf. 
the end of §4.3) that this is one of the two salient points of the elim- 
ination method. 


3.5. Pseudo-operations for matrices and vectors. The relevant esti- 
mates. We now paas to the pseudo-operations for matrices and 
vectors. We shall actually need the matrix pseudo-product, and it is 
quite convenient, essentially for the purpose of illustration, to intro- 
duce the (vector) inner pseudo-product, too. Besides, we shall discuss 
each one of these in two forms: ordinary precision (cf. (a) in §2.1) 
and double precision (cf. (f) in §2.3). 

In (a) in §2.1 we introduced digital numbers #, which could, 
however, also be viewed as ordinary real numbers, cf. (c) in §2.2. 
We introduce now, in the same sense, digital matrices Å= (å), 


B=(b),--- (ij=a1,---,) and digital vectors §=(4,), 
5=(9,),°-- (G@mt, +--+, n)—the relevant fact being that the 4,,, 
bj, ++, £ Ja © > are digital numbers. As indicated above, we in- 


troduce only two pseudo-operations, but each in two forms: 

The (ordinary precision) inner pseudo-product: (EO ñ) =) eds Xi 
the double precision inner pseudo-product: (EO O7)= Dig; 
the (ordinary precision) matrix pseudo-product: AXB=C with 
Ca > 2. duXbiy; the double precision matrix pseudo-product: 
AX <Be=C with Ci; =9 4l abr. 

The only ordinary law of algebra which is not invalidated by the 
transition from true óperations to pseudo-operations is, as in $2.4, 
the commutative law of multiplication. It holds for the true inner 
product, but not for the true matrix product, hence we obtain only 
these pseudo-relations: 
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(3.28.a) EOn =GOD, 
(3.28.b) ECO =GOO8). 

The other laws are, as in §2.4, replaced by inequalities involving the 
round off error B-*/2. 


In order to obtain a first orientation concerning these, we begin 
by restating from (e) and (f) in (2.3): 


(3.29.a) | ŒE- EO#)| S ne | (strict), 
(3.29.b) (E, 7) — (È O 3) has a Mean = 0 and a Dispersions .29n1/28- 

l (probabilistic), 
(3.29.c) |E- (E00 4)| s e’ (strict). 


We now pass to 4 X Band AX XB. The elements of these matrices 
and the corresponding ones in AB are built exactly like the expres- 
sions (EO), (EQ O) and (&, 4). We have, therefore, in complete 
analogy with (3.29.a)-(3.29.c): | 

For AB—AXB=(p,,) 


(3.30.a) | p| S ne’/2 (strict), 
(3.30.b) pi; has a Mean = 0 and a Dispersion S .29!/16-8 

| (probabilistic) 
for A4B—AX XK Ba(o;;) 
(3.30.c) | oss] < 6/2 (strict). 

(3.17.b) permits us to infer from (3.30.a) and (3.30.c): 

(3.31.a) |AB-Ax Bl s n8-+/2 l 
(3.31.c) |4B—-AXxx Bl < np-*/2 eae 


Drawing a probabilistic inference from (3.30.b) is more difficult. 
Using some results of V. Bargmann™ it is possible to show this: 


(3.31.b) | AB—AXB| SknB-* has a probability nearly 1 for moder- 
ately large values of &. 


It seems worth noting that the estimates of (3.31.b) and (3.31.c) 


M These results are contained in a manuscript entitled Statistical distribution of 
proper values. This work was done under the auspices of the U. S. Navy, Bureau of 
Ordnance, under Contract NORD9596 (1946), and will be published elsewhere. 

In this connection we wish to mention further work done on matrix inversion by 
the iteration method. It was done under the same contract and appeared in a re- 
port by V. Bargmann, D. Montgomery, and J. von Neumann, entitled Solution of linear 
systems of high order. 
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are of the same order of magnitude (that is, they involve the same 
power of #), which is not true for the estimates of (3.29.b) and 
(3.29.c), on which they are based. However, we do not propose to 
pursue the probabilistic estimates of the type (b) any further in this 
paper, although they are interesting and practically very relevant. 
We shall consider them at a later occasion. We shall instead continue 
here with the analysis of the strict estimates of the types (a) and (c). 
(3.31.a), (3.33.c) give 
(3.32.2) I4x(B+0-AxB+4xX0)| S 3n8-*/2, 
8.32.) |AxXxX(B4+0Q-AXxXB+A4AXX0)| S 3n6-*/2. 


Further 
AX Æx -ABC = (AX (BXC) -ABXOC)+4(B XC — BO), 
and similarly 
A Xx (B XXT) — ABC = (A Xx (BXxC) -A xxO) 
+ A(BXxC — BC), 

hence (3.31.a), (3.31.c) also give 
(3.33.2)  |AxX (XC) —ABC| < (1+|4|)n6-~/2, 
(3.33.c) |XX @xxC) — ABC| Ss (1 +|A|)a6-*/2. 
Interchanging A, C and adding gives | 
|4x Œ x0) - AxB) xT] | 

<s (2+|4|+|C] )nte-+/2, 
\4 xX (BXxXC) - (4AXxXB) xx? | 

S (2+ |A|+ [CT] )n6-+/2. 


In comparing (3.33.a}-(3.34.c) with (2.12), (2.13), it should be 
remembered that we had there lal <1, | ¢| <1, whereas now we 
have | aay S1, |u| S1, but from this we can infer (by (3.17.b)) only 
|A| sn, |C| Sx. 

More detailed evaluations will be derived when we get to our 
primary problems in Chapter VI. 


(3.34.a) 


(3.34.c) 


CHAPTER IV. THE ELIMINATION METHOD 


4.1. Statement of the conventional elimination method. In order 
to have a fixed point of reference, and also in order to introduce the 
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notations that will be used in the subsequent sections of this paper, 
we described first the conventional elimination method—using true 
operations, and ‘not yet pseudo-operations. 

The elimination method is usually viewed as one for equation-solv- 
ing and not for matrix-inverting, but this actually amounts to the 
same thing: Given a nonsingular matrix A =(a,,) (i, j—m1,---, n) 
and the corresponding equation system 


(4.1) Dy Guti = y (§=1---n), 
fel 

that is, 

(4.17 At=1, . 

the solution 

(4.2) 2 hg Ti (i = l,» , ”), 
j=l 

that is, 

(4.2%) Ty = & 

is clearly furnishing the desired inverse: 

(4.3) T = A-, 

Given the system of n equations (4.1) with the n unknowns 
Xis * ° * s Za, the solution by elimination proceeds in the following, 
familiar way: 

' Assume that the k—1 first unknowns s, «<, za (R=1,---, 
n—1) have already been eliminated, and that, for the remaining 
n—k-+1 unknowns %,---,*,, s—k+1 equations have been de- 
rived: 

(4.4) Darem y (i = hye ++, a). 
is + 
Then the elimination of the next unknown, xs, is effected by subtract- 
ing the ag’/ag?-fold of equation number k from equation number 
+ (smk+i,---,). This gives a new set of equations 
(4.5) 2, a xy = a (i = k+1,---, z), 
bti 


where 
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(4.6) a” = ay E ase as; Eik (4, j = k + 1, ce | #), 
b+ k h h k , 
(4.7) yy ay — (Gis [Gib vs (= &+1,-+-,). 


The transition from (4.4) to (4.5) is clearly an inductive step from 
k to k+1. This induction begins, of course, with the original equa- 
tions (4.1), that is, we have 


(4.8) au; = Gy; (Gi, jai: --,), 

(4.9) ye) my; (¢=1,--: n). 
The induction produces (4.4) successively for k=1, - - - , n, that is, 

it produces ° 

(4.10) as; (Roil,--+, mij —mho+-,), 

(4.11) y” (k=l, -e nim k,n). 


After all # systems (4.4) have been derived, the first equation of 
each system is selected, and these are combined to a new system of » 
equations with the n original unknowns %, ---, Xa: 


(4.12) | ions, 98 Ps Taek), 
jak 


These are now solved by a backward induction over kR=a,-:-, 1: 


1 b = Opi 
(4.13) t= ya — Le 
Ti Hel Ga 


4.2. Positioning for size in the intermediate matrices. Before we 
undertake to analyze the procedure of §4.1, we note this: 

The inductive step from k to k+1 (on (4.4)) involves a division by 
a®, and this division reappears in the k-step of (4.13). Hence it is 
important, from the abstract point of view, that a® x0 and, from the 
actual computational point of view, that af) be essentially as large 
as possible. 

It is, however, perfectly conceivable, that an af turns out to be 
small, or even zero, although A is nonsingular: The simplest example 
is furnished by the possibility of af’ =au =0 (that is, k= 1), although 
A is nonsingular. In the actual, numerical uses of the elimination 
method this point is fully appreciated: It is customary to make ar- 
rangements to have ag) possess. the largest absolute value among 
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all af (ij=k,:--,n) This is done by permuting the 
t+=k,---,n and the j=k,---, (separately) in such a way that 
Maxi,j1,.-.,. |a®| is assumed for #=j=k. This permutation ie ef- 
fected just before the operations that lead from (4.4) to (4.5) are 
undertaken, that is, just before the inductive step from k to k+1. 
This occurs #—1 times: For k=1,---,#—1. 

We call these permutations of + and 7 possttoning for sise. 

Note that this positioning for size will produce an a®’<0 (in its 


k-step, R=1,---,m), unless Max; py,....0 |@g| =0, that is, unless 
©) _Q for all å, j=,- 95.38 
ay Or all 4, 7=k, » A. 


Now we prove: 


(4.14) If A is nonsingular, then positioning for size will always 


produce an a% x0 (k=1,---,), that is, never af) m0 for all 
t, jmke, n. 

Assume the opposite: Let k =k (=1, - - - , #) be the smallest k so 
that ag) m0 for all 4, jk, ---,#. The system of equations (4.1) is 
clearly equivalent to the ‘system of equations (4.4) with k= k, to- 
gether with the system of equations (4.13) with R=2,—1,---, 1. 


Now our assumption amounts to stating that the left-hand sides in 
the system (4.4) vanish identically. Hence the system (4.4), (4.13), 
that is, the equivalent system (4.1), cannot have a unique solution 
x1,°:*+,%,. This however is in contradiction with the nonsingularity 
of the matrix A = (a) of (4.1). 

(4.14) is the rigorous justification for the operation of positioning 
for size. Throughout what follows, we shall keep pointing out whether 
the positioning for size is or is not assumed to have taken place in any 
particular part of the discussion. 


4.3. Statement of the elimination method in terms of factoring A 
into semi-diagonal factors C, B’. We return now to the procedure 
of §4.1, without positioning for size, for the balance of this chapter. 


Summing (4.7) over kei,---,#—1, and remembering (4.9), 
gives 
a 
Gy 
(4.15) pay HE y 
k=l aa) 


S Or at least one which has the same order of magnitude as the maximum in 
question. We propose, however, to disregard this possible relaxation of the require- 
ment. We shall postulate that |aq| be strictly equal to Maxis+-.-,2[ae |. 

™ Positioning for sire, as described above, occurs only for h=1,--+-,#-—-1. For 
hmn, however, ray is the orly ap, hence the assertion Ís trivial. , 
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We have &=(x,), 7=(y,), let us introduce in addition t= (y). Then 
(4.12) and (4.15) express two very simple matrix relations between £ 
and [ and between n and ¢. If we define 


B’ == (bis) (i,j—i,---+,n) 
(4.16) an fh ones 
with bi; = ER 
fort >} 
C = (ci;) (i, j.= i++, 7%) 
alan fort & 7 
(4.17) , Pai | 
with Gij = : i 
fort = j 
{o fori <j 
then (4.12), (4.15) become 
(4.18) Be = §, 
(4.19) Ct)= x. 
Since these are identities with respect to the original variables 
1, °° °*, £a, that is, with respect to E therefore comparison of (4.18), 
(4.19) with (4.1’) gives 
(4.20) A = CB’. 
From (4.20) 
(4.21) Al = B-C, 


and (4.16), (4.17) show that B’, Care semi-diagonal (upper and lower, 
that is, in @; and (*_ respectively). Furthermore, (4.7), (4.13), which 
represent the conventional way of expressing the elimination method, 
are clearly the inductive processes that invert (4.15), (4.12), that is, 
(4.19), (4.18), that is, they invert the matrices C, B’. C, B’ are semi- 
diagonal, and renewed inspection of (4.7), (4.13) shows at once that 
these are indeed the inductive processes that are required to invert 
semi-diagonal matrices. (In this connection cf. the remark at the end 
of §3.4, and the explicit expressions (4.29), (4.30).) 

We may therefore interpret the elimination method as one which 
bases the inverting of an arbitrary matrix A on the combination of 
two tricks: First, it decomposes A into a product of two semi-diagonal 
matrices C, B’, according to (4.20), and consequently the inverse of 
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A obtains immediately from those of C, B’, according: to (4.21).27 
Second, using the semi-diagonality of C, B’, it forms their inverses 
by a simple, explicit, inductive process. r 


4.4. Replacement of C, B’ by B, C, D. The discussion of $4.3 is 
complete, but it suffers from a certain asymmetry: B’, C play quite 
symmetric roles, being upper and lower semi-diagonal, and the right- 
and left-factors of the decomposition (4.20) of A; however, all 
diagonal elements of C are identically 1, whereas those of B’ are not. 

This is easily remedied: Put 


"i o PIG Gjem 
B = (bij) G jmi n) 
E ass] dst fori Sj, 
with b;;= | [hence 

f for į = ‘J 
0 for i > j. 

Then'clearly 

(4.24) ` B’ = DB, 

hence (4.20) becomes | 

(4.25) A = CDB, 

and (4.21) becomes 

(4.26) Ata BID" C1, 

To sum up: 


(4.27) B, C, D fulfill (4.25). They belong to @;, @_, Co, respectively 
(cf. 3.4). All diagonal elements of B, C are identically 1. 

Now (4.26) furnishes the desired A~!, based on B-}, C-1, D-t. D~! 
is immediately given by 
(4.28) D = (dri) (j=l, n), 
and B—1, C~! obtain from simple, explicit, inductive algorithms which 
involve no divisions: 


a C, B' could not both belong to the same class (?4, since each class (4 is reproduced 
by multiplication (cf. 3.26), and A is, of course, not assumed to belong to either (to 
be semi-diagonal). Indeed, C is in (°_ and B’ in C} 
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Bs R= (ra) (4,fat--+, n) 
i 
= >D Dist hj for i < 4 
(4.29) with Ti; = F . : 
1 , for t = 7, 
0 for 4 > j, 
C~! = S = (s;;) (iij =1,°°°+, #) 
i 
— >) sacs for 4.>4, 
(4.30) with $i; = H 
1 for 4 =, 
0 fort < j. 
Note that (4.29) obtains from BR= TI, and gives for every fixed 
-j (=1,---, n) an inductive definition over +=j,---,1; while 
(4.30) obtains from SC = I, and gives for every fixed å (=1, - - - 7) 
an inductive definition over j=4,---, 1. 


4.5. Reconsideration of the decomposition theorem. The unique- 
ness theorem. The decisive relation (4.24) or (4.25) can also be de- 
rived directly from (4.6). 


+ Indeed, consider two fixed 4, j=1,---,n. Put #’=Min (f, j). 
Form (4.6) for kR=1,---,4’—1, and note that 
(4.6) O = aig — oan; /any 


for kms and for k =j, that is, for k =$’. Summing all these equations, 
and remembering (4.8), gives 





? Gib Ghj 
(4.31) a= >, — a 
L=l a 


By (4.17), (4.22), (4.23) this may be written 
{’ a 
(4.32) hni = > cadibas = >> Curdads;, 
b= bal 


and this is precisely the statement of (4.25). 

We give this alternative derivation of (4.25), because it is ex post 
more direct than the original one (in §§4.3, 4.4), and because our final 
discussion for pseudo-operations will have to follow, this pattern 
(cf. $$5.2 and 6.1, especially (6.3)). 
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To conclude, we show: 
(4.33) Given A, (4.25) and (4.27) determine B, C, D uniquely. 


Let 4=CDB and A=C,D;B, be two decompositions that fulfill, 
(4.27). A is nonsingular, hence the same is true for B, C, D, Bi, Ci, Da. 
CDB=C,D,B,, hence Cy'1C=D,B,B-1D-1. Now C, C, belong to @_, 
hence C1 'C belongs to @_. B, Bi belong to C4, D, D belong to Co, hence 
also to C+, 80 D,B,B-1D~ belongs to (4+. (For this, and what follows, 
cf. §3.4.) Thus C+C belongs to @_and to (*,, hence it belongs to Ce, 
that is, it is diagonal. C, Ci are in (@_and have diagonal elements 1, 
therefore the same is true for C;'C. Owing to the above this means 
that C;'C=I, that is, C=C,. Similarly (or by interchanging rows 
and columns) B = B,. Now CDB=(C,D,B, gives D=D,. Hence B, C, D 
coincide with Bı, Ci, Dı, as desired. 

Note that all these results were formulated and derived without 
the assumption of positioning for size. 


CHAPTER V. SPECIALIZATION TO DEFINITE MATRICES 


5.1. Reasons for limiting the discussion to definite matrices. We 
have not so far been able to obtain satisfactory error estimates for 
the pseudo-operational equivalent of the elimination method in its 
general form, that is, for the equivalent of §§4.3-4.5. The reason for 
this is that any such estimate would have to depend on the bounds of 

some or of all of the matrices B, B-', C, C~, D, D~}, that is, on 
|B|, [Bla [Cc], {Cla |D], [Dli (c. (3.5. d)). It would be necessary 
to correlate these quantities, or possibly other, allied ones, to |A|, 
|A | 1.75 As stated above, we have not so far been able to derive such 
correlations to any adequate extent.?? 

We did, however, succeed in securing everything that is needed in 
the special case of a definite 4. Furthermore, the inverting of an un- 
restricted (but, of course, nonsingular) A is easily derivable from the 
inverting of a definite one: Indeed, by (3.20), A*A is always definite 
and, by the considerations that preceded (3.12.b), A-1 exists if and 
only if (4*4 )—! exists and then A-!=(A*A)—1A*, 

For these reasons, which may not be absolutely and permanently 
valid ones, we shall restrict the direct application of the elimination 
method, or rather of its pseudo-operational equivalent, to definite 
matrices A. 


8 Cf. the corresponding resultr in §5.4, where the efforts in this direction prove 
successful. 

» Such correlations would probably also have to depend on the positioning for 
size, in the sense of $4.2. Cf. also the discussion following (5.7). 


ra 
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` In addition various important categories of matrices are per se defi- 
nite, for example, all correlation matrices. 
The considerations of this chapter will still take place in ternis of 
true, and not of pseudo-operations. They do, however, set the pattern 
for the subsequent pseudo-operatorial discussion of Chapter VI. 


5.2. Properties of our algorithm (that is, of the elimination 
method) for a symmetric matrix A. Need to consider positioning for 
size as well. We shall show that if A is (nonsingular and) definite, 


~ then all matrices 


(5.1) AP = (a4) (k = 1,- mijm k, o, n) 


are also definite. Let us, however, consider first the connection be- 
tween A and the A™ with respect to the weaker property of sym- 
metry. 

We continue without positioning for size for a short while yet. 

It is clear from (4.6) that af? =a (for alli, j=k, ---, ») implies 
agt) =a2t (for all #,jmk+1,---, n), that is, that the symmetry 
of A“ implies that of A™D (k=1, .. .,n—1). If we begin with 
A =A, then we have: 


(5.2) If A is symmetric, then all A® (k=1, . . . , #) are. 
From this we can infer: l 


(5.3) The symmetry of A is equivalent to having C=B* in (4.25), 
that is, to (4.25) assuming the form A = B*DB. 


Indeed: If A is symmetric, then by (5.2) always a? =a®, hence, 
by (4.23), (4.17), cu =bjn that is, C=B*. Conversely, C= B*, that is, 
A =B*DB implies A* = B*D*B** = B*DB aA. 

Let us now introduce positioning for size. This can disrupt the 


validity of (5.2), (5.3) above. Indeed: If for any k(=1,---,#—1) 
Max,,,4,...,.|Gy| is assumed for no pair #, j with ¢=j, then the re- 
quired permutations of t=k,---,# and of jmk,---,m are un- 


avoidably different (cf. §4.2). Hence these permutations will disrupt 
the symmetry of A“ inasmuch as it determines A“+) by (4.6), and 
therefore they will a fortiori disrupt the symmetry of AHD, Thus 
(5.2) fails, and consequently (5.3) fails, too. 

The behavior of the ag’, that is, of A“, to which we refer, is per- 


fectly possible. Clearly A =A itself may be like this. 


This discussion shows that it is unsafe to postpone the considera- 
tion of the problems of positioning for size any further. We shall there- 
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fore face them from now on, and we assume accordingly that position- 
ing for size does take place in the cases which follow. 


5.3. Properties of our algorithm for a definite matrix A. Consider 
now the property of definiteness, that is, the case of a (nonsingular 
and) definite A. It ia best to derive a number of intermediate proposi- 
tions in succession. 


(5.4) Let M=(nr;,) be a definite matrix. Then we have: 
(a) Always m,,;20. 
(b) Always MiMi & my. 
(c) m,;=0 implies Mt, = () for all J; 
(d) If Max m, is assumed for $ = h, then mye | Mi for alls, j. 


Indeed: The diagonal minors of M are definite along with M, and 
hence their determinants are greater than or equal to 0. Applying 
this to the first and second order minors gives (a), (b), respectively. 
(c), (d) are immediate consequences of (b) with (a). 


(5.5) If an A“ = (a) is definite, and if Maxys,.....dg’ is assumed 
for i= h, then Maxi... a9] is assumed for i=j=h. We can 
therefore choose the same permutation for t+=k,-:+-, and for 
jok, +--+, when we comply with the requirements of positioning 
for size. We propose to do this in all cases where it is possible. Hence 
if A“ is definite, the positioning for size will not disrupt its sym- 
metry. 


The first assertion follows from (5.4.d), all other assertions are 
immediate consequences of the first one. 


(5.6) If A=4® is (nonsingular and) definite, then the same is 
true for A®, and 
klaks länkas s|4| s[4| =| 4]. 
Because of (3.5) the nonsingularity of A implies the assertion - 
0<]A|: and conversely the assertion 0<|A|; implies the equally 
asserted nonsingularity of 4®, Of the remaining relations (equalities 
and inequalities) only 


(a) | A | < |. AG | 
and 
(b) aoha | AM], 


* Note that we do not claim that Maxz4,...,0d,, need be assumed for one i=} 
only, nor that Max, taala | may not also be assumed for pairs f, } with fpj. 


1 
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require proof, 

Use for the moment the definiteness of 4, 4®, Then by (3.22.a) 
and (3.22.b) |A®| SN or |A®|:2u’ (k=1, 2) is equivalent to 
having all proper values of A SA’ or @y’, respectively; that is, all 
proper values of \’-I[—A™ or A% —p’-J, respectively, 20; that is, 
by (3.21.a) to the definiteness of \’-T-—A™ or 4 —p’- I, respectively. 
These, in turn, may be written (A, £) S\'é|? and (AE, $) 
eu’ lls, respectively. So we see: 


(a) | A®| <N is equivalent to (AE, £) S N | ¢ |? for all ¢, 
(b’) | A® |, & p is equivalent to (4¢; £) z p'| E|? —for all é. 
Put =| AO], »’=|A], Then (a’), (b) with 4=1 show that 
() MEPS (AME, g Bw’ El? | for all £, 
and (a’), (b’) with 4=2 show that (a), (b) are equivalent to 
[EPS (AME 8 Bw’ El? for all £. 
Note that the & of (c) are n-dimensional vectors: Fm (x1, © © ©, Xa), 
while the & of (d) are »—1-dimensional vectors: $= (x3, ---, £a). 


Since AV =Á is definite, it follows that we need to prove only 
two things: The definiteness of A® and (d). 

A® =A is definite, hence symmetric, hence by (5.5) the positioning 
for size subjects + and 7 to the same permutation. Consequently the 
form of (4.6) is unaffected, and A“) as well as A® remain symmetric. 
Therefore the definiteness of A is secure i (AE, £) 20. This, how- 
ever, follows from (d). 

Thus we need to prove (d) only. 


Put, with $= (xs, +--+, £a), n 
O fori= 1, 
l= 4 , Cee meee 
x;fort=2,:++,m, 
(1) 


> G1; for i i ; 
_ — qz; Ío t = Í, 
2 a0 T (zi, x4 e see al’), 


aj! = 
x, fort = 2,+-++,#, 
A simple calculation based on (4.6) gives 
E apelado (i) S Do ai af ef, 
1) fom 


” 
> Oy tity wai 1,1 
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that is, 
s (A Dg, £), 
= (AME, E): 
Using (c), the first relation gives 

(AME, H s (AME, p aN |e I|, 
and the second relation gives 

(AME, 2 = (AOP, p Baller wel 
establishing together (d), as desired. 


(5.6’) If A is (nonsingular and) definite then the same is true for 
all A®(k=1, --- , n), and 


0<|4)=|4%], S|4, 5 -o slavko 
s|4®| |a| =| 4]. 


(ame, 4 


This is immediate, by applying (5.6) to 4=A™ and to A®,---, 
A“) in succession, in place of A. 

We interrupt at this point our chain of deductions, in order to 
make a subsidiary observation. 


(5.7) If A is (nonsingular and) definite, then all a%>0. 


Assume that some af is not greater than 0. A“) is definite, hence by 
(5.4.a) this af? is 0, and by (5.4.c) af? = 0 for this (k and) ¢ and for all 
jok,---,#. Hence A is singular, in contradiction with (5.6’). 


(5.7) shows that for a (nonsingular and) definite A the elimination 
method could have been carried out without positioning for size in 
the sense of 4.2, since all a® >0 automatically, that is, just in that case 
where positioning for size creates no difficulties (cf. the remarks at the 
end of 5.2), it seems to be superfluous. 

This, however, is not the complete truth. A (nonsingular and) 
definite A could indeed be put through the algorithm of 4.1 in the 
rigorous sense, without positioning for size. However, if pseudo- 
operations are used, no satisfactory estimates seem to be obtainable, 
unless positioning for size is also effected. This will become apparent 
in several instances in Chapter VI, primarily inasmuch as the esti- 
mate (6.8), which is identical with (6.23.d’), depends directly on 
the positioning for size, and this (6.8) is the basis for the decisive 
estimates (6.12). (6.25). This is our true reason for insisting on 
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positioning for size in the situation that we are going to discuss. 
We return now to the main line of our deductions. 


(5.8) Jf A is (nonsingular and) definite and all its elements lie in 
—1, 1, then all A“ (k=i,---+,2) are also definite and all their 
elements also lie in —1, 1. 


ee matter of definiteness was settled i (5.6). By (5.4) al 
20, by | (4.6) a Say — (anl)*/as Say? , hence au S 
< - Saf =a,,51. Thus 0Sa% $1. Now (5.4.b) gives |a% ea 
Tai all a® lie in —1, 1 as desired. 


(5.9) Under the same assumptions as in (5.8) we have further: 
(a) For all elements d; of D, 0<d,31. 
(b) All elements of B lie in —1, 1. 


Proof of (a): By (4.22) d,=a®, hence by (5.8) d: lies in —1, 1, and 
by (4.14) it is not equal to 0. Furthermore, d; is greater than or equal 
to 0 by (5.4.a). All these give together 0<d;S1, as desired. 

Proof of (b): Since the positioning for size has taken place, we 
have |af)| 2|ag?| (for all 4, bic ane - -,). Hence (4.23) guarantees 
|b| S1 (for all ¢, jk, - - - , n), that is all b, liein —1, 1, as desired, 


5.4. Detailed matrix bound estimates, based on the results of the 
preceding section. For the balance of this chapter we assume A to be 
(nonsingular and) definite, and positioning for size to have taken 
place in the sense of (5.5). This implies (5.6), (5.7), and hence (5.3), 
too. We may therefore restate (4.27) (together with (4.25)) as follows: 


(5.10) B, D fulfill 





A = B*DB. 


They belong to C+, C», respectively. All diagonal elements of B are 
identically 1. . 


We now proceed to derive estimates for 





rij ik IDI, [Dla 


and some other, allied quantities, in terms of |A], nin the sense 
of §5.1. 
Let \1, °° © , Àa be the proper values of A, ordered in a monotone 


non-increasing sequence, cf. (3.21.b). We recall (3.22.a), (3.22.b) and 
define A, p: 


(5.11.8) LA| =A=, 
(5.11.b) -o (4h = s= re 
From (4.22) 
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(5.12) D” = (di) (ij =1,--, n) 


for any exponent v; we shall use this for o= +1, 1/2. 
Now (D"3B)*. DB = BMD. DB = B*DB =A. Hence (3.12.a), 
(3.12.b) permit us to infer from (5.11.a), (5.11.b) 


(5.13.a) | DV2B| = X7, 
(5.13.b) | DB |; = p’, 


DB is in (4 and its diagonal elements are those of D3, the d”. 
Consequently (D/2B)—! is also in @4 and its diagonal elements are the 
d,“. (Cf. (3.26).) Hence by (3.17.b) (first half) |di| <| DB] =), 
|g? | <| (D*B)-| =| Dt4B] 71 =p, By (5.9.a), 0<d,$1. Hence 


(5.14) ShA and 1. 
Now (5.12) and (3.27) give 


(5.15.a) | D*| {= owt a sea? 
2 H for v30 

(5.15.b) |o lS : ve ae 

Combining (5.13.a), (5.13.b) with (5.15.a), (5.15.b), om +1/2, gives 
(5.16.a) |DB| SX and A13, 
(5.16.b) | DB|, 2 p’, 
(5.17.8) | B| S A/a)", 
(5.17.b) [Bhi Z H/A and p”, 


The estimates (5.13.a)-(5.13.b) justify this conclusion: The pri- 
mary estimates, on which all others are based, are those concerning 
D^B, that is, (5.13.a), (5.13.b). These are consequently the sharpest 
ones, as can also be inferred from the fact that they alone are equali- 
ties, all others being inequalities. Hence DB is the truly funda- 
mental quantity in preference to B, DB, and even to D. 

Now the method of inversion discussed in §4.3 is based on B’= DB 
and on C, which is now equal to B*. In §4.4 (specifically: (4.25), 
(4.26)) we used B, C (which is now equal to B*) and D. It follows from 
the above that, if we use these matrices, the methods of estimating 
should nevertheless emphasize D'#B. It will become apparent in 
several places throughout §6.6 and in parts of $6.8 how we endeavor 
to follow this principle. 


1947] NUMERICAL INVERTING OF MATRICES OF HIGH ORDER 1063 


CHAPTER VI, THE PSEUDO-OPERATIONAL PROCEDURE 


6.1. Choice of the appropriate pseudo-procedures, by which the 
true elimination will be imitated. After the preparations in the fore- 
going chapters we can now attack our main problem: The pseudo- 
operational matrix inversion by means of the elimination method, the 
latter being reinterpreted, modified and specialized in the sense of 
chapters IV, V. 

We consider accordingly a digital matrix 4=(4,,) (î,j=1, ---, 7”) 
(cf. §3.5), of which we assume that it is nonsingular and definite. 

We have to begin by performing the pseudo-operational equivalent 
of the manipulations of §4.1'0n A. This means that we define a 
sequence of digital matrices A‘) =(a®) (i, jok,---,) for 
k=oi,---,. The induction begins for k=1 with AM = 4, that is, 


(6.1) ay; = Oey (¢,fj=1,---,), 


following (4.8). The inductive step from k tok+1 (kR=1,--+-+,#—1) 
has to follow (4.6). This creates a new problem: How are the true 
operations of the expression a@a¥/a in (4.6) to be replaced by 
pseudo-operationsr 

There are obviously several ways of doing this. The simplest ones, 
which are most economical in the number of operations to be per- 
formed, are these: 


b b 
(6.2.2) e e) Eia, 
(6.2.b) On X (s) + On); 
(6.2.0) Ga saui. i 


The build of (6.2.b) and (6.2.c) is so similar that it suffices to discuss 
(6.2.a) and (6.2.b). Comparing these with aiPa®/af? which they are 
supposed to approximate, we obtain 


b) (k) h b 
(6.3.8) | Oy Ox;/Enn = Ca x ass) + au, 
ry s b -1 —ė 
<S (14| das | 8/2, 
b 
Ci ie Or; Jas =A CG E 


< (1+ | aie | 67/2. 


(Cf. these estimates with the very similar ones which were derived 
and discussed at the end of §2.4: (2.14), (2.15).) Clearly the estimate 
(6.3.a) is considerably less favorable than (6.3.b) (by a factor 
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a? |—1) and altogether unsatisfactory per se: It involves the terms 
og |-1 which may be arbitrarily and unpredictably large. We reject, 
therefore, (6.2.2). (6.2.b), on the other hand, has this flaw: If, in 
anticipation of the symmetry of a, we write it in the form 








(6.2.b9 By Gs ys): 


then the pseudo-character of its operations prevents it from being 
symmetric in $, j. We overcome this difficulty by using (6.2.b’) only 
when į Sj, and interchanging $, j when ¢>j. That is, we use this ex- 
pression : 


(h) (b) (b) 
w X (Buz + Onn J 


where t’ = Min (4, 7), 7’ = Max (4, 9). 
We formulate therefore the inductive step by replacing ae a) / as 


in (4.6) by (6.2.b’). The inductive step consequently assumes this 
form: 


(6.2.b” 


6.3) FEO EEP — Be X (dip + am), 
l where }? = Min (4, j), 7’ Ban Od) G@,j—=kt+i,-+-,n) 
fork==1,---,#—1. 


We dla assume that positioning for size takes place, but we antic- 
ipate the equivalent of (5.5) by permitting only one joint permuta- 
tion for $ and j. We define accordingly: 


(6.4) Before (6.3) is effected, it must be made certain by an appro- 


priate joint permutation of +, jmk,---+,# that Max,.,.....d@ is 
assumed for +m, 

Thus (6.1) and (6.3), (6.4) define the a (k=1,---,m; 4, j 
mk, --+-,). We also define the digital matrices 
(6.5) A” = (a) (kal en ijken) 


It remains to show that all these definitions are indeed possible, 
that is, that all numbers produced by (6.1), (6.3), (6.4) (including 
the intermediate expressions 49 +a® and a x(a +a®) in (6.3)), 
and designated as digital numbers, are properly formed and, in 
particular, lie in —1, 1. We shall prove this in 6.2 below. The induc- 
tive proof which establishes this will also secure the equivalents of 
(5.5}-(5.7). 


6.2. Properties of the pseudo-algorithm. Assume that for a 
km1,---,nthisistrue: 
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(6.6) (a) It is possible to form A™,---, A“), obtaining properly 
formed, digital numbers throughout. 
(b) A“ is (nonsingular and) definite. 


(c) All 1. 

By (5.4.a) we have a) z0. From a = 0 we could infer, as in the 
proof of (5.7), that A“ is singular. Hence r 
(6.7) 0<ay S1. 

Next by (5.4.4): 

(6.8) ay | Sa 
(6.7), (6.8) give together: 

(6.9) All a? liein — 1,1. 


Now assume $n, so that the validity of (6.6) for +1 can be con- 
sidered. (6.7}(6.9) show that At) can be formed, obtaining 
properly formed digital numbers throughout, with the one limitation, 
that it remains to be proved that the elements af*” lie in —1, 1. 
Assume, furthermore, that 


(6.10) |A® |, > (n — kB. 


Since A is definite, it is also symmetric. (6.4) does not affect the 
form of (6.3), and A“ as well as 4+) remain symmetric. 
We may rewrite (6.3) as 


b41) k) b) (h), (k b 
ae = as = ee irii + ir 
(4,72 k+1,---, 2; 4’ = Min (6, 7), 7 = Marx (4,9), 


that is, as 
(6.11) 9 iy = dig — din Sap Ou 


where by (6.8), (6.9) 


+ ny (j= k+1,---,m), 


(6.12) | nz; | S68. 

Put 

(6.11.4) AC = (af — aa a; /ae) (jekta), 
(6.11.b) H? = (nj; jakt n), 


then (6.11) becomes 
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(6.11’) A (e+) = Acre) + HD, 

Now we may replace 4 =A, A® in (5.6) by A, 404+): this gives 
| Ac |, | Ao h, 

and hence, by (d) in the proof of (5.6), 

(6. 13) (Acme £) > pt] Ele where p* = | 4) |), 


Next by (3.17.b) and (6.12) (note that we have here »—2 in place of 
n) 


| HD | S (n — BB, 


(6.14) | (B9, & | < (» — Ba | E|’. 

(6.11’) together with (6.13) and (6.14) gives 

(6.15) Ane, d = (||, — (a — HB) |El. 
By (6.10) this implies that 

(6.16) ' AOD ig definite. 


We can now argue, exactly as in the derivation of (b’) in the proof of 
(5.6), that (6.15) is equivalent to 


(6.17) [Aen], = | AM |, — (n — BB. 
Now (6.10) secures | Zon | :>0, that is, by (3.5) 
(6.18) Aœ) is nonsingular. 


For +=j we have 4’=1j/-==4=j, hence the two factors of the second 
term of the right-hand side in (6.3) have the same sign. Hence that 
subtrahend is greater than or equal to 0. (If two digital numbers 
have the same sign, then no round off rule will impair the non- 
negativity of their pseudo-product and pseudo-quotient. Cf. foot- 
note 6.) Consequently á 
(6.19) On SO . 2 

Now we have established all parts of (6.6) for k+1: (a) follows 
from the remark immediately preceding (6.10) with the one limitation 
that it remains to be proved that the elements ajt” lie in —1, 1; 
(b) is contained in (6.18), (6.16); (c) is contained in (6.7), (6.19). On 
the basis of these we can now infer (6.7)-(6.9) for k+1, too, and 
hence we have the last part of (a): All av lie in —1, 1. So we see: 
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(6.20) (6.6) for & and (6.10) imply (6.6) for & + 1 and (6.17). 


Consider now the condition 


(6.21) | Al: > (a(s — 1)/2)B-*. 

Then ee (6.20), (6.17) for all k= 1, ---,#—1 in succession 
gives: 

(6.22) If (6.6) holds ior k=1, that is, for Á= 4%, and if (6.21) 
holds, then (6.6) holds for all k=1,.-:,#. 


We restate this more explicitly, together with the inferences (6.7)— 
(6.9) from (6.6): 


(6.23) Assume the following: 
(a) A is (nonsingular and) definite. 
(b) All 841. 
(c) |A| :> (n(n —1)/2)6~. 
Then we have: 
(a^) It is possible to form all A“, obtaining only properly formed, 
digital numbers throughout. 
(b^ All A™ are (nonsingular and) definite. 
(c’) Always 0<a? £1. 
(d’) Always |aẸP| Say. 
(e^) All ag? lie in —1, 1. 


Note that the assumptions (a), (b) above are reasonable in view 
of the nature of our problem. (c) will be eliminated (or rather ab- 
sorbed by a stronger condition) after (6.67). 

With (6.23) the question at the end of §6. 1 is completely answered: 
The processes (6.1), (6.3), (6.4) (including those of the intermediate © 
expressions 69-+a% and 6@x(a@+ a) in (6.3)) produce indeed 
digital numbers, which are properly formed, and, in particular, lie 
in —1, 1. Furthermore, we have the certainty, as we had it in the cor- 
responding situation in (5.5)—(5.6), that all the d™(k=o1,---,#) 
that we produce are (nonsingular and) definite. 


6.3. The approximate decomposition of A, based on the pseudo- 
algorithm. We now proceed to derive the approximate equivalent of 
(5.10) (that is, of (4.25)). 

Rewrite (6.3) as 


OPU i= (h) (h) (>) , (b) (h) (+) 
fij — (äm > Gan) San (Suze + Öar) + bi 


(4,7 = k+ 1, S at = Min (3, 7), F = Marx (4,9), 
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that is, as 


(+1) (ht) Qh) (E) (hb), (h) (h) (h) 
Oi; = li; — (äm + äns oan (On, + äras) HOi 


(k= 1,---,# —1; 4 = Min (i, ĵ)), 


(6.24) 


where by (6.23.d’), (6,23.e’) 


(h) 


(6.25) |o, | 88”. 


(It should be noted that (6.24), (6.25) are analogous to (6.11), (6.12), 
but not the same.) 
We observe next that 


(k) (k) (h), (>), (b) (b) (h) 
(6.26) 0 = hr — (än + Onn Can (dy; + Grn ) + 4; 


for k=4 and for k=}, that is, for k=+4’, with 


(6.27) lo; | 36/2. 


Summing all these equations (that is, (6.24) for k=1, -,4’—1 
and (6.26) for k=’), and remembering (6.1), gives 


{t 
(h) (h), (h), (h) b) 
(6.28) 4i = > (On + üii jäi (44; + dis) Ffi 
1 ` 


where [i= 2 4: 69", hence by (6.25), (6.27) 
(6. 29) [tul] S (# — 1/26. 


The relation (6.28) is the analog of (4.31), therefore we now wish 
to perform the analog of the transition from (4.31) to (4.32). For this 
purpose we define first, in analogy with (4.22), (4.23) 


y D= (2:8;;) (4, j = Í,- ’ n) 


6.30 
) with d, = a 
B = (biz) (ij = 1,-++,n) 
a; +a fori Sf, 
c 
(6.31) with By = i e | 
1 fori = 7, 
0 for į > J. 


Now 
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t’ 

(b) Ch) (b), (a) ch) 
D> (äm + San) Onn (On; + San) 
(6.32) 


t s 
= bD bcd Da; = D b ctl wb 23. 
b1 hem 


We may, therefore, write for (6.28) 


(6.33) A = #DB +z where Z = (¢;;). 
Next by (6.29) 
way = È eys È (7-2) 
i, fl 
r ” n’(2#3 + 1) : 
= Sn — 28 + (=) cm? ae a 


hence by (3.17.a) . 
| Z| S NZ) < (#2 +-1)/12) 6>. 


For n>œ, (23(2n?-+1)/12)'8~n2/61/? = 4084n?, and already, for 
123, (?(2?+-1) /12)179 5.427. Hence ae assume from now on that 
ne 3) 


(6.34) | A — B*DB| s .42n38~. 


6.4. The inverting of B and the necessary scale factors. (6.34) is 
the approximate analog of (5.10). It is, therefore, the point of depar- 
ture for inverting A in the sense of (5.10), that is, of (4.27), that is, 
of the formulae (4.25), (4.26). We proceed, therefore, in this direction. 

In other words: A is approximated by B*DB, therefore A— will be 
approximated by B-'D-1(B-4)*, or, rather, by some approximant of 
' this expression. In any case we need B-! and D, or approximants of 
these. Hence, we must analogise the formulae (4.29) and (4.28), 
which gave B—! and D~ respectively. 

We begin by considering P~, that is, by analogising B-! and (4.29). 
The obvious way of analogising (4.29) in terms of pseudo-operations . 
would seem to be to define 


X = (%)) (i j= 1,---,). 
7 
— >) ba X 2a; fori < 4, 
(6.35) with Zye d Y Eaa 
1 for į = j, 


0 i for i >j. 
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This, however, is unfeasible; the use of the notation £; for the quanti- 
ties obtained from ( 6.35’), which implies that they are digital num- 
bers, is improper: These quantities will not lie in general in —1, 1, 
and in order to obtain an algorithm in terms of digital numbers it is 
now necessary to introduce scale factors, in the sense of (b) in §2.1 
and of §2.5. In order to effect this efficiently we note the following 
facts: 

First, the #,;; with ¢>j present no difficulty at all. They are all zero, 
and they do not enter into the definitions of the others. Second, as 
far as the other 4,;, that is, those with 4 ;Sj, are concerned, the defini- 
tion interrelates only #,,;’3 with the same j. Third, for these inter- 
related emer of #,;’s8, that is, the 2;,,4¢=1,---,j, with a fixed 
j(mi,-++,),the definition is inductive in +4, but it proceeds in the 
ee ea of ae t: The 4%,,'3 are obtained in this pedr: 
t=7,j—1, mie 

The get paren must, therefore, be introduced er for 
every j, and must there be built up successively as ¢ goes through the 
values j,7-—1,---, 1 (in this order). 

Since the sequence £y (j fixed) begins with 2,;=1 the scale factors — 
must only be used to reduce the size of 2,;. Hence the considerations 
of §2.5 apply: The scaling of 4,; will be effected by (pseudo-) division 
by an appropriate 2? (p= 0,1,2,-- +), say 274, Denote the quantity 
which corresponds to £; scaled ‘Gea by the factor 274 by 9,,;. In 
the formula (6.35’), case +<j, the replacement of £ by J and of 
the 4s, by the Ja, requires, of course, that all of them be affected with 
the same scale factor. Hence, the scale factor which applies to the left- 
hand side, 2?/, must be a multiple of those which apply to the terms 
of the right-hand side, the 27} (k=#+1,---, J). That is, pi; & pa; for 
k=s+1,---,7. Then the &j-term of the right-hand side must be 
“adjusted to scale” by (pseudo-) division by 27#-™, Furthermore, 
pı; must be chosen large enough to make the resulting 4,; lie in —1, 1. 
After all 9,,,4=j,7—1, ---,1, have been obtained, they must all be 
“adjusted to scale” with each other, by (pseudo-) division (of 4,,) 
by 2744—11, We call this “readjusted” form of Jiz, %4. Thus #,; corre- 
sponds to 2; scaled down by 27%, 

The dependence of this scale factor on the column-index is worth 
noting, it appears to be essential for the obtaining of efficient 
estimates. (This is connected with the use of the vectors us of 

(6.44).) 
' We can now reformulate (6.35’), and state it in its eer and 
valid form: 
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Ju = 1, 
a 
(8) pi; = 0. 


i ` 
Ji = — $, (bis X Ja) + 2707H, 
b—i+1 i 


(6.35) ()) 5, is the smallest integer Z pai, (ZhuasZ - Zu) 


which makes Jy lie in —1, 1 (î=j—1,.:-,1) 
Dig DIP fori Sj, 
© a= 4 a 
0 for 4 > 7. 


As a result of (6.35) all J, and all #,; lie in —1, 1. By (6.23) all by, 
lie in —1, 1, too. Hence the processes (6.35) including those of the 
intermediate expressions by Xs; and (bu Xe;) +2744 produce 
properly formed digital numbers, lying in —1, 1. 


6.5. Estimates connected with the inverse of B. Having defined 
the digital numbers #,; by (6.35), we now form the (upper semi- 
diagonal) digital matrix 
(6.36) Ze) | GA) 


and proceed to investigate the properties of Z and of the 34;. 
We begin by proving: 
(6.37) 1/2 5 Mex |z| 51 J =1,::, s). 


Choose the largest #=1,---,j7 with py= py. If i=j, then pı; 
=p;=0, hence Jya y=1. If i<j, then Prins exists, and is neces- 
sarily unequal to pı that is, peg < Pir. Hence Du >P The reason 
for choosing $;,>141,; could only have been that this was necessary 
to make | Daz <1. Since pı; must have been the smallest integer not 
less than py1,, which has this effect, therefore #:;—1 (which is also 
not less than piy) cannot have had this property. This excludes 

i <1/2. Hence EM 21/2. Now B =9u +2? 9, hence 
Z| 21/2. ` 

Thus we have in any eventa |84| 21/2. We know that all | B,,| £1. 
These two facts together establish (6.37). f 

Let us now evaluate the elements of the matrix BZ (true multipli- 
cation!). ! 

The ¢j-element of this matrixis J 7; but; Since B and Z are both 
upper semi-diagonal, we can conclude: For ¢>j all terms in this sum 
are zero, 80 that the sum itself is zero. For $= j the sum has precisely 
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one nonzero term: 5,,8,. Since bu =1, Zum J, 2P1P me] 2P, 
the sum is equal to 1+2?", This deviates from 2-7 by not more 
than §~*/2, For į <j the only nonzero terms in the sum are those with 
t+SkSj. The kmt term is 5,,8,,—2,;,. Hence in this case the sum is 


7 2 
Zi; + > buds; = -( > (bin X Pas) + nem) + 2Pu hij 
bei} bit l 


+ » bin (Fa; Ss 27u- Fk), 
bewi--1 


if we replace all pseudo-operations by true ones, then both 
terms on the right-hand side go over into the same expression: 
> dust Sate; /27-7, By (2.21), (2.22) the error caused by these 
transitions is not more than (j—#)$~ in either term. Hence the right- 
hand side, which is the difference of these two terms, deviates from 
zero by not more than 2(j—+4)8-. 

To sum up: Put 


(6.38) BZ=A+U, A= (ridu), U = (wis), 
then 
= 0 fori > j 
(6.39) |l 4 £ 6/2 for i = j, 
S24 — iB fort <j. 


We are interested in the vectors U” = (u) and in the matrix U. 
We have 


2 ` 7—1 1 
[va |? = as (Day - ptT) 
maÍ i=l 
#1 1 
“(ees Dp 
h=] 4 


(yg — 1)(2j — 1 1 
_ (7 A hie 4 a) om 
- that is, 
(6.40) | Te) S (2G — 1)(27 — 1)/3 + 1/46. 
The right-band side is not greater than 
(2n(n — 1)(2# — 1)/3 + 1/46! 
= (2(n — 1)(2# — 1)/3#? + 1/42‘) nig- H., 
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For # & 10 this is not greater than .115 #*8-*. Hence wr assume from 
Ņow on that n 210) 

(6.40) | Uta] < .340%B4. 

Next by (6.40) í 


(W(U))! = = Lives (> 5I0- DB- 1+ *)e 


n?(n? — 1) 

= (MOHD 2) oes tae 

hence 
[U] SNU) a (1/309, 
that is, 
(6.40) | U| < .58n38-~. 
To conclude this section, we define 

(6.41) as n’fP~/p. 
Then (6.34), (6.40’’), (6.40’) become: 
(6.42) | A — BDB | S .42pa, 
(6.43) | U| S .58ya, : 
(6.44) | UO | S 34a. 


6.6. Continuation. (6.42)6.44) (together with (6.38)) are the de- 

cisive estimates on which we base all others. We proceed as follows. 
A| =), |Al:=u, hence (6.42) gives |B*DB| $\+.42pa 

SA(1+.42a), | B*DB| 126 —.42ua = (1 —.42a). Next, (D'"B)* (DB) 
= B*DB, hence | DB]? = | B*DE], [D2B|? = | B*DB| 1. Conse- 
quently 
(6.45.a) | eB] < A(1 + .42a))!, 
(6.45.b) | DB], = (1 — .42a))¥2. 

We note two additional, minor facts: 

(6.30), (6.23.c’) imply , 
(6.46) |D°| s1 foro z 0. 


Since all oul $1 therefore #(4)= 5°21 dQ. On the other 
hand ¢(A) = 1 \se2np. Hence 


(6.47) pai. 
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We now pass to considering the vectors Z4!m(3,;) and A"! 


= (2-91/8,,) = 2-714), By (6.38) s 
: wy g”) = p”? gp” = p” ' atn 4 y” 
TE. -ru zli 4 Dg") 


By (6.45.b), (6.37) 

[D Be") |z|D"B|, z" > (1/2)(u(1 — 42a)"; 
obviously ) 
| gg r" me i 
and by (6.46), (6.44) 

ID? co") | < |b" | 0 | S 34ye. 
From all these relations we can infer that 

(u(1 — 42a))'7/2 S27"; + 34ya, 
TG = (u(t — 4a) 72 — 3c 
= ((u(1 — .42a))"" — .68pa)/2 

and, remembering (6.47), 

2 ds 2 (u(1 — 42a) — 2- (.68)pa) 7/2 

= (u(1 — 1.78a))""/2, 


that is, 

(6.48) y SF G4 78a)) A. 

Since AD" = (2-?1.d/38,;), (6.48) may also be written 
(6.487 | AD |, = (u(t — 1.78) 7/2. 


Next by (6.38), (6.45.b), (6.46), (6.43), (6.487) 
Dilt*BZA-1P-1/3 a D(A + Uja- Da = I + Diya- 
| D11BZA-1 1.13 | > | DB l; | Za- 11 | 
= (u(1 — .42a))/2| ZA] 
| Daya | < | Du | | U | | ADU? |p: 
< .58ua-2/(u(1 — 1.78a)) 1 
= 1.16ua/(1 — 1.78a)1/%, 
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Hence 

(u(1 — .42a))¥2| ZA-:D- 13| S 1 + 1.16u22a/(1 — 1.78a)2/3 
and by (6.47) 

(u(1 — .42cx))3/2 | Za- 2a] 


ener a _ (= 1,780) + 1.16a 
(1 — 1.78a)1/3 (1 — 1.78a)1/2 
(1 — 1.78a/2) + 1.162 1+ .27a 
(1—1.78a)¥* (1 — LIBA 
Consequently 
| (6.49) | Za- | < an o 2 i 
(1 — .42a)13(1 — 1.78a) Y? p13 


Since A“ D-0Z* = (ZA D2)* and ZAIDZ* = (AD. 
-(A-1)11Z*) (remember that A and D commute, because they are 
diagonal matrices), therefore 


1+ .27a 1 
A-1[)-1197* TT ia 
(6.49) | | a (1 — .42a)"/9(1 — 1.78a)!/3 p13 
(1 + .27a)3 1 


4 A-I Se ee 
ere |Z eg 7 (1 — .42a)(1 — 1.78a) u 


6.7. Continuation. Choose g(=0, 1, 2,---) minimal with 


(6.50.a) a =, 
1—1.78a u 
that is, having in addition the property 
(6.50.b) TE ns 
1—1.78a u 


By (6.23.c’), (6.30), 0<d,S1. Hence we can form the maximal 
r=0, 1, 2,---+ with 2'd,S1, say r,. We have 


(6.51) 1/2 < 2d, < 1. 


By (6.48), (6.50.a), 2¢d;>%u, 2¢tud;>1. Hence q—2py>ry;, that 
is, 


(6.52) q — 2614; 27; +1. 
From (6.51), (6.52) we can infer: 


1076 JOHN VON NEUMANN AND H H. GOLDSTINE [Novem ber 
(6.53) P = (1/2 + 2rid;) +2°-u—+-! is, together with all its inter- 
mediate expressions, a digital number and well formed. 

Next by (6.50.a), (6.4977) 

1 (1+ .27a)? 
(6.54) | 2-17 A-117 * | ma (1 + 27a)? ; 
4 1 — .42a 
Furthermore form 
(6.55) wW” = (Ds ' Bi = >) Bra X e) X Ejh 
bel] 


(7 = Min (i, j), 7 = Max (3, 9). 


(We must still establish the digital character of WY and of the 
a, which in this case amounts to showing that all ẹ%® lie in —1, 1. 
For this cf. (6.58), (6.59).) Now 


Wo — 24ZAP-1Z* 
= ( E Gye XE) X Bye — Dobe tra) 
kal kæ 
(Note that we replaced in the second term on the right-hand side 4, 7 


by 4’, 7’. This is permissible, since it is symmetric in 4, J.) The 47-ele- 
ment of the right-hand side can be written | 


> (Ben X as) X Bra — Bead dy Byrn), 
or, since Z = (8%) is upper semi-diagonal, 
2 (Bra X 2k) X Bpr — Bead dy ta), f’ = Max (i, j). 
For this we can further write 


E {Gea X BP) X Bpa — Enda Bpa) + Eaa — 2 Yra). 


kmj’ 
By (6.51), 


1 = 
rs i= a; | Se 2, 


= We are assuming here that 1/2 is a digital number. This is only true when the 
base £ is even. This Emitation could be removed with little trouble, but it does not 
seem worthwhile, since 8 =2 and 8 =10 are both even. 
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hence, by (2.22) and (6.53), | 4—2-#+#7ud;-1| Sp. Therefore the 
second term in the Í - - - } above has an absolute value not greater 
than 6-*, The first term in this { .- - } has clearly an absolute value 
not greater than 8-*/2+8-*/2=6-, Hence this { cae } has an ab- 
solute value not greater than 26, and so the entire expression in _ 
question is not greater than 2(ms—j’+1)8-*. Consequently 


(N(W@ — 24ZA-2P-17*))3 
S D4(n— i +1) = RAF — 1) (n He 
i, fji fimnl 


n a 1 
an 5 4(2n — 2k + 1) PEY = AOT DETTAT i 
k=l ° 


3 
and (#210, cf. the remark preceding (6.40’)) is not greater than 
82n H, 
hence 
| Ww — 22a- D Z* | < N(We — 2Za ap z*) 
` S Simp = Lua, 

that is, 
(6.56) | Wo — 2a- Z+ | < 91pa. 

From (6.54), (6.56), remembering (6.47), we get 
(6.57) | Woj] <— : ee oe) + 91a. 


We shall see later (cf. (6.67)) that it is reasonable to assume that 
a3S.1. This implies that the right-hand side of (6.57) is not greater 
than .37. Consequently 


(6.57) | W@ | s .37. 
From this, (3.17.b) (first half) permits us to infer 


(6.57’.a) jas | st (i, f= 1,++-+,n). 


Next, since Wo (1) = (Wo) and |r| =1,. (6.57’) implies 
| (We) | 4.37, that is, 


3 wit)? < (37) s 14. 


_ 


i 
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If we replace in this sum (#8)? by wif xw, then the total change is 
not greater than n-6*/2—98-/2n mya/2n. Since aS.1 , 2210 
(cf. above) and wl (by (6.47)), therefore this is not greater than 
.005. Consequently 


(6.57'.b) by XB, S99 ` (f=1,-:-, a). 
t= 


We sum up: | 


(6.58) For the minimal g (=0, 1, 2, - ++) of (6.50.a) the conditions 
(6.53), (6.57’) are fulfilled. The latter implies (6.57’.a) and (6.57’.b). 


In this section we use (6.57’.a); the need for (6.57’.b) will arise 
later. (Cf. (6.92).) 
We define: 


(6.59) Let go be the minimal q (=0,1, 2, - - - ) for which the condi- 
tions (6.53), (6.57’.a) are fulfilled. 


Note that these are simple, explicit conditions, which permit form- 
ing the go in question directly.” 

(6.58) shows that the minimal q of (6.50.a) is not less than qo. 
Hence ge, too, fulfills (6.50.b), that is, 


8 1 
6.60 2% $ ———_—_—- — - 
( ) = 1—1.78& u 
We now put 
(6.61) Wi a WY = (2%). 


The derivation of (6.56) was based on (6.53) alone, hence (6.56) holds 
for Wa= Wœ, too: 


(6.62) | We — 2A- D Z* | S 91pa. 


6.8. Continuation. The estimates connected with the inverse of A. 
We are now able to effect our final estimates. The relevant auxiliary 
estimates are (6.42), (6.43), (6.45.a), (6.45.b), (6.46), (6.48^), (6.49°), 
(6.49), (6.60), (6.62). The procedure is as follows: 


Put 
(6.63.a) A’ = B*DB, 
(6.63.b) W! = 2-*ZA-1D-1Z*, 


a This would remain true if we replaced (6.57’.a) by (6.57’.b) (cf. (6.92)), but not . 
if we reverted to (6.577). 
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Owing to . 
2eAW, — 294'W' = (A — AN29W' + 204 (W, — W, 
we have 
| AW. — 2e4'W’| s|- A’|| 2w] + 2(4||Wo.— Ww]. * 
By (6.42), (6.49’"), (6.60), (6.62) this is less than or equal to 


= (1 + .27a)? 1 8 Ls a 
in" (ea 4 76a) ese a 
l 1 + .27a)? 
(1 — .42a)(1 — 1.78a) 1 — 1.78a 
Summing up: 
| 22A W. — 29A W | 
(6.63 1 + .27a)? 
em sfa tiar mioa 
(1 — .42a)(1 — 1.782) 1 — 1.782 
Next 


204'W' — I = BYDBZA“*P"2* — I 
= BDA + Y)A7D-12* — I 
= (Bta“1Z2* — D) + BYDUAD-2* 
(remember thatAand Ď commute, because they are diagonal matrices). 
Now 
Bta-1Z* — I = (ZA1B — J)* = (B-1(BZA-! — 1) B)* 
= (B(A + U)A-! — 1)B)* = (BU A"B)* 
= ((D11B)- Du22 (A-1D-4) (D5))*, 
hence, by (6.45.b), (6.46), (6.43), (6.48), (6.45.a), 


| Baz I| 
< | DUB | D|] u || aD |r | eB 
1 2 
c e 42a)) 13 
S Ga — Ayn A Ga — Liapin OI t 4) 
1/2 
a ce 


(1 — .42a)1/9(1 — 1.78a) 1? 
Furthermore ‘ 
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B*DUA-D 1Z* = (DBP D1 (a DaD»), 
hence by (6.45.a), (6.46), (6.43), (6.48), (6.49’) 
| B DUA- DZ | < | DB] | Dv | | u || ADue |r | a0 | 
2 
1/2 ae ee 
& A(1 + .42a))"/*.58p0 Gil — 1.78)" 
1+ .27a 1 
(1 — A2a)*°(1 — 1.78œ)! w” 


er (1 + .42a)!/2(1 + .27a) ‘a 


(1— .42a)'9(1 —1.78a) 
Summing up: 
| 204’W’ — T| 
(6.64) Sii (1 + .42a)1/ ( 1 1 +,27a Jana 
(1 — 42a) \(1 — 1.78a)/? 1 — 1.78a 


Combining (6.63), (6.64) we obtain 
| 284, — I| 
” (1+.27a)? 
= E (1 — .42a)(1 — 1.782) 


: 3 1/2 ji 2 
Om. 1160 (ae a) yun 
(1 — .42a)!? \(1 — 1.78a)1/* 1 — 1.78 


7.28 ——_——— _) | a. 
= 1 — 1.78 |e 

If we now assume a3S.1, then the right-hand side of (6.65) is less 
than or equal to the expression 


(6.66) (.56 + 2.83A1/2 + 8.86))a. 


It is indicated to scale A = (dy) so that Max, fel,--°.8 (äu) is near 1, 
hence (by (3.17.b), first half) A is near or more than 1. Hence the above 
coefficient of œ is presumably greater than or equal to 10. This 
implies that for a=.1 the right-hand side of (6.65) is presumably 
greater than or equal to 1. This, however, means that W, was not 
worth constructing since even 0 in place of W, would have given a 
right-hand side equal to 1. In other words: If aS.1 does not hold, 
then the result (6.65) is without interest. If aS.1 holds, then the 
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right-hand side of (6.65) is less than or ne to the expression (6.66). 
It seems therefore logical to assume 


(6.67) as .li. 


Note that this renders our earlier assumption (6.23.c) superfluous: 
aS.1 means that #°8-/uS1/10, 10m98-~ Su, which implies the rela- 
tion in question. 

We can now incorporate (6.66) into (6.65). In this way we obtain: 


(6.651 | 204, — I | S (.56 + 2.83412 + 8.86A)a. 
Since \¥?S (1+))/2 we can simplify (6.65’) to 
(6.65” | 284. — I | < (1.98 + 10.28))a. 


6.9. The general Ar. Various estimates. (6.65) (together with 
(6.41) and (6.67)) is our final result for the 4 fulfilling the conditions 
of (6.23) (that is, (a), (b) there, (c) was eliminated, cf. above after 
(6.67)). That is, this completes our work dealing with the definite A. 
This result still requires some discussion and interpretation, but we 
postpone these until Chapter VII. At this point we turn our atten- 
tion to the general (that is, nonsingular and not necessarily definite) 
A. In order to emphasize the difference, we shall denote the general 
matrix in question by 4; instead of A. 

Let, then 


(6.68) Ar = (47,3) (4,jmi,--+, nf 


be a general (nonsingular), digital matrix. 

Since we have solved the problem of inverting a matrix in the case 
when it is definite (cf. above), we wish to replace the problem of 
inverting A; by that one of inverting an appropriate definite matrix. 
This should be done in analogy with the procedure suggested in §5.1. 
More specifically: The inverting of A; should be based on that of 
A?* Ay. Since we are dealing with digital matrices, however, we have 
to consider 4;*X Ár instead of A;*A;. Furthermore, it will prove 
technically more convenient to use A;X A;* rather than A: X A; (cf. 
the algebraical manipulations leading up to (6.100). We introduce 
accordingly 


(6.69) . A = (4;;) = Ar xX Ar. 


(6.69) indicates that £ is a digital matrix. This, however, is not 
immediate: If we assume of A; merely that all its elements är, lie 
in —1, 1, then the elements 
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(6.70) iy = » Orin X Or, 3e 
k=l ' 


of A need not lie in —1, 1. We shall rectify this shortcoming before 
long, but we prefer to disregard it for a moment, and discuss a few 
other-matters first. 


Put 

(6.71.8) |Ar| = Xr, 

(6.71.b) | Ar |: = pr, 

(6.72.8) . |All =x), 

(6.72.b) Vino 

(Cf. the analogous (5.11.a), (5.11.b).) Furthermore put 
(6.73) ar = np */ur, 

(6.74) | a= np / jh 


(Cf. the analogous (6.41). Note, however, that the denominator of 
the right-hand side of (6.73) is uj and not pr.) 
By (3.31.a) 


(6.75) Asda SB /2 = pyer/2. 
Hence 
= |A| S| Acar | + wrar/2 = | Ar |" + prar/2 
= r+ prar/2 S Xr(1 + ar/2), 
w= |4[.2 | Arar h- ee? = | rer —`prar/2 


= ur — prar/2 = pr(1— ar/2), 


iatis, 
(6.76.8) dS A + ay/2), 
(6.76.b) u & ur(1 — ar/2). 
From (6.76.b) and (6.73), (6.74) 
a QI -Z 
6.77 as 
£ ) = 1 — ay/2 


Hence the condition (6.67), which we restate 
(6.78) as .1, 
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is fulfilled, if 
(6.787 ar & .095. 
Accordingly, we postulate (6.787). 
(6.78) implies u40, that is, the nonsingularity of A. (6.75) implies 


| t, £) — Grate, & | < urar | €|'72. 


Next 
(4;Art, © = Are, ar) Are al Ar |r fel. 
Since | 4,*|,=]4r|:=ur, this is greater than or equal to 
ar|é]". 


Hence 

(AE 2 ur | | *— pror | e]'/2, 
and so, by (6.78’), (At, £) 2&0. Therefore A is definite. We sum up: 
(6.79) A is (nonsingular and) definite. 


We conclude this section by securing the digital character of 4, 
that is, of all 4;,. What is required is that all dy lie in —1, 1. Now by 
(6.70) 


lii — D drat n| S n8 /2 = „B '/ 2n = prar/ 2n, 
hæl 


and, since #210, ær <.1, is less than or equal to 


\ 1 3: 
` 200 2" 
Hence 
(6.80) — | dul í 5] Sr: | | ðr, ia| + ur/200. 
bm] 
Now 
2 a 1/2 n 1/2 
È | arael | ara] s ( È rat) (È era’) 
k=l 1 bl 
(6.81) 


s Rees San 


1% hæl 
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and, since A;(I!) =A! and = =1, 
(a) 
ur S| Ar i => (Gran); 
hel 
that is, 
(6.82) aS Min P (drm). 
kml," °, peel 
By (6.81), (6.82) we obtain from (6.80) 
(6.83) ` | dul 3 1.005 Max > (ärm). 
k=l, ++, pol 
Again 
a n np 
>, Gran X drm — >, (ära)! S — 
bmi Lal 2 
and, as above, is less than or equal to ` 
2 
ee 
200 
Hence 
2 
A an HI 
> ära X da È » (r,a)? — — 
b—1 b=] 200 
and by (6.82) is greater than or equal to 
.995 ` (är, 1)’. 
b=] 
Consequently 
(6.84) È (ra) 2D aaa X dra 
.995 net 
Thus 
(6.85) Do drug X ära S99 (i = 1,- o, 2) 
jl 


implies by (6.84) and (6.82), (6.83) 
(6.82 ur S 1, 
(6.83’) | | us| 51. 
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We assume the validity of (6.85). Then the digital character of 4 
and of the & is secured. 


6.10. Continuation. By (6.78), (6.79), and the remark after (6.83), 
A fulfills the conditions (6.23a), (6.23b), (6.67). Hence our results 
on inverting a definite matrix apply to it, and we can form the go 
and Wy, of §§6.7, 6.8 for this A. 

(6.65’’) shows that 20W. is an approximate inverse of A, and 
(6.75) shows that A is approximately 44;*. It is therefore reasonable 
to expect that 2%4;*W) will be usable as an approximate inverse of 
Ay. Since we want a digital matrix, we should consider 2"4;"*x Ws 
instead of 204 *W >. 

The digital character is, of course, desired for A;*X Wo, and not 
for 2e4;*XW). (Cf. with respect to this the last remark in §7.6.) 
However, the digital character of A;*X Wao is open to the same 
doubts, which we discussed immediately after (6.69) in connection 
with ArX A;*: We know that the elements är.: of Af and the ele- 
ments wif) of Was lie in —1, 1, but this does not guarantee that the. 
elements 3; J i: ðr m Xo of A;*xW, lie also in —1, 1. It is 
therefore necessary that we make certain that the 3, do lie in-—1, 1. 

Write q for go, and put 


(6.86) = Daw X Bay 
b= 
We argue as in the corresponding part of 6.9: By (6.86) 
KY — Do trma | S x6 '/2 = n B'/2n = prar/2n, 
bl 


and, since #210, ær S.1, and by (6.82’), is less than or equal to 


1 
200 
Hence | 
(6.87) PIs Elana t. 
bam 1 200 
Now 


(6.88) 2 nnll 2? | < (È aradt) ( È (oi? J 


+ 


Furthermore 
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a : A e 1 
(6.89.a) | >, Gr wt X GI, hn — > (dr mP S s 300 
` bel keel] 

; Te t o wal _ ao 1 
6.89.b Wi; X Dy; — — S5 — : 
( ) ps b} hf s 7 S 200 
Therefore 
(6.90.a) 2 Oru X är, S .99, 
(6.90. b) 2 Diy X Da < .99 


imply by (6.89.a), (6.89.b) with (6.88) and (6.87), that 


(6.87) 0. lay | S14. 


That is, in this case 3; ) lies in —1, 1, as desired. 
We propose to treat “6. 90.a), that is, 


(6.91) D ðr, X dra, S .99 GG=1,---, ft), 


like the analogous (6.85), as a postulate concerning Ay. On the other 
hand (6.90.b), which coincides with (6.57’.b), will be secured by an 
appropriate choice of g. In other words: 

The go, which was the value given to g throughout 50. 8, was defined 
by (6.59) in $6.7. It was the minimal q (=0, 1, 2,---) fulfilling 
(6.53), (6.57'.a). We have seen that we should now aie (6.57/.a) 
by (6.57’.b), and thereby give q a new value qi, instead of qo. 

We define accordingly: 


(6.92) Let qı be the minimal q (=0,1, 2,---) for which the con- 
ditions (6.53), (6.57’.b) are fulfilled. (Cf. the remark after (6.58) and 
footnote 32.) 


We can now repeat a good deal of the argument following upon 
(6.58) with practically no change: 
(6.58) shows that the minimal q of (6.50.a) is not more than qu. 
Hence qı, too, fulfills (6.50.b), that is, 
8 1 


6.93 20 < — —- 
l ) = T1782 p 


We put 
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(6.94), Wi = WW = (8). 


The derivation of (6.56) was based on (6.53) alone, hence (6.56) holds 
for Wim Wo, too: 


(6.95) Wi- 2-*2A+D—Z* | S 91a. 


(6.93)-(6.95) are the precise equivalents of (6.60)-(6.62). Therefore 
the entire argument of §6.8 can be repeated unchanged, and we obtain 
the equivalent of (6.65’’): 


(6.96) | 2A W; — T| S (1.98 + 10.28d)a. 


In addition to this we know now that A#*x W. is a properly ' 
formed digital matrix. ° 


6.11. Continuation. The estimates connected with the inverse of 
Ay. We are now able to effect the final estimates of the general case. 
The relevant auxiliary estimates are (6.75), (6.76.a), (6.76.b), (6.77), 
(6.93), (6.96), as well as the two following ones: By (3.31.a) 

(6.97) Ar X Wi — 2:W.| S28 '/2 = mar/2. 
By (6.96) 7 
|A|,| 281] s 1+ (1.98 + 10.28d)a, 
| A lı = 
hence 


1 1.98 + 10.28) 
| 297, | s LEU Ea 


and by (6.76.a), (6.76.b), (6.77) thia is less than or equal to 


1 + (1.98 + 10.28(1 + ar/2)Ar)ar/(1 — ar/2) 
(1 — ay/2) 
Since ar§.1, this is less than dr equal to 
1.20 + 1.2023 
H} 


2 


that is, 


2 
| 1.20 + 1.202 
(6.98) ae ae 
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_ 


These being understood, the procedure is as follows: 


Put 
(6.99) S= A; X Wi. 
(S is digital, cf. the end of §6.10.) 
Owing to 


20475 —I[= 204 (Ar X Wi) — I 
= 2AA; X Wi — Ar W) — (A — ArAr) 29W, 


F (20AW, = I}, 
we have 
| 204:3 — I| = 29| Z| | Arx Wi — Ar W] 
(6.100) + |2- ArAr || 2001| 


+ | 224W; — T|. 


By (6.93), (6.97) the first term of the right-hand side is less than or 
equal to 

8 1 4 1 4 

(oe. a 

and by (6.77), (6.76.b) this is less than or equal to 

1 

4 ——— c ya, | 
1— 1.78a;/(1 = ar/2) 1— ay /2 
and, since ay S.1, is less than or equal to 
. 5.20Arexr. 


By (6.75), (6.98) the second term is less than or equal to 


2 
1 s 1.20 + 1.20Ar 
ee = (.60 + .60Ar)ay. 
H 


t 


2 

By (6.96) the third term is less`than or equal to 
(1.98 + 10.28A)a, 

and by (6.76.a), (6.77) this is less than or equal to 


(: 98 + 10 28(1 +=) x) 
E l 2 1 — ar/2 


Since ær 5.1, this is less than or equal to 


1947] NUMERICAL INVERTING OF MATRICES OF HIGH ORDER 1089 


(2.09 + 11.35Arar. 


Summing up, and using (6.100), we obtain: 


(6.101) | 2udyS — I| S (2.69 + 5.2007 + 11.95d) ay. 
Since Ar S(1+A})/2, we can simplify (6.101) to 


(6.102) | 20475 — I| < (5.29 + 14.55d) er. 


CHAPTER VII. EVALUATION OF THE RESULTS 


7.1. Need for a concluding analysis and evaluation. Our final re- 
sult is stated in (6.65’’) for (nonsingular and) definite matrices A 
and in (6.102) for (nonsingular) general matrices Ar. These state- 
ments and the considerations which led up to them form a logically 
complete whole. Nevertheless a concluding analysis and evaluation of 
these results, including a connected restatement of their underlying 
assumptions and of their constituent computations and discrimina- 
tions, is definitely called for. Indeed, both the assumptions and the 
computations are dispersed over the length of Chapter VI and are 
not easy to visualise in their entirety; furthermore the assumptions 
were repeatedly modified, merged and rearranged. In addition, and 
this is more important, there entered into the procedure various 
quantities and properties which cannot be supposed to be known 
when the problem of inverting a matrix 4 or A; comes up: For some 
of these the determination involves problems which are at least as 
difficult as that of inverting A or Ar, and may even be in themselves 
closely connected or nearly equivalent to that inverting. Examples 
of such quantities or properties are: | A| =), |Ali—xu, | Ar! =r, 
| 4r]:—yr, the nonsingularity of A or of Ar, the definiteness of F. 
Indeed, the basic quantities a=n98-*/y and ar=n p/p? belong to 
this category, and with them the final estimates (6.65/ ’) and (6.102) 
and their preliminary conditions (6.67) (or (6.78)) and (6.78’). 

We shall clarify these matters, and show that our procedure is 
actually self-consistent and leads directly to those types of results 
that one can reasonably desire for a problem like ours. 

In connection with this we shall also estimate the amount of com- 
putation work that our procedure involves, and say something about 
the standards by which this amount may be judged. 


7.2. Restatement of the conditions affecting A and Ar: (A — (D). 
` We assume, as we did throughout Chapter VI, that »210. Indeed, 
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for smaller values of # the problem of inverting a matrix hardly 
justifies this thorough analysis. 

Let us now consider the hypotheses concerning A and År. 

First, both are introduced as digital matrices. This secures auto- 
matically that all their elements lie in —{1, 1. This implies, of course, 
(6.23.b) for A. In the case of Ar we need more: (6.85), (6.91), that is, 


(7.17.8) >» ðr X tra @ .99 (i= 1,,”), 
pl 

(7.17.b) » Gray X Ort < .99 Gj = fy 2 5 » n). 
i iml 


Second, nonsingularity is required for both A and År, but tbis 
means u0 and urs£0, which is obviously subsumed in (6.67) (or 
(6.78)) and (6.78’). We restate, however, these latter conditions: ~ 


(7.2) aS Ai, thatis, p2 108, 
(1.21) ar 1095, thatis, wre 10.5" 8. 


Thus (6.23.c) (cf. the remark after (6.67)) and part of (6.23.a) for 
A are taken care of. 

Third, A has to be definite, which covers the residual part of 
(6.23.a). 

This is a complete list of our requirements. We restate it. 

(eA) A and A; are digital. 

(B) Ay fulfills (7.17.a), (7.1r.b). 

(© A and A; fulfill (7.2) and (7.21), respectively. 
= (D) Ais definite. 

(A), (B) are explicit conditions, of which (£) is automatic and (B) 
immediately verifiable by digital computation. (C), (D), on the 
other hand, represent the difficult type to which we referred in 7.1. 

It is desirable to say a few things in connection with (4), (B) be- 
fore we begin the analysis of (C), (D). 


7.3. Discussion of (A), (B): Scaling of A and Ay. We noted al- 
ready that (£) is automatically fulfilled. (B) can be satisfied by an 
appropriate “scaling down” of Az, for example, by applying the 
operation +2” with a suitable p(=0,1,2,---) to all its elements. 

On the other hand, we may if necessary “scale up” A or Ar, for 
example, by multiplying it by 27’ with a suitable b'(=0,1,2,:--). 
In the case of A, by choosing p’ maximal without violating (4), we 
can make Max;,jo1,..-,» ad greater than or equal to one-half its 
permissible maximum, that is, 
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(7.3) ls Max [a] st, 
2 Lj=1,'*',s 

In the case of Ar: if no p was needed (that is, if p=0), we 
can choose p’ maximal without violating (4), (B); or, if p was 
needed (that is, if p =0 conflicts with (8)), we can choose p minimal 
without violating and omit p’ (that is, put p’=0). This makes 
Mai joi sig: or i=l, ciel a Orig X Er aji ae ðr, uX ðr.) greater 
than or equal 4a one-quarter its permissible maximum, that is, 


` 99 E = 
; (7.37) — S Max ( SS år, ii X Or,14, 2 dr, X trus) 
P 4 j l l 


=i,- moim], +>, 
s .99. 


We assume that these scaling operations have been effected, so 
that we have (7.3) and (7.3r) for A and År, respectively. 

(7.3) implies by (3.17.b) (first half) 
(7.4) | Ae 1/2. 
From (7.37), on the other hand, we can infer this. 502, är, Xð, 
and > #1 dlu differ by not more than n§-*/2=y39,/2n. Since we 


shall assume arS.1, we can argue, as we did at the end of 6.9, that 
this quantity is not greater than 1/200. Hence 


T dra È 24. 
pl 


Now since A;(I¥!) =Af! and | I#)| =1, so 


{7} 
vel Ts È din 2 24, 


that is, ` 
(7.4r) Ar 2 49. 


We sum up: 
(eA), (B) can and will be satisfied, indeed strengthened to (7.3) 
and (7.37), by scaling A and A; by appropriate powers of 2. 


7.4, Discussion of (C): Approximate inverse, approximate singu- 
larity. Let us now consider ((°). 
Whether (C) is fulfilled or not cannot be decided in advance by 
any direct method, or to be more precise, it constitutes a problem 
that is rather more difficult than the inverting of A or of Az. Accord- 


f 
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ingly, we do not propose to decide this in general. What we do pro- 
pose to do instead is this: 

Given Á or Ay, we wish to obtain an approximate inverse of A 
(or Ar) by computational methods. Now it is clear that the solution of 
this problem cannot consist of furnishing such an (approximate) 
inverse, since A (or Ar) may not have any inverse, that is, since it 
may be singular. Whether A (or Ar) is singular or not is in general 
(that is, disregarding certain special situations) a problem of about 
the same character and depth as the finding of an (approximate) 
inverse (if one exists). Consequently the proper formulation of our 
problem is not this: “Find an (approximate) inverse of A (or Ar),” 
but rather this: “Either find an (approximate) inverse of A (or An), 
or guarantee that none exists.” 

Let us consider each one of these two alternatives more closely. 

An approximate inverse of a matrix P might be defined as one 
which. lies close to the exact inverse P-t. From the point of view of 
numerical procedure it seems more appropriate, however, to inter- 
pret it as the inverse P’—! of a matrix P’ that lies close to P that is, 
to permit an uncertainty of, say,ein every element of P. Thus we 
mean by an approximate inverse of P a matrix Q=P’—!, where all 
elements of P—P’ have absolute values not greater than e9” ~~ 

The nonexistence of an approximate inverse of a matrix should now 
be interpreted in the same spirit. From the point of view of numerical 
procedure it seems appropriate to interpret it as meaning that, with 
the uncertainty e which affects every element of P, P is not dis- 
tinguishable from a singular matrix. That is, that there exists a singu- 
lar matrix P” such that all elements of P— P” have absolute values 
not greater than e. (Cf. again footnote 33 above.) 

We can now correlate our results concerning A and Ar with (C): 
We had, for A, (6.65’’) based on (7.2) (that is, (6.67) or (6.78)), and, 
for Ay, (6.102) based on (7.27) (that is, (6.78’)). The conditions 
(7.2) and (7.27) correspond, of course, to (©). 

We restate (6.65’’) and (6.102): 


(7.5) | 284, — I| < (1.98 + 10.28) 9298-*/p, 


(7.51) | 2221S — I| < (5.29 + 14.55) B Jur, 
respectively. By (7.4), (7.4r) these imply 


= This corresponds, of course, to the source of errors (B) in §1.1. As we pointed out 
before, the effects cf (B) are not the subject of this paper. It seems nevertheless 
reasonable to take (B) into consideration at this stage, when we analyse what con- 
cept and what degree of approrimation Is to be viewed as significant. 
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(7.5 | 2840, — I| S 14.240/p) 36-8, 


(7.52) | 20475 — I| S 36.580r/u)# p, 


respectively. (7.2) and (7.2r) are (sufficient) conditions for the validity 
of these relations. We restate instead their negations, which are 
alternatives to the relations in question. They are: 


(7.6) u < 108%6-*, 
(7.61) pr < 10.588, 
' respectively. 


Thus we have either (7.5’) or (7.6) for A, and either (7.5 or 
(7.61) for Ar. Now (7.5), (7.51) on one hand and (7.6), (7.6r) on the 
other correspond just to the two alternatives mentioned above: 

(7.5) and (7.57) express that 2®W, and 25 are approximate in- 
verses of A and År, respectively. (7.6) and (7.67) express that A and 
A,, respectively, are approximately singular. We leave the working 
out of the details, which can be prosecuted in several different ways, 
to the reader., 


7.5. Discussion of (D): Approximate definiteness. We come finally 
to (D). 

Whether (D) is fulfilled or not, that is, whether A is definite or not, 
is again difficult to ascertain. In this case, however, the situation is 
somewhat different from what it was in the preceding ones. 

(D) arises for A only. Indeed, it is the extra condition by which 
the inverting of 4 is distinguished from the inverting of Ar, that is, 
which justifies the use of the more favorable estimates (7.5), (7.6) 
that apply to the former, instead of the less favorable estimates 
(7.55), (7.67) that apply to the latter. It states that A is definite. 

One will therefore let the need for (D) arise, that is, want to use the 
A-method, only when it is known a priori that (D) is fulfilled, that is, 
that A is definite; that is, only when A originates in procedures 
which are known to produce definite matrices only.™ 

This might seem to dispose of (D), but there is one minor observa- 
tion that might be made profitably: 

A will have been obtained by numerical procedures, which are 
affected by (round off) errors. In spite of this we can assume that 4 
is symmetric, but it need not be definite, only approximately definite. 
That is, there will be an estimate, by virtue of which this can be as- 
serted: For a suitable definite matrix A’ all elements of A — A’ have 


“ For example, when A is a correlation matrix. 
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absolute values, say not greater than e. (This may be interpreted as 
a violation of the principle stated at the end of (d) in §2.2.) 

This does not, of course, guarantee that A is definite. It does, 
however, imply this: -~ 


(7.7) If A is not definite, then pane 


~ Indeed: Assume that J is not definite. It is assumed to be sym- 
metric, hence by (3.21.a) it has a proper value \;<0. Since M is a 
proper value, there exists a 0 with 





(7.8) ` At = Mk. 

Hence (AE, £) =M] £|?<0, that is, 

(7.9) (dt, < 0. 

Since A’ is definite, therefore 

(7.10) : (A't, 8B 0. 

By (3.17.b) (second half) |A—A’| Sne hence by (3.10) 
(7.11) | (E — AYE, &) | < nel |°. 

(7.9), (7.10), (7.11) imply together 

(7.12) — ne| |? S$ Ag, 5) < 0. 

Since (AE, £) =);| |3, (7.12) implies —ne||*SA,|£|*£0, hence 
(7.13) |A| S me. 


Now (7.8), (7.13) gives | At| Snel £|, and therefore u=|A|:Sne, as 
desired. ` l 

The significance of (7.7) is that it produces for (D) the same type 
of alternative which we obtained, and found satisfactory, in the last 
part of §7.4 for (C). Indeed, (7.7) guarantees that A is either definite, 
that is, (D) is fulfilled, or that 


(7.7) u Sne 


and (7.7') is exactly of the same type as the alternative conditions 
(7.6) and, (7.6r) in the part of §7.4 referred to. 


7.6. Restatement of the computational prescriptions. Digital char- 
acter of all numbers that have to be formed. We can sum up our 
conclusions reached so far as follows: 

A and A; must be scaled by an appropriate power of 2 as indicated 
in $7.3, that is, according to (7.3) and: (7.3r), respectively. If A is 
to be used, we assume in addition that it is symmetric and approx-' 
mately definite (in the sense of $7.5, within a termwise error of, say, 
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e). Our computational prescriptions then furnished the matrices 
20W, and 2W,, such that either (7.5) or (7.6) or (7.7') holds in the 
case of A, and either (7.57) or (7.67) holds in the case of Ay. (7.5) and 
(7.51) mean that we found an approximate inverse; (7.6) or (7.7), 
and (7.61) mean that the matrix was not inverted, because we 
found it to be approximately singular. 

To this the following further remarks should be added: 

The computational prescriptions to which we referred above are: 

In the case of A: Form the a (k=1,---,"3 4, jok,---,n) 
according to (6.3), (6.4). From these obtain the d; (¢=1,---,) by 
(6.30) and the by (¢, j=1, ---,) by (6.31). From these obtain the 
Diz, Jin žy GF m1, - + +, n) by (6.35). Then form ther; (j=1, ---,#) 
by (6.51). From all these form the a (j=1, ---,n) by (6.53) and 
the wy’ (é,7=1,--*,) by (6.55), obtaining g =g from (6.59) (that 
is, with the help of (6.53), (6.57’.a)). Finally put Wy = (aif). ° 

In the case of Ar: Form 4 by (6.69). Then proceed exactly as in the 
case of A above, with this exception: Instead of q=¢o obtain q=q 
from (6.92) (that is, with the help of (6.53), (6.57’.b)). Then form 3 
by (6.99). 

All these constructions were carried out ahd discussed in Chapter 
VI. We also showed in the course of those discussions that all the 
numbers to which we referred above, as well as all the intermediate 
ones which occur in their constructions, are properly formed digital 
numbers, and, in particular, lie in —1, 1 (except go, 2% and q, 2%, 
cf. below). This depended however.on our assumptions concerning 
A and Ár, which were summarized in (A) — (D) in §7.2. Now 
(¢4){D) are either contained in the assumptions made at the be- 
ginning of the present section, or expressed by the alternative possi- 
bilities (7.5), (7.6), (7.7’) and (7.5), (7.67) enumerated there. We 
can therefore assert this: 

Either all the constructions that we enumerated above produce 
only digital numbers (including all the intermediate ones which occur 
in these constructions), which are properly formed, and, in particular, - 
lie in —1, 1; or one of the alternative conditions must hold: (7.6) or 
(7.7’) for A, (7.6) for Ar. 

We conclude this section by noting: The approximate inverses of 
A and Ay; are, by (7.5) and (7.57), 20W, and 23, respectively. We 
and Š are digital matrices, but 28W, and 2&5 need not be: Their ele- 
ments need, of course, not lie in —1, 1. This is clearly unavoidable 
for an approximate inverse. Since we want to use only digital num- 
bers, 2®W , 285 should be formed and recorded by keeping 2%, 2% 
and Wo, 5 separately. Wo, 3 are digital matrices, so they offer no 
diffculty. 2%, 2% are not digital, but we may form and record the 
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digital 28-*, 2%8-* or the equally digital qqS*, gf ~ instead. All - 
the computations to which we referred at the beginning of this sec- 
tion deal, however, with digital numbers only, as we pointed out 
- further above. 


7.7. Number of arithmetical operations involved. It may be of 
interest to count the arithmetical operations that are involved in 
our computational prescriptions, as stated at the beginning of §7.6. 
Since most computations ‘are dominated by the multiplications and 
divisions they contain, we shall only count these. > 

Referring back to the enumeration at the beginning of $7.6, we 
find: 





In the case of 4: 
Multiplications Divisions 
(6.3) nla + 1)(n + 2)/6* a(e-+1)/2% | 
(6.4) 
(6.30) - 
(6.31) — known from (6.3) 
(6.35) (a — 1)n(n + 1)/6 —— s) 
(6.51) 
(6.53) — n” 
(6.55) nin + To + 2)/6 
(6.59) 
Total (m? + 2#! + )/2 (n? + 3#)/2 
Additional in the case of Ar: | 
From 4 (n? + 2m? + 2) /2 (n? + 3n)/2 
* (6.69) ni(n + 1)/2 
(6.99) — n?’ 
(4n? + 3n? + n)/2 (n? + 3n)/2 


a We do not omit trivial multiplications like 4X1 and trivial divisions like 
+4, since their numbers are irrelevant compared to the whole. We do, however, 
omit scaling operations 2°3 and @+-2!, since these are likely to be effected in simpler 
a aaa aaa aa a ata a are 
irrelevant. 
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Since we are interested in large values of # (at least n 210), we can 
use the asymptotic forms: For 4: n?/2 multiplications, #?/2 divisions. 
For Ay:2n* multiplications, n?/2 divisions. The divisions are pre- 
sumably irrelevant in comparison with the multiplications. Hence our 
final result is: For £ :n?/2 multiplications, for Ar:2* multiplications. 

Note that an ordinary matrix multiplication consists of »? (num- 
ber) multiplications. Hence the A-method of inversion is comparable 
to half a matrix multiplication, while the 4;-method of inversion is 
comparable to two matrix multiplications. It is a priori plausible that 
an inversion should be a more complicated operation than a multi- 
plication. Thus we have in the above a quantitative measure of the 
high efficiency of inverting a matrix by elimination. 


7.8. Numerical estimates of precision. In conclusion, it seems de- 
sirable to make some effective numerical evaluations of our estimates: 
Of (7.5), (7.6) for A (definite case) and of (7.5/), (7.6r) for Ar 
(general case). 

Since the intervening quantities A, u and Xz, ur are not known in 
general (or even, in most special cases, in advance), this cannot be 
done without some additional hypotheses. 

We shall introduce such a hypothesis in the form of the statistical 
results of V. Bargmann,referred to in footnote 24. According to these, 
we can assert for a “random” matrix A; (which we may assume to 

have been scaled in the sense of §7.3, that is, according to (7.3r)) 
that Ar, wr have with a probability ~1 the following sizes: 


(7.147.a) Ar nln, 

(7.14;7.b) ur ~ 1/n1, 

and hence 

(7.14r.c) Mr/ur ~ n, | 


In order to reduce the probabilistic uncertainties to reasonably safe 
levels, we allow a factor 10 in excess of each estimate (7.14;.a)— 
(7.14r.c): 


(7.147 .a) Ar & 1011/3, 
(1.14f .b) ur 2 1/1013, 
(7.14f .c) dz/ur S10. 


For the definite (or approximately definite) matrices it seems very 
unreasonable to introduce any direct “randomness,” since they are 
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usually secondary, originating in other, general matrices. It does not 
seem unreasonable to estimate their \, u about as the squares of the 
above Az, ur; but we shall not attempt to analyze this hypothesis 
here any further. If it is accepted, we obtain from (7.14/ .a)}-(7.14/ .c): 


(7.14'.a) AS 100s, 

(7.14! .b) . u Z 1/100n, 

(7.1#.c) A/u < 100%. 
Now both estimates (7.6), (7.6r) imply (approximately) : 

(7.15) ne .1pt!* 


That is, an approximate inverse will usually be found if # does not 
fulfill (7.15), that is, if 


(7.15) 3 n < 1B”. 


Furthermore, the right-hand sides of both estimates (7.5’), (7.57) 
become (approximately): 


(7.16) < 2,000846-*. 


(The factor 2,000 should actually have been ~1,500 in the case of 
(7.5’), and ~3,500 in the case of (7.5/). We replaced these by the 
common (and, for the second alternative, low) value 2,000 in order 
to simplify matters. This change is irrelevant, because in passing to 
(7.16) a fourth root is being extracted. Besides, the estimate by 
which we passed from (7.5;) to (7.5/) was very generous, because Ay 
is likely to be essentially larger than indicated by (7.4r).) 
Hence this is lees than 1 if 


(7.16/) n < 1589/4, 


that is, an approximate inverse will usually be found if n fulfills 
(7.16’). Its (relative) precision is measured by the fourth power of 
the factor by which # is below the limit of (7.16), or by the first 
power of the factor by which f’ is above it. 

(7.16’) is more stringent than (7.15’) if .156*4s.16*/*, which is 
equivalent to 6" 21.5, 821.5130. This is the case for all pre- 
cisions at which a calculation of the type that we consider is likely 
to be carried out. (It is hardly conceivable that there should not be 
6* 210%.) We may say therefore: 

(7.16’) is the critical condition, regarding the (relative) precision 
of the approximate inverse, cf. the remark after (7.16). 
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Let us now consider some plausible precisions: 


(7.17.8) Bt ~ 108 ~ 27, 
(7.17.b) Bt ~ 101° ~ 28, 
(7.17.c) Bt ~ 1012 ~ 240, 
(7.16’) becomes: 
(7.18.a) a< 15, 
(7.18.b) a< 50, 
(7.18.c) n < 150, 


respectively. As we saw in §7.7, these n correspond to maximally 
~ni~3,500; 120,000; 3,500,000 multiplications. This might pro- 
vide a basis for estimating what degrees of precision are called for 
in this problem by various possible types -of procedures and equip- 
ment. . y 


INSTITUTE FOR ADVANCED STUDY 


THE SUMMER MEETING IN NEW HAVEN 


The fifty-third Summer Meeting of the Society was held at Yale 
University, New Haven, Connecticut, Tuesday through Friday, 
September 2-5, 1947. The Mathematical Association of America met 
on September 1-2 and The Institute of Mathematical Statistics on 
September 2—4. Over seven hundred people attended these meetings 
among whom were the following four hundred forty-three members 
of the Society: 


J. C. Abbott, C. R. Adams, R. B. Adams, R. P. Agnew, E. J. Akutowicz, E 
Allen, C. B. Allendoerfer, Warren Ambrose, R. C. Archibald, R. F. Arens, H 
Arnold, H. E. Arnold, L. A. Arolan, M. G. Arsove, R N. Ascher, H. T. R Au 
Sitvio Aurora, M. C. Ayer, Frank Ayres, W.. L. Ayres, H. M. Bacon, F. 

H. Ballou, Joshua Barlaz, J. L. Barnes, H. P. Beard, F. S. Beckman. E. G. Beg 
P. O. Bell, A. A. Bennett, Stefan Bergman, Felix Bernstein, A. H. Black, Garre 
Birkhoff, D. H. Blackwell, R. P. Boas, H. W. Bode, J. W. Bower, J. G. Bowker 
H. R. Brahana, A. T. Brauer, Richard Brauer, J. V. Breakwell, Robert Breusch, J. R- 
Britton, Foster Brooks, Bailey Brown, R. H. Brown, E. F. Buck, R. C. Buck, L. 
H. Bunyan, M. L. Burke, F. J. H. Burkett, W. K. Burroughs, Hobart Bushey, J. H. 
Bushey, W. H. Bussey, Albert Cahn, S. S. Cairns, B. H. Camp, G. C. Campbell, R. 
E. Carr, W. B. Carver, G. F. Carrier, C. R. Cassity, W. B. Caton, Omar Catunda, 
K. Chandrasekharan, Harold Chatland, W. F. Cheney, W. L. Chow, D. E. Christie, 
K. L. Chung, C. E. Clark, H. E. Clarkson, A. B. Coble, I. S. Cohen, L. W. Cohen, 
Nancy Cole, R H. Cole, L. A. Colquitt, Esther Comegys, Erben Cook, T. F. Cope, 
L. P. Copeland, W. H. H. Cowles, V. F. Cowling, M. J. Cox, H. S. M. Coxeter, C. 
C. Craig, Jane Cronin, L. L. Cronvich, C. W. Crouse, E. L. Crow, H. B. Curry, G. 
B. Dantzig, M. D. Darkow, F. H. Davidson, D. R. Devis, M. D. Davis, F. F. Decker, 
C. E. Dimick, Bernard Dimsdale, L. L. Dines, M. P. Dolciani, M. D. Donasker, 
H. L. Dorwart, Y. N. Dowker, Arnold Dresden, Nelson Dunford, W. L. Duren, 
Wiliam H. Durfee, Ben Dushnik, Beno Eckmann, Samuel Eilenberg, Churchill 
Eisenhart, F. M. Ellis, Murray Ellis, Bernard Epstein, Paul Erdte, M. W. Eudey, 
H. P. Evans, B. G. Farley, Herbert Federer, J. M. Feld, William Feller, A.-D. 
Fialkow, F. A. Ficken, N. J. Fine, H. A. Fisher, W. B. Fite, W. W. Flexner, M. M. 
Flood, L. R. Ford, R. M. Foster, F. H. Fowler, A. H. Fox, R. H. Fox, J. S. Frame, 
Orrin Frink, R. E. Fullerton, H. L. Garabedian, L. J. Girding, C. S. Gardner, R S. 
Gardner, H. M. Gehman, Hilda Geiringer, B. H. Gere, Irving Gerst, B. P. Gill, R. 
E. Gilman, Wallace Givens, A, M. Gleason, H. E. Goheen, Michael Goldberg, R- O. 
Goodman, M. J. Gottlieb, M. C. Graustein, H. J. Greenberg, Leonard Greenstone, 
Edison Greer, V. G. Grove, Theodore Hailperin, D. W. Hall, Marshall Hall, P. R 
Halmos, O. H. Hamilton, R. W. Hamming, G. H. Handelman, B. I. Hart, K. E. 
Hazard, G. A. Hedlund, A. E. Heins, M. H. Heins, R. G. Helsel, Aaron Herschfeld, 
Fritz Herrog, Edwin Hewitt, T. H. Hildebrandt, Einar Hille, I. I. Hirschman, 
G. P. Hochschild, Banesh Hoffmann, T. R. Hollcroft, R. H. Hoekins, Harold Hotel- 
ling, A. S. Householder, C. C. Hstung, H. T. Hsu, E. M. Hull, Witold Hurewicz, W. 
A. Hurwitz, R. E. Huston, L. C. Hutchinson, S. B. Jackson, Nathan Jacobson, 
J. J. Janko, Herbert Jehle, E. D. Jenkins, S. A. Jennings, R. N. Johanson, R. B. 
Johnson, R. F. Johnson, C. W. Jordan, Aida Kalish, Irving Kaplansky, William 
Karush, M. E. Kellar, L. M. Kelly, A. J. Kempner, D. E. Kibbey, Fred Kiokemeister, 
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W. J. Klimczak, E. R. Kolchin, H. S. Konijn, C. F. Kossak, M. Z. Krzywoblockd, Jack 
Laderman, W. D. Lambert, H. G. Landau, R. E. Langer, E. H. Larguier, J. P. LaSalle, 
H. L. Lee, J. R. Lee, E. L. Lehmann, Marguerite Lehr, R. A. Leibler, Walter Leigh- 
ton, F. C. Leone, Howard Levene, W. J. LeVeque, Norman Levinson, D. C. Lewis, 
F. A. Lewis, M. A. Lipechutz, B. J. Lockhart, Z. L. Loflin, A. J. Lohwater, W. R. 
Longley, Lee Lorch, C. I. Lubin, V. O. McBrien, E. D. McCarthy, R. B. McClenon, 
Dorothy McCoy, N. H. McCoy, E.'A. McDougle, W. H. McEwen, L. A. MacColl, 
G. W. Mackey, G. R. MacLane, H. F. MacNeish, H. B. Mann, Morris Marden, M. 
H. Martin, W. T. Martin, P. R. Masni, F. J. Massey, F. I. Mautner, A. E. Meder, 
G. M. Merriman, E. L. Mickelson, E. J. Miles, A. N. Milgram, Knox Millsaps, S. 
Minakshisundaram, H. J. Miser, J. M. Mitchell, E. B. Mode, Deane Montgomery, 
J.C. Montgomery, F. V. E. Marfoot, C. N. Moore, T.W. Moore, E. M. Morenus, R. 
K. Morley, D. S. Morse, Frederick Mosteller, H. T. Muhly, C. G. Mumford, W. R. 
Murray, J. R. Musselman, A. L. Nelson, P. F. Neményi, E. D. Nering, O. E. Neuge- 
bauer, John von Neumann, C. V. Newsom, E. N. Nilson, G. E. Noether, P. B. 
Norman, E. P. Northrop, H. W. Norton, Lawrence Norwood, R. E. O'Connor, P. S. 
Olmstead, Paul Olum, T. G. Ostrom, E. R. Ott, M. H. Payne, D. K. Pease, W. H. 
Pell, P. M. Pepper. R. I. Pepper, Sam Perlis, H. R. Phalen, George Piranian, J. G. 
Pocock, Harry Pollard, C. R. Polley, George Pólya, William Prager, G. B. Price, A. 
L. Putnam, G. Y. Rainich, J. F. Randolph, Anatol Rapoport, R. B. Rasmusen, 
C. H. Rawlins, G. E. Raynor, L. J. Reed, C. J. Rees, Mina Rees, W. T. Reid, Irving 
Reiner, B. P. Reinsch, Helene Reschovsky, C. N. Reynolds, R. G. D. Richardson, 
C. E. Rickart, P. R. Rider, F. D. Rigby, John Riordan, J. F. Ritt, E. K. Ritter, H. E. 
Robbins, H. M. Roberts, M. S. Robertson, L. B. Robinson, L. V. Robinson, Saul 
Rosen, J. B. Rosser, M. F. Romkopf, E. H. Rotbe, Herman Rubin, Charles Saltzer, 
H. E. Salzer, Hans Samelson, Arthur Sard, Max Sasuly, F. E. Satterthwaite, A. T. 
Schafer, R. D. Schafer, M. M. Schiffer, A. E. Schild, O. F. G. Schilling, R. W. 
Schmied, I. J. Schoenberg, K. C. Schraut, J. E. Schubert, Abraham Schwartz, G. E. 
Schweigert, W. T. Scott, C. E. Sealander, C. H. W. Sedgewick, I. E. Segal, A. S. 


Shiffman, Marlow Sholander, D. T. Sigley, Milton da Silva Rodrigues, D. N. Silver, 
M. M. Slotnick, D. M. Smiley, M. F. Smiley, C. V. L. Smith, F. C. Smith, P. A. 
Smith, R. E. Smith, W. M. Smith, Ernst Snapper, W. S. Snyder, Andrew Sobczyk, 
Herbert Solomon, E. H. Spanier, A. H. Sprague. C. E. Springer, D. E. Spencer, V. E. 
Spencer, M. E. Stark, E. P. Starke, Rothwell Stephens, F. M. Stewart, R. W. Stokes, 
R. R. Stoll, R. C. Strodt, Walter Strodt, M. C. Suffa, A. C. Sugar, M. M. Sullivan, 
J. L. Synge, Gabor Szegd, A. H. Taub, J. S. Taylor, Feodor Theilheimer, J. E. Thomp- 
son, D. L. Thomsen, R. M. Thrall, W. J. Thron, H. S. Thurston, Gerhard Tintner, 
Leonard Tornheim, M. M. Torrey, J. I. Tracey, W. J. Trjitzinaky, C. A. Truesdell, 
Y. W. Teschen, Bryant Tuckerman, J. W. Tukey, H. S. Uhler, S. M. Ulam, E. P. 
Vance, H. E. Vansant, Philon Vassiliou, D. F. Votaw, Abraham Wald, H. M. Walker, 
R. J. Walker, Henry Walman, J. L. Walsh, R. M. Walter, J. B. Walton, C. W. Wat- 
keys, G. C. Webber, Alexander Weinstein, B. A. Welch, D. W. Western, G. W. 
Whitehead, A. L. Wbiteman, P. M. Whitman, Hassler Whitney, D. V. Widder, 
L. R. Wilcox, S. S. Wilks, M. F. Willerding, John Williamson, G. M. Wing, R. M. 
Winger, H. A. Wood, Jacob Wolfowitz, F. M. Wright, Bertram Yood, J. W. T. 
Youngs, J. A. Zilber, Oscar Zariski. 


On Tuesday afternoon, Wednesday, Thursday and Friday morn- 
ings, Professor Oscar Zariski of Harvard University gave the Col- 
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loquium Lectures on Abstract algebraic geometry. President Einar 
Hille, Professor A. B. Coble, Professor T. H. Hildebrandt, and Vice 
President L. R. Fard presided in turn at these lectures. 

On Thursday afternoon Professor S. S. Wilks of Princeton Univer- 
sity gave an address on Sampling ne of order statssitcs. Professor 
Harold Hotelling presided. 

Presiding officers for the sessions of contributed papers were: 
Applied Mathematics, Tuesday afternoon, Professor William Prager; 
Geometry, Tuesday afternoon, Reverend R. E. O’Connor; Analysis, 
Wednesday morning, Professor W. T. Reid; Algebra, Wednesday 
morning, Professor P. M. Whitman; Applied Mathematics, Thursday 
morning, Professor W. T. Martin; Topology, Thursday morning, 
Professor G. E. Schweigert; Statistics and Probability, Thursday 
afternoon, Professor J. W. Tukey; Analysis, Thursday afternoon, 
Professor Gabor Szeg5; Analysis, Friday morning, Professor G. B. 
Price; Algebra, Friday morning, Professor M. F. Smiley. 

There was a business meeting Wednesday morning at which Presi- 
dent Einar Hille presided. 

The general sessions were all held in the auditorium of Sprague 
Hall and the sections were held in this room and in 201 Harkness Hall. 

Registration headquarters were in Branford College. Rooms in 
Branford, Jonathan Edwards, and Saybrook Colleges were available 
to those attending the meetings. Meals were served in the Cafeteria 
of the University Dining Hall. On Wednesday and Thureday morn- 
ings three tours to different parts of the campus were conducted ai- 
multaneously. One included the Sterling Memorial Library and the 
Payne Whitney Gymnasium; another the Gallery of Fine Arts, and 
the third the Peabody Museum. The picnic and swimming at Ham- 
monasset State Park on Wednesday afternoon were enjoyed by over 
four hundred people. Wednesday noon there was a trip to visit the 
insurance companies.in Hartford, Connecticut. The mathematicians 
were the guests of the Connecticut Mutual Life Insurance Company 
at a luncheon served in the Company’s cafeteria. On Wednesday just 
before the picnic there was a tour to the Connecticut Agricultural 
Experiment Station. Throughout the entire week there was an exhibi- 
tion of early books outstanding in the history of mathematics. 

On Tuesday afternoon, the ladies of the mathematics faculty 
served tea in the President’s Room, Woolsey Hall. 

On Tuesday evening, an organ recital was given by Professor H. 
Frank Bozyan of Yale University. 

A group photograph of those attending the meeting was taken on 
Wednesday at 1:30 P.M. 
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The dinner for the three organizations was served in the University 
Dining Hall. Professor W. R. Longley was toastmaster. Director 
E. W. Sinnott of the Sheffield Scientific School welcomed the mathe- 
maticians and their guests. President Einar Hille of the Society, 
President L. R. Ford of the Association and President William 
Feller of the Institute talked about the rapid growth of the three 
organizations in membership and activities. Professor P. R. Rider 
proposed a resolution, unanimously approved, expressing the appre- 
ciation of the members of the three organizations to the administra- 
tion of Yale University, the local committee and all who contributed 
to the success of the meetings. 

The Board of Trustees of the Society met Wednesday at 2:00 p.m. 


The Council met in the jeunes of Jonathan Edwards College at 
8:00 p.m. on Tuesday. 


The Secretary announced the decion of the following eighty-eight 
persons to ordinary membership in the Society: 


Professor José Abdelhay, University of Brazil; 

Mr. Wiliam Attix Allen, Naval Research Laboratory, Washington, D. C.; 

Mr. Alfred Titus Anderson, Sewanhaka High School, Floral Park, N.Y.,and Cooper 
Union, New York, N. Y.; 

Mr. John Jacob Andrews, St. Louis University; 

Dr. Franz L. Alt, Ballistic Research Laboratories, Aberdeen Proving Ground, Md.; 

Mr. Frank Arena, University of Michigan; 

Mr. Eugene August Behmer, Minnesota State Highway Department, St, Paul, Minn.; 

Mr. Paul Walter Berg, New York, N. Y.; 

Dr. Felix Adalbert Behrend, University of Melbourne; 

Professor Enrique Loizelier Blanco, University of Madrid; 

Mr. Henry David Block, Iowa State College of Agriculture and Mechanical Arts; 

Mr. Darrell Hastings Browne, Buffalo, N. Y.; 

Mr, Elmer Jesse Bryson, Shell Development Company, Emeryville, Calif.; 

Mr. Carlos Alberto Aragiio de Carvalho, Federal District, Brazil; 

Mr. Charles William Cassel, Jr., University of Dayton; 

Professor Benedito Castrucci, University of São Paulo; 

Mr. Leo George Chelius, Carbide and Carbon Chemicals Corporation, Oak Ridge, 
Tenn.; 

Mr. Peter Joseph Cocurza, Brooklyn, N. Y.; 

Mr. Robert Reginald Coveyou, Monsanto Chemical Company, Knoxville, Tenn.; 

Mr Charles William Crouse, Manufacturers Casualty Insurance Company, Phil- 
delphia, Pa.; 

Miss Nancy Lee Davidson, U. S. Naval Ordnance Test Station, Inyokern, Calif.; 

Mr. David Bliss Dekker, University of California; 

Mr. Lars Niclas Enequist, Bendix Aviation Corporation, Teterboro, N. J.; 

Mr. Joseph Epstein, Philosophy Department, Cohimbia University; 

Mr. Robert M. Exner, Syracuse University; 

Mr. Edison Farah, University of Sido Paulo; 

Mr. Thorleif Moland Fostvedt, University of Alberta: 

Mr. Peter Alden Franken, New York, N. Y.; 
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Professor Fernando Furquim de Almeida, University of Sio Paulo; 

Mr. Landis Gephart, University of Dayton; 

Mr. Alvercio Moreira Gomes, University of Brazil; 

Miss Elza Furtado Gomide, University of São Paulo; 

Mr. Harry Herbert Goode, Office of Naval Research, Sands Point, N. Y.; 

Mr. Earl Vincent Greer, Bethany-Peniel College, Bethany, Okla.; 

Mr. Ralph Hafner, University of Dayton; 

Mr. Norman Shannon Hall, Jr., Untversity of California; 

Mr. Warren Maurice Hirsch, New York University; 

Mr. Temple Rice Hollcroft, Jr., N. C. A., Washington, D. C.; 

Mr. Morton Allan Hyman, Naval Ordnance Laboratory, Washington, D. C.; 

Mr. Eri T. Jabotinsky, Jerusalem, Palestine; 

Mr. Reginald Charles Jacka, University of Alberta; 

Professor Jaroslav Joseph Janko, University of Technical Sciences of Prague; 

Mr. Robert Kahal, Polytechnic Institute of Brooklyn; 

Mr. Herman Kahn, Los Angeles, Calif.; 

Professor Joseph Kampé de Fériet, Unieaney iat Lille: 

Mr. Edward Lynn Kaplan, Naval Ordnance Laboratory, Washington, D. C.; 
Professor Hendrik Douwe Kloosterman, University of Leiden; 

Mr. Simon Harold Lachenbruch, National Bureau of Standards, Washington, D. C.; 
Mr. Mario Laserna, New York, N. Y.; 

Dean Ta Chung-Heng Li, National Fuh Tan University, Shanghai, China; 
Professor Candido Lima a Silva Dias, University of Sho Paulo; 

Miss Miriam Amalie Lipechutz, Massachusetts Institute of een 

Mr. Sherman Cabot Lowell, New York University; 

Mr. Harold Edwin Malde, Portland, Ore.; 

Dr. J. Carson Mark, Lon Alamoe Scientific Laboratories, Los Alamos, N. Mex.; 
Mr. David G. Mead; West Orange, N. J.; 

Mr. Sidney Melmore, Acomb, York, England; 

Mr. Hasan Hasan Mostafa, Syracuse Uni ; 
Professor Antonio Aniceto Monteiro, University at Brazil; 
Mr. Luiz Henrique Jacy Monteiro, University of Sfo Paulo; 
Mr. Wolfe Mostow, Bureau of Ships, Navy Department, Washington, D. C.; 
Professor Leopoldo Nachbin, University of Brazil; 

Mr. K. R. Narayana Row, Carnegie Institute of Technology; 

Professor Ernesto Luis Oliveira, Jr., University of Brazil; 

Professor Francisco Mendes de Oliveira Castro, School of Engineering, University of 


Brazik 
Professor Theodore Gleason Ostrom, Montana State University; 
Dr. Mary Hewlett Payne (Mra. W. T.), University of Detroit; 
Professor Marillia Chaves Peixoto, School of Engineering, University of Brazil; 
Professor Maurico Matos Peixoto, School of Engineering, a ba aoa 
Dr. Charles Dillon Perrine, Cérdoba, Argentina; 
Mr. Robert Richard Putz, Extension Division, University of California; 
Professor Cortez Benjamin Rader, Univeratty of Houston; 
Mr. Otho Mills Rasmussen, University of Kansas; 
Professor C. Car] Robusto, St. John’s University; 
Mise Sally Irene Rothstein, University of Wisconsin; 
Dr. John Pau! Scholz, Bartol Research Foundation, Franklin Institute, Swarthmore, Pa. 
Mr. Benjamin L. Schwartz, Carnegie Institute of Technology; 


` 
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Professor Raymond Coffey Staley, University of North Dakota; 

Miss Irene Anne Stegun, Mathematical Tables Project, National Bureau of Stand- 
ards, New York, N. Y.; 

Professor Haldum Koca Taskin, Milwaukee School of Engineering, Milwaukee, Wis.; 

Mr. Gino Turrin, Buenos Aires, Argentina; 

Professor Paul Vincensini, University of Besancon; 

Mr. John Howell White, U. S. Naval Academy; 

Dr. Margaret Frances Willerding, Washington University; 

Professor Martin Wright, University of Houston; 

Mr. Norman Joseph Zabb, Brooklyn, N. Y.; 

Mr: Lotfi Asker Zadeh, Electrical Engineering Department, Columbia Untversity; 

Mr. Julian Joel Zeig, College of the City of New York. 

It was reported that the following had been elected to membership 

on nomination of institutional members as indicated: 

Harvard University: Dean Gordon Maskew Fatr; 

Institute for Advanced Study: Professor Wel Liang Chow and Mr. Sven Herbert 
Hilding. 

The Secretary announced that the following had been admitted 
to the Society in accordance with reciprocity agreements with vari- 
ous mathematical organizations: Deutsche Mathematiker Vereini- 
gung: Professor Paul Funk, Technische Hochschule, Vienna, Austria: 
Dr. Maximilian Joseph Pinl, University of Cologne; Professor Hans 
Zassenhaus, University of Hamburg. London Mathematical Society: 
Professor Harold Davenport, University of London; Dr. Arthur 
Erdélyi, Edinburgh University; Dr. Hans Arnold Heilbronn, Univer- 
sity of Bristol; Dr. Archibald James Macintyre, University of Aber- 
deen; Dr. Dan Pedoe, Westfield College, London; Professor Harry 
Raymond Pitt, Queen's University, Belfast, Northern Ireland: Profes- 
sor Harold Stanley Ruse, University of Leeds; Professor Arthur Geof- 
frey Walker, University of Sheffield. Swiss Mathematical Society: 
Professor Johannes Gualtherus van der Corput, University of Amster- 
dam; Professor Walter Saxer, Eidgenössische Technische Hochschule, 
Zurich; Professor Albert Pfluger, Eidgendssische Technische Hoch- 
schule, Zurich; Professor Eugenio G. Togliatti, University of Genoa; 
Professor Georges Valiron, University of Paris. Unione Matematica 
Italiana: Professor Carlo Miranda, University of Naples. 

The Council had adopted by mail vote the report of the Policy 
Committee for Mathematics, favoring the meeting in connection with 
the Mexico City meeting of UNESCO for a preliminary discussion 
of the re-establishment of an International Mathematical Union. Sub- 
sequent to this report of the Policy Committee and in view of the 
unwillingness of the International Council of Scientific Unions to 
sponsor such a meeting in Mexico City, it was agreed by the Policy 
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' Committee to abandon the meeting that had been contemplated for 
Mexico City. 

The Council had also approved by mail vote the publication of the 
Proceedings of the Symposium on Non-linear problems tn mechanics 
of continua, held at Brown University on August 2-4, 1947. 

The following appointments by President Einar Hille were re- 
ported: Professor Nelson Dunford as representative of the Society 
at the inauguration of Rosemary Park as President of Connecticut 
College on May 17, 1947; Professor Morris Marden as representative 
of the Society at the inauguration of Nelson Vance Russell as Presi- 
dent of Carroll College on May 17, 1947; Dr. G. E. Forsythe as 
representative of the Society at the inauguration of Raymond Bern- 
ard Allen as President of the University of Washington on May 22- 
24, 1947; Professor H. S. MacDougal as representative of the Society 
at the inauguration of Fred H. Leinbach as President of South 
Dakota State College on June 2, 1947; Professor J. W. Tukey as 
representative of the Society on the Joint Committee for the De- 
velopment of Statistical Applications in Engineering and Manufac- 
turing; Professors P. R. Rider (Chairman), R. H. Bruck, J. E. Case, 
T. L. Downs, Walter Leighton, Messrs. C. W. Mathews, Marlow 
Sholander, Professor W. H. Roever as a Committee on Arrangements 
for the November, 1947, meeting at Washington University; Profes- 
sors T. H. Hildebrandt (Chairman), Arnold Dresden, J. R. Kline, 
Marston Moree, P. A. Smith, Dr. Warren Weaver as a committee to 
study the problems of the library and housing (joint committee of 
Council and Trustees); Professors Eric Reissner (three years), J. J. 
Stoker (two years), William Prager (one year) as an Editorial Com- 
mittee for Applied Mathematics Symposium Proceedings, with Pro- 
fessor Reissner appointed Chairman of the Committee as now con- 
stituted. 

The Naval Ordnance Laboratory has appointed Dr. C. A. Trues- 
dell as a member of the Laboratory's Committee of Professional 
Society Representatives for the specific purpose of liaison with the 
American Mathematical Society. 

It was reported that Professor Hermann Weyl had accepted the 
invitation to deliver the Josiah Willard Gibbs Lecture at the 1948 
Annual Meeting. 

The following dates of meetings in 1948 were approved: February 
28 in New York City; February 28 in Chicago, Illinois; April 16-17 
in New York City; April 16-17 in Ann Arbor, Michigan; April 
17 in Berkeley, California. The Council also voted in favor of holding 
a meeting in Vancouver, British Columbia in June, 1948, the details 
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to be left to the Associate Secretary for the far west. 

On recommendation of the Colloquium Editorial Committee, the 
Council voted to accept for publication in the Colloquium Series the 
manuscript of Professor R. L. Wilder, entitled Topology of mantfolds. 
It was further voted to invite Professor G. A. Hedlund of the Uni- 
versity of Virginia to deliver a series of Colloquium Lectures at the 
1949 Summer Meeting. 

On recommendation of the Mathematical Surveys Editorial Com- 
mittee, the Council voted to accept for publication in that series a 
manuscript entitled Valuation theory by Professor O. F. G. Schilling 
and one entitled Geometry of the seros of a polynomial by Professor 
Morris Marden. 

The Finance Committee for the Birkhoff Memorial Project re- 
ported that, as of August 18, 1947, a total of $6,616.20 had been re- 
ceived in subscriptions and contributions as a result of the prelimin- 
ary solicitation among friends of Professor Birkhoff and’ members of 
the Society. The Council and Trustees had recommended at an earlier 
date that the project proceed as soon as the sum of $6,000 had been 
received. Hence the Editorial Committee for the project has now 
been requested to begin the task of preparing the material for pub- 
lication. The Council and Trustees approved the tentative price of 
$18.00 per set and the special pre-publication discount of 30 percent 
to members of the Society. It was further agreed by these two 
groups that the final price of the volumes should not be set before 
the contract for their printing has been let and that no subscriptions 
at the pre-publication rate should be accepted after December 31, 
1947, 

It was agreed to change the Society’s Committee on Publicity to a 
joint Committee on Publicity of the Society and the Association. This 
action had been concurred in by the Board of Governors of the Asso- 
ciation. Representatives of other organizations which may meet from 
time to time with the Society and the Association will be added to the 
committee as the occasion arises. 

On recommendation of the Committee on Applied Mathematics, 
President Hille ‘was authorized to appoint a Committee on Known 
Results. This committee is to make a survey of available compendia, 
including tables of infinite series, solutions of differential equations, et 
cetera, but not numerical tables; it is also hoped that this committee 
will propose possible action by the Society to remedy deficiencies re- 
vealed by such a survey. 

Professor Szolem Mandelbrojt has been invited to deliver an ad- 
dress at the November, 1947, meeting at Washington University. 
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Professors R. P. Agnew and W. M. Whyburn were appointed 
representatives of the Society on the-Council of the American Asso- 
ciation for the Advancement of Science for the year 1948. 

Professor T. H. Hildebrandt and Dean M. H. Ingraham were 
nominated as representatives of the Society in the Division of Physi- 
cal Sciences of the National Research Council for the three-year pe- 
riod beginning July 1, 1948. 

It was announced that the Secretary had submitted a report to the 
Rockefeller Foundation in July, 1947, regarding the activities of the 
Policy Committee for Mathematics. The Council and Trustees voted 
to appropriate a sum of $500 per year for the work of the Policy 
Committee which has been financed in the past by generous grants 
from the Rockefeller Foundation. 

The Committee on Aid to Devastated Libraries reported that the 
firat shipment of books and journals was on its way to twelve libraries 
in ten different countries. In response to the appeal published in the 
spring, a number of cash contributions, amounting in total to some- 
what over $300, had been received. Among these contributions there 
are several from student bodies in different institutions. A gift of 
$250 was made by the Mathematical Association of America at the 
New Haven meeting. Further gifts of books and of periodicals were 
received from a number of individuals as well as from a number of 
mathematical journals. | 

The Council recommended to the Trustees that the Editors of 
Mathematical Reviews be authorized to publish in alternate years a 
complete list of the journals from which abstracts are made. 

The President was authorized to appoint a committee to study the 
present organization of the Society and to make recommendations 
at an early date for such changes as they deem to be necessary to 
adjust the organization of the Society to present conditions. 

In the Council Meeting and later at the Business Meeting of the 
Society it was announced that Mrs. Genevra Barrett Hutchinson, 
who died recently, had made a bequest of one thousand dollars to the 
Society in memory of her late husband, John Irwin Hutchinson, and 
in accordance with his wishes. John Irwin Hutchinson (1867—1935) 
was successively instructor, associate professor, and professor of 
mathematics at Cornell University from 1894 to 1935. He was one of 
the first cooperating editors of the Transactions of the Society, serv- 
ing from 1902 to 1915. In 1910 he was vice president of the Society. 
He made frequent contributions of research papers, chiefly in anal- 
ysis, but also in algebra and geometry. Two of his achievements 
deserve particular mention for their permanent value and the atten- 


1947 THE SUMMER MEETING IN NEW HAVEN 1109 


tion they attracted here and abroad: the introduction of the iso- 
metric circle in connection with automorphic functions, and the dis- 
covery of the infinite group of birational transformations of the 
general Kummer surface. 

Abstracts of most of the papers read by title were published in the 
September issue of this Bulletin. Abstracts of the rest of the papers 
read by title and all of the papers read in person follow below. Ab- 
stracts whose numbers are followed by the letter “#” represent papers 
presented by title. Mr. Graves was introduced by Professor R. H. 
Cameron, Mr. Hahn by Professor J. H. Roberts, Mr. Reynolds by 
Professor A. T. Brauer, and Mr. Wall by Dr. H. W. E. Schwerdtfeger. 

. The following papers were read by: 366, Professor Perlis; 367, Professor 
Hall; 378, Dr. Ayer; 381, Dr. Piranian; 386, Professor Helsel; 403, Dr. 
Ulam; 410, Profeasor Synge; 411, Dr. Neményi; 412, Mr. Prim; 414, 
Dr. Mary H. Payne; 420, Mr. Schwartz; 430, Dr. Aroian; 434, Dr. 
Lehmann; 438, Professor Fox; 439, Professor Samelson. 


ALGEBRA AND THEORY OF NUMBERS 


362. ‘A. T. Brauer: On the irreducibly of polynomials with large 
third coeffictent. 

‘Let f(z) x®+-a*-14- - ++ +a, be a polynomial with integral rational coefficients. 
It was proved by Perron (J. Reine Angew. Math. vol. 132 (1907) pp. 288-307) that 
f(x) is irreducible in the field of rational numbers if a440 and a:>16*+(|a;| + |a| 
+--+-+ |a,[)% Lipka (Math. Ann. vol. 118 (1941-1943) pp. 235-245)’ proved that 
16>"? can be replaced by 9/2. In this paper this result is improved further. (Received . 
July 28, 1947.) 


363. Richard Brauer: On the Schur index of the representations of 
groups of finte order. Preliminary report. 


_ It is shown that the Schur index of a representation F of a group G of finite order 
with regard to a field X of characteristic 0 can be expressed as a product of Schur 
indices of representations of suitable subgroups H of G. Each group H contains a cyclic 
normal! subgroup A such that H/A isa group of prime power order p"; the order of A 
is not divisible by p. The Schur index of the representation of H is the exact contribu- 
tion of p to the Schur index of F. This shows in particular that the whole problem can 
be reduced to one dealing with soluble groups. (Received July 30, 1947.) 


364. Mary P. Dolciani: On the representation of integers by quad- 
raitc forms. 


Let S be a quadratic form J t, diper in the variables =, ++, x, in which the 
ay and 2a; are rational integers; and let m, the rank of S, be greater than or equal to 
four. For a given integer c the problem is to determine whether or not there exist 
integral solutions of the equation S=c and to give a quantitative measure of the 
number of such solutions of S=c. Associating with S a particular diagonal positive , 
form P, the author considers the sum A(«) =>, exp (—rEP) extended over all 


1110 AMERICAN MATHEMATICAL SOCIETY Nadie 


integral solutions of S=c. By use of a generalization of a method employed by 
Siegel (Amer. J. Math. vol. 63 (1941) pp. 658-680), it is proved that if S is an indef- 
nite form which represents c in the ring of p-adic integers for all primes p, then, as « 
tends to zero through positive values, the expression "1A (e) approaches a posi- 
tive limit. Analogous results are also obtained for S a definite form, this case having 
been already treated by Kloosterman (Acta Math. voL 49 (1926) pp. 407—464) 
and by Ross and Pall (Amer. J. Math. vol. 68 (1946) pp. 47—65). (Received July 26, 
1947.) 


365. Ben Dushnik: A property of a set of permutaitons. 


Let S be a set of m elements. For any positive integer km, let T be a set of 
permutations of the elements of S which possesses the following property: (æ) For 
any k elements of 5, say a1 Gs, ' - +, ap, and for jg’ there exists a permutation in T 
in which a; follows all the other elements a, with i54/. The smallest number of permu- 
tations which a set T with property (a) must possess is denoted by D(m, k). For a 
given mm, it is difficult to obtain the value of D(m, k) for small k (>2); however, it is 
possible to obtain an explicit formula for Dim, k) if k is sufficiently large. (Received 
July 28, 1947.) 


366. John Dyer-Bennet and Sam Perlis: On the center of a nilpo- 
tent algebra. 


Let N be a nilpotent algebra with center C. Then C is an ideal of N if N has index 
two or three, but an example is given in which C is not an ideal, N having order 
seven and index four, N? having order four, M? having order one. It is shown that C 
always is an ideal if N has order # <7, and, more generally, if N has index four or 
five and the orders of certain difference algebras N*—N**! are suitably restricted. If 
N has order # and index #+1 (the maximum index for the given order), then N is 
commutative, being generated by a single quantity. (Received July 25, 1947.) 


367. Marshall Hall and Tibor Rado: On Schreier sysiems in free 
groups. 

A system of elements in a free group is called a Schreier system if it contains the 
beginning sections of every element in the system. Proceeding in a way inverse to that 
followed by Schreier, it is shown that every Schreler system can be the coset repre- 
sentatives of a subgroup, and in fact a parametric representation is given for all sub- 
groups with a fixed Schreier system of coset representatives. The word problem is 
solvable for subgroups given by this parametric representation. For a shortest Schreier 
system belonging to a subgroup, it is ahown that the subgroup generators derived 
from the system automatically satisfy the Nielsen conditions for reduced generators. 
(Received May 19, 1947.) 


368. S. A. Jennings: The u-algebra of a nilpotent resiricied Lie alge- 
bra. Preliminary report. 


Jacobson has shown that the Birkhoff-Witt algebra # belonging to a nilpotent re- 
stricted Lie algebra L over a field of characteristic p is itrelf a nilpotent algebra (Trans. 
Amer. Math. Soc. vol. 50 (1941) pp. 15-25). In this note bases for the ideals 
x”, w=, 2, +++, are determined in terms of the elements of a series of ideals of L 
analogous to:the dimensional subgroups mod p of a p-group. These results are used to 
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investigate the structure of certain Lie algebras associated with pgroups. Similar 
methods may be used to study the Birkhoff-Witt algebra of any nilpotent Lie algebra 
over an arbitrary field. (Received July 31, 1947.) . 


369. Irving Kaplansky: Rings with a polynomial identity. 


M. Hall has observed that any division ring satisfying (xy — yx)%s =s(zy—yxr)? 
is a feld or quaternion algebra. This is generalized as follows: if D is a division ring 
for which there exists a non-commutative polynomial f(x,) such that f=0 for x; in D, 
then D is finite-dimensional over its center C. If the degree of f is less than 6, [D:C] 
is 1 or 4, An esential step in the proof is the fact that the free non-commutative 
algebra generated by two indeterminates has a complete set of finite-dimensional 
representations. It is conversely true that any algebra of finite order satisfies a poly- 
nomial identity. (Received July 25, 1947.) 


370. W. J. LeVeque: The order of magnitude of number-theoretic 
functions. 


Let f(p) be a strongly additive arithmetic function, with lf(p) | 31, let 
Anm Dssnf(h)/P, Bam (Diese P(b)/P)™%, where p is a prime number, and let an, wy, œ 
be real numbers. Then if B,— © with #, the number of integers m, O<m<n, for 
which simultaneously f(m)<AstuBa, f(m+1)<AatoB, is D(u)D(or)+0(n), 
where D(w) is the Gaussian integral. In particular, if »(#) denotes the number of 
distinct prime divisors of m, the number of positive integers mS for which 
v(m) <log log #+a(log log #)Y1 and r(m+1)<log log #+œlog log #)Y3 is 
#.D(cn)D (ws) +0(s). It can be shown from this that the number of mx for which 
y(m) <r(me+1)+e(2 log log #)¥2 is #D(w)+o(#), and hence that the number of 
m Sn for which d(w) <d(m-+1)-2%(2 log log s)¥2 is wD(w)+0(m), if d(m) is the 
number of divisors of m. A simpler proof is given for the special case of a theorem 
of Erdds and Kac (Amer. J. Math. vol. 62 (1940) pp. 738-742) where f(m) = »(m). The 
proofs rely on Brun’s method and the central limit theorem from the calculus of prob- 
ability. The first theorem mentioned above was stated without proof by Erd&s 
(Ann. of Math. vol. 47 (1946) p. 17). (Received July 23, 1947.) 


371% D. C. Murdoch: A theorem on nilpotent groups. 


Corresponding to a fixed element a of a group G a series of subgroups G? DGF 
DGD - ++ may be defined where G? =G and GF is the subgroup generated by all 
commutators ga-ga where g is an element of GO, Each G” is a normal subgroup 
of G*™. If this series terminates in the unit element the element a will be called a 
nilpotent element of G. If G is finite it is shown that the nilpotence of every element 


of G implies the nilpotence of G in the usual sense. (Received July 30, 1947.) 


372. Irving Reiner: A generatisaiton of Meyer's theorem. 


The following theorem of A. Meyer (Journal für Mathematik vol 103 (1888) p- 
98) is generalized: Every properly primitive binary quadratic form represents in- 
finitely many primes in any preassigned arithmetic progression Mx-+-N consistent 
with the generic character of the form, where M and N are relatively prime. The 
generalization consists of replacing the set of classes of properly primitive binary 
quadratic forms of given determinant D, which forms a group under composition, by 
an arbitrary abelian group H whose elements are denoted by 6. A correspondence is 
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assumed between H and the set G of numbers m >0 which are prime to M and of which 
D is a quadratic residue. By considering the Dirichlet series > /m(61)x(6:)r(m8) ne 
summed over all & in H and all m in G, where an(6;) is an integer determined by the 
correspondence, x(6;) is a group character for H, and r{m) is a character modulo m, a 
result is obtained which includes Meyer’s theorem as a special case, but is more 
general. (Received July 16, 1947.) 


373. M. F. Smiley: The radical of an alternative ring. Preliminary 
report. l 

N. Jacobeon’s definition of the radical of an associative ring (Amer. J. Math. vol. 
67 (1945) pp. 300-320) is applied to alternative rings. It is shown that the resulting 
set is an ideal and certain elementary properties of the radical are established. This 
generalizes a result of M. Zorn (Ann. of Math. (2) voL 42 (1941) pp. 676-686) con- 
cerning hypercomplex alternative rings, as well as a result of Dubiech and Perlis 
(Bull. Amer. Math. Soc. vol. 50 (1944) p. 53) concerning alternative algebras of finite 
order. A typical lemma encountered in the proof is that tf a-+b-+ab=0 tm on alterna- 
téve ring A, thew a(bc) = (ab)c for owery COA. (Received June 16, 1947.) 


3744. R. R. Stoll: Coset systems in semigroups. Preliminary report, 


Let S denote a semigroup (=a system closed with\repect to an associative binary 
operation). A partition P = P (Sa) of S is called a left (right) coset system for S if xSq (Sex) 
is contained in a P-block Ss for every x. P 1s normal if it is both a left and right coset 
system and moreover is permutable with every coset system in S. The last condition 
means: for every coset eystem Q the cover of a (block by P-blocks is a sum of Q- 
blocks. Analogues of the group theoretic results on composition and normal series are 
obtained. A theory of monomiel representations is developed which generalizes those 
obtained by Rees (Proc. Cambridge Philos. Soc. vol 36 (1940) pp. 387-400) for 
completely simple semigroups. (Received July 30, 1947.) 


375. L. R. Wilcox: Closure operations. Preliminary report. 


Let M be a set and U(M) the set of all subsets of M. A somd-dosure operation of 
U(M) isan order homomorphism between U(M) and itself such that f(S) DS for 
SEUIL). If fUfCS)) =f(S), then f is a doswre operation. The present paper obtains 
formulas for the join and intersection of any set of closure operations and studies 
the composition S—'(¢(.5)) of two closure operations. The composition, usually only a 
semi-closure operation, determines uniquely a closure operation by means of a trans- 
finite sequence of extensions. Application is made to the case M=AXA (A a sæt); © 
the elements RE U(M) are then binary relations on AXA. Closure operations carry- 
ing any R into its refiexive, symmetric and transitive extensions, respectively, are 
defined and found to possess many interrelations. Any relation R gives rise to a unique 
closure operation in U(A). It is proved that for such an operation the closed (that is, 
invariant) sets constitute a complete ring of sets; conversely, any complete ring arises 
in this manner from a unique reflexive and transitive R. (Received July 28, 1947.) 


376. Margaret F. Willerding: Determination of ah classes of post- 
Hive quaternary quadratic forms which represent all (positiive) integers. 


It was apparently known to Diophantus and first proved by Lagrange (Osweres, 
vol. III, 1869, pp. 189-201) that the form x*-+y%+-s?-+-s% represents all positive 
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integers. Ramanujan (Proc. Cambridge Philos. Soc. vol. 19 (1916) pp. 11-12) proved 
that there are only 54 sets of positive integers a, b, c, d, such that F maxt-bytt-cs! 
+d? represents all positive integers. Dickson (Amer. J. Math. vol. 49 (1927) pp. 39%- 
56) called all such forms universal. Since these are reduced forms the result may be 
stated: the number of classes of forms which are equivalent to a form without cros 
products is equal to 54. It is of interest to ask what is the number of untverml classes 
of forms if cross product terms are allowed. If the cross product terms have odd co- 


number is not large. Employing an extension of the method of Ramanujan the 
theorem is proved: There are 178 clames of universal classic positive quaternary 
quadratic forms, (Received July 16, 1947.) 


` ANALYSIS 
377. R. P. Agnew: Divergent series evaluable by matrix methods. 


Let Jam Do, Guts be a multiplicative matrix transformation with multiplier p; 
a sequence Ta is evaluable A to L if y,—+L as n— œ. It is shown that if p=0, then 4 
evaluates each sequence x, (bounded or unbounded) which (1) oscillates sufficiently 
slowly and (2) is dominated by a sequence of positive numbers which becomes infinite 
sufficiently slowly. If pyt0 and m, x, ---isa bounded divergent sequence evaluable A 
to L, then the sequence (+,—L/p)t is evaluable A whenever the sequence f, satisfies 
the conditions (1) and (2). (Received July 24, 1947.) 


t 


378. Miriam C. Ayer and Tibor Rado: A note on convergence in 
length. 


Let y.(#), I&I, w=0, 1 2,+--+, represent a sequence of vector functions with 
components *(t), Yalt), su(f) which are defined, continuous, and of bounded variation 
on the interval J: 433), and which converge uniformly on I to sef), YAH, sÅ 
respectively. Let L(fa) denote the length of the curve determined by the equations 
x= Tali), Y= Y(t), s=5,(}), asta, #m0, 1, 2, + - +. Under these hypotheses the 
sequence L(fa) may or may not converge—the general situation being that 
lim inf L(ta)2L(re). It is also well known that if L(z.)—»L(t,) then the total 
variation of ¢yxu(#)-+cxya(#)+eana(#) on I converges to the total variation of cxs(Z) 
+y i) +-ceee(t) on I for every choke of the (real) constants cı, cs c It is the purpose 
of this note to prove that conversely the convergence of* the total variation of 
Xall) +exya(f) +c38.(t) on T to the total variation of tlt) Hery At) Hei) on I for 
every choice of the constants a, Cs cs implies convergence of L(r,) to L (ra). This is 
a generalization of a result of A. P. Morse. (Received July 29, 1947.) 


3798. R. P. Boas: Simple sets of polynomials. Preliminary report. 


A simple set of polynomials p,(z) is one in which £,(s) is of degree #; we may 
write pa(s)=s"+ D7) spust, The idea of the present investigation is that p.(s) is 
“nearly” s. if |s| is large enough. The comparison theorem of Paley and Wiener 
(Fourier transforms in the complex domain, Amer. Math. Soc. Colloquium Publica- 
tions, vol. 19, New York, 1934, p. 100) then leads to the following general result. If 
there is a sequence of constants fa such that | Pau] Bas, the basic series (in the 
terminology of J. M. Whittaker) in terms of p,(s) represents in |s| <r every function 
analytic in |s] <r provided that enh * <1; moreover, the expansion is unique. 
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Several known theorems are special cases. The following corollaries appear to be new. 
If lim sup 61" < œ, the basic series represents every function analytic in a sufficiently 
large circle. If pa(s) is an Appell set (p(s) =x, :(s)), the basic series represents all 
entire functions of order 1, type Jess than r, if on par */m1<1. (Received July 22, 
1947.) 


3801. H. B. Curry and I. J. Schoenberg: On spline distributions and 
their limits: the Pólya disiributton functions. 


Define the truncated power function x, as s1 if x20, and as 0 if «<0 
(hemi, 2,--+). Let M(x; s) =k(s—z), w(x) = (1—3) (1—21) (3—2), <1 
Ls’ <i, The divided difference of order k of M(x; z), with respect to the vari- 
able s for the values s=<, %1,° °°, xm that is (in Steffensen’s notation) the function 
Mas) = Milt; 2m ty e ta) Lop gh(%—2)} | /o'(G), is called a spline frequency 
function of order b. Its integral "_Mi(x)dx is called a spline distribution function. 
These functions have a number of interesting elementary properties of which the 
most noteworthy is the following identity concerning the divided difference of order k 
of a function f(z): fle zu °- aa) —(1/AD {MCs se ++, ta)f%(z)dx, The 
main result is as follows: Let Mi(x) be a spline frequency function and assume that 
for a sequence of values of k— œ, lim [i Malx)dx =L(x) as k> œ, in all continuity 
points of the distribution function L(x). Then L(x) is a Pólya distribution function 
(see Proc. Nat. Acad. Sci. US.A. vol. 33 (1947) pp. 11-17), that is, its moment 
generating function F(s) = /_ a exp (xx)dL(x) is the reciprocal of an entire function of 
the type 1/F(s) =e" ™+®][ 2 (1 +8s)e7 3 (y 20; 8, & real). Conversely, every Pólya 
d.f. is the limit of a sequence of spline distribution functions. (Received July 28, 1947.) 


381. W. F. Eberlein and George Piranian: Ergodtctty under semi- 
groups of Toeplits transformattons. 


The authors study the spectral analysis of Abelian semi-groups of regular Toeplitz 
transformations. The transformations are considered as mappings of the Banach space 
m/c, of equivalence classes of bounded sequences into iteelf (two sequences T= r, 
and y=, are defined to be equivalent provided the sequence ¥—y = Xu —Ya CONVETRES 
to rero). Special results are obtained for the semi-group generated by the Holder trans- 
formation and for other semi-groups of Hausdorff transformations. For example, the 
set of points that are invariant under a given semi-group G (that is, the set of fied 
points with respect to G) is examined, and tt is shown that the equivalence class of 
every sequence that oscillates sufficiently slowly is invariant under all regular Haus- 
dorf transformations: in particular, the e.c. of the sequence ~.=sin log log # is in- 
variant under the semi-group generated by the Holder transformation, and the e.c. 
of the sequence x.=sin log log log » Is invariant under the semi-group of regular 
Hausdorff transformations. A study is also made of the sets of points X in m/Co that 
are ergodic with respect to a given Abelian semi-group G, that is, for which some 
sequence of transforms BX = } '_, HAX (#00, 1° °° ‘o a 1, a 20, Ai 
in G) converges to a fixed point Y. (Received July 28, 1947.) 


382t. Marianne Freundlich: On normed rings. 


A completely continuous element of a normed ring R is a ring-element which is 
completely continuous considered as a linear operator on the underlying Banach space. 
It is shown that if the ring is irreducible then completely continuous elements are in 
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the radical. Weakly complete continuity is defined similarly and the set of weakly 
completely continuous elements is shown to be a closed ideal. If the radical of R is 
the rero-ideal, then ring multiplication is continuous in both factors simultaneously 
and in each factor separately with no restrictions on R. Weakly complete continuity 
of every element is shown to be equivalent with reflexivity of R if R bas a unit element, 
but the theorem may fail to hold in the absence of a unit. (Received July 28, 1947.) 


383. R. E. Fullerton: Representations of linear operators. 


The operators considered are bounded linear operators from a Banach space X 
with range in a spece of functions summable over a o-field. The expression for repre- 
senting an operator from a general Banach space to an L space is given together 
with an expression for its norm. From this theorem representation theorems 
for operators from various function spaces to an L space are derived. It is shown 
‘in particular that an operator from the space L? to the space L has the form 
Tx=d/dsf*K(s, #x(t)dé and its norm satisfies the inequality sup, [/*| K(s, #)| p'at)” 
sliz <2 up L| K(s, t)|?’dt]vr’ where 1/p'+1/p=1. If T is a non-negative 
operator the equality holds between the first two members of the above expression. 
Various other representation theorems are given including new proofs of some 
already known. (Received July 28, 1947.) 


384. R. E. Graves: An alternative definsititon of an integral over the 
Wiener space. Preliminary report. 

Let C be the space of all continuous functions x(#) on [0, 1] which vanish at ¢=0, 
and let {as(f)} (b—1, 2, +--+) be a complete orthonormal set on [0, 1], each of whose 
elements is of bounded variation. An #-dimensional a-quastinterval Q is defined to 
be the set of all «(-)€C such that & <ffac(t)dx(!) Sa (¢—=1, 2, +--+, =), and the area 
of Q is defined as x */2/--+ f exp [— Pis] |dw:--- dum where the range of inte- 
gration is ġġ Sm Sw (¢=1, 2,» -, a). The author shows that it is possible to con- 
struct a measure theory from this definition of the area of an a-quasi-interval. An 
integral over C, termed the a-integral, is defined on the basis of this measure theory. 
The author then that every a-measurable functional is Wiener-measurable 
ee, | Gee We ee S E 
that, with certain restrictions on the set {as(#)}, every Wiener-measurable functional 
is a-measurable, and hence that the a and Wiener integrals are completely equivalent. 
(Received July 28, 1947.) 


385. P. R. Halmos: The range of a vector measure. 


This paper contains a simple proof of the fact that the range of a countably addi 
tive finite measure with values In a-finite-dimensional real vector space is closed and, 
in the non-etomic case, convex. (Received July 9, 1947.) 


386. R. G. Helsel and E. J. Mickle: The Kolmogoroff principle for 
the Lebesgue area. 

Let T:Į=Į(x, v) and T*:Į=ļ*(w, v), where Ẹ is the vector with components 
(x, y, 3), be any two continuous transformations from the unit disk D:x?-+9)$1 into 
xys-space. If the inequality |z(w1, n) —E(#a v| 2 | F*(s#, 11) —E*(ws, m2)| is satisfied for 


every pair of points (m4, m), (#1, t2) in D, then the Lebesgue areas of the Fréchet 
surfaces determined by T and T* mtisfy the inequality A(T) 2A(7*). This result 
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may be interpreted as showing that the Lebesgue area of a Fréchet surface satisfies 
the Kolmogoroff principle. (Received May 1, 1947.) 


.387. Fritz Herzog: On upper and lower relative frequencies. 


Let {a} be an infinite sequence of positive integers. Let P(m; #) denote the rela- 
tive frequency with which the positive integer m occurs among the first # of the ay 
Then the numbers H(m) =lim sups..P(s; n) and &(m) =lim inf,..P(m; =) are, re- 
spectively, the #pper and lower relatese frequencies of m in the sequence. If the ay are 
allowed to assume all positive integers (infimis case) then the H(m) and A(m) satisfy 
the relations OsA(m)SH(m) 31 and H(m)—A(m)+ 30° 4(r) S31 for all positive 
integral m. It is shown moreover that these relations are the only restrictions placed 
upon the H(m) and k(m). That means that to any given set of values for H(m) and 
h(m), satisfying the above conditions, there exists a sequence {ay}, having the pre- 
scribed values of H(#s) and (m) as its upper and lower frequencies. If the ay are re- 
stricted to the integers 1,2,---, M (fimile case) then the most general relations (in 
the same sense as above) between the Hiss) and k(m) are: OSk(m) SH(m) 91, 
H(m) —h(m) + EZA) S1 and k(n) Hm) + La Aly) 21 for mat, 2, + +, M. 
(Received July 25, 1947.) 


388. W. H. McEwen: Derived sertes associated with an integro- 
differenisal system. 


Consider the integro-differential system M(x)-+\u=0, U;(#)=0 (f=, 2,---, 0) 
in which M(x) mat pet» ++ +pye—fbx, Du(Odét+ Diad)L(w), U, (u) 
m W(x) — f y: (Eu (Edt, and L(x), W, (x) are linearly independent two-point boundary 
forms. Let Sx(x) and ex(z) denote the partial sums of the series expansions of the 
functions f(x) and Me(f) relative to this system, q being a given positive integer. If 
f(x) satisfies U,(f)=0, U,(M(f))=0,---, U(MIG))=0 Gal, 2,-++,m) it is 
shown that |f#—S®) <K/*| M*(f)—on|dx for k=0, 1,+ ++, ga—1; if in addition 
M¢(f) is of bounded variation on (a, b) these quantities converge uniformly to zero on 
(a, b). (Received June 30, 1947.) 


389. G. R. MacLane: Approxtmatton by finte Blaschke products. 


Let R be the set of all non-constant functions g(s) holomorphic in |s] 1 such 
that |g(#)| =1 for |¢| =1. R consists of all products of a finite number of linear trans- 
formations leaving the interior of the unit circle invariant. Let E be the set of all 
functions f(s) holomorphic in |s| <1 with |f(s)| 91. Theorem: R is dense in E; that is, 
g ven f(s) CH, there exists fals) CR (nw =1, 2, - - -) such that ga(s)—f(s) uniformly on 
any Closed subset of |s| <1. Three different proofs are given: (1) starting with the 
Riemann image of |s| <1 by w=f(s), a sequence of Riemann configurations correspond- 
ing to functions g, af R is constructed so that g.—f. (2) Factoring out a Blaschke 
product and taking logarithms the desired approximation follows from the definition 
of an integra) since the kernel of the Poison integral is readily obtained as a special 
limit. (3) A third proof follows from the fact that there exists a function of R of degree 
# which assumes the same values as f(s) at any # given points. (Received July 14, 
1947.) 


390. Morris Marden: A refinement of Peet's theorem. 


The principal theorem proved, applied and generalired in this paper is the fol- 
lowing. Let G(re r; p, a) be the boundary curve of the gear shaped region obtained 


Í 
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on deleting from the circle |s| ar o points common to the annular ring fẹ< |s| <r 
and the p angles (4 =0, 1, 2, - 1 P— —1) (2as—r+4rk)/2p Sarg s 2 (2as+rHrk)/2p. 
Let f(s) =a; +08 + - R: - +a,s*, dpxf0, be a polynomial such that the 
real polynomial B(s) =la +]ailst «+> tlale- lale lanle- - 
AP R coos anal e acne cal wolpnomlal 
&,(s) = [F,(s)—ao|/s has two positive zeros ro and Ry with re<r<R<R, and the 
polynomial f(s) has p zeros in or on the curve G(re, 7; p, as) where ay arg Ge/cy and 
has no zeros between the curves G(re, 7; p, as) and G(R, Ro; p, aa). When p =y, this 
theorem coincides with the result due to Lipka in Monatshefte fur Mathematik und 
Physik vol. 50 (1944) pp. 209-221. (Received July 16, 1947.) 


391. H. J. Miser: Generalised conformal representations of Fréchet 
surfaces. 


The author defines in terms of elementary properties an essentially nondegenerate 
transformation T(P)=P*, where T is continuous, P isa 2-cell, and P* is a subset of 
Euclidean 3-space. If one of two Fréchet equivalent transformations is essentially 
nondegenerate, the other is aloo. Let K be the class of Fréchet surfaces whose repre- 
sentations are essentially nondegenerate. Then saddle-surfaces and Lebesgue mono- 
tone surfaces (cf. McShane, Trans. Amer. Math. Soc. vol. 35 (1933) pp. 716-733) 
and nondegenerate surfaces (cf. Morrey, Amer. J. Math. voL 57 (1935) pp. 692-702) 
are members of the class K. If a Fréchet surface S is of class K and has finite Lebeague 
area, then S admits of a generalized conformal representation; this theorem includes 
similar theorems of McShane (loc. cit.) and Marrey (loc. cit.). No “middle-space to- 
pology” is used in establishing the above results, while Morrey’s proof that his theorem 
includes McShane’s uses middle-space topology. Finally, using middle-space topology 
the author shows that the class X is the clase of nondegenerate surfaces, so that the 
new theorem stated here is equivalent to Morrey's theorem. (Received July 28, 1947.) 


392. C. N. Moore: Generalised limits in general analysis. IV. 


The present paper constitutes an extension to multiple limits of a theorem in gen- 
eral analysis dealing with simple limits, presented at a previous meeting (Bull. Amer. 
Math. Soc. Abstract 53-5-220). It deals with necessary and sufficient conditions that 
a certain functional operation J, which includes as special cases sequence to function 
transformations and function to function transformations by means of infinite inte- 
grals, shall be a limit-preserving transformation. (Received July 28, 1947.) 


393. G. B. Price: Researches tn the theory of functions of several real 
varsables. I. Functions, lamets, contsnusty. 


The functions considered are a on FS: y;—f,(01, °° °, Ta), 
j=mi,- m. The k-+1 points a? Gate ear hei, determine an increment 
A[X; hye XP] of the adera katabe YO, fe. eo. The i 
ages F(X), im0, 1 - pete a decreas hereon Ge Ge 
ment Al Fo: xx x] of the function F™, The values of A[X®; XOX? 

- XP] and a[F™; XPA. . XP] are the ’measures of the b-cells deter 


: mined by the points X” and (x), imQ, 1, A ued ee ot oe 
igre cave limi of ex eessionaveich-as Al R=): aex. al 
tend to X®. ihe larement OF FN todi o mama a 


aber o e a len O bas the o l Ge cE 
dimensional continuity. The results depend in an essential manner on the restrictions 
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imposed on Xf, +--+, Xj; as they tend to X”. The case k=1 yields the ordinary 
theory of continuity. This paper contains an investigation of the various types of 
continuity and of their interrelations, The theory of determinants provides an es- 
eential tool. (Received July 24, 1947.) 


394. W. T. Reid: Expansion methods for the isoperimetric problem of 
Bolsa in non-parametric form. 


In this paper sufficient conditions for a strong relative minimum in the isoperi- 
metric problem of Bolza in non-parametric form are established by suitable modifica- 
- tions of the expansion method of proof previously used by the author (Ann. of Math. 
vol 38 (1937) pp. 662-678; Trans, Amer. Math. Soc. vol. 42 (1937) pp. 183-190) for 
ordinary problems of Bolza in the calculus of variations. The present method of proof 
avoids the use of a Lindeberg theorem, in contrast to an earlier proof by the author 
(Duke Math. J. voL 5 (1939) pp. es er eee 
to the one herein given. (Received July 29, 1947.) 


395. Arthur Sard: Integral representations of remainders. 


Suppose that X, F, Z are Banach spaces; that U is a linear operation on X to all 
of Y; and that F is a linear operation on X to Z. If Vx=0 whenever Ux=0, «GX, 
there is a linear operation Ton Y to Z such that Vx =T Ur, xC X. This theorem and 
known representations of linear functionals on particular function spaces lead to 
explicit direct procedures for obtaining integral representations of the remainder in 
many processes of computation. Particular examples are cited. Among the theorems 
proved is the following. Let Ca be the space of functions x =x(s) with continuous th 
derivative on the finite interval as), norm, addition, and scalar multiplication 
being defined in the cus-omary way. If the functional Vx is linear on Cy_», OSPR, 
and vanishes whenever x isa polynomial of degree », then Vx = fix) (5) B(s) ds for 
any function x with absolutely continous sth derivative, where 6 is a p-fold integral 
of a function of bounded variation and f(s’) = — Vey, der mder(s) = (s—s’)*/n! if s35,- 
¢e(s) =O if s>s. The present paper is related to work of E. J. Rémés (1939, 1940), 
(Received July 28, 1947.) 


396. W. T. Scott: The corresponding continued fraction of a J-frac- 
ison. | 

The author shows that there is a one-to-one correspondence between J-fractions, 
K” [c./(s-+4,) |, and corresponding type continued fractions (C-fractions) of the form 
—Ky"(—1/bys"), where 6:=1, 8, isO or 1, Bp +Bp41>0, dp»s0. The methods used for 
J-fractions are applicable to these C-fractions, and a theory parallel to that for 
J-fractions is obtained. This includes a theorem of invariability and a positive defi- 
nite case related to those of Hellinger and Wall (Ann. of Math. vol. 44 (1943) pp. 103- 
127), and a treatment af the indeterminate case similar to that of Wall (Bull. Amer. 
Math. Soc. vol. 52 (1946) pp. 671-679). (Received July 17, 1947.) 


397. F. C. Smith: An alternatiive form for some theorems of Ford and 
Newsom. 


In this paper, the autbor obtains a new form for the asymptotic expansion of a 
Clase of functions previously studied by W. B. Ford in his Asymptotic developments of 
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functions defined by Maclaurin series (University of Michigan Press, 1936), chap. 4. 
Tbe results can be generalized to give a theorem parallel to that proved by C. V. 
Newsom (Amer. J. Math. vol. 40 (1938) pp. 561-572). As in Ford's and Newsom's 
work, the proofs are based upon the use of contour integrals and the calculus of 
residues. (Received July 24, 1947.) 


398. Walter Strodt: Note on linear difference equations. Preliminary 
report. 


Given (1) DU*_Aiv(e+e,) i with $(x) of type (M, y). (That is, ¢(x) is ana- 
lytic at z =0 and in the sectorS: arg z| <y, and for every positive pair «, 8 there is 
a positive C(e, 8) such that |¢(x)| <C(« 8) exp ((M+«)|2|) whenever larg x| <7—2.) 
Given that wọ=0 and that o,---, ware inS. Let A(s)=1/[ 2074: exp (cos) j. 
Let B be any point such that H(B) is finite. Corresponding to M, but independently 
of (x), a constant g and finitely many functions Ja(#) (m=0, 1,:--,5) are, by con- 
tour integration, constructed from the principal parts of H(s), half-lines Lu La, ++ +L, 
lying in § are determined, and finitely many poles pi, ---, pr of H(s) (orders 
Ju***,Jr) are selected, such that the most general solution of (1) of type (M, y) is 
eol) HAOI- Nd In SBA) e (+t) Ta (i)dt-+D(z), where the second 
integral is taken over [`a and D(x) is a linear combination, with arbitrary constant 
coefficients, of x/ exp (fer)(huel,-+-, r; j=0, 1, +-+, fe—1). The basic method 
is a generalization of the author's method of approximating qdifference equations 
(Aun. of Math. (1943); Amer. J. Math. (1947)). (Recetved July 29, 1947.) 


399. Gerhard ‘Tintner: Restricted maxima and minima which yield 
soluitons homogeneous in some parameters. 


There are +1 functions f, g0 (j=1, +--+, m)of # variables x +++ £a and of‘ 
(N—s) parameters zan +: + ty. By introducing m Lagrange multipliers M, form the 
function Fef+>),.,g. Derivatives are denoted by subscripts. Necessary condi- 
‘ tions for an extremum of f with g0) =0 are: F,=0 (r =1, +--+, #). Sufficient conditions 
involve a set of restricted Hessians. They have the sign (—1*) for a minimum, are 
alternatively positive and negative for a maximum. A criterion for the solution x, to 
be homogeneous of zero degree in the parameters is the determinant K,=0. #, is 
formed by substituting into the rth column of the lasi restricted Hessian the column: 
—{ DmFu-:: Dota Pas eS e s Dead, (antl, es, N). Important 
applications of homogeneous solutions occur in the modern theory of general equi- 
librium and employment in mathematical economics. (Received May 15, 1947.) 


400. Leonard Tornheim: On n-parameter families of functions and 
associated convex funcitons. 


An #-parameter family is a set of single-valued, real, continuous functions f(x) on 
the interval ¢ $24) such that for every set of points (x, y:) (G1, «++, #) and 
Oian +++ <x, 90 there is exactly one f(x) with f(x,) =y,. An associated convex 
function is a function that intersects no member of the family more than # times. 
Beckenbech and Bing have discussed 2-parameter families and T. Popoviciu has in- 
vestigated the case of linear systems. Among the results obtained is the following: 
if 2# sequences (x), (Yu); © * * 3 (tia), Oia) (1,2, +++) converge tom, J; © + som 
Js respectively and if tumra and xuetxy (jtk) then the sequence of functions 
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Jax) of the s-parameter family determined by (fin Ju) G =1, +++, #) converges unt 
formly to the function determined by (fu 71), -* + , (tm Ya). (Received July 29, 1947.) 


401. W. J. Trjitzinsky: Singular eliptic-parabolic partial differ- 

This is a continuation of the author's extensive investigation of singular elliptic 
and hyperbolic partial differential equations, currently being published in Rec. Math. 
(Mat. Sbornik). In the present paper he is concerned chiefly with singular equations 
of elliptic-parabolic type; these are transformed (throughout the domain of defini- 
tion) into integral equations in appearance of the first and second kind. (Received 
May 12, 1947.) 


402¢. S. M. Ulam: On quast-fixed points for transformations tn func- 
tton spaces. 

A transformation T of a topological space E into itself has a quasi-fired point— 
with respect to a system of & real-valued functions fil), « - +, fa(p) defined on H—if 


m= f,(T(po)). This notion (of coincidence in the sense of Lefschetz between the trans- 
formation L given by fi(p) - E ee ee ee 
function space—T a (fixed en free) operator and fi, - +--+, Ja k given “properties” of 
the function hich saaren of for caapi the ist Wicosii@onts ine eee 
development, the first k moments of the function, and so on. Results are established on 
the existence of quasi-fired points in the above sense for various special transforma- 
tlons—and systems of functionals occurring in analysis, The geometric properties of 
the manifold of all the quasi-fixed points in E are investigated in the case where T is 
an algebraic operator. (Received July 28, 1947.) i 


403. S. M. Ulam and John von Neumann: On combination of sto- 
chastic and deterministic processes. Preliminary report. 


A computational procedure for the study of various differential equations— 
ordinary or partialis investigated. It consists of a statistical model of the cor- 
responding physical problem and involves a process which is a combination of deter- 
ministic and stochastic processes (see Bull. Amer. Math. Soc. Abstract 51-9-165). 
This procedure is analogous to the playing of a series of “solitaire” card games and is 
performed on a computing machine. It requires, among others, the use of “random” 
numbers with a given distribution. Various distributions of such numbers can, how- 
ever, be obtained by deterministic processes. For example, starting with almost every 
x, (In the sense of Lebesgue measure) and tierattng the function f(x) =4x”-(1—-z) one 
obtains a sequence of numbers on (0, 1) with a computable algebraic distribution. By 
playing suitable games with numbers “drawn” in this fashion, one can obtain various 
other distributions, either given explicitly or satisfying given differential or integral 
equations, (Received September 3, 1947.) 


APPLIED MATHEMATICS 


4044. Stefan Bergman: A representation for the generating function 
of an operator in the theory of a compresssble flusd. 


The generating function E* of the integral operator of the second kind 
Paf) =J , He*f[z(1—A)/2\dt/(1—™)™ (see formulas las [55] and [69]; here and in 


t 
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the following, numbers in brackets refer to NACA, TN 972), which operator generates 
streamfunctions ¥{A, 6)=Im[P3(f)] of compressible fluid flows, can be represented 
in the form B* mn) gf /(—PZ) SAD, where A, are constants, Z =) -+49; 
A=A(1), and @ are cartesian coordinates of the “peeudo-logarithmic” plane (see 
[48 |). The functions gis) = Dina eni a i are connected by the equa- 
tions 2(#—1/2+21/3) 9 +g O AFLD m0, n=l, 2,---; xml, 2; g” 
=dg™/d, ++, where 4F=A25S, S= (5/30) + 2r œ(—A)”P, is given by iri}. 
E* satisfies [88] (with Fa replaced by F), and ior <S C2*/s), where se is the radius 
of convergence of S(s), s=(—A)™, C being a suitably chosen constant. Continuing the 
solutions ¥(A, 8) to complex values of the first argument, assuming A =0, in ¥{A+44, 8) 
in the subsonic case, and à =Q in the supersonic case, the author obtains “mixed” flow 


_ patterns. (Received September 1, 1947.) 


405t. Stefan Bergman: Two-dimensional mixed flow patterns. 


In this paper the coefficient /(H)-in the equation S(¥) m/(A)¥ee+vun =0 for the 
streamfunction of a compressible fluid is replaced by —cH, a being a constant (for 
notation see NACA, TN No. 972, p. 25). The new equation St(¥) =0 admits a com- 
paratively simple mathematical treatment. In particular the generating function Et 
of the integral operator Pt(/)m/, Bt, 9 Af[2-10Q t+40)(1 A) Jet/(1—) of 
the second kind which generates solutions-of St(p) =0 (see the above TN, p. 28) can 
be represented in the form Ef=o(—2At)-“F(1/6, 5/6, 1/2, x)-+es(—2A)-¥? 
[~ete ]9F(2/3, 4/3, 3/2, x) =a [—AAttis)- FU /6, 2/3, 1/3, 1/x) 
+es(—22 t) [PAte OFS /6, 4/3, 5/6, 1/x) where x= [AAt—si0)/2t], 
—\t=a(—H)™, F the hypergeometric series, c are constants. Analogous formulas 
hold for the supersonic region, In which case Af is replaced by A=iAt, A=mcyH¥?. 
Sufficient conditions for f are given in order that the streamfunction ¥=Im(Pt(y) | 
defined in the subsonic may be continued to the supersonic region: It appears that 
the results can be extended to the case of the exact equation S(¥) =0. (Received 
August 18, 1947.) 


406. H. E. Goheen: A non-rigorous suggestion for numerical solu- 
tion of certain problems in heat generation. 


The partial differential equation (1) 87/d¢—#T/dx*+ (2/x)(8T/ax)+e“/7 with 
boundary conditions (a) at ¢=0, T=6., 0<x<a, and T=, x>a; (b) at sma, 
P=w in which w is the solution of the ordinary differential equation w =e-Y» with 
t(0) = 61, and the partial differential equation (2) éu/dt—= 0% /ax2!+s6—V* with bound- 
ary conditions (a) at t=O, T=, if |x| <o and =e if |x|>a; (b) at |z| = œ, 
x =w, as above, are discussed. Assuming T(x, #) in (1) and «(x, # in (2) to possess 
derivatives of all orders with respect to x at x=0, a technique is developed which 
reduces the determination of each of these functions and their derivatives w.r.t. x at 
x=0 to an infinite set of ordinary differential equations. Making a second assumption 
that the solution of each of these sets is approximated sufficiently well by a finite 
number (two or three) of them, an integration technique is determined. Making a 
third assumption that T(x, #) and x(x, t) are analytic functions of x at x=0 with 
infinite radius of convergence, these values of derivatives and functions may be used 
to obtain the values of T(x, i) and «(x, £ for any x and t. (Received June 13, 1947.) 


407i. F. G. Gravalos: A consequence of Karman’s law of simslarity. 
A complete logical exposition of Karman’s law of similarity of turbulent flow is 
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lacking. Based on Karmen’s own remarks, an attempt is made to fill that gap. Asa 
consequence of such analysis, the phenomenology of turbulent boundary layers may 
be given a new formulation; namely that, “The boundary layer’s Reynolds number 
is a functional of the local velocity profile.” (Received July 24, 1947.) 


408. A. E. Heins: Water waves over a channel of infintie depth i 
a dock. 


The author is concerned with the solutionof (*)Ag (x, y) —kẹ(x, y) =0 in the half- 
space — œ <x< w, y20 subject to the boundary conditions (a) d¢/dy—0 at y=0, 
x <0 and ð4/3y =f at y =0, 1>0 (8>0). The velocity potential (x, y) is assumed to 
possess a logarithmic singularity at z=0 in order that (*) have a traveling wave term 
for z>>0. It is further assumed that (x, y) =O(67), r m (x9 2) U2 for r+ and 
vy<k. The surface y=0, «<0 is the dock-like surface, while y=0, x>0 is the free 
surface of the liquid. This boundary value problem may be formulated as an integral 
equation of the Wiener-Hopf type in terms of a Green’s function kernel which may 
be exhibited explicitly. The Fourier transform (in the complex domain) is used to 
solve this integral equation. It is found that there exists a traveling surface wave on 
the surface +>0, y=0 provided 6?>4?. Fourier methods are not applicable to the 
case k =Q. It is posaible to provide the asymptotic form of $(x, y) for x, y>>0 as well 
as x, 70. The technique of solution of the Wiener-Hopf integral equation has been 
recently applied by H. Feshbach and the present writer to a related boundary value 
problem in acoustics. (Received July 16, 1947.) 


409. M. Z. Krzywoblocki: On the two-dimenstonal steady turbulent 
flow of a compressible fluid far behind a solid symmetrical body (momen- 
tum transfer theory). i 


Schlichting solved the equations of a steady turbulent flow of an incompressible 
fluid in a wake far behind a solid symmetrical body by application of the method of 
successive approximations. In the present paper this method is extended to apply to 
the solution of the equations of à steady turbulent flow of a compressible fluid in a 
wake far behind a solid symmetrical body. As is known, the complete tensor form for 
the eddy stress is due to Prandtl. Two other complete tensor forms for the stresees 
due to density fluctuations are proposed by the author. Throughout all the calcula- 
tions in the paper the monentum transfer theory was used. This was done purposely. 
In the theory of incompressible turbulent flow it is the opinion that the velocity dis 
tributions by the momentum transfer theory or the vorticity transfer theory are the 
same. The question arises whether it is true for a compressible turbulent flow. To 
answer this question, the author intends to solve the entire system of equations 
based on both theories. In the present paper he solves the first part. The second pert 
will be treated in a separate paper. (Received July 11, 1947.) 


410. C. G. Maple and J. L. Synge: Aerodynamic symmetry of proj- - 
ectiles. 


According to the usual hypothesis, the aerodynamic force system (force plus 
couple) on a projectile is a function of its instantaneous motion (velocity plus angular 
velocity). If the projectile possesses symmetry, the dependence of the force system 
on the instantaneous motion is conditioned by this symmetry. In this work, a projec- 
tile with #-gonal symmetry is considered, with or without reflectional symmetry rela- 
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tive to a plane containing the axis of s-gonal symmetry, and it is assumed that the ele- 
ments of the force system can be expanded in power series in the components of 
cross-velocity and croee-spin, the coefficients depending on the axial components of 
velocity and spin. The effect of symmetry is to make some of these coefficients disap- 
pear, and to establish odd or even dependence on arial spin in the case of surviving 
coefficients. If axial and cross-spin vanish, expansion for the axial torque starts with 
the sth power of the crose-velocity. (Received July 28, 1947.) 


411. P. F. Neményi and R. C. Prim: On the equations of plane rota- 
tional flow of a perfect gas in natural coordinaies and on plane rotational 
gas flow with constant veloctiy magntiude or constant vorticity along the 
streamlines. 


The partial differential equations governing steady plane rotational flow of a per- 
fect gas are referred to a natural coordinate system consisting of the streamlines and 
an orthogonal family of curves. These equations are used to investigate the possibility 
of flows in which the velocity is constant along each streamline. It is proved that these 
two types of flow are possible only in streamline patterns consisting of concentric 
circles or of parallel lines, (Received July 30, 1947.) 


412. P. F. Neményi and R. C. Prim: Some patterns of vortscose flow 
of a perfect gas. 


Complete analytic solutions of definite boundary value problems of compressible, 
rotational flows of a perfect gas are extremely difficult to obtain. Therefore, in the 
present stage of study of rotational gas flow the inverse, or semi-inverse, approach 
promises to give most instructive solutions. In the present paper broad families of 
flow patterns satisfying the differential equations of steady, rotational gas flow and 
having throughout the field certain prescribed geometric or kinematic properties are 
studied. Beltrami and Massotti have investigated classes of incompressible flow pat- 
terns characterized by certain specific relations between the velocity and vorticity 
vector fields. In the present paper the implications of the same kinematic conditions 
are investigated for the case of compressible flow. In addition, an exhaustive survey 
is made of all steady flows of a perfect gas for which, in a cylindrical, isometric co- 
ordinate system, the three velocity components depend only on one coordinate. It is 
proved that the only generating coordinate net for such solutions consists of logar- 
ithmic spirals and their limiting cases. (Received July 30, 1947.) 


413¢. John von Neumann and H. H. Goldstine: Some estimates on 
the numerical stabsiusty of the elimination method for inverting matrices 
of kigh order. 


Since computing machines give necessarily only approximately correct products 
and quotients, it is important, especially for high speed devices, to determine the loes 
of precision caused by given numerical procedures in their application to specific 
problems. The well known elimination method for inverting high order matrices is 
particularly important since it involves highly iterative as well as implicit algorithms. 
In the present paper it is shown that if the matrix at hand is definite, a alightly 
modified version of this method yields an inverse in error below 208% /p? where is 
the order of the matrix, e the roundoff error, and where u is the smallest proper value 
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of the matrix, if the latter is so adjusted that all its elements are below 1/2. It is ob- 
served that the method depends on the decomposition of the matrix in question into 
a product C*C, where C is semidiagonal. The proposed algorithm produces a matrix 
C, for which C,*C; lies very close to the correct C*C. This estimate proves to be the 
really relevant one, and not that one of the deviation of Cı from C. Extension to ln- 
definite matrices is also discussed. (Received August 21, 1947.) 


414. Mary H. Payne and W. T. Payne: Geometrical spinor theory. 


The bipolar coordinates of a line element on the light cone are defined and their 
transformation properties stated. The transformation properties are the same as for 
a first rank spinor, so that the bipolar coordinates of a line element on the light cone 
may be regarded as the components of a first rank spinor. The scalar and spinor prod- 
ucts of two first rank spinors are defined and interpreted geometrically. The direct 
product is ahown to leac to a second rank spinor, and ¢ertnin geometrical properties 
of second rank spinors a-e discussed. (Received July 23, 1947.) 


415. George Pólya: Torsional rigidity increases by symmetrization. 


For example, a semicircle with radius a is changed by symmetrization with respect 
to its bounding diameter into an ellipee with semiaxes a and a/2. The torsional rigidity 
for the former cross-section is .296 atG, for the latter 314 a'G. The general theorem is 
closely analogous to the following: The piich of the gravest tone of a membrans decreases 
by symmetrization. In fact, both theorems can be proved by the same method, given 
for the membrane by G. Pólya and G. Sregd, Amer. J. Math. vol. 67 (1945) p. 14. In- 
comparably simpler is the proof for the following theorem: The polar moment of in- 
ertia of a plane area with respect to its centroid decreases by symmetrization. (Received 
July 25, 1947.) 


416. L. V. Robinson: The solution of linear partial differential equa- 
tions by differential operator methods. Preliminary report. 

By making use of generalired differential operators, the formulas which give 
the solution of an ordinary linear differential equation can be extended to solve partial 
differential equations of tHe type éu/dx+P(x, y, 3)6u/dy+O(x, Y, 5)du/ds+R(x, Y, 5) 
=S(x, y, z). These operators are of the type exp [G(s y, 5)8/8y+Ga(s, y, )8/8s]; 
and a table is given for the various forms of the functions, G. The work involved in 
solving such equations is thereby considerably reduced. (Received July 28, 1947.) 


417. A. E. Schild: Discrete space-time and integral Lorents trans- 
formations. 

A cubic lattice of points in Minkowski space-time is considered, the four coordin- 
ates of the lattice points being integers. The “integral” Lorents transformations, which 
leave the cubic lattice Invariant as a whole, form an infinite, discrete six-parameter 
. ‘group. In a certain sense the cubic lattice is homogeneous and spatially isotropic. It 
may therefore be suitable as a background for physical theory. (Received July 3, 
1947.) 


418. A. C. Sugar: The coding of boundary value PO for an elec-' 
tronic computer. Preliminary report. 


First, using the Liebmann form of the finite difference method for finding an ap- 
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proximate solution of the Dirichlet problem (which is actually a specialization of the 
Gauss-Seidel iterative process), a code is prepared for carrying out this process on an 
electronic digital computer. A generalization (by abridgment) of the UNIVAC in- 
struction Code C-5 was used. First the rectangular boundary was considered and then 
the non-rectangular boundary. It is planned to consider the biharmonic equation for 
rectangular and non-rectangular boundaries and finally to code the more general 
Gauss-Seidel process and by comparison determine the extent of the advantages de- 
rived from the specialized codes. (Received September 3, 1947.) 


419. C. A. Truesdell: On the reliability of the membrane theory of 
shells of revolution. 


The author investigates the correctness of the stress and moment resultants pre- 
dicted by the membrane theory of shells of revolution when the loed and support are 
not rotationally symmetric and when the boundary conditions are consistent with a 
state of membrane stress. These distributions are consistent with the results of 
ordinary three-dimensional elasticity when the apex of the shell is open or when it is 
closed but flat, but he shows that they may be unrealistically sensitive to slight 
changes in the meridian curve when the apex is pointed. The method of proof through- 
out depends upon the stress functions of Némenyi and the author’s prior investiga- 
tion of the membrane theory (Trans. Amer. Math. Soc. vol. 58 (1945) pp. 96-166). 
The author suggests a posible substitute theory based on stress and moment averages 
rather than stress and moment resultants, and not requiring that the shell radius be 
much smaller than its thickness. This theory if properly constructed agrees with the 
present membrane theory when that theory is correct, but deviates from it in prob- 
lems involving pointed shells, The equilibrium equations of this theory are easy to 
establish, but it is not clear what the proper approximate relations giving the stress 
and moment averages in terms of the displacements should be. (Received June 30, 
1947.) 


420. C. A. Truesdell and R. Schwartz: On the Newiontan mechanics 
of continua. 


The author states the principles governing the motion of all Newtonian continua 
and gives formulations of the theories of perfectly elastic bodies and of viscous, 
compressible, beat conducting fluids. The analysis is valid for inhomogeneous, non- 
isotropic media. To the familiar principles of conservation of mass and momentum 
must be added the principle of conservation of energy stated sufficiently generally 
to be valid in the motion of inhomogeneous media. To this end a local phenomeno- 
logical theory of the thermodynamics of inhomogeneous media is constructed. Mur- 
naghen’s theory of finite deformations of an elastic solid is generalized so as to apply to 
nonhomogeneous bodies non-uniformly heated. A viscous fluid is defined as a con- 
tinuum in which the rate of dissipation of energy per unit volume is a function only 
of the thermodynamic state, the mean stress, and the deformation rate tensor. This 
definition leads to a nonlinear theory of viscous fluids, to which the Navier-Stokes 
theory is a first order approximation. (Received July 30, 1947.) 


421. Henry Wallman: Electronsc general-iransform computer. 


A proposed method ts described for rapid electronic evaluation of general integral 
transforms of the form F(x) = /°f(@)K(x, Hdt, where f(#) is an arbitrary real function 
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and A(x, f) an arbitrary real kernel. The complete computation consumes about .01 
second and is repetitively presented on the face of a cathode-ray tube. The instru- 
ment consists of (a) a high-speed one-variable function table for f(#), scanned in 
100 sec, (b) a high-speed two-variable function table for K(x, À, scanned in two 
dimensions, as in television, in 10,000u sec, (c) an electronic multiplier, (d) an elec- 
tronic averager, (e) a synchronized cathode-ray tube system. Easily treated special 
cases include the sine and cosine transform and the convolution integral. Because of 
its speed and the ease of varying the one-variable function table, the instrument 
promises to be capable of solving integral equations of various types, and, as a special 
case, of inverting matrices, (Received August 3, 1947.) 


422. Alexander Weinstein: On the torston of shafts. 


The author mvestigates the torsion of a family of shafts with axial semiinfinite 
holes and with flat bottoms. The corresponding profiles are obtained by the method of 
sources and sinks in a five-dimensional space, the sources being distributed on a four- 
dimensional disk of variable radius and of a constant total strength. The investiga- 
tion is based on previous resalts by the author on many-valued stream functions in 
generalized potential theory (Bull. Amer. Math. Soc. vol. 53 (1947) pp. 59, 494). (Re- 
ceived July 15, 1947.) 


GEOMETRY 


423. P. O. Bell: Projecttoe curvature and projective torsion of a curve 
on an analytic surface. 


The author presents new geometric characterizations for Bompiani’s projective 
curvature and the author’s projective torsion of a curve G on an analytic surface S 
ata point P» Let A be the tangent to Qy at Pa; Fa line through P, intersecting the 
quadric of Lie in two points P, and Q; and K the cone, with vertex at P,, which con- 
tains the conic of intersection of the tangent plane to the quadric of Lie at Q with the 
quadric of Wilczynski at P.. To characterize projective curvature let be the projec- 
tive normal to S at Ps, and let Ta, T, ro, T4 be respectively the plane determined by 
h and F, the tangent plane to S at Pe the osculating plane of Cy at P. and the planes 
through 4 which are tangent to the cone K, respectively. The projective curvature is 
given by the crose-ratio equations x= + (wa, r, xs, +x). To characterize the projective 
torsion r of C at P, replace in these croes-ratio equations k by 2r, the plane ra by we, 
and the planes rẹ r+ by the planes py p+, respectively, defined as follows: p, is the 
plane determined by & and the point d'*x/ds? where ds is the Fubini element of 
projective arc length, and p+ are the planes through A tangent to the cone K defined 
for the line ¥ which joins the points P, and dx/ds*. The covariant points d*</ds', 
a*x/ds* have been geometrically characterired by the author (Trans. Amer. Math. 
Soc. vol. 50 (1941) p. 539). (Received July 25, 1947.) 


424.. H. S. M. Coxeter: Coordinates in the projectwe plane. 


To define the homogeneous coordinates of a point P for a given triangle of refer- 
ence X YZ and unit pomt U: on the conic PUX YZ, take an arbitrary point J; set up 
a parameter (or “abecissa”) on the conic, taking the values 0, 1, œ at the respective 
points U, I, P; let x, y, s be the values of the parameter at X, Y, Z; then x, y, are 
the desired coordinates for P. They are homogeneous, since a different choice of I 
would have the effect of multiplying them all by the same constant. Initially, x, y, s 
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must be all distinct and different from zero, but this restriction can be removed Sater. 
Coordinates in # dimensions can be set up in an analogous manner, using a rational 
normal #-ic curve instead of a conic. (Received June 23, 1947.) 


425. J. M. Field: A kinematic charactertsaiton of sertes of lineal ele- 
menis in the plane and of their differential invariants under the group 
of whirl-simtlstudes and some of tis subgroups. 


In a previous paper (Bull. Amer. Math. Soc. vol. 48 (1942)) the author investi- 
gated the geometry of lineal elements under the seven-parameter group of whirl- 
similitudes Gy. Now he determines a set of fundamental differential invariants of 
series of lineal elements under Gy and under two of its subgroups: Gs (group of whirl- 
motions) and Gs (group of whirls). It is shown that series and their differential invari- 
ants under these groupe can be given simple kinematic characterizations. (Received 
March 31, 1947.) l 


426. Michael Goldberg: Circular-arc rotors in regular polygons. 


A rotor is defined here as a convex closed curve which remains tangent to all the 
sides of a fixed polygon during a complete rotation of the curve. The curves of con- 
stant width (which may rotate within a pair of perallel fixed lines) are a special class 
of rotors. The conception of rotors in regular polygons, the proof of their existence, 
and a method of constructing them have been attributed to Kakeya by Fujiwara 
(Téhoku Science Reports vol. 4 (1915) pp. 303-312). Among these rotors are curves 
compoeed entirely of arcs of circles, but such curves have been described previously 
only for the equilateral triangle, the square and the regular pentagon. The author 
gives a general construction for obtaining a circular-arc rotor for each regular polygon. 
It has been shown by Blaschke (Math. Ann. vol. 76 (1914) pp. 504-513) and Fujiwara 
(Proc. Imp. Acad. Tokyo vol. 3 (1927) pp. 307-309 and vol. 7 (1931) pp. 300-302) 
that the rotors of least area for the triangle and the square are circular-arc rotors. The 
other circular-arc rotors, deacribed in this paper, may conceivably share this minimal 
property. (Received April 2, 1947.) 


427. V. G. Grove: Generalised canontcal lanes. 


A generalization of the clase of canonical lines associated with a point on an 
analytic surface is presented in this paper. To this class of generalized canonical (g.c.) 
lines belong the classical canonical lines. A geometric method of generating these 
g.c. lines is made to depend on an invariant family of curves, and an invariant point 
on the tangent to that curve of the family through the generic point of the surface. 
In particular the invariant family of curves used in the generation of the classical 
canonical lines is any one of the family of Segre curves. Generalizations of the integral 
invariants used by Wilkins to generate the classical lines may be used to generate the 
g.c. lines, Generalizations of the scroll directrices of Sullivan follow from these inte- 
gral invariants. (Received June 23, 1947.) 


428. S. B. Jackson: Geodestc vertices on surfaces of constant curva- 
iure. 

In a former paper by the writer (Bull. Amer. Math. Soc. voL 50 (1944) pp. 564- 
578) there were obtained five structural properties of plane curves with only two 
vertices. The present paper investigates the extent to which these results can be ex- 
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tended to curves having only two extrema of the geodesic curvature and lying in a 
simply-connected region of a surface of constant curvature. Four of the properties 
are still valid while the fifth has to be modified. A new property of such curves is es- 
tablished, namely that such curves have only a finite number of double points and 
arcs. The methods parallel closely those of the earller paper, and use is made of the 
former results by mapping into the plane. Two theorems are established, analogous 
to well known results in the plane, relating the number of geodesic vertices on a curve 
to its number of intersections with a geodesic circle. It is not necessary in any of the 
results to specify the curvature of the surface or even its algn. (Received July 15, 
1947.) 


4291. W. H. Roever: A geometric construction for choosing in their 
proper relation the projectwwe scales on the axonomeiric axes of i a 
itve axonometry. 


During the recent war much use was made of production illustration in the design 
of airplanes. The construction given by the author is applicable not only to the produc- 
tion of such illustration but also to the solution in the picture itself of the geometric 
problems of space from the data contained in the picture. (Received August 4, 1947.) 


STATISTICS AND PROBABILITY 


430. L. A. Aroian and Marguerite D. Darkow: Tke fourth degree 
exponential funciton. 


It is shown that the fourth degree exponential function is supported by the 
Bernoulli probability function and the hypergeometric probability function as well 
as being the function for which the method of moments is the “best” method accord- 
ing to the criterion of maximum likelihood. In the general eltuation six moments, 
at most, are needed. The function is classified into two general groups depending on 
symmetry or asymmetry and each case is divided again into unimodal and bimodal 
distributions. Examples show that the function is very successful in graduating the 
main Pearson types and the Gram-Charlier Type A frequency function. Various gen- 
eralizations of the exponential function are indicated. In addition to its wide general- 
ity, the greatest practical advantage of the new system is the simplicity of the numer- 
ical calculations. (Received July 23, 1947.) 


431. K. L. Chung: On the maximum partial sums of sequences of in- 
dependent random variables. 


The asymptotic behavior of the maximum partial sums of a sequence of inde- 
pendent random variables is studied in this paper. Two groups of new limit theorems 
are established under general conditions, The first group deals with theorems of the 
“weak” type. The limiting distribution of the maximum partial sums is obtained 
with an estimate of the remainder, thus improving a recent result of Erd&s and Kac. 
Another estimate, is obtained for a different domain of variation, which plays an 
essential role in the sequel. These results correspond to the sharper forms of the central 
limit theorem. In the second group theorems of the “strong” type are obtained, giving 
precise lower bounds (in the sense of probability) for the maximum partial sums, 
These results form the exact counterpart to the general form of the law of the iterated 
logarithm, due to Feller, which give the precise upper bounds. A summary of the 
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main results and methods has appeared in Proc. Nat. Acad. Sci. U.S.A. vol. 33 (1947), 
pp. 132-136. (Received July 21, 1947.) 


432. Harold Hotelling: Kifects of non-normality at high significance 
levels. 


The effects of non-normality in the underlying population on the probabilities of 
“significance” by customary statistical tests are not well understood, in spite of 
numerous attacks, both mathematical and experimental, on the problem. Chung’s 
proof that the distribution of the Student ratio ¢ has in samples from an arbitrary 
population a distribution approaching normality for large samples tends to confirm 
the idea that non-normality makes little difference if only the sample is fairly large. 
But this holds only for a fixed of values of ¢ while the sample number N in- 
Eea liA inthe po babilty at li >h in samples of N from a normal population 
and p’ is the nding probability for another population, it is shown that 
Lim w= { lime, alt /p) may be zero or infinite or may take any finite value. Condi- 
tions thet this limit be unity are concerned only with the “shoulders” of the popula- 
tion histogram, and have nothing to do with its moments or behavior at infinity. This 
miggests caution in applying familiar tests with high significnce levels and that the 
use of moments cannot lead to the most appropriate criterion of non-normality for 
this purpose. (Received July 16, 1947.) 


433i. P. L. Hsu: A general weak limi theorem for independent dis- 


For every positive integer # let there be # distribution functions Falz), Fals), 
-++, Fee(x). Assume that lims.. maxis,sa{1—Fa;(x)+Faj(—x)} =0. Let F(x) be 
the convolution Fa(x)*Fas(z)* + + + “Fea(x). Let HA) =mi + fT (e2 —1—itx/(1 +2) 
*((1-+%) /xdG(x), with G(x) T and G(~)—G(— œ) < w. Let F(x) be the (infinitely 
divisible) distribution law having exp {4 as its characteristic function. In order to 
have lim s.» Falx)= F(x) at every continuity point of F(x), it is necessary and sufi- 
cient that the following relations hold at every x greater than 0 such that +r are 
continuity points of G(y)s (I) limese 2 Jirod Faly) Sis ol(L+9)/¥)dG0), 
(AI) dima Zopa Sinica Fay ly) — Sintec Fas (9))*} = finc ty dG(y), I) 
ENE oy a <a Fuly) =m + fiicaydGO) —fisice(1/y)dG(y). (Received June 1, 


434. E. L. Lehmann and Henry Scheffé: On the problem of similar 
TEPTOnS. 


If X -(X, +--+, Xa) isa set of random variables with a joint probabi'ity density 
depending on a set of parameters 0 = (0h, °° + , Om), and if T= (Ti, +--+, Ta) isa set of 
sufficient statistics for 6, then Neyman (Philos. Trans, Roy. Soc. London Ser. A vol. 
236 (1937) pp. 333-380) has proved that a region w in the space of X is similar with 
respect to @ (that is, has constant probability for all 6) if it has the following structure: 
The intersections w(f) of w with the surfaces T=? have the property that the condi- 
tional probability of the sample point X falling into w given that T =?does not depend 
on £. In the present paper a necessary and suffictent condition is found for the regions 
with the above structure to be the only similar regions, This condition is shown to be 
satisfied for a certain class K of probability densities which contains as special cases 
ell densities for which the totality of similar regions has been previously determined. 
In particular the partial differential equations which Neyman (Ann. Math. Statist. 
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vol. 12 (1941) pp. 46-76) assumed were satisfied in his solution of the problem of 
similar regions are solved and it is shown that any density satisfying these equations 
belongs to the above class K. (Received July 10, 1947.) 


435. Herman Rubin: Some results on the distribution of quadratic 
forms from Gaussian stochastic processes. Preliminary report. 


If one considers the estimation of the parameters of a Gaussian stochastic process 
whose elements are continuous functions from the functional values over a finite in- 
terval, ons often finds that certain parameters can be estimated exactly, and certain 
parameters can not. This result often depends on the distribution of quadratic func- 
tionals whose arguments are elements of the stochastic process under consideration. 
In this paper, it is shown that the elements of a certain class of quadratic functionals’ 
have distributions concentrated at a point, and that the elements of a different clasa 
do not; in this latter case, the characteristic function is computed. (Received July 26, 
1947.) 


436. D. F. Votaw: Testing compound symmetry in a normal mulis- 
variate dsstrebuiton. 

Let X be a torder vector variate (t23) having df. F(X). Let the components of 
X be divided into mutually exclusive subsets. F(X) is said to be compound symmetric, 
for the given division of its variates into subsets, if it is invariant over all permutations 
of its variates within these subsets. F(X) is completely symmetric if the invariance 
holds over all permutations of its variates. In a normal, compound symmetric F(X) 
there is equality of means, of variances, and of covariances within each subset of vari- 
ates and equality of covariances between any two subsets of variates. In this paper 
likelihood ratio criteria are developed for various hypotheses involving compound 
symmetry in a normal distribution and in & normal distributions (4 22). Given that 
the corresponding null hypothesis is true, the moments of each criterion are obtained 
explicitly and the distribution of each criterion is identified as the product of inde- 
pendent beta variates. For the one-sample case, the distributions are given explicitly 
for ¢=3, 4, 5 for certain divisions of the variates into subsets. In a previous paper 
Wilks gave a very thorough treatment of the case of complete symmetry. (Received 
July 21, 1947.) 


437. J. E. Walsh: Some significance tests for the mean using the 
sample range and midrange. 


Consider a sample of sire » (2 Sn 310) drawn from a normal population with 
mean u. Let x be the largest value and x; the smallest value of the sample. Significance 
tests are developed to compare yu with a given hypothetical value us by use of the 
sample. These tests are based on the quantity D=[(x+-2,)/2—pol|/(xa—x1) 
= [(sample midrange) — (hypothetical mean) ]/(sample range). One-sided and sym- 
metrical tests are considered. Values of Da such that Pr(D>Da|u= m) =a are 
computed for a=.05, .025, .01, 005. These values of Dz, can be used to obtain 
one-sided tests at the .05, .025, .01, .005 significance levels and symmetrical tests at 
the .10, .05, .02, .01 significance levela. Efficiencies are computed for one-sided tests 
at the .05 and .01 significance levels. The efficiency is at least 90 percent for #36 at 
the .05 significance level and for #38 at the .01 level. The range-midrange test can 
be applied without camputation through the use of an easily constructed graph. The 
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application of a test requires only the plotting of the sample point (1, x.) on this graph. 
(Received July 14, 1947.) 


TOPOLOGY 


438. Emil Artin and R. H. Fox: On the complementary domains of 
spheres and simple closed curves tn 3-space. 


In spherical 3-space examples are constructed of (a) a simply connected closed 
surface whose interior, though simply connected, is not homeomorphic to the interior 
of the unit sphere; (b) a simply connected closed surface each of whose complementary 
domains is homeomorphic to the interior of the unit sphere although no homeomor- 
phism of space upon itself can transform the surface into the unit sphere; (c) a simple 
closed curve which bounds a 2-cell and whose complementary domain has an infinite 
cyclic fundamental group although no homeomorphism of space upon iteelf can trans- 
form the curve into the unit circle. (Received July 25, 1947.) 


439. Beno Eckmann, Hans Samelson and G. W. Whitehead: as 
note on fiber bundles. 


Te io peeves IE ts ten soem to Ger E PE sk (the Euclidean »-space 
E,) with the torus T,, as fiber if #>1, for odd #, and if m21, for even #. The proof 
makes use of the Eckmann-Hurewicsz-Steenrod relations for homotopy groups in 
fiber spaces, and the Eilenberg-MacLane relations between homotopy and homology 


groupa. (Received July 29, 1947.) 


440, Samuel Eilenberg: Homology groups of cartestan products. 


The cartesian product K XL is defined for abstract complexes K, L. If in each 
dimension the integral groups of chains of K and L are free abelian groups, then the 
integral homology group H,(K XL) is isomorphic with the direct sum H,(K, H,(L)), 
p+q=r, of the homology groupe of K with coefficients in the Integral homology groups 
of L. Using universal coefficient theorems various other forms of the relation are ob- 
tained. (Received July 28, 1947.) ` 


441. O. H. Hamilton: Fixed potnts for interior transformations. 


It is shown that, if T is an interior continuous transformation of a bounded locally 
connected plane continuum M which does not separate the plane onto a topological 
2-cell which contains M, then T leaves a point of M invariant. It is shown further 
that if T is an interior continuous transformation of a topological 2-cell Y onto a 
continuum M which contains J, then T leaves a point of J invariant. (Received August 
6, 1947.) 


442. E. H. Larguier: Homology bases with applscahtons to local con- 
nectedness. 


The author studies sequences of direct-sim decompositions of tbe (augmented) 
homology group H"(S, §) of a compact Hausdorff space S with coefficients over a 
field §. These give rise to sequences of subepaces of H'(S, $), called decomposing se- 
quences, and also to associated sequences of r-cycles of S, which serve to determine 
bases for H*(S, ), suitably topologized. The converse procedure from sequences | 
of r-cycles to decomposing sequences and finally to direct-sum decompositions is also 
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possible. Conditions are given under which H"(S, ) becomes a metric space; and 
further restrictions are indicated which assure the completeness of A(S, #). The ho- 
mology group of a compact Gz subset of a locally compact ic space verifies this abstract 
situation. It is further shown that if there exists a sequence of O-cycles which can be 
associated with a decomposing sequence of subspaces, then there also exists a sequence 
of nontrivial O-cycles carried by pairs of points associated with the same decomposing 
sequence. The application of the preceding concepts leads to necessary and sufficient 
conditions for imbedding a class of compact spaces in “minimal” 0-Jc¢ spaces, and 
incidentally to an extension of certain results of Wilder (Fund. Math. voL 19, pp. 45- 
64) to non-metric compact spaces. (Received July 9, 1947.) 


443. Paul Olum: Homology with operators and mapping theory. 


Let K be a finite connected slmplicilal s-complex and T an arcwise connected 
and locally arcwise connected topological space. The author is principally concerned 
with the problem of determining the homotopy clases of mappings of K into T. Let 
ar(T) denote the rth homotopy group of T. Then the classification is known when 
x,(T) =0 for r>1, and when s,(T) =0 for r<, as well as fa some special cases, The 
author gives a simple and effective classification in the case ,(T) =0 for 1 <r <n. The 
Classification is given in terms of the following topological quantities associated with 
K and T: the fundamental group of K, (XK); the groups »i(T) and ra(T); the opera- 
tion of (7) on ra(T); a function bay which assigns to n+1 ordered elements of 
mi(T) an element of r,(T); and an a-dimensional cohomology group with operators 
in K. This last is substantially the same as Steenrod’s cohamology with local coeffi- 
cients. There is also proved an extension theorem for the mappings of an (#+1)- 
complex into such a space T. This gives a necessary and sufficient condition that a 
mapping of the s-skeleton into T can be extended over the whole complex. (Received 
July 25, 1947.) 


444, E. H. Spanier: Cohomology theory for general spaces. 


Using a definition due to A. D. Wallace, a new cohomplogy theory for general 
spaces is defined in terms of functions from sets of points in the space to the coefi- 
cient group. This definition is quite similar to some definitions previously given by 
J. W. Alexander (Proc. Nat. Acad. Sci U.S.A. vol. 21 (1935) pp. 509-512 and Ann. of 
Math. vol. 37 (1936) pp. 698-708). It is shown that this theory satisfies the cohomol 
ogy axioms of Eilenberg and Steenrod (Proc. Nat. Acad. Sci. U.S.A. vol. 31 (1945) 
pp. 117-120). The new groups coincide with the Cech cohomology groupe on compact 
Hausdorff spaces and agree with the singular cohomology groups on locally finite 
polyhedra. Hence, the new theory is distinct from any of the theories now in use, 
(Received May 15, 1947.) l 


4454. A. D. Wallace: Group-invariant continua. 


Let X be a compact connected Hausdorff space, Z a topological space which is 
also a group and f a map of ZXX into X such that f(e, x) =x, f(s, (w, x)) =f (ew, x) 
where ¢ is the identity in Z. Define s(x) =f(s, x). The author is concerned with the 
proposition: There exists a subcontinuum E of X with no cutpoint such that s(Z) = E 
for all s in Z. In this note the proposition is shown to be valid provided Z is abelian or 
connected or fintte. When X is assumed metric and Z cyclic the result was first proved 
ae (X locally connected) and extended by J. L. Kelley. (Received June 4, 
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446, J. W. T. Youngs: Extensions of a homeomorphism defined on 
the boundary of a 2-mantsfold. . 

Given a 2-mantfold, M, with boundary, B, and a homeomorphism, 4: BB, this 
paper concerns the extension of & to a homeomorphism h*: M—M. If M is orientable 
an extension need not exist; there is a necessary and sufficient condition for the 


extendability of k. If M is non-orientable, then & can always be extended. (Received 
July 24, 1947.) 


T. R. HOLLCROFT, 
Assoctate Secretary 


NOTES 


Within the National Bureau of Standards a new division has been 
established, the National Applied Mathematics Laboratories. This 
division has been organized to conduct research and provide services 
in the field of applied mathematics. Dr. J. H. Curtiss has been named 
chief of the National Applied Mathematics Laboratories. There will 
be four separate laboratories: the Institute of Numerical Analysis, of 
which Mr. Albert S. Cahn has been appointed executive officer; the 
Computation Laboratory, of which Dr. A. N. Lowan has been ap- 
pointed chief; the Statistical Engineering Laboratory, of which Dr. 
Churchill Eisenhart has been appointed head; and the Machine De- 
velopment Laboratory, of which Dr. E. W. Cannon has been ap- 
pointed chief. 

Beginning with the October issue, the quarterly journal Mathe- 
matical Tables and other Aids to Computation will publish a new 
feature section, Automatic Computing Machinery, designed to dis- 
seminate information and news on research and development in the 
field of high-speed automatic calculating machinery. 

Assistant Professor Florence E. Allen of the University of Wiscon- 
sin has been made assistant professor emeritus. 

Professor H. E. Buchanan of Tulane Uniyersity of Louisiana has 
retired with the title emeritus. 

Professor H. B. Phillips of the Massachusetts Institute of Tech- 
nology has been made professor emeritus. 

Professor A. A. Albert of the University of Chicago is giving a 
course on the modern theory of linear algebras at the University of 
Buenos Aires. 

Dr. G. E. Albert of the Naval Ordnance Plant, Indianapolis, 
Indiana, has been appointed to an associate professorship at the 
University of Tennessee. 

Dr. R. F. Arens of the Institute for Advanced Study has been ap- 
pointed to an assistant professorship at the University of California 
at Los Angeles. 

Dr. P. G. Bergmann of the Navy Department has been appointed 
to an associate professorship of physics at Syracuse University. 

Associate Professor A. W. Boldyreff of Wittenberg College, Spring- 
field, Ohio, has been appointed to an associate professorship at the 
University of New Mexico. 

Assistant Professor H. K. Brown of Lehigh University has been 
appointed to an assistant professorship of mechanical engineering at 
Northeastern University. 
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Associate Professor A. V. Bushkovitch of the College of Charleston 
has been appointed to an associate professorship of physics at St. 
Louis University. 

Professor C. E. Carey of State Teachers College, Clarion, Pennsyl- 
vania, has been appointed to an associate professorship at Greenville 
College, Greenville, Illinois. 

Assistant Professor F. M. Carpenter of the Missouri School of 
Mines has been appointed to an assistant professorship at the 
Colorado School of Mines. 

Dr. P. W. Carruth of the University of Illinois has been appointed 
to an assistant professorship at Swarthmore College. 

Mr. W. C. Carter of Harvard University has accepted a position as 
mathematician at the Ballistic Research Laboratories, Aberdeen, 
Proving Ground, Maryland. 

Assistant Professor Mary Dean Clement of Wells College has 
been appointed to an assistant professorship at the University of 
Miami. 

Professor L. W. Cohen of the University of Kentucky has been 
appointed to an assistant professorship at Queens College of the City 
of New York. 

Assistant Professor Nancy Cole of Connecticut College has been 
appointed to an assistant professorship at Syracuse University. 

Dr. J. B. Coleman has been appointed to a professorship at Presby- 
terian College, Clinton, South Carolina. 

Dr. Ky Fan of the Institute for Advanced Study has been ap- 
pointed to an assistant professorship at the University of Notre 
Dame. 

Adjunct Professor A. D. Fialkow of the Polytechnic Institute of 
Brooklyn has been appointed to an associate professorship. 

Dr. N. J. Fine of the Navy Department has been appointed to an 
assistant professorship at the University of Pennsylvania. 

Assistant Professor Caspar Goffman of the University of Kentucky 
has been appointed to an associate professorship at the Univetsity of 
Oklahoma. 

Professor M. O. González of the University of Havana has been 
appointed to a visiting professorship at the University of Alabama. 

Professor L. M. Graves of the University of Chicago has been 
appointed to a visiting professorship at Indiana University for the 
current academic year. 

Mr. William Gustin of the University of California at Los Angeles 
has been appointed to an assistant professorship at Indiana Univer- 
sity. 


1136 NOTES [November 


Dr. N.-A. Hall of United Aircraft Corporation has been appointed 
to a professorship of thermodynamics at the University of Minnesota. 

Assistant Professor R. C. Hildner of the College of Wooster, 
Wooster, Ohio, has been appointed to an associate professorship at 
the University of New Mexico. 

Dean C. C. Hurd of Allegheny College, Meadville, Pennsylvania, 
has accepted the position of theoretical research engineer at Carbide 
and Carbon Chemicals Corporation, Oak Ridge, Tennessee. 

Associate Professor Nathan Jacobson of Johns Hopkins Univeraity 
has been appointed to an associate professorship at Yale University. 

Professor B. W. Jones of Cornell University will be on leave for the 
current academic year and will be at the California Institute of 
Technology. 

Dr. H. A. Jordan has been appointed to an associate professorship 
at Colby College, Waterville, Maine. 

Professor H. D. Larsen of the University of New Mexico has been 
appointed to a professorship at Albion College, Albion, Michigan. 

Dr. W. S. Loud of the Massachusetts Institute of Technology has 
been appointed to an assistant professorship at the University of 
Minnesota. 

Dr. A. V. Martin of the Massachusetts Institute of Technology 
has been appointed to an assistant professorship at the University 
of Nevada. 

Mr. F. J. Massey of the University of California has been appoint- 
ed to an assistant professorship at the University of Maryland. 

Dr. A. K. Mitchell of Pratt and Whitney Aircraft Division of 
United Aircraft Corporation has been appointed to an associate pro- 
fessorship at the University of Maryland. 

Associate Professor Josephine M. Mitchell of Texas State College 
for Women has been appointed to an assistant professorship at Okla- 
homa Agricultural and Mechanical College. 

Profeasor F. S. Nowlan of the University of British Columbia has 
been appointed to a visiting professorship at the Chicago Under- 
graduate Division of the University of Illinois for this academic year. 

Assistant Professor O. G. Owens of the University of Nevada has 
accepted a position as research mathematician at New York Uni- 
versity. 

Assistant Professor S. T. Parker of the University of Louisville has 
been appointed to an assistant professorship at Kansas State College 
of Agriculture and Applied Science. 

Dr. M. H. Protter of Brown University has been appointed to an 
assistant professorship at Syracuse University. 
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Professor F. M. Pulliam of Lambuth College, Jackson, Tennessee, 
has been appointed to an assistant professorship at the University of 
Kentucky. 

Professor C. E. Rhodes of Washington College, Chestertown, 
Maryland, has been appointed to a professorship at Alfred Univer- 
sity, Alfred, New York. l 

Assistant Professor L. A. Ringenberg of the University of Maryland 
has been appointed to a professorship at Eastern Illinois State Col- 
lege, Charleston, Illinois. 

Associate Professor L. F. S. Ritcey of United College, Winnipeg, 
Manitoba, has been appointed to a professorship at the University 
of Manitoba. 

Assistant Professor A. E. Schild of Carnegie Institute of Tech- 
nology is on leave of absence and will be at the Institute for Ad- 
vanced Study for the current academic year. 

, Mr. Henry Schutzberger of the University of Illinois has accepted a 
position in the Research and Development Division of the New 
Mexico School of Mines. 

Assistant Professor C. E. Sealander of Iowa State College of Agri- 
culture and Mechanical Arts has been appointed to an assistant 
professorship at Ohio State University. 

Dr. Hyman Serbin of Fairchild Aircraft Company has been ap- 
pointed to a professorship of aeronautical engineering at Purdue 
University. 

Dr. E. B. Shanks of the University of Illinois has been appointed 
to an assistant professorship at Vanderbilt University. 

Assistant Professor Herbert Solomon of Stanford University has 
been appointed lecturer at the Newark College of Engineering. 

Professor F. F. Stephan of Cornell University has been appointed 
to a professorship of social statistica at Princeton University. 

Professor C. F. Stephens of Prairie View University, Prairie View, 
Texas, has been appointed to a professorship at Morgan State Col- 
lege, Baltimore, Maryland. 

Assistant Professor George Whaples of the University of Wiscon- 
sin has been appointed to an associate professorship at Indiana 
University. 

Dr. Y. C. Wong of the University of Pennsylvania has been ap- 
pointed to a professorship at the National Sun Yat-Sen University. 

The following promotions are announced: 

D. H. Blackwell, Howard University, to a professorship. 

W. H. Bradford, John McNeese Junior College of Louisiana State 
University, Lake Charles, Louisiana, to an associate professorship. 
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Ethel B. Callahan, Hartwick College, Oneonta, New York, to a 
professorship. 

Randolph Church, United States Naval Postgraduate School, to a 
professorship. 

H. A. Davis, West Virginia University, to a professorship. 

D. W. Hall, University of Maryland, to a professorship. 

G. H. Handelman, Brown University, to an assistant professorship 
of engineering. 

Fritz Herzog, Michigan State College, to an associate professorship. 

W. J. Jaffe, Newark College of Engineering, to an assistant pro- 
fessorship. 

A. R. Kirby, Fordham University, to an assistant professorship in 
the school of education. 

E. L. Lehmann, University of California, to an assistant professor- 
ship. ` 

D. H. Lehmer, University of California, to a professorship. 

J. C. R. Li, Oregon State College, to an assistant professorship. 
K. H. Murphy, West Virginia University, to an asaistant professor- 
ship. i 
I. D. Peters, West Virginia University to an assistant professorship. 

Edmund Pinney, University of California, to an assistant profes- 
sorship. 

George Piranian, University of Michigan, to an assistant professor- 
ship. 

R A. Rosenbaum, Reed College, to an associate professorship. 

Abraham Seidenberg, University of California, to an assistant 
professorship. 

Otto Szász, University of Cincinnati, to a professorship. 

H. P. Thielman, Iowa State College of Agriculture and Mechanic 
Arts, to a professorship. 

L. V. Toralballa, Fordham University, to an assistant professor- 
ship. 

C. H. Vehse, West Virginia University, to a professorship. 

Frantisek Wolf, University of California, to an associate professor- 
ship. 

The following appointments to instructorships are announced: 
Berea College, Berea, Kentucky: Miss Ruth E. Porter; Brown Uni- 
versity: Dr. A. L. Stewart; University of California: Dr. H. L. Alder, 
Mr. S. P. Diliberto, Dr. R. C. James, Mr. Frank Harary (Extension 
Division); Barnard College, Columbia University: Miss Grace L. 
Bolton; Johns Hopkins University: Mr. D. N. Silver; Lehigh Uni- 
versity: Mr. J. W. Mettler; Los Angeles City College: Mr. R. E. 
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Horton; MacMurray College for Women, Jacksonville, Illinois: Mr. . 
J. A. Schumaker; University of Michigan: Mr. P. S. Jones, Mr. E. E. 
Moise; Modesto Junior College, Modesto, California: Mr. H. J. 
Osner; University of Oklahoma: Miss Elaine V. Nantkes; Univer- 
sity of Oregon: Mrs. Pearl Van Natta; University of Pennsylvania: 
Mr. Bernard Epstein; Queens College of the City of New York: Dr. 
J. E. Eaton; University of Rochester: Mr. W. J. Klimczak; Walter 
Hervey Junior College, New York, New York: Dr. Carl Hammer; 
Washington University: Dr. Franklin Haimo; West Virginia Univer- 
sity: Mr. Thomas Bauserman, Miss Marcia Saile. 

The School of Mathematics of the Institute for Advanced Study 
will allocate a small number of stipends to gifted young mathe- 
maticians and mathematical physicists to enable them to study and 
to do research work at Princeton during the academic year 1948- 
1949. Candidates must have given evidence of ability in research 
comparable at least with that expected for the degree of Doctor of 
Philosophy. Blanks for application may be obtained from the School 
of mathematics, Institute for Advanced Study, Princeton, New Jersey, 
and are returnable by February 1, 1948. 

Mr. Bernard Mason of Hofstra College died August 25, 1947, at 
the age of thirty-four years. 

Mr. F. M. Pederson, formerly associate professor at the College 
of the City of New York, died August 20, 1947, at the age of seventy- 
eight years. Mr. Pederson became a member of the eae he in 1906 
and was a member for many years. 


NEW PUBLICATIONS 


Bott, M. Tables numériques universelles des laboratoires et bureaux d'études. 
Paris, Dunod, 1947, 4+882 pp. 

BourcxHarpt, J. J. Die Bewegungagruppen der Kristallographie. Basel, Birk- 
hauser, 1947. 186 pp. 29 S. fr. 

CARTAN, E. Leçons sur la géométrie des espaces de Riemann. 2d ed., revised. 
Paria, Gauthier-Villars, 1946. 378 pp. 

Davaux, E. See Liapounorr, A. 

Dewyjor, A. L'énumération transfinie. Vol 1: La notion de rang. Paris, Gauthier- 
Villars, 1946. 27-+4-206 pp. 550 fr. 

Fan, K. See Fréceet, M. 

FERRIER, A. Les nombres premiers (principaux resultats obtenus depuis Euclide). 
Paris, Vuibert, 1947, 110 pp. 280 fr. 

Frtcoet, M., and Fan, K. Introduction a la topologie combinatoire. Paris, 
Vuibert, 1946. 88 pp. 

HUMBERT, P. Cet effrayant génie. --- L'oeuvre scientifique de Blaise Pascal. 
Paris, Michel, 1947. 263 pp. 200 fr. 

Lrarounorr, A. Problème général de la stabilité du mouvement. Trans. from 
Russian by E. Davaux. (Annals of Mathematics Studies, no. 17.) Princeton Uni- 
versity Press, 1947. 447 pp. $3.50. 

Morpsiyi, L. J. A chapter in the theory of numbers. Cambridge University 
Presa, 1947. 31 pp. $.40. 

STEŒFEL, E. Lehrbuch der darstellenden Geometrie. Basel, Birkhauser, 1947. 173 
pp. 28.50 S. fr. 

TABLES OF SPHERICAL BESSEL FUNCTIONS. Vol. 2. Prepared by the Mathematical 
Tables Project, National Bureau of Standards. New York, Columbia University Press, 
1947. 20-+-232 pp. $7.50. 

Weaver, W., Edited by. The scientists speak. New York, Boni and Gaer, 1947. 
13-+369 pp. $3.75, 
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ON GREEN’S AND NEUMANN’S FUNCTIONS IN THE THEORY 
OF PARTIAL DIFFERENTIAL EQUATIONS 


S. BERGMAN AND M. SCHIFFER! 


Introduction. The purpose of this paper is to describe an effective 
construction of Green’s and Neumann’s functions for a general class 
of linear, second-order partial differential equations of elliptic type 
in terms of a set of continuously differentiable functions, complete 
and orthonormal with respect to the domain considered. This result 
completes a previous paper? by us in which an analogous construc- 
tion was given for the difference between the Green and Neumann 
functions.’ In order to obtain representations of the Green and 
Neumann functions separately, one had to assume in the former 
paper the knowledge of a fundamental solution of the differential 
equation considered. Since it is by no means an easy task to con- 
struct for a given linear partial differential equation of second order 
a fundamental solution, and since the method of this paper permits 
a direct construction of the Green and Neumann functions without 
knowledge of such a fundamental solution, our result seems to con- 
stitute a certain advance in the application of orthonormal sets to 
the theory of linear partial differential equations. - 


1. Generalities and notations. We choose a finite domain B in the 
plane (x, y) which is bounded by a set of M closed smooth curves 
C, (v=1, 2,-+-, M). We shall denote the boundary of B by 
C=} #, C,. Let P(x, y) be a continuous positive function in the 
closed region B-++C. Consider the linear partial differential equation 
of elliptic type 


1 Te a pia P(g, y) > 0. 
(1) aa! Taya T, $, z, y ; 
We associate with this equation the following’ Dirichlét integral 
ab Oy ads OY 
D - eee 
(2) {$ Y} SE PE P a” Pop) dzy, 


' Presented to the Society, April 26, 1947; received by the editors March 17, 1947 
1 Research ‘paper done under Navy Contract NOrd 8555-Taak F at Harvard Uni- 
versity. The ideas expressed in this paper represent the personal views of the authors 
and are not necessarily those of the Bureau of Ordnance. 
*S. Bergman and M. Schiffer, A representation of Green's and Newmonn’s func- 
tions ..., Duke Math. J. vol. 14 (1947). 
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which defines a scalar product for each pair of functions ¢ and y 
which are continuously differentiable in B and for which the integrals 
D{o,¢} and D{y,y} taken over Bin the Lebesgue sense converge. 
All functions of this type form a linear apace Q and the scalar product 
(2) defines a metric m this space. 

For the sake of a concise notation, we shall throughout this paper 
denote a point (x, y) of the domain B by Z and the corresponding 
complex number x+4y by s. Another point (s, v) of B will be denoted 
by W and analogously #-++40 =w; in the same way, (r, s)=T, r-+4s=#. 

A function S(Z, W) is called a fundamental solution of (1) in B 
if it is a solution of (1) as a function of ZEB for fixed WEB, which 
is finite everywhere in B with the exception of the point W, where it 
has a logarithmic singularity. It may be written in the form 

1 
where A(Z,‘W) is a solution of (1) of class Q which is symmetric 
in Z and W throughout the whole domain B. We may even require 
additionally 
(3/) A(W, W) = 1. 


a(Z, W) is finite and continuoualy differentiable in Z at every point 
of B, but it is in general not a solution of (1). There exists an infinity 
of fundamental solutions of (1). We distinguish two particular funda- 
mental solutions which are of special interest for our theory: 

Green’s function G(Z, W) of the domain B with respect to the dif- 
ferential equation (1) is that fundamental solution which vanishes, 
if, for WEB fixed, Z converges to the boundary C of B. 

Neumann’s function N(Z, W) of the domain B with respect to the 
differential equation (1) is that fundamental solution whose normal 
derivative vanishes on the boundary C of B for fixed WCB, that is, 


aN(Z, W) 
Ons = 


(4) 0, ZEC, 


where n, denotes the interior normal to C at the point ZEC. 


2. Orthonormal sets of solutions of (1). Let {¢,(Z)} be a set of 
solutions of (1) each of which belongs to the class Q. We call this set 
orthonormalized if it satisfies the conditions 


(5) Dien ds} = bp 5 es 
s ' ig O if r x p. 
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Let T be the subclass of Q consisting of all solutions ¢(Z) of (1). 
We call the system {¢»(Z) } complete with respect to the class T if 
every element of I’ may be approximated arbitrarily by a linear ag- 
gregate of functions ¢,(Z) uniformly in every closed subdomain of B.. 
If this set is complete and orthonormalized, every solution $(Z) of 
class I’ may be developed into a series? 


(6) Cane LLTO) n = Dién $}, 


which converges uniformly in every closed subset of B. 
‘The series 


(7) K(Z, W) = E DW) 


extended over a complete orthonormalized system { (Z) } converges 
uniformly in every closed subdomain of B and represents there a 
symmetric function of Z and W which is in each variable a solution of 
(1). K is called the kernel function of the orthonormal set {¢(Z)}. 

By means of (5), (6) and (7), one proves easily that for every ele- 
ment $(Z) of class T 


(8) $Z) = Dw{ KZ, W), 6(W)}, 


where the subscript W of D denotes the variable with respect to 
which differentiation and integration are to be carried out. The 
characteristic property (8) of reproducing every function of class T 
after scalar multiplication determines the kernel function in a unique 
way, as may easily be shown. Therefore, the kernel function K (Z, W) 
is independent of the particular orthonormal set {¢,(Z) } from which 
it was constructed. This fact proves of great importance in the theory 
of orthonormal functions and permits numerous applications. 

The significance of the kernel function was discussed in our 
previous paper and we proved the identity 


1 i ' 
(9) KG, W) = — [N@, W) — GZ, W). 


From (9) it follows that K(Z, W) isa symmetric regular function of 
Z and W and a solution of (1) which has on C the same boundary 
values as (1/2x)N(Z, W) and the same normal derivatives as 
—(1/2r)G(Z, W). 

3 S. Bergman, On functions satisfying partial differential equations of elliptic type 
and ikeir representation, Duke Math. J. vol. 14(1947) pp. 349-366. 
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We proved further: If f(Z) is a continuously differentiable function 
of Z except for isolated points where it may have logarithmic in- 
finities and if D{f, f} < the function 


(10) ¥(Z) = Dw{K(Z, W), f{(W)} 


is 2 regular solution of (1) which has on C the same boundary values 
as f(Z). This result leads at once to the construction of Green's 
function if an arbitrary fundamental solution’ is known. For if 
S(Z, W) is this fundamental solution, 


(11) o(2Z, W) = Dr{ KZ, T), S(T, W)} 


is a solution of (1) of the clasa Q having for ZEC the same values as 
S(Z, W). Hence 


(119 G(Z, W) = S(Z, W) = a(Z, W) 


is just the required Green’s function. 

In this way we effect the construction of Green’s function by 
means of an arbitrary fundamental solution and the kernel function. 
In view of (9) this leads to an explicit expression of Neumann's 
function, too. It is, however, often very difficult to obtain any 
fundamental solution S(Z, W) and we shall therefore give in the 
following sections a construction of the Neumann function which 
does not presuppose the knowledge of any fundamental solution. 


3. An identity for the Neumann function. Let f(Z) be continuoualy 
differentiable in B, with the possible exception of a finite number 
of points where it may have logarithmic infinities. Let further 
Dif, f} <o. We suppose at first that f(Z) has on the boundary C 
of B continuous boundary values. By virtue of Green’s identity we 
have then 


ð 
Dr{ NZ, W), (W)} = -f IMENE, W)dsw 
(12) i 
a Am- Ne, W)dsw + elp) 
AW 


p= ba (A) 
where the &,(p) denote small circles of radius p around the point 
W=Z and the infinities of f(Z), and where all integrations are taken 
in the positive sense with respect to the domain B from which the 
circles ,(p) have been eliminated. The term e(p) converges to zero 
if p does so. Because of the symmetry of the Neumann function in 
Z and W and in view of the vanishing of its normal derivative on C, 
the first integral on the right-hand side is zero. If we let p—0, all the 
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integrals around the infinities of f(s) converge to zero, while the 
integral around the point Z = W tends to the limit —2xf(Z). Hence 
we get in the limit p=0 finally 


3) rdw, WSI) = s@) 


for every function f(Z) satisfying the aforementioned quite general 
conditions. 

We may even drop the assumption on the boundary values of f(Z) 
on C. For though it played a certain part during the proof, the 
boundary C has vanished in the final identity (13). We may ap- 
proximate more general functions f(Z) in B by functions which have 
continuous boundary values and by the usual considerations extend 
the results to the class A of all functions f(Z) which have continuous 
derivatives in B except for a finite number of logarithmic infinities 
and for which the Lebesgue integral D { ff } converges. 

We see from (13) that the Neumann function N(Z, W) has with 
respect to the class A of continuously differentiable functions with a 
finite number of logarithmic infinities in B just the same character- 
istic property as has the kernel function (cf. (8)) with respect to the 
class T of solutions of (1). One might therefore expect that the Neu- 
mann function appears as a kernel function of a certain orthonormal 
set of functions of clasa A. A certain difficulty arises, however, from 
the possible logarithmic infinities of the functions considered and 
the logarithmic pole of N(Z, W) itself. This fact leads to a certain 
complication in all our considerations. 


4. The construction of the Neumann function by means of an 
orthonormal set. Consider the class Q of al} functions g(Z) which 
have continuous derivatives in B and for which D{g, g} < œ. Ob- 
viously QCA. Let {g,(Z)} be’ a complete orthonormal, set of the 
class Q. In the case of a finite smoothly-bounded domain B, the 
existence of such a system is ensured by Weierstrass’ approxima- 
tion theorem, and it may even be chosen as a sequence of poly- 
nomials in x and y. 

Since the Neumann function becomes infinite for Z= W, we have 
no possibility of developing it into a series of the g,(Z) which con- 
verges in every closed subdomain of B. But if we denote Green’s 
function of B with respect to the ordinary Laplace equation by 
y(Z, W), we find immediately from (3) and (3’) that 


(14) IZ, W) = NZ, W) — Y, W) 
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belongs to the class Q. In fact, N(Z, W) being a fundamental solu- 
tion of (1), we may write 


$ 1 
(14) Z, W) = [AZ, W) — 1] are BZ, W) 
where (Z, W) is of clasa Q. The term A(Z, W) —1 vanishes for Z = W 
at least to the second order; for, upon introducing N(Z, W) into the 
equation (1) and using the fact that A (Z, W) is itself a solution of (1), 
one finds 


AZ, W) “«-—s dA(Z,W) yr? 


|s — wl? ay |z- w 


(14% 2 gg xZ, W) 
where x(Z, W) remains finite as Z->W. Hence, one concludes easily 
that 


aA(Z, W) dA(Z, W) 
Ox ð 


(14%) = 0(| s — w|), = 0(]s— w|). 
From (3^ and (14^) we recognize at once that /(Z, W) is of class Q. 

Let us compute now the Fourier coefficients of HZ, W) with re- 
spect to the set {g,(W)}. In view of (13) and (14) we obtain 


(Z) = Dy (UZ, W), g(W)} 
= 2xgr(Z) Ta Dr {x(Z, W), g(W)}. 


We associate with every function g(Z) of class Q a transformed 
function 


(15) 


; 1 
(16) kZ) = — z Dr {vZ W), g(W)}. | 


Then we may write instead of (15) 
(15’) &(Z) = Dw {1(Z, W), g(W)} = 2x [g(Z) + k(Z)] 


where the k, (Z) are associated with g,(Z) by (16). 
One proves in the usual way the Parseval equality 


(17) È o 2 p> lZ + (Z)? = Dw {U(Z, W), Uz, W)} 


and obtains in particular the convergence of the left-hand sum. 
Consider next the function (Z, W)+/(T, W) which is, as a func- 

tion of W, of clase Q. Its Fourier coefficient with respect to g,(W) is 

obviously ¢(Z)-+c¢(T). Applying now the Parseval equality with 
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respect to this function, we find 


(18) È [o@) + ¢(T)]? = Dy {1Z, W) + UT, W), (Z, W) + UT, W)}. 


p=] 


By a simple transformation and using the identity (17), we obtain 
(19) O È aZ)a(T) = Da (iZ, W), KT, W)}. 
=l 


The left-hand sum converges in view of the convergence of the sum 
(17) and of the Schwarz inequality. i 

This result may be simplified again by using the definition (14) 
of I(Z, W) and the identity (13). We find easily 


È DoT) = 2N (Z, T) — 4ry(Z, T) 


+ Dr{y(Z, W), y(T, W)}. i 
We transform further the last term on the right-hand side. By 
definition (2) and Green’s identity one obtains almost immediately 
(with Aw =0?/du'+-9!/dp) 


(20) 


I; 
Dy {y(Z, W), q(T, W)} a 2ryZ, T) -¢ yZ, W) ak < 
a nw 


(21) 
- f f 1G, Wlawr(r, W) — Pr(T, W) laude 
B 
whence, by the definition of Green’s function y(Z, W) of the Laplace 
equation, 


Dy (YZ, W), y(T, W)} 


21 
= 2r7(Z, LY Sy P(W)y(Z, W)y(T, W) dude. 


From (15°), (20) and (21’) we obtain finally the following representa- 
tion for the Neumann function 


1 
NE, T) = yZ, T) — — f J P(W)y(Z, W)y(T, W)dude 


ae _ 


+ 2r Do [¢(Z) + AZ lle) + kT]. 


Pen] 


(22) 


On the right-hand side of this equation occur terms which are not 
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directly connected with the differential equation (1). One has only 
Green’s function for the Laplace equation, a complete orthonormal 
set for the class Q, and certain other expressions which are obtained. 
from the foregoing by simple processes of differentiation and integra- 
tion. (22) represents the main result of this‘paper. It permits an 
effective calculation of Neumann’s function with. respect to the 
partial differential equation (1) by means of a complete set of func- 
tions of clase Q orthonormalized by the Dirichlet integral (2) con- 
nected with that differential equation. 


5. The construction of the Green function by means of an ortho- 
normal set. Since Green’s function is related by (9) with the kernel 
function and the Neumann function, we solved in the preceding 
paragraph also the problem of constructing Green’s function by 
orthonormal functions. We may, however, find a procedure which 
permits us to find Green’s function directly in terms of a particular 
orthonormal] set. ; 

For this purpose consider the expression 


(23) Dy {GZ, W), f(W)} = FZ) 


where f(W) is an arbitrary function of the class A defined in $3. This 
expression may be transformed by means of (9), (10) and (13); one 
obtains easily 


(24) FZ) = 2x[fZ) — ¥@)] 
where ¥(Z) is that function of class T which: has on C the same 
boundary values as f(Z). | 


We define the class Q of functions f°(Z)CQ which have on C the 
boundary value 0. From (23) and (24) we conclude 


1 
(23") Dy} — Ge, w), pcm) = PZ), for PZ) E m, 


since the only function of class T which vanishes on C is the constant 
zero. 
Green’s function has with respect to the class Q* the character- 
istic property of reproducing each function of this class by scalar 
multiplication. We may, therefore, construct Green’s function by 
means of a complete orthonormal system with respect to this class 
in exactly the same way as we did for Neumann’s function by means 
of a complete orthonormal system with respect to Q. In fact, let 
Aa be a complete orthonormal system with respect to Q’ and 
k8(Z)} the set of functions associated with it by means of (16). 
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Then, the conclusions of §4 lead now to the formula 


1 
GE, T) = ¥@, T) — — Í f P(W)y(Z, W)y(T, Wduds 
(25) . j 
+ an [e(Z) + WZ) lie) + (T)] 


since (Z, W)=G(Z, W)—7(Z, W) obviously belongs to the class 
Qr, 


Thus we may summarize our results in the following way: 

I. Consider the sub-clasa T of Q consisting of the solutions of a 
The kernel function of any complete orthonormal system with re-- 
spect to IT is K(Z, W). 

IH. Consider the class @ of all functions PEQ which vanish on the 
boundary C. Constructing the kernel function of any complete 
orthonormal system with respect to œ and taking the necessary steps 
in order to guarantee convergence leads to Green’s function. 

III. Carrying out the same processes as in II for a complete ortho- 
normal system with respect to the general class Q leads to Neumann's 
function. 

The relation (9) between the kernel function and the Green and 
Neumann functions appears now as a simple consequence of: the 
fact that the linear space Q is the sum of the two complementary 
orthogonal spaces @ and T. Thus, we may construct a complete ortho- 
normal system in Q by combining any complete orthonormal system 
in Q with another in T. The kernel function in Q appears, therefore, 
as the sum of the two kernel functions in O and T. 

A particular method for obtaining a complete orthonormal ays- 
tem for the class & is given by the following procedure. Consider the 

differential equation 

Í A P d 0. 

(1) | a ae u + Àu 

Determine the eigen vaia à, for which (1^ has eigen functions 
#,(Z) which vanish on the boundary C of B. We suppose for sake of 
simplicity that all eigen values A, are nondegenerate. By Green’s 
identity one has for each pair of eigen functions 


(26) Df sty, ty} = - ff «lam Pu, |dxdy = dn | f mizas. 


In view of the symmetry of D{t,, us} and of the fact that \,>), for 
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yxu, (26) implies the orthogonality of the eigen functions in our 
metric. Assuming the eigen functions normalized in the usual way, 


(27) J| Hiz =i, 


we have in 
1 
(28) 0,(Z) = xia #2) 


an orthonormal system in our metric. 

By a classical result of the theory of integral equations, all v,(Z) 
form a complete system in Q*. Hence this orthonormal system may be 
used for the construction of the the Green function. This particular 
result leads to a well known theorem in the theory of eigen functions. 


6. Discussion of the result. In order to understand the significance 
of our result, we have to investigate the meaning of the terms 
g(Z)+h,(Z). By definition (16), 4,(Z) is of class Q and has the 
boundary values 0. One easily shows further: 


(29) AKZ) = P(Z)g.(Z) — Ag(Z), Aa. 


Hence g,(Z)+h(Z) is a function of class Q with the same boundary 
values on C as g,(Z) and satisfying in B the differential equation 


(29) Alg(Z) + WZ) ] = P(Z)g,(Z). 


This fact clarifies the meaning of (22). For N(Z, T) satisfies as func- 
tion of each argument the differential equation (1). If we apply in 
(22) the Laplace operator with respect to Z and T on both sides, we 
obtain formally 


02) POPNE, T) = PZP): X ZeD). 


If the right-hand side sum were convergent, this would give a repre- 
sentation of the Neumann function as the kernel function with re- 
spect to the class Q. In order to ensure convergence, however, we 
had to introduce the g,(Z)+h (Z), that is, to carry out a certain 
‘integration of the formal identity (22^). Analogous considerations are 
valid in the case of formula (25) and the theory of Green’s function. 

One might inquire further concerning the importance of the 
Green’s function y(Z, W) in our considerations. We used essen- 
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tially the two following properties of y(Z, W): 

(a) y(Z, W) has at Z=W a logarithmic pole; 

(b) y(Z, W) is a symmetric harmonic function; 
while the third and most restrictive property of y(Z, W), that is, that 
it vanishes on the boundary C of B, was only used in the transforma- 
tion of (21) into (21’). It might be more convenient for practical com- 
putations to use instead of y(Z, W) simply the singularity function 
—log|z— w| which satisfies both conditions (a) and (b). The repre- 
sentation of the Neumann function is in this case a little more com- 
plicated, but on the other hand one is saved the effort of computing 
the Green’s function of the domain with respect to Laplace's equation. 

Finally, we wish to point out that we dealt with a particular type 
of the partial differential equation (1) only for the sake of a simple 
representation of the method. We indicated in our previous paper the 
possible generalizations of the type of equation, and for all those 
partial differential equations obtained one may construct the Green 
and Neumann functions in an analogous way. 
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THE ISOPERIMETRIC PROBLEM OF BOLZA 
WITH FINITE SIDE CONDITIONS 


J. ERNEST WILKINS, JR. 


1. Introduction. In view of recent improvements in the theory of 
the problem of Bolza in the calculus of variations, both with respect 
to the necessary [2, 6]! and the sufficient conditions [3, 4, 3, 7], it 
seems worthwhile to investigate certain problems which, although 
not immediate special cases of the problem of Bolza, can be trans- 
formed by simple means iato such problems. A comparatively simple 
problem of this nature is that of finding necessary conditions ‘and 
sufficient conditions in order that an arc 


C: On, ¥i(2) (A=oi,:--,rj;imd,--- a; Tti S23 2) 


will minimize an expression of the form 
(1.1) KC) = gla) + f Ko, 2,9, Vaz 


Received by the editors April 3, 1947. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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in the class of arcs C which satisfy 
(1.2) La = la), yi(*) = ¥,.4(a) (s = 1, 2), 
(1.3) d.(4, x, y, y) = 0 (omg+i,---,qtm<n), 


(1.4 gs) +f esy y0 Gmgth---.a+) 


and in addition finite side conditions of the form 
(1.5) ¥.(4, T, y) = 0 (u = l, > , q). 


It is assumed that the functions appearing in equations (1.1) to 
(1.5) are continuous and have continuous partial derivatives of the 
first three ordera in a region R of points (a, x, y, y’). We suppose 
further that x,(¢) <x,(a) and that the matrix 


Pex, 
Wry $ 











a.s 


has rank m+q on R. 

For the case in which the parameters ay are fixed and the condi- 
tions (1.3) and (1.4) are absent, Bower [1] has given a treatment of 
this problem.* Her treatment, however, is complicated by the fact 
that the associated isoperimetric problem of Bolza to be introduced 
in the next section is abnormal. Since normality is no longer needed 
as a hypothesis in either the necessary or the sufficient conditions, 
we can give a much simpler treatment of her problem. Introducing 
the parameters a, and the conditions (1.3) and (1.4) provides no 
essential difficulty. 


2. Reduction to an equivalent isoperimetric problem of Bolza. Sup- 
pose that C is an arc which satisfies (1.2) and (1.5). Then C also 
satishes 
(2.1) Pala, =, Y, Y) m prela, z, Y) + Varla, £, vot = O, 

(2.2) fu(2) = pala, x(a), y,(2)] = 0 when s = 1. 


Conversely, if C satisfies (1.2), (2.1) and (2.2), then it satisfies (1.5). 
Therefore, C furnishes a weak or strong relative minimum for I(C) in 
the class of arcs satisfying (1.2), (1.3), (1.4) and (1.5) if and only if C 
furnishes a weak or strong relative minimum for I(C) in the class of 
arcs satisfying (1.2), (1.3), (1.4), (2.1) and (2.2). Since conditions 
(2.1) are ordinary differential equations, and since conditions (2.2) 


* This paper also contains feferences to the earlier work of Mayer, Bolza, Hada- 
mard and Blisa. 
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may be regarded as additional isoperimetric conditions, this second 
problem is an ordinary isoperimetric problem of Bolza. 
3. The necessary conditions. Suppose that C is an arc of class 


C” which minimizes J(C) in the class of arcs satisfying (1.2), (1.3), 
(1.4) and (1.5). Then we can prove that for each variation 


y: Qh, n(x) 

which satisfies 

(3.1) alae) = [yur — yf (a) talon, 
(3.2) -  Geagta F Pani + pen = O, 
(3.3) | Praca + Yarm = 0, 


& 
3.4) omat f Guada + Severe + faini dz = 0, 


in which c,, is defined as 
m2 
Coh Œ Epa, + Span E 
1 


and X, = Xs Yuh = Yim there exist constants 20, h, has, continu- 
ously differentiable functions m,(x), and continuous functions A,(*) 
which do not all vanish simultaneously at any point x, such that if 


(3.5) F(a, x, y, Yh m, A) m lof + lifa + mel2)de + Aslan - 

(3.6) G(a, I) mm log + hpg, + lueg, 

then the following conditions, in addition to (1.2), (1.3), (1.4) and 
(1.5), hold along C: 


: d l 
(3.7) af) Ie 
ax 


(3.8) Ga + | — y Fyi) an HEr | +f "Pud = 0; 
E(a, x, y, y, ¥’, l m, A) 
(3.9) s F(a, x, y, Y’, 1, m, A) — F(a, x, y, 9, |, m, d) 
— (Y{ — yi Fla 2, y y, 1, m,d) & 0 
whenever (a, x, y, Y’)¥<(a, x, y, y^) and satisfies (1.3) and (2.1); 
(3.10) Pyiyi(a, z, Y, Y, 1, m, Arr, & 0 
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whenever x70 and is such that 


(3.11) Paila, X, Y, YJ = 0, Yay (G, x, y)ri = 0; 
» 

G -Joet f Beceni 
T 


where 


ban = Gayaa + G — WFE) Sean + Fyyar + Fata + Fat 


ee | 


+ (F. = y Fy.) Tah Teh + Fy, (XanVrob + aayan) | , 


ol] 


20 = Fyni + Fy s3ming + Pylyjin af H 2F piama 
+ 2F yeni oe + Ferata. 

In fact, it is known [2] that if C is of class D’ and if y satisfies (3.1), 
(3.2), (3.4) and 
(3.13) Praa + Parm + bayin = 0, 
(3.14) Erlaa = O, 
then? there exist continuous multipliers 120, h, L, m.(x), m,(x), 
which do not all vanish simultaneously at any point x, such that if 
(3.15) Fo = hf + hf, + Mpe — Mepa, Go = log + lg, + hEr, 


then conditions (3.8), (3.9), (3.10) and (3.12) hold when F and G 
are replaced by Fs and Gp. Moreover, we also have 


(3.16) Foy: =f Poy dz + ci 
” 


for some constants c;. An examination of the proof of this multiplier 
rule shows that if C is known to be of class C’’, then the multipliers 
m,(x), m,(x) are of class C’. Furthermore, (3.16) can be written in 
the form (3.7) with F replaced by Fo. If we now define M(x) and i, 
by the equations 


(3.17) An( 2) = m, (x), bi = 1, + m,(21), bs = — M(t), 


then the multipliers Jo, },, Ius, mte(x), M(x) have the differentiability 
and continuity properties which they were asserted to have, and 
* Cox derives these conditions for the nonisoperlmetric problem. But the deriva- 


tion of the necessary conditions for the isoperimetric problem from those for the 
nonisoperimetric problem is well known. 
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they vanish simultaneously at some point x if and only if the multi- 
pliers Io, J,, la, t(x), m,(x) vanish simultaneously at some point x. 
If F and G are defined by (3.5) and (3.6) with these values of the 
multipliers, it is easy to see that conditions (3.7), (3.8), (3.9), (3.10) 
and (3.12) hold as stated when they hold for Fy and Go. Finally we 
observe that when C satisfies (1.2) and (1.5) and y satisfies (3.1), 
then y satisfies (3.13) and (3.14) if and only if y satisfies (3.3). 


å. The sufficiency theorems. These are now immediate conse- 
quences of the sufficiency theorems for the isoperimetric problem of 
Bolza [5, 7]. If for every nonidentically vanishing variation which 
satisfies (3.1), (3.2), (3.3) and (3.4) there exist multipliers (J, m, A) 
satisfying the differentiability and continuity properties mentioned 
in §3 such that equations (3.7) and (3.8) hold, and for which 


(4.1) Fytti > 0, Jaly) >0 


whenever r0 and is such that equations (3.11) hold, then [7] C 
gives I(C) a proper weak relative minimum in the class of arcs satis- 
fying (1.2), (1.3), (1.4) and (1.5). If in addition to (4. 1) we require 
that (3.9) hold “whenever the point (a, x, Y, Y’, J, m, A) is in a neigh- 
borhood of those belonging to C (lo being held fast) and (a, x, y, Y’) 
satisfies (1.3) and (2.1), then [5] C gives I(C) a proper strong rela- 
tive minimum in the clase of arcs satisfying (1.2), (1.3), (1.4) and 
(1.5). 
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A NOTE ON THE DERIVATIVES OF INTEGRAL FUNCTIONS 
8. M. SHAH 


1. Introduction. Let f(z) =} 50.5" be an integral function of order 
p and lower order \, and M(r) = maxs_r| f(s) | ; M’ (r) = max}sj—r|f’(s) | 
In a recent paper [1]! I have proved the following two theorems. 


THEOREM A. If f(z) be any integral funciton of order p then’ 
l M’(r)/M 
(1.1) cig es 
roe log r 


‘Turorem B. If f(s) = Jant be an integral function of lower order ) 
and Ga 20 then 


r log {rM'(r)/M (1) } _ 


r=» log r 


À. 


The condition that the coefficients a, be real and non-negative is un- 
necessary. The purpose of this note is to prove the following two 
theorems and to deduce a number of interesting results. 


THEOREM 1. If f(z) be an integral function of lower order} (OSAS ©) 
then 


T log {rM'(r)/M(r)} _ 
r+ log T 
THEOREM 2. For any integral function f(s) we have 
lim inf M’(r)/M(r) & lim inf »(7)/r S lim sup »(r)/r 
(1.3) ae aa 


(1.2) . 


< lim sup M'(r)/M(r), 


lim inf M“t+)(r)/M™(r) < lim inf »(r)/r S lim sup »(r)/r 


(1.4) < lim sup MDM OC) (s = 1,2,3,7), 


where f(s) is the sth derivative of f(s), MO (r) = maxis— |f% (s)| 


Received by the editors January 6, 1947, and, in revised form, April 1, 1947. 

1 Numbers in brackets refer to the bibliography at the end of the paper. 

2 A glance at the proof [1, pp. 1-2] shows that the result (1.1) holds when p is 
infinite. An alternative proof of Theorem A is to employ Lemma 4 and relation (8) 
of my paper [1, P- 1]. 
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and v(r) is the rank of the maximum term of f(s) for |s| =r. 


2. Lemmas. 


Lemma 1, Let 
(2.1) F(x) bea positive nondecreasing function for x > Xe, 
(2.2) - lim inf F(2)/z# = a (OS a< o); 


then, corresponding to each pair of postisve numbers b, c satisfying the 
inequalities 
a <b; ajb<c<1 


there ts a sequence xi, £s, °°, tending to infintiy such that 
F(x) < bz , l (cIa S T S Ta) 
ProorF. For there is Aeee %1, zs °° - such that 
F(2,) < bex,. 


Hence if cr, Sx Sx, 
F(x) S F(a.) < bea, S be. 
LEMMA 2. Let (2.1) hold, 
(2.3) ry ed = 6; (0 <a S o); 


then, corresponding to each patr of positive numbers b, cı, satisfying 
the tnequalsises 
bi < a1; 1 < cı < a/bi 
there is a sequence Xi, Xa, ‘°° tending to infinity such that 
F(x) > biz (Xa S T S Xa). 
For there is a sequence {X.} tending to infinity such that 
F(X.) > bic1X,. 
If Xa Sr 5X, 
F(x) & F(X.) > biciXa D biT. 
Lemma 3 [2, p. 22]. Let (2.1) hold, 


? It is always possible to choose the sequence {z,} such that two consecutive 
intervals have no common point. Similarly for the intervals of Lemmas 2, 3, and 4. 
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(2.4) lim inf log F(x)/log x = a (0 £a <w); 
Iz=» 


then, corresponding to each patr of postitve numbers B, y satisfying the 
inequalities ` 
a<ĝ; aß <y<i 

there 1s a sequence yi, Ya, °° tending to infinity such that 

F(z) <a (Wn S 2 S ya). 

LEMMA 4, Let (2.1) kold, 
(2.5) maap log F(x) /log z = ay (0 < aS œ); 
then, corresponding to each patr of posttoe numbers Bi, Yı, satisfying the 
inequaltites ' 
Bi<a; 1<y< abı 

` there is a sequence Yı, Yn, -- - tending to tnfinsty such that 

F(z) > x" > sash. 
For there is a sequence { ¥Y,} such that 

log F(Y.) > Bry: log Ya. 
If Vises Vhs 
log F(x) & log F(Y.) > Bry: log Ya = Bi log Ya & bı log 7. 
3. Proof of Theorem 1. Let 
B log {rM’(r)/M(r) } 
log r 

If A be infinite, we have from the inequality [3] 
(3.1) M'(r) > (M(r) log M(r))/(rlogr); r>ro=r(f) 
that® 


6(r) 


lim inf @(r) = œ. 


re 


We therefore suppose that OSA< om. From the inequality (3.1) 
it follows that 


(3.2) lim inf @{r) & 2. 


4 We can deduce Lemmas 1 and 2 from Lemmas 3 and 4. 
5 r,and #4 are not necessarily the same at each occurrence. 
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If »(r) denotes the rank of the maximum term of f(s), then we have 
[2, p. 21] 
lim inf log »(r)/log r = À. 


Hence by Lemma 3, corresponding to each pair of positive numbers 
B, Y Pamung the inequalities A <8; A/B < <1, there i i a sequence 
Vi, Ja, ` ° + tending to infinity such that 


y(r) < r (ya sra Va). 


Let E, denote the set of points r (,SrsSy,)andE=E.tAt:-:-. 
Let F denote the set of points r which lie [4, p. 105] outside a set of 
exceptional segments in which, forr>R, the variation of log r is less 
than Ky(R/k)-"3, Since the variation of log r in E, is 


log Ya — y log Ya = (1 — 7) log Ys, 
which tends to infinity with », there are points in E, which do not 
belong to the set of exceptional segments. The set EF therefore con- 
tains a sequence «, &, -+ - tending to infinity. At these points [4, 
p. 105] en 
(3.3) r’ (r) ~ M(r)»(r), T = by, 
(3.4) rMD(r) ~ M (r)p(r). 
Hence for n > no 
P 
CuM’ (6n) /M (6n) < 2r(6n) < 2e, 


and so lim inf,... 0(r) $8 and since B—À can be chosen arbitrarily 
small we have 


lim inf 6(r) SX 


and so lim inf,.., 6(r) =X. 


4. Proof of Theorem 2. Let lim inf,...»(r)/r=a and suppose first 
that a< œ. Then if 


a <b, a/b<c¢ <i, 


we have, by Lemma 1, »(r) <br (cxa Sr St). Let E, denote the set 
of points r (cxn Sr Sa) ad E=Fiu Eat. . The variation of log r 
in E, is log x,—log cx, =log 1/c which is not less than Ky(R/k)-1/"3 
if R be large enough. The total variation of log r in the intervals 
> 3-1, tends to infinity with n. Hence the set EF contains [4, p. 105] 


ł 
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a sequence ¢e/, a, - - - tending to infinity. For r=e! (n>) 

(4.1) M'(r)/M (1) ~»(r)/r < b, 

(4.2) - MD (r)/MO(r) ~ v(r)/r <b (s= 1,2,3,---). 
Hence ' | 


lim inf M’(r)/M(r) < b. 


Since b —a can be chosen arbitrarily small 
lim inf M’(r)/M(r) Sa 


which certainly holds if a= œ. Also 
lim inf MHD (7) /M@(r) Sa (sm 1,2,---). 
fe 


Let lim sup,+«. »(r)/r =a and suppose a;>0. Let bı <a, 1 <c <a1/d1. 
If G denotes the set of points formed by the intervals of Lemma 2 the 


set GF contains a sequence gi, ga, ` °°, ga, © © tending to infinity. 
For r= g, (>) 

(4.3) . M'(r)/M(r) ~ v(r)/r > bi, 

(4.4) "MOD () /MO (7) wa(r)/p > br (5 m1, 2,°°°), 


Hence lim sup;.. M’(r)/M(r) 241, 
lim sup Mt) (r) /M@(r) & ai 


ca 


which hold if a; =0. Hence the theorem follows. 
5. Applications. We have from (1.1) and (1.2) 





ma a ree E (r)/M()} 
(5 1) re log re log f 
i (+1) (a) 
sa ee 
re log r 
im int PEO oy m1 a: tim ing SLM O/H OI 
roe logr r+ log r 
Oe) lo { MD YMO )} 
E E a 
r= log fr 


(s = 1,2,---). 
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Let s denote any fixed positive Rg and C, Cı two positive con- 
stants. 

(5.3) If M’(r)&CM(r) for al] r>ro then either \>1 or X=1 and 
lim inf... »(r)/r2C. 

From (1.3) we have lim inf,... »(r)/r=C. Hence \ 21. 

REMARK (i). This is a best possible result in the sense that there 
are functions for which M’(r) 2 CM (r) and »(r)~Cr. We may take for 
instance f(s) =exp (Cs). 

(ii) The converse—if lim inf,... »(r)/r&C then M'(r) 2 CM (r) for 
all r >r o—is false. For consider f(s) =cosh Cs. Here X=1 =p, v(r)~Cr. 


M'(r) = 6or — ¢g Or 
M(r) - oor +. Or 
UM") er toe 
M i — g0" 





<C for all f > 0, 


>C for allr > 0, 


and 80 on. 
(5.4) If MY (r) CM (r), r>ro, then X21 and lim inf... (r)/r 
eC 


(5. 5) If M'(r)SGiM(r), or if MDDr) $C.M(r), for all r>To, 
then etther p<1 or p= and lim 8UPr-æ ¥(7)/r Cy. This follows from 
Theorem 2. If f(s) is of order 1 then [5, p. 81] it follows that 
lim sup roe log M(r)/rS Ci. 

Let ¢(r) be any function, nondecreasing and positive for r>r and 
such that log $(r) /log r tends to zero as r tends to infinity. 

(5.6) If M'(r)2= (1/07) M(r), or if Mor) Z (1/6(r)) M(r) for 
a sequence of values of r tending to infinity, then p21. 

This follows from (5.1). If this hypothesis holds for all r>r, then 
from (5.2) we get A321. 

(5.7) If M’(r)So(r)M(r), or if MD) Spr) MOr), for a 
sequence of values of r tending to infimiy, then A S1. 

This follows from (5.2). If this hypothesis holds for all r œr, then 
from (5.1) we get pS. 

(5.8) If 1/d(r) SM (r)/M(r) Solr) or if 1/o(r) SM ANM (r) 
So(r) for all r>r, then h=p=1. 

This follows from (5.6) and (5.7). 

(5.9) If p<1 then 


M(r) > dr) Mr) > pM") >- > fol) } MO) 


for al r>rp. 
This follows? from (5.1). 


t Cf. (5.6) above, © 
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(5.10) If A>1 then l 
1 1 1 
M(r) < — HM'(r) < M") <- o <M 
eS aa aor O 
for al r>ro 
This follows’ from (5.2). 
(5.11) If \=1 and lim infr.» »(r)/(r log r) >1 then’ Mir) <M'(r) 
<M'(r)< +++ <MM(r) for a r>ro. If lim infr.. »(r)/(r log r) 
=} >1 then since : 





log M (r) >f { »(t) /t} di, 


lim inf log M(r)/(r log r) > 1. 


Hence for all r>ro 
M'(r)/M(r) > log M(r)/(r log r) > 1, 
M" (r)/M'(r) > log M'(r)/(r log r) > log M(r)/(r log r) > 1, 
and so on. 


(5.12) If \=1 and lim inf,... v(r)/r<1 there ts a sequence of num- 
bers r tending to infinity for which 


M(n > Mn >- > MOO). 


Let lim inf,» »(r)/r=a and a <b <1. The result follows from (4.1) 
and (4.2). This result does not hold if lim inf,... »(r)/r21. In fact for 
the function f(s)=cosh s, »(r)~r and the sequence { M (r) } 
(n=0, 1, 2,- - - ) is not monotonic for any r>0. 

(5.13) If X<1, there is a sequence of numbers r tending to infiniy f 
which ; 

M(r) > ANM) > PNM) > o > OMO). 


This follows from (3.3) and (3.4). 
(5.14) If p=1 and lim sup. P(r)/r>1, there ts a sequence of num- 
bers r tending to infinity for which 


Mir) < Mr) < Mr) << MOG). 
This follows from (4.3) and (4.4). It does not hold if 


lim supr.. P(r)/rai. 
(5.15) If p>1, there is a sequence of numbers r tending to tnjinsiy 


7 Cf. (5.7) above. 
3 S, K. Bose has proved (5.11) with the hypothesis A>2. 
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for which 


1 1 1 
M (r) s (r) < wo (r) L'e oe (r). 


Let 1<ßı <p; 1<yı<p/ß; H-the set of intervals of Lemma 4. 
The set FA contains a sequence of numbers r tending to infinity for 
which the above inequality holds. 
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MUSLIM UNIVERSITY 


GENERALIZATION OF CERTAIN THEOREMS OF G. SZEGO 
ON THE LOCATION OF ZEROS OF POLYNOMIALS 


GYULA DE SZ. NAGY 

Using the theorem of Grace, the following result was obtained by 
G. Szegð:! ` 

Let the polynomial 

f(s) = s* + Aant tHe HH An 
have no zeros in the circular region |s| SR. Then the “section” 
h(s) = f(z) — s" = Ays™ H Ags™?-+---+ Ay 

has no zeros in the circular region |s| S.R/2. | 


In case of an even » the example f(s) = (s — R)* shows that the circle 
|s| <R/2 can not be replaced by a larger concentric circle. But in 
case n is odd, according to Szegő the polynomial A(s) is different from 
zero even in the circle |s| S(R/2) sec (x/2n).? 


This theorem can be generalized as follows: 
I. Let the polynomial 
Ja) =e" dg a es | 
have no zeros in the circular region |s—a| SR. Then no polynomial 
h(x) = f(s) — e(z — a)”, lel <1, 
can have any seros in the circle |s—a| SR/2. 


The example fis) =(s—R)*, a=0, e=1, shows that this theorem 
can not be refined even in the case of an odd n. 
Theorem I is a consequence of the following more general theorem: 


II. Let the polynomial 


(1) (8) = @ — Gi)(@ — aa) +++ (5 — ta) 
have no zeros in the circle |s—a| SR; and let the polynomial 
(2) g(s) = (s — b) (s — b1) «+ + (8 — ba) 


Received by the 2ditora March 27, 1947. 

1 G. Sregd, Bemerkungen su einem Sais von J. H. Grace aber die Wursoln alge- 
braischer Gloickuugex, Math. Zeit. vol. 13 (1922) pp. 28-55. 

3 Loc, cit. p. 46, 
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have all tts zeros in the ctrcle |s—a| Sp, p<R. Then the polynomial 
(3) h(s) = f(s) — Age), [A] S#, 054 < R/p, 
can have no sero tn the circle 

— 
4 = aa 
(4) |s a| Sr ane 


In order to prove this we observe first that for any zero E of the 
polynomial (s) ; 





fC) ne 6 = Op 

ro 7 rm Ẹ— dy 

Hence A(z) 0 in every point z, where 
f(s) 

g(¥0) 

Now at every point sọ of the circular region (4) 





= À. 


Zo — Gy, 


xja]. 
Zo — ba 














bl 


|s — a| Z |as- a|- |s -a| z |sr—-a|-r>R-r 
= (r + p)t, 
|s — b| S| —alt+l|o,—al Srty, 
F (80) 


so that 
> (== "alal 
g(s) r+p " 


This concludes the proof of II. In the case }} == --- =b, =Q, 
|A| =[{e] =1 (p=0, #=1), we obtain I. 
Substituting 


e(s) = 5* + Ays*-* xx 3*- hgh A), aa, po | Ay |1, A= 1 
in Theorem IJ we obtain: 

III. The polynomial l 

f(s) = s3” + Ags*-* + Anah HHA 

has at least one sero in the circle |s| &2r+]A,|Y* provided the section 

h(s) = f(s) — s* — Ams’ ma Agi ys PI Ay get 4. td, 
has at least one sero on the circle |s| Sr. 

The proof of the following theorem is similar to that of II: 


Zo — Gh 























b—1| So — Dy 
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IV. Let ai, Gs, --- , Gs be given points of the complex plane whick are 
all different from a. Let Sy be the half-plane containing a and having as 
boundary the perpendicular bisector of a, ay. Finally let S* be the com- 
mon part of the half-planes: Si, Sa, +++, Sa. Then no polynomial 


h(s) m= (s — a1)(s — Gs) +++ (8 — Ge) — els — a)", Je] S 1, 
can have a zero in the interior of the convex domain S*. 
Indeed in any point sẹ in the interior of S* we have |s.—as| 
>|s0.—a| ao that 
F(t) TI 
glo) H 


A theorem similar to II holds also if the zerœ of the polynomials 
f(z) and g(s) are in arbitrary circular domains without common 
points. One of these circular domains is the interior of a circle, the 
other the exterior or interior of a circle or a half-plane. Corresponding 
to these cases three theorems can be obtained generalizing also certain 
theorems of G. Szeg5.? l 


V. Let the seros of the polynomials f(s)=(s—ai) -- + (s—a,) and 
g(s) =(s—bı)(s— b) - - - (8—0,) be located in the circular regions 


(5) ls—a|2p. ond |s—8| So, 


respectively. We assume that these regions have no potnis in common, 
that ts, 


‘So Oe sil: 








Zo — Qb 


(6) pı — pr > 0, |B — a| <p — p 
Then no polynomtal 
(7) h(s) = f(s) — eg(s), |e] 31, 


can have a sero tn the interior of the eclipse E with foci at a and B and 
with the major axts p1—ps. 


VI. Let the seros of the polynomials f(s) and g(s) be located in the 
circular regtons 


(8) ls—alSp. ond |s—B8| Sopra 

respectively, such that these regions have no points in common, that +s, 
(9) |8 — a| > pı + ps 

Then no polynomial 


1 Loc. cit. pp. 41—48, Theorems 13-15. 
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h(s) = f(s) — og(s), Je] = 1, 


can have a sero in the interior of the hyperbola H with foci at a and B 
and with the real axis pit ps. 


VII. Let the zeros of the polynomials f(s) and g(s) be located in the 
circular region |s—a| Sp and in the half-plane S, respectively, such 
that these regtons have no points in common. Let K be a conic section 
with a as focus and the boundary line L of the half-plane S as the ` 
directrix corresponding to a4 Then no polynomial 





(10) f(s) — Ag(s) 
with ; 
(11) plat = (et ) 


can have a sero in the tntertor of the conic section K where e is the 
numerical eccentricity of K and 3 is the distance of a from the line L. 


By the interior of a conic section we mean the set of points from_ 
which no tangent can be drawn to the given conic section. 

In order to prove V and VI, we denote by so an arbitrary point in 
the interior of the conic sections E and H, respectively; let ' 


| so — a| = r, | so — B| = rz. 
As to the ellipse E we have l 
rı +Hrı<pı— pa or pripr 

[so — a| =| os — a| — |s- a| =|a,—al—n>pi—n, 

| so — ba| £ |b — 8| +] 5 — B| S p+r 
From this Theorem V follows since 
Zo — Gp pı— Tı 
% — by pr trs 


As to the hyperbola H, we distinguish two cases regarding the posi- 
tion of sọ, according as so is nearer to p than to a, or conversely. In 


the first case 


ry >7s, Tı— f> pitps hence rr; — pi > ry + ps, 


> 1 so that 











F(s) T 





>12]e| 


|x — a| 2 |s — a] — | ar — a| Z ri — m, 
|s — b| S| 2 — B| tlbs- p| Erto 
4 That is, the polar of æ. š 
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In the second case 
11<fs, Ta—rı> pıt pẹ hence r:—ps>r1+ 91, 
|s — a| S |s —al+|o—a«) Sri Hpo 
| so — be] & | so — 8| — | ba — 8| Brat ps 
Thus we bave in the first and second case, 
Zo — Gp 


Zo — by 


fı — Pi 


T3 + pa 


Zo — ük 
to — b: 





Tı + pı 
an o 
T3 — pa 





<1, 





> 1, and | 





respectively. This furnishes Theorem VI since we have 


Flo) Sis el, and | 


ae) <1=|el, 


respectively. 

This proof furnishes the following corollary: 
_ VI’. Let H be ike hyperbola defined in Theorem VI. No polynomial 
f(s) —dg(s) with |A| 21 (A| S1) can have any zero inside the branch of 
H contatning the focus a (B). . 


Let so be a point in the interior of the conic section K defined in 
Theorem VII; let r and d be the distance of sọ from the focus a and 
the directrix L, respectively. Then 





1 1 e+il 
—<e and = = > ; 
a d d" 5 


indeed if s* is the point of K nearest to L and d* is the distance of s* 
from L, we have 


|s*—a|l 8—da 
q* 


— e, 


But |s.—as| S|zo—a| +las—a| Sr+p and |s.—b,| Sd, so that 




















Zo — Gy r+ p p € 
— on = f, 
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This establishes the proof of Theorem VII. 
The special cases 
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bob =--- md, wm 08=0, pp =O e= 1 of V and VI, 
and 

ha -:-ma=0a=0,p=0,6e—1,4=1 of VO, 
are due to G. Szegð. 


UNIVERSITY OF HUNGARY, SZEGED 


SOME REMARKS ON POLYNOMIALS 
P. ERDOS 


This note contains some disconnected remarks on polynomials. 

Let f(x) =[[hi@—x), —1SmSmS --- Sx,.S1. Denote by 
1S7 S +++ S¥n181 the roots of fi(x). We prove the following 
theorem. 


£ 


THEOREM 1. For ain 


(1) AO DIHA 1] + DIAO) | í 2, 

For n&3 

(2) JA DAHL D + 3 ALET 
For n2,10(k) 


(3) | fa(— 1) [2° | fa 4) [et Dlo [uh S 2mb, 


REMARK. If Y= YJ or —1=51,, +1=4,_; the corresponding sum- 
mands clearly vanish. 
Clearly ` 


A D| S A 2m, lald aly enl 27, 
+D] S (1 ma), = 
Thus 
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aa) (Gal Gi 3 R60 | 


2—1 


s(a- a+ s- ses) +O a) J2 s 2n 


which provee (1) 
We have by the inequality of the geometric and arithmetic mean 


p ppn s ERHET pun 
| falga) juss S Suza 2m 
ERILE EE zam, 


Thus we evidently have for næ 3 


E D EE gale A EILO pega 


which proves (2). 

filx) =x and fa(x) = x?/2— 1 shows that (2) is false for # <3. Clearly 
equality occurs in (1) and (2) only for +(1+.X)*. 

The proof of (3) is more complicated and since the proof does not 
present any particular interest we are just going to sketch it. Let 
fa(x) be the polynomial which maximizes the sum (3). If (3) is not 
true we must have 


2* 
| fa(zo)| = max | f,(2)| > —- 
—lassl n 


But then it is easy to see that xo does not lie in (1—e, — 1+6); with- 
out loss of generality we can assume that 1—e<x,S1, and n+o(n) 
of the x; are in (—1+6, —1). But then a simple computation shows 
that f,(x) has no roots in (1—e, 1) and thus xọo=1. (This is clear 
since if we move any possible root of f,(x) in (1—e, 1) to —1, we 
clearly increase the sum (3).) By the same argument we obtain by 
a simple calculation that all the roots of f,(x) have to be in —1, 
which proves (3) and completes the proof of Theorem 1. 

At present I can not determine the exact value of mo(&). 

Let ga(3) =] [k (s—s,), |s:] =1. Denote by 11, 4, - - - the local 
extremal points of g,(s), that is, the points where the vector g(s) 
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points either towards the origin or away from it. I conjectured that 
D | ga(sss) | S 2%. 
i 


Professor Breusch! proved this conjecture for sufficiently large ». The 
proof is complicated. For small values of » he showed by examples 
that the result is falee. 

Let —l=x<mS ++: Sx,=%e1=1. Put w(x) =| [}, (xx), 
by (x) =w(x)/w(x,)(x—xı)}, the fundamental functions of Lagrange 
interpolation. The problem of determining the set for which 


max > | h(a) | 


—lisS1 pel 


is minimal is still unsolved. It has been conjectured, but never proved, 
that the minimum is attained for the points for which all the # + 1 
sums 


(4) j max ).|h(x)|, i=0,1,:--,%, 
s SIS) bel 


are equal. If the x; are the roots of T,(x) (the nth Tchebychef poly- 
nomial), then a simple computation shows that the sums (4) all equal 


2 
— log s + O(1). 
T 
S. Bernstein? proved that for any —1 Sx S45 +--+ Sx,S1 
a 2 
max $ | h(x) | > (1+ o(1)) — log s, 
—laeSl bet T 
and I proved? that 
a 2 
max > h(a) | > —logn—e (c absolute constant). 
—lSe51 jel T 


We consider a slightly different problem. We prove the following 
theorem. : 


THEOREM 2, Let —1=xoSm- ++ SxaSeteui=1. Then for some t 


(5) max ),| a(z) | < 1/2, 
Si<I<ti4l kel 
2? Oral communication. 
? Bull Acad. Sci. URSS. Sér. Math. (1931) pp. 1025-1050. 
3 Unpublished. 
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REMARK, n"? in (5) can very likely be improved to c log n.`In fact 
it is likely that 
min max », | by (2) | 
ods Sa saris bl 
assumes its maximum when all the sums (4) are equal. 

If, for some $, x=% then (5) is obvious. Assume that xi% Xi} 
0<i<n+1. Consider the equation > }., A(x) =1. The number of 
solutions is not greater than 2n—2 and x, wa, * * * ,%s are solutions. 
Thus a simple argument shows that for come 4, 14+Sn— 1, 


2 hla) <1 fora, < T <L 2441. 
kml 
But then clearly (from Schwartz’s inequality) 
Elala) | <w? for m StS tH1 
kel 


which proves Theorem 2. 

In one of his interesting papers Schur proves among others the 
following result: Let aox*+ --+- Fas be a polynomial with integer 
coefficients, all whose roots are in (—1, +1) and are different. Then 
for sufficiently large n, |@o| >(2”2—e)*. We prove the stronger 
theorem: | 


THEOREM 3. Let fa(x)=aox"+ +--+ +a, be a polynomial with 
rigs cosficients and f.(—1)0, f.(0)¥0, fa(+1) #0. Then, 
Gy = 29/8, 


We have (x1, x1,° * * , Za are the roots of f,(x)) 
| fa(— DAOS 1)| =| o I (1— an] 2 1. 


But | (1—s4)<4| 31/4. Thus | co] &2~2 which completes the proof. 
2*(x—1/2)* shows that |a| 22% is best possible. 

Schur in his proof makes use of the fact that the discriminant of 
fa(x) bas to be an integer. If we make use of this fact we easily obtain 
that, for large n, |a| >(2"+c)*. On p. 390 of his paper Schur con- 
structs a polynomial of degree 2” with 


(ta) 1 1/2 2+1 1/2, n+ 
“agat? | ie ae > 


í Math. Zeit. vol. 1 (1918) pp. 377-402, see p. 389-391. 


f 
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This seems the greatest possible value of |a|. 

In the same paper (Theorem XIII, pp. 397-398) Schur proves 
the following theorem: Let a) be a given integer, and let f,(s) 
=a,s"+ --- +a, bea polynomial with integer coefficients the roots 
of which either all have absolute value 1 and are different or all are 
in the interior of the unit circle (in which case multiple roots are 
permitted). Denote these roots by 81, % © + * , 8. Then 

PTEE ie ees err gi? 
ar a + 8 <1 


— — p 


2 


Schur conjectures that the limit (6) is 0, and remarks that if aọ=1 
this follows from a theorem of Kronecker, which asserts that in this 
case all the s, are roots of unity. We now prove S&chur’s conjecture. 


THEOREM 4. Let the a, be defined as above. Then 
ra a 


" 


(6) lim su 


0. 


First we can assume that # tends to infinity (that is, for every n 
there are only a finite number of equations satisfying the conditions 
of the theorem). Also if f(s) has all its root in the interior of the unit 
circle then s*f(s)-+-s*f(s—1) =g(s) has all its roots on the unit circle and 
all are different. Also the sum of the roots of f(s) and g(s) are identical 
(p. 397). Thus it will suffice to consider polynomials having all their 
roots on the unit circle and distinct. 

Therefore the discriminant of D satisfies the inequality 


(7) 1SD=a, Jl (s-s). 
t<iaa 
It follows from a result of Pélya (p. 395) that 
(8) | f(s1, 4° °°, 2a) | = Il (u-z) S n. 
<7hn 


Thus for at least one s 
(9) IT | s- s)| Sn. 
fri 


To prove Theorem 4 it clearly suffices to show that the s; are uni- 
formly distributed on the unit circle. Suppose this is not true. Then 
it follows from a result of Fekete! that there exists a £o, | so] =l; 
such that 


s Ann. of Math. vol. 41 (1940) pp. 162-173, see pp. 165-166. 
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(10) TT | Gs) | > A+ ens. 
réi 
But then from (9) and (10) 
1 2 7 
| f(s0, $1,° °° , #1, Bi41° °° Sa) > SEN ia Ba," a By). 


If 5, 3, °° +, 8 are not uniformly distributed we can continue this 


process can times, and thus obtain yı, ys, ---, Va, | | =1, so that 
(1 + co" 
(11) [SOn yy + Yn) | > —————| fu, Se + + +, 80) |. 
paaa 


But from (7) and (11) we obtain 


| f(y, Jaa SG Ya) | > (1 +a” 





gł"? on" 
A) 
which contradicts (8) and completes the proof of Theorem 4. 
Szegt* proved the following theorem: Let M be any closed set in 
the plane. Denote by wa(M, 3o) the maximum of be (s0) | for all 
polynomials f,(s) of degree n which satisfy | fa (2) | <1 for all sin M. 
Assume that the transfinite diameter of M is positive. Then 


lim wa(M, 20)" < œ. 


Fekete’ proved that if zs is not in M, lim w,(M, 30)!" exists and is 
finite if the transfinite diameter of M is positive, and is infinite if the 
tranefinite diameter of M is 0. 

Assume now that z, belongs to M. The following questions remain 
open: (1) Does lim wa( M, 39)'/* exist? (2) Let the tranafinite diameter 
of M be 0. Is lim we(M, z)!" = œ PT 

We are going to answer both questions in the negative. In fact we ` 
prove the following theorem. 


THEOREM 5. Let M be the set consisting of 0 and 1/2», k =0, 1,2, +++: 
Then 


al M, 0) < cr. 
Clearly M is closed and countable, thus its transfinite diameter is 0. 


Lexma. Let a, b, d be three real numbers, d—b=b—a. Then if 
|fa(s)| <1 for a<s<b, 


‘Math. Zeit. vol. 23 (1925) pp. 45-61. 
1 Math. Zeit. vol. 26 (1927) pp. 324-344. 
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fald) < c1/(b — a). 


If a=0, b=1 the lemma follows from Szegi’s* result. The general case 
follows by a linear transformation. Asa matter of fact it is well known 
that w,(M, d) is given in this case by the Tchebychef polynomial 
belonging to (a, b). 

Now we prove Theorem 5. The equation f2(s) =1 can have at most 
2m real roots. Thus since |#(1/2)*) | <1, k=0, 1,---, we obtain 
that, for some k>n+1, | fa(s) | <1 for all 1/24<s<1/2*", Thus by the 
lemma 


| f,(0) | < rt <c, 


q.e.d. 

THEOREM 6. Let the set M be defined as follows: ni<ma< +--+ tend 
to infinity sufficiently fast. M consists of the points O and 1/2" where 
nySuS2n,+1. Then lim ow (M, 0)4* does mot exist. In faa 
lim sup w,(M, 0)”*= œ, lim inf wa(M, %)V*< œ. 


As in Theorem 5 it follows that if |f(1/2*)| <1 for m Su S2m+1, 
f(x) a polynomial of degree n,, then w., (M, 0) <c™. Consider f(x) 
= 29+] [(x—1/2», k <1, 2,---, 2n;-+1. The degree of f(x) equals 
2n, +2. Also | f(x) | <i for all x in M, and if ñ, tends to infinity 
sufficiently fast 


(f’(0)) ust > (Qettl /2 0m +A 13m _, co 
q.e.d. 


THEOREM 7. Let f(s) be a polynomial of degres n with real co- 
efictents. |fa(s)| <1 for —1 5551. Then if |s| 21 


| falo) | S| Taso) |. 


Equality holds only for fa(s)= £T(s). 


In case s, is real this result is well known. 

We are going to prove the following more general result: Let 
| fa (21) | 41 where x= —1, x, s=i, 2,--+.-,n—1, are the roots of 
Tj (x) and x,=1. Then for |so| 21 


(12) | falso) | S| Ta(x0) |. 
We have (4, (x) =w(x)/w’ (x1) (x —x,), w(x) = (1-2) TY (x)) 


Reve È yla), eee 
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We evidently have for complex numbers A and B, max (|A+B! i 
|4—B|>A. Thus |f,(s)| will be maximal if y;=+1. A simple 
geometric argument shows that the angle between any two of the 
vectors (—1)%;(s0) ia less than 4/2 (since the interval (—1, +1) sub- 
tends from s, at an angle not greater than x/2). But then clearly 
|f.(80)| is maximal if 


haea’ Gia 476): 
to) 3 


Equality clearly occurs only if f(s) = T (8). 


COROLLARY. Let Ho) S1 for —1 5351, also let f,(s) have real 
coefficients. Then for |s| $1, |fa(s)| <| T0]. 


If we do not assume that the coefficients of f,(s) are real it is easy 
to give examples which show that lfa(s)| does not have to be less 
than |T|. Trivially |f.(s)|S >°3.5|4.(4)|. But in general 
max |f,(s)| < Polha. I can not at present determine max |f,(s)| 
for |s| 51. 

In the same way we can prove that if f(s)=aos*-+ --- +a. has 
real coefficients and |f(s)| S1 for —1SsSi then >%,|a,| is 
maximal for f(s) = +T,(s). Szegő! proved the following stronger re- 
sult: | an| F Garl is maximal for f(s) = +7,(s). 


SYRACUSE UNIVERSITY 


® Oral communication. 


PAIRS OF INVERSE MODULES IN A SKEWFIELD 
F. W. LEVI l 


Let Z be a skewfield. If J and J’ are submodules of £ such that the 
nonzero elements of J are the inverse elements of those of J' , then 
J and J’ form a “pair of inverse modules.” A module admitting an 
inverse module will be called a J-module and a selfinverse module con- 
taining 1 will be called an S-module. In an earlier paper! the author 
has shown that if Z is a (commutative) field of characteristic not equal 
to 2, then every S-module is a subfield of ©. Only in fields of char- 
acteristic 2, nontrivial ‘S-modules can be found. A corresponding dis- 
tinction of that characteristic does not hold for skewfields. Even the 
. skewfield of the quaternions contains nontrivial S-modules, for ex- 
amples the module generated by 1, j, k. In the present paper some 
properties of S-modules and J-modules will be discussed. For example 
it will be proved that when an S-module contains the elements a, b 
and ab, it contains all the elements of the skewfeld which is gen- 
erated by a and b. By a similar method it will be shown that finite 
S-modules are necessarily Galois-fields. 


1. Necessary and sufficient conditions for J-modules. 


THEOREM 1. A submodule J of È ts a J-module if and only sf ac J 
and bx¥0CJ imply aba EJ. 


PRoor. Let J be a J-module. Without loss of generality suppose 
that a0, b—a=cx0. Then k=a-!-+c71€J’ since J’ is closed under 
addition and subtraction. As k=a7(c+a)c1, k*=cb-'a: hence 
a — k =ab7a is contained in J. Let now J be a module satisfying the 
condition mentioned above. To prove that J is a J. -module, we shall 
show that when a and c are nonzero elements in J, but otherwise 
arbitrary, then g!+c“ is either 0 or the inverse of an element of J. 
The first alternative holds when b=a-+c=0; if however b0, then 
a*+¢c*=(a—ab-1a)—! is the inverse of an element of J. Hence the 
theorem. 


COROLLARY 1. The meet of any (finite or infinite) set of J-modules in 
È 4s a J-module tn È. 


This corollary shows that the J-modules in £ form a lattice with the 
set-inclusion as the defining order-relation. J;J, denotes the ordi- 
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nary meet, whereas JıV Ja is the meet of all the J-modules in 2% 
which contain J; and J}. This lattice is in general not a sublattice of 
the lattice of all the submodules of È. 


COROLLARY 2. If a and b are elements of ÈZ and J ts a J-module in 
2, then aJb is also a J-module in È. 


COROLLARY 3. If the J-module J contains 1, then J 4s an S-module. 


Proor. From 1:0-!-1E€J, follows J’CJ. As 1-'=1CJ’, the in- 
verse inequality holds. Hence J= J’ is selfinverse and contains 1. 


COROLLARY 4. If a' EJ’, then a'J=S is an S-module, or the sero- 
module. 


Therefore every J-module which contains nonzero elements can 
be denoted by J =aS, where a 0 is an otherwise arbitrary element of 
J. The S-module S depends on the selection of a. For the following 
proofs, it is important to remember that when a and b belong to an 
S-module S, then 


(1) a+ b, a — b, aba, and, for e0, a” 
also belong to S. 
COROLLARY 5. If a0 and aGJ, then a J’a=J, 


Proor. From Theorem 1 it follows that aJ’a CJ and a—Ja'GCJ’. 
The second formula furnishes JGaJ’a; hence the corollary. 


In S-modules (and other selfinverse modules) every, element a0 
of S generates a module-automorphism S—<«aSa. 


r 

2. Skewfields in S-modules. Obviously the primefield of È is con- 
tained in every S-module of Z. We shall investigate now the condi- 
tions for S to contain the skewfield 


(2) F(a, b) 


which is generated in È by the elements a and b (that is, the meet of 
all the sub-skewfields containing a and b). That S may contain a and 
b but not F(a, b) appears from the example mentioned above, where 
£ is the skewfield of the quaternions and S is the module generated 
by 1,7, k. 


Lemma 1. If an S-module S contains a0, & contains a™ (for 
m=0, +1, +2,--:). 


Proor. It suffices to prove the lemma for positive exponents. S 
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contains a and ala=a? and with a*, also aa"¢=a™t®, Hence the 
lemma follows by mathematical induction. 


THEOREM 2. If an S-module S contains a, b and ab + contains all the 
cleménis of F(a, b). 


PRroor. Withoyt loss of generality, suppose that a, 6540. S con- 
tains a—!-ab-a-'=ba—!, hence ab—! and b-ab-!-b=ba. The supposi- 
tions are therefore symmetric for left and right and for a and b. 
Herefrom it follows that a*b‘ and bat belong to S for e, 8= +1. If 
ab ES then atbt ES and bt*a+"EGS. To show that all the terms 
a'b! belong to S, we may therefore restrict ourselves to positive values 
of r and s. Suppose ab* E S for 0 <m <n. This formula holds for n= 1. 
Moreover S contains b-ab*"1-b=bab*. As S is supposed to con- 
tain b and ab™, it must also contain ab*+!, Hence it follows by mathe- 
matical induction that ab™€S for every positive m and therefore 
bac S. We can now substitute 6" for a and a for b and obtain by 
the same conclusion that b"a"CS for every positive r and finally we 
see that for all the integral values of r and s, the elements a'b’ and 
b'a" belong to S. Let now R be the ring generated by a, b, a=, 5-1. 
The elements of R can all be represented as sums of terms 


(3) + anb” s. arabia, 


where the exponents take the values 0, +1, +2, ---. To prove that 
RCS, it suffices to show that all the elements (3) belong to S. The 
statement has been proved for n=1. Now (ba~. anbi... 
ah. bta) a g"hs ag - - - bg 1h*, When wu, 0, 1,°°°, fa; 
Si, °° *,S, run independently over all the integral numbers, then 
the same holds for the 2n-+2 exponents on the right-hand side. 
Thus one obtains by mathematical induction that R is contained in 
S. For the last steps of the proof one needs the following lemmas: 


Lemma 2. If an S-module S contains a ring R, then S contains also 
a ring in whch the elements of R and their inverse elements occur. 


PROOF oF LEMMA 2. The ring generated by the elements ay, ay, -> 
of R and their inverse elements consists of sums of terms of the type 
(4) aas ae atsin; 
the element 1 can be used as an @ as well as an a—!. To show that this 
ring is contained in S, it suffices to show that every element of type 
(4) belongs to S. As a,, a, and ææ, belong to S, the same holds for 
a,ay'; hence the statement is true for »=1. To prove it for an 
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arbitrary n by mathematical induction, we observe that every prod- 
uct of @’s is an @ and that the corresponding holds for the inverse 
elements. Thus 


= =l =I = — —1 —] 
Guaira apt: Os ar )(aa aa ) = qas arų ES. 


Moreover if the statement holds for any particular #>1, it follows 
that 


—l 


—1 —1 —1 =1 — —1 
(1@2n+-1282n+2) (Cont tan 11s "ym, tte E E ita) 


—1 si =| = 
= ada CA4 °° * Bani en Atatay CS. 


Hence we have Lemma 2. 


LEMMA 3. If an S-module S contains a ring R, t contains also 
a skewfield FDR. : 


PROOF oF Lemma 3. From Lemma 2 follows the existence of a ring 
R’ such that RC R’CS and R’ contains also the elements which are 
inverse to those of R. If R’ contains the inverse elements of all its 
elements, then it is a skewfield; at any rate it is a subring of a sub- 
ring R” of S which contains those inverse elements. By continuing 
this procedure, one obtains an ascending chain of subrings 
R, R’, R”, +++ in which each ring contains the preceding rings and 
their inverse elements. The join of these rings is a skewfield F. Hence 
we have the lemma. 

_ As, under the suppositions of Theorem 2, S has a subring R which 
contains a and b, the module S has also a sub-skewfield F which con- 
tains R and therefore a and b. Hence SD FD F(a, b). 


COROLLARY. When a J-module J contains a, b, c and d, where 
ab-'cd-!31, then J contains dF(d-'c, da). 


Proor. d-1J an S-module which contains d-'!c, d-ta and db 
= ¢-I¢d—la, 
3. Finite sS- and J-modules. Let 0, ai, a:--- be the elements of 


an S-module S in È. 
Every “word” of the type 


(5) re A 


belongs to the ring A generated by S. As every —a; is also an a, 
each element of A can be represented‘as a sum of words (5). Further- 
more the sum of the two equal terms can be contracted into a single 
one, say 24;-d, ` * * Ga, since 2a; is also an element a. Thus we can 
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suppose that the terma in a sum which represent an element of A 
are all different. In general such a term affords different representa- 
tions as a word (5). For the shortest representation, the following 
lemma holds. 


Lemma 4. In the shortest representation (5) of a product of nonsero 
clemenis of S all the letters a; are different. 


PROOF. Suppose that in (5) the same letter a occurs several times, 
say G4, + -- GaG is a portion of a product of type (5). We replace 
every day by a'ana ta. Now aayss¢=a45. and a—aya—'=ai, 
are also elements of S. Hence the product under consideration is re- 
duced to af -- +a. when m is odd and toa/ +++ a,/a* when m is 
even. Aa a*€S, the length of the product has been reduced by the 
operation. Thus in a shortest representation, no repetition of ele- 
ments can occur. 

It may be mentioned that in a J-module which does not contain 1, 
no square of any element a0 of J is contained, since a?CS implies 
a-@*-a=1€S. The lemma therefore does not hold for J-modules. 
However one can show by the same method that when the module 
formed by the a’s is selfinverse, in the shortest representation (5) no 
letter occurs more than twice. 


THEOREM 3. Every finite S-module S is a Galois field. 


Proor. If # is the number of elements of S, then it follows from 
Lemma 4 that there exist only mSn* different products of such ele- 
ments. The ring R generated by S consists of sum of different prod- 
ucts and therefore R has not more than 2™ elements. In a finite ring, 
every element a generates a finite multiplicative cyclic group; hence 
.R contains a—'. R is therefore a skewfield and as R is finite, it is a 
Galois field.? S is therefore an S-module in a Galois field. S-modules 
in (commutative) fields are known! to be subfields, except in the case 
of characteristic 2. It remains to prove the theorem for the case when 
S is an S-module in GFy. It has been proved‘ that the elements of 
GFy which multiplied with the elements of S give elements of S form 
a field M(S) and that aCS implies atGM(S). As 1GS, we have 
M(S)CS. In a Galois field of order 27, g=a*. Therefore a*C M(S) 
implies a€ M(S). Hence S= M(S). This finishes the proof. 


2 J. H. Maclagan Wedderburn, Trans. Amer. Math. Soc. vol. 6 (1905), p. 349; see 
also E. Witt, Abh. Hamburgiechen Univ. Math. Sem. vol. 8 (1931) p. 413. 

* Loc. cit. footnote 1, Proposition 4. 

1 Loc. cit. footnote 1, Proposition 2. 
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COROLLARY. Every finite J-module is of the form aG where G ts a 
Galots field. 


If in particular the finite J-module is self-inverse, then a*€G. In 
the case of Galois fields of characteristic 2, this relation implies eEG 
and therefore J=G. 


4, Additional remarks. Let S be an S-module in È and aC S. By 
(a) denote the set of those elements r&s for which ax€S: From 
Theorem 2 it follows that ax-!C.S; moreover u(a) is a module con- 
taining 1. Hence u(a) is an S-module. In the same way, one proves 
that u(a)=p(a-) and that p(a) is also the set of the elements «CS 
for which xaG.S holds. The meet of all the modules p(a) is a skew- 
field M(S). Two modules aM(S) and bM(S) are either identical or 
they have only the element 0 in common; these modules are 
J’modules. Let cE M(S) and c0, then u(a) =u(ac). Furthermore 
denote the modules «M(S) by Mi, Ma, ---. For every particular 
c*0 of M(S) the mapping M,—>cM, generates a permutation of the: 
modules M, which are subdivided into systems of transitivity. M(S) 
_ forms a system of transitivity by itself. If Mı and M, belong to the 
same system of transitivity, then Mı=cM,, where c0, cE M(S). 
As M(S)=M(S)c7, Mı=cM t}. Thus the modules belonging to the 
same system of transitivity are conjugate, the transforming element 
belonging to M(S), and conversely. To every M; there corresponds 
a subskewheld of M(S) consisting of these elements y for which 
yM;= Mi; or yM;=0. The meet of all these skewfields is a skewfield 
which contains the prime field of È. 


CALCUTTA, INDIA 


ON A CONJECTURE OF CARMICHAEL 
V. L. KLEE, JR.! 


Carmichael [1 ]* conjectured that for no integer » can the equation 
o(x) =n ($ being Euler’s totient) have exactly one solution. To sup- 
port the conjecture, he showed that each # for which there isa unique 
solution must satisfy a restriction which implies »> 10°’. In this note 
we prove the validity of restrictions considerably stronger than those 
of Carmichael, and raise the lower bound on » to 1000. 

We shall denote by X the set of all integers x for which o(y) =o(x) 
implies y=x. (If the conjecture is correct, X is empty, and the theo- 
rems stated are vacuously satisfied.) 


(1) THEOREM. Suppose that 2= [Lift ts inZ, where ihe p,'s are dis- 
tinct primes and A ts the range of the index i. Let m= [| sf (p:—1) 
- [Tobt where B and C are disjoint subsets of A (one of them may be 
empty) and cySa,—1 for å in C. Then tf p is prime and p—l=m, we 
have p| 2. 


For if p{#, we have $(p- [Ja-» off: [Jopf**) =4(2), contrary to’ 
the definition of X. 


(1.1) COROLLARY. Suppose, under the hypotheses of (1), that B kas 
the folowing property: sf q is prime and q| (p,—1) for some j în B, then 
q| 2. We must then have p*| 2. 


For under this condition we have p—1= || pp*, D being a subset 


of A. So if p|# but p/z, then o([[a_npt: |] opt**/p) = (2), con- 
trary to the definition of X. 


"i COROLLARY. If, tn the hypotheses of (1), B is empty, we have 
plz. 


i COROLLARY. 4| 2. If f is a Fermat prime such that f| 2, then 
pla. 


(1.2) and (1.3) are Carmichael’s original conditions. From (1.1) 
and (1.3) it follows that # is divisible by 33, 73, 439, P or 133,---. 
(By extending this list Carmichael showed both 4 and p(z) to be 
greater than 10.) 


Presented to the Society, October 25, 1947; received by the editors December 12, 
1946, and, in revised form, April 5, 1947, 

1 I should like to thank Professor C. G. Jaeger of Pomona College for arousing my 
interest in Euler’s function. 

` Numbers in brackets refer to the references at the end of the paper. 
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(2) THEOREM. Suppose u=2*s [Laff ts in X, where the fi's are dis- 
iind Fermat primes other than 3, and s is odd and divisible by no Fermat 
prime other than 3. Suppose that CCA, 28cSa, 0=2s | aft. Then 
Peal only if otther CoA, or for each index i in A—C, 
2*| (f.—1). 


Clearly if v is in X, one of the stated conditions is valid. Now sup- 
pose that y is an even integer such that $(y) =$(9), and let D denote 
the subset of A—C consisting of all indices $ in A—C for which 
fily. Let d,=a,—1 for # in D, d,=a, for $ in (A—C)—D, and 
e=a—ct Ypk, (where fr=2e+1). Let w=24 [Js -cff. Then 
o(w) =(«). If one of the stated conditions holds, yo implies that 
either y is divisible by some prime q such that g{u, or # is divisible 
by a non-Fermat prime p such that pły. In either case wu, con- 
tradicting the hypothesis that u is in X. Hence we have y= and 
pisin X. 

(2.1) COROLLARY. If u ts in X, there is an clement v of X such 
that (i) v| u; (ii) 840, and v ts divisible by no Fermat prime other than 3. 


An element of X which satisfies condition (ii) of (2.1) will be called 
a reduced element of X, and the collection of all reduced elements 
will be denoted by R(X). Clearly the structure of X is fairly well de- 
termined by that of R(X), so henceforth we shall confine our atten- 
tion to R(X). If an element of X has no divisor in X, we shall call it 
irreducible, and shall denote the collection of all such elements by 
I(X). 

(3) THEOREM. Let t=] ] stë be in R(X), where the p, s are distinct 
primes. For an integer m, let B(m) denote the subset of B consisting 
of all indices å for which m| (pı—1). Let w=] a-seawpl'. Then either 
w is in R(X) or m| (w). 

Suppose wÆR(X). Then wX, and there is an integer yw such 
that ¢(y)=¢(w). And if (y, 2/w)=1, ¢(y#/w)=$(4), contradicting 
the fact that GX. So for some ¢ in B(m), we have p:| y, whence 
(pi—1)| (wm). But m| (p:—1), 80 m| f(t). 

(3.1) CoRoLLARY. If, in (3), ZEI(X), m is prime, and B(m) 4s not 
empty, then m?| 2. 


Since B(m) is not empty, w<4. But then, since 2€1(X), wEX. 
Hence m|¢(w), whence from the definition of w it is clear that m?| 2. 


(3.2) COROLLARY. If #EI(X), p is prime and p| 2, then p*|2. 
This follows from (1.1). 


N 
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(3.3) COROLLARY. If 2€1(X), p(2) ts divisible by no Fermat prime 
oiher than 3. 


This is an immediate consequence of (3.1). (3.1), (3.2), and (3.3) 
together eliminate 11, 23, 31, 41, 47, -- - as possible divisors of £ or 
(2) if 2CI(X). 

It would be of interest to know the relationship of R(X) to 7 (X), 
and of I(X) to its smallest member. : 

We now apply (1.1) to ahow the following theorem. 


(4) THEOREM. If 2 is in X, then both & and $(#) are greater than 
1048, 


We know 31| 2, and shall conaider three possibilities: (I) 3°42; (11) 
33| 2 but 34/2; (III) 34|2. Suppose that 2=[[ pf, the p,’s being dis- 
tinct primes, and let m=|[pi?. In each case 3, 7, and 43 are di- 
visors of m. 

In case (I) any prime of the form 6k+1 or 12k+1, where k| m and 
(6, k)=1, must be a divisor of m. Applying (1.1), we find the fol- 
lowing prime divisors: 13, 79, 157, 547, 1093, 3319, 3613, 6163, 6637, 
6709, 36979, 39829, 40507, 42667, 45949, 46957, 74419, 81013, 85333, 
91813, 170509, 258847, 282253, 303493, 518083, 529933, 596779, 
1041853, 1053157, 1573207, 1834639, 1854763, 1954869, 3623803, 
3641917, 3669277, 3856147, 3944389, 6318943, 6772039, 6806893, 
7161379, 7207243, 7372093. 

In cases (II) and (III), m is divisible by each prime of the form 
6k+1 or 18k-+1, where k and m are as above. So in these cases m 18 
divisible by 19, 127, 2287, 4903, 5419, 13723, 82339, 98299, 101347, 
304039, 617761, 688087, 1676827, 3736087, 4130323, 432.4363, 
4693267. 

In cas (II) we also have as divisors primes of the form 36k+1, 
and in case (III) of the form 54%+1. This fact gives rise to addi- 
tional divisors as follows: 

Case (II): 37, 223, 1549, 4219, 4663, 4789, 9547, 10837, 25309, 
27883, 29527, 176509, 196597, 197359, 200467, 399643, 1494029, 
544123, 545947, 1059517, 1063159, 1088467, 1184149, 1198927, 
1203019, 1235419, 1564309, 2397853, 2407141, 3265399, 3702367, 
7082029, 7221439, 7274053, 7619263, 8262367, 8387839, 8647927, 
9139519. 

Case (III): 379, 6823, 15919, 40939, 43207, 123499, 130483, 
143263, 202627, 264763, 302443, 368443, 741043, 859699, 1857859, 
2018383, 2053423, 2333467, 4446759, 5030479, 5480287. 

The stated divisors were found with the aid of [2]. It is easy to 
find still more divisora by this method. Those obtained imply the 
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following lower bounds for £ and (2): (1)104; (II) 105; (III) 
10490., 
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ON THE DARBOUX TANGENTS 
V. G. GROVE 


‘1. Introduction. In a recent paper [1]! Abramescu gave a metn- 
cal characterization of the cubic curve obtained by equating to zero 
the terms of the expansion of a surface S at an ordinary point Ou, up 
to and including the terms of the third order. This cubic curve is 
rational and its inflexions lie on the three tangents of Darboux 
through O;. In this paper we give a projective characterization of such 
a curve, and hence a new derivation of the tangents of Darboux. By 
using the method employed in this characterization to the curve of 
intersection of the tangent plane of the surface at O, with S, a simple 
characterization of the second edge of Green is found. Another ap 
plication exhibita the correspondence of Moutard. Finally a new in- 
terpretation of the reciprocal of the projective normal is given in 
terms of the conditions’ of apolarity of a cubic form to a quartic 
form. The canonical tangent appears in a similar fashion. 

Let S be referred to its asymptotic curves, and let the coordinates 
(x1, x", x*, x*) of the generic point O, of S be normalized so that 
they satisfy the system [2 | of differential equations 

Tau ™ Gury F Bx, E px, 

Toy = YXu_ + 6,2, + GE, 0 = log R. 
The line h joining O, to O, ,whose coordinates are x$, is the R-conju- 
gate line, and the line h determined by Os, Oy, whose respective co- 


Salads are xt, xt, is the R-harmonic line. 
If we define the local coordinates (x1, x, x3, x,) with respect to. 


(1.1) 


Presented to the Society, April 26, 1947; received by the editora April 11, 1947. 
1 Numbers in brackets refer to the references cited at the end of the paper. 
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010x030, of a point X by the expression 


í ft i i á 
X = aye + ar, + aye, F titen 


and local nonhomogeneous coordinates (x, y, s) by xy /21, y = 20/21, 
8=%4/x1, the power series expansion [4] of 5 at O, is 


1 1 
(1.2) eS ty 7 BP + yy) + Fe to, 


wherein 


(i 3) F(x, y) B (286. = B.)x! = 4.(p6, + B») ry = Obuti y? 
l r 4(y6. F Yu) xy? + (28, > Ye) yi 


2. Characteristic points of a plane curve. Let the triangle of refer- 
ence 0030; to which a plane curve C is referred be covariant to the 
curve or to a surface to which C bears some geometrical relation. Let 
the homogeneous coordinates of a point with reapect to this triangle 
be (x1, x3, 23), the nonhomogeneous coordinates being defined by the 
expressions *=%4/%, y=x;/x,, The line y=0 being chosen as the . 
tangent to C at Oj, the power series expansion [4] of C at O; is 


(2.1) Yom aT + ad + urt., 


Consider at 0,(0, 0, 1) the involution whose double lines are O10,, 
O03. Corresponding lines of this involution intersect C in points 
P(x, y), Pa(—x, y”, y =ax0?—ayttagt— -The line P,P; inter- 
sects the tangent to C at O, ina point whose limit T as P, approaches. 
QO; along C has coordinates 


(2.2) Xi = Gy, tı = — Gy, a= 0. 


We shall call the point T with coordinates (2.2) the characteristic point 
of the second order of C at O, relative to 010:0. : 

Let Of (p, 1, 0) be an arbitrary point on the tangent to C at O,, 
but distinct from Oi. The transformation from the triangle 010:0; 
to 0,04 O; is 


Ax’ B 
aii pa 4, p ae 
1+ pAx’ 1+ pdx’ 


Under the transformation (2.3), the equation of C may be written 
io the form 


y x Pet Ede oe. 
wherein 
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af = A%a,/B, af = Aa, — paa)/B. 
Hence the characteristic point of C relative to O10;03 has coordinates 


(2.4) a = (G, — 2paa), tı = — h, ty > 0 
referred to 010303. 
More generally let the equation of C have the form 
y = ape? + amt Heee, ke 2, 


Consider through O; two lines farming with 0103, 0x0, the constant 
cross ratio I, } being one of the kth roots of unity, but /1. T hese 
lines intersect -C in two points Pı, Ps determining a line which inter- 
sects the tangent to C at O, in a point whose limit as Pı approaches 
O, has coordinates 


(2.5) Ti = Ohi = — GE, ts = 0, 


We shall call the point T whose coordinates are (2.5) the character- 
istic point of the kth order of C relative to 010:0. 


3 The characteristic curve of S. Let us consider the section Cy 
of the surface S by a plane x through the R-conjugate line h. Let x 
intersect the R-bharmonic line h in O,. The local coordinates of Os 
are of the form (0, A, p, 0), and the local coordinates of any point Qr 
on O10, are (1, A$, né, 0). The equation of Cy referred to 010,01 in 
nonhomogeneous coordinates ($, s) is 


(3.1) s= Ape? — = (BA? + y5 E HERO, pitteee. 

From (2.2) the characteristic point T, of Cs relative to 01040x 
has coordinates 
(3.2) E = 3du/(O +), =O, 
referred to O,0,04, and coordinates 
(3.3) z= 3\%u/(BA* + yu), y= 3AN + yu"), 35 = 0 
referred to 0,0:030,. Ths locus of T, as r rotates about |, ts the co- 
variant rational cubic curve T, whose equation ts 
(3.4) 3zy — GF + yy) = 0, s= 0. 


We shall call this cubic the characteristic curve of S relative to h, h. The 
nodal tangents of I's are of course the asymptotic tangents of S at Oi, 
and the inflexions lie on the tangents of Darboux. The R-harmontc line 
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ts the flex-ray of I's. 

From (3.3) it follows that the only sections of S through the R-confu- 
gate lins whose characteristic points relative to 010.0, lie on the R-kar- 
monic line are those through the tangents of Darboux. 

Another characterization of the cubic I; may be found in the fol- 
ly The osculating conic of the section C, has the equa- 
tion |4 


1 
+ AMPE — Nk) + NUON “yale 
(3.5) 


1 1 l 
HE mt ERO |e 0. 
The pole of R-conjugate line with respect to this conic is the paai T: 


with coordinates 


E = — 3u/ (6X + yu”, z= 0, 
The harmonic conjugate of T? with respect to 0,0, is the point Ts 
defined by (3.2). Incidentally the locus of Ty is the cubic T}, 
3xy + BL + yy? = 0. 


The tangents of Darboux are thus again exhibited by means of I. 

Finally we may readily show that the polar line of the conic (3.5) 
sntersects O.O, in a point whose locus as x varies is a rational curve of 
order seven which intersects the R-hatmontc lane at sts intersections 
with the tangents of Darboux. 


4. The edges of Green. The expansions [4] of the two branches of 
the curve of intersection of S at O, with its tangent plane are 
Bx? (2884 — Bu)? + 0; 
a a acs ee 
(4.1) j 
= — yy? — — (276, — 7)? H -5m O. 
ar ah Ye — Y)’ + 3 


The characteristic point 7, of the first of (4.1) relative to 010,0; has 
coordinates 


1 
(4.2) TAC] T = 1, Ya %4 = 0, 


and the characteristic point T, of the second relative to 010:0; has 
coordinates 
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1 
(4.3) Tı = = (z. — 2), Ta = 0, T; = 1, Tı = 0. 


The line joining the harmonic conjugales of Tu and T, with respect 
to O10, and O10, respectively is Green’ s edge of the second kind. 

This edge of Green may be characterized in another way. The sec- 
tion of S by the plane.through the R-conjugate line and the tangent 
to the asymptotic curve »=const. has the equation 


1 1 
Soy —— ——— 3 — — . e œ 
(4.4) g 3 Bat + T (266, — Ba) rt + i 


The characterssisc point of the third order of the curve (4.4) relative to 
010103, ts found from (2.5) to have coordinates piven by (4.2); by inter- 
changing the roles of the asymptotic tangents the point (4.3) is char- 
acterized. The second edge of Green is therefore given another char- 
acterization. 

Consider on the tangent to the section (3.1) C, of S the point 
OJ (p, D, 2u, 0). From (2.4) we find readily that the characteristic 
point T of C, relative to O,0,0, has coordinates 


l 1 
(4.5) PiS PNE E ANE TE, xs =u, n=, x = 0, 


The point P, on the tangent to C, at O; which with O, separates 
O, ‘and O, harmonically has coordinates (p, A, u, 0). Equations (4.4) 
therefore represent a cubic transformation of P. into the characteristic 
poini of C. relative to O10410- . The polar plane of the point (4.5) with 
respect to any quadric of Darboux, 


2 
X2X3 — Xixa + kyr, = O, 


has coordinates 

1 
(4.6) ġ& = 0, fs = Ay, fs = Au, i= PONE MONS VE: 
The, correspondence (4.6) between P, and the polar plane of the char- 
actertsitc point of Cr relative to O10,0;y is tha correspondence of Moutard 


(k= —1/3). We have previously [3] given a different derivation of 
this correspondence. 


5. The projective normal. The surface S’ whose equation is 


© 1 
(5.1) , raay = BE EN 
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has a unode at O4, the plane 0;0;0, as uniplane, and has contact of the, 
third order with S at O,; hence S’ is completely determined. The pro- 
jection on their common tangent plane at O, of the curve of inter- 
section of S and S has a quadruple point at Oy, the quadruple tan- 
gents being given by i 


(5.2) F(z, y) = 0 


where ‘F(x, y) is defined by (1.3). The lines (5.2) intersect the R-har- 
monic line in four points F;, and the Segre tangents intersect this line 
in three points S;. It is easy to verify that the points S; are apolar to 
F, sf and only if the R-harmonic line is the reciprocal of the projective 
normal. The projective normal is therefore geometrically determined 
by reciprocation with respect to the quadrics of Darboux. 

Finally let the lines h, h be the projective normal and its re-’ 
ciprocal; then it readily follows that the polar of the form fx*+yy 
with respect to F,(x, y) is 


(5.3) oz — ýy 


wherein ġ =ð log (6y7)/du, Y =ð log (8*y)/dv. The form (5.3) equated 
to zero is seen to be the equation of the canonical tangent. 
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ON A LINKAGE THEOREM BY L. CESARI 
SAMUEL EILENBERG 


In connection with his work on Lebesgue area of surfaces, Lamberto 
Cesari (Su di un problema ds analysis situs dello spasto ordinario, 
R. Istituto Lombardo di Scienze e Lettere, Classe di Scienze 
Matematiche e Naturali, Rendiconti (3) vol. 6 (1942) pp. 267-291) 
has stated and proved a linkage theorem (see below), which reveals 
a rather interesting property of Euclidean 3-space. In view of the 
simplicity of the theorem and the laboriousness of Cesari’s proof, the 
following concise proof may be of some interest. 

In Euclidean three space Æ? consider the set M consisting of the 
‘three axes X, Y, Z. Let 5 be a positive number and let N be the 
set consisting of the four lines 


Xs: (y=0,s = — 3), Y;: (x= 0, s = 3), 
Zi: (z=8y=8), Zl: (wah y= 8). 


THEOREM OF CESARI. Any closed path in F?— M thai has a distance 
greater than 5 from M and is contracttble in E*—N also is contractsble 
in IP — M. 


‘Let «4 be the fundamental group of E*— M and B the fundamental 
group of H*— N. We shall assume that the same point of Æ? is used 
as base point in the definition of both «4 and B and that this point 
has a distance greater than 6 from M. 

Given any element a&4 select a closed path in E*— M in the class 
a with distance greater than ô from M. Such a path lies also in H?—N 
and determines an element (a) of B. It is easy to see that ¢ is single- 
valued and yields a homomorphism ¢:-4—-8. 

Cesari’s theorem can now be reformulated as follows: 


THEOREM. ġ maps A isomorphically inio a subgroup of B. 


To prove the theorem we draw projections of M and N and estab- 
lish generators and relations for «£ and B. In terms of these generators 
the homomorphism ¢@ is given an explicit form. The problem thus 
translates into a problem on free groups which is solved algebraically. 

In looking at the diagrams one should consider the eye as the 
base point of the fundamental group. To each line of the diagram cor- 
responds then an element of the group represented by an arrow which 
corresponds to the path leading rectilinearly from the eye to the be- 


Received by the editors April 18, 1947. 
1192 


: A LINKAGE THEOREM BY L. CESARI 1193 


ginning of the arrow, following the arrow and returning rectilinearly 
from the end of the arrow to the eye. Each crossing or ramification 





Frc. 1 


gives a relation. See K. Reidemeister, Knotentheorte, Berlin, 1932, 
chap. 3. 


From Fig. 1 we deduce that e£ is generated by six generators 
Gi, ° °°, ds with the single relation agaia;=G aya, derived from the 
ramification point. Thus ds =; ‘aq ‘asaia, and <4 is the free group 
generated. by t, © +, ap 


ae, Zy 





FIG. 2 


From Fig. 2 we deduce that B is generated by the elements” 
bi, - © +, b and the five relations derived from the five crossings 
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bibbr'by! = 1, — bsbabylbyt = 1,  bebr'br' = 1, 
baba 'br'be = 1, bye tbe thy = 1, 

which are equivalent with the following: 
b; = byb1b5", 
ba = babibabr tbr, 
by = babi bibr bibabibsbF!, 
bs = bybibr 77 by yh 1b 155", 
by = Babsby! 

Thus 8 ia the free group generated by b, - by. 


The values of the homomorphism p: A+B on the generators 
Gi, © °°° , h are 


N 


¢(a:) = bi, 
(a) = da, 

(D (a1) = by = b:b7!, 
(ai) = be = babibbi brt, 
(ds) ™ baba 


We ang ak: (as) = brbs but this is a consequence of (I) since 


hs = ay tar lasaia. 
We introduce new bases in e£ and B as follows 


A, = Gi . By = by, 
As = Gs, B: = by, 
Ay = h, By = bs, 
Ay = ay 1a4G3, B, = babs, 
Ax = Gy 
It follows from a theorem of F. Levi (Math. Zeit. vol. 37 oy p- 
95) that 4:,---, A; are free generators for e4 and that Bi,---, By 
are free heen for B. In terms of the new generators we inte 
$(A1) = Bi, 
, p(4:) = Bs, 
(11) pi $(A1) = ByBi Bs", 


(4) = BıBB7!, 
(4) = Be 
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Since As and B, occur only in the last equation we can suppress 
these two generators and consider the group ¢/’ generated by 
Ai, ie a A, and the group B’ generated by Bı, Bs, Bı. 

Every element A Eef can uniquely be written as 


APs Wilda, Ai) Vi(Asg, Aa) Wila As) Valds, Aa) eee 


where W, is a word in Ai, Ay in normal form (that is one in which 
no element stands next to its inverse) and V, is similarly a word in 
Áz, Ay. The expression for 4 may begin and end with either a W or a 
V. In view of relations (II) we have 


@Wi(Ai, As) = Wi(Bi, Bs), 

dV (As, Ag) ms ByVi(B,, By) By", 
Thue | | 
. o(A) = +--+ Wi(Bi, By) ByV,(Bi, By) By? 

: W (Bı, By) BV (Bı, By) By} see 
and the expression on the right is in normal form. Thus @(A)=1 
implies W;=1 and V,=1 and therefore 4=1. This shows that ¢ 
ig an isomorphism as desired. 

It may be worth noting that the analogous theorem is false if the 
line Z{’ is removed. Indeed the removal of this line has the effect. of 
setting d,—1 in the group B. Then B= B, and W=A,A,A7'A;" is 
an element in 4 with @(W)=1. On the other hand the theorem re- 
mains valid if both lines X and X, are removed. The effect of this 
removal is to set d.=a,=1 or equivalently 4,;=A,=1 in the group 
ef, and By=t,=1 in the group B. The group 4 is then freely gen-. 
erated by Ai, Aa, Ay while B is similarly generated by Bı, Bs, By. 
The homomorphism ¢ is defined by 

(dı) = B, 

plá) a By,B, Bz}, 

pldi) = By 
An argument completely analogoua to the preceding one shows that 
@ is an isomorphiam of «f into a subgroup of 8. 
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A. S. Galbraith and J. W. Green, A note on the mean value of the 
Potsson kernel. 

p. 316, display (5). For “m!2%” read “ml2=tr.” 

W. H. Mills, A prims-representing function. 

p. 604, displays (3), (4), and (5). For “3—n” read “3—.” For 
$3—n—1” read “3-71.” 

S. Chandrasekhar, The transfer of radtation in stellar aimospheres. 

p. 679, line 2 from the bottom. For “o(u, 9; Ho, po)” read 

Colu, Pi Ho, Po) /p.” 

T. R. Hollcroft, The Apr Meeting in New York. 

p. 723, line 10. For “53-5-121” read %53-3-121.” 

H. J. Hamilton, Mertens’ N ana sequence transformations. 

p. 786, line 15. Read “=” for * 

H. E. Salzer, An “empirical ae which +s true for the first 618 
cases, but fails in the 619th. Abstract 53 -9-308. 

p. 908, line 4 of the abstract. For “618” read “6186.” 

p. 908, line 5 of the abstract. For “2006” read “20006.” 
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